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A Possible Symmetry in Sakata’s Model for Bosons-Baryons System. III 


Mineo IKEDA,* Yoshihiko MTYACHI,* Shuzo OGAWA,** 
Shoji SAWADA*** and Minoru YONEZAWA** 


*Research Institute for Theoretical Physics, 
Hiroshima University, Takehara 
** Department of Physics, Hiroshima University, Hiroshima 


(Received August 8, 1960) 


In the full symmetry theory a physical system can be characterized by six quantum num- 
bers (7, 59, 79; S, I, Iz). Now, following the original intention of the composite model, we 
try to replace them by other quantum numbers that are easier to understand by intuition. 
This study leads us toa new picture of particle which presents a striking contrast to the usual 
one in the perturbation theoretical treatment. We hope that the realistic aspects developed 
in the present paper not only help a deeper understanding of the full symmetry theory of the 
composite model but also throw a new light on the structure of elementary particles. 


§ 1. Introduction 


On the basis of the full symmetry theory, there have been made some 
studies?~® of Sakata’s composite model of baryons and mesons.” It is expected 
that some deviation from the full symmetry will arise in nature. Nevertheless, in 
view of the results so far achieved, our theory seems to have considerable impli- 
cations for understanding new aspects of the particle physics. In the theory of full 
symmetry the whole scheme is mathematically expressed as the invariance of the 
theory under the unitary group U(3) of degree three. Then a physical state re- 
alized in nature may be expressed by a vector of an irreducible representation: 
space of U(3) and be specified by six quantum numbers. (71z,. 5a t03° 9,12, dee 
The first three of these numbers define the representation space and the next three 
indicate the representative vector. 

Now, turning our attention back to the original intention of the composite 
model,” we are informed that physical quantities should be understood on a re- 
alistic ground. In fact, Sakata has shown that the strangeness quantum number S 
is comprehensible in terms of the number n, of A-particles."’ Of the above six 


+ Nippon Gakujutsu Shinkokai Foundation Fellow. . 
++ To avoid the confusion of terminology we shall use “particle” or “ antiparticle ”. when the 


discrimination is necessary between a positive and a negative (hole) state. The number of baryons 
(nucleons, protons, etc.) should be understood in the usual way, that is, as the number of particles 


minus that of antiparticles. 
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quantum numbers, 7s, S and J; can be given an intuitive meaning in a similar 
fashion: mg is obvious, S=—, and I;= (mp—1n) /2, where mp and mp, are the 
number of protons and of neutrons respectively. On the other hand, we have never 
gained any intuitive meaning of the remaining three (5, %, 1), although there is no 
room for doubt as to their mathematical role. Thus, to fit the purpose of the 
composite model, it is desirable to reexamine these three quantum numbers from a 


realistic point of view. 

It is the first aim of this paper to show that (so, i, I), can be consistently 
replaced by other quantum numbers for which the physical meaning is intuitively 
comprehensible on the ground of composite particle model. We hope that this 
will give a fresh turn to a further development of our theory. 

Now we shall explain our line of thought in brief. As already stated,” in 
the theory of full symmetry a “ physical system” is represented by the totality of 
configurations corresponding to the same quantum numbers (7, 50, i9; S, I, Js). 
The configuration realized by a system should be dependent on dynamical condi- 
tions imposed on the system, though we have little knowledge of such dynamics 
at present. But, as far as the kinematical character is concerned, all the configu- 
rations with the same quantum numbers are on an equal footing. Of these con- 
figurations there exists the “ lowest’, which is composed of the minimum number 
of basic particles and that of basic antiparticles. The sum of these two numbers, 
the “total particle number” nz, plays an important role in our following discus- 
sions. What is important is the symmetry character in which particles and anti- 
particles are combined to form the lowest configuration. The following are the 
numbers which express such a symmetry character: the “ number of alternating 
pairs among particles”® ny, the “number of alternating pairs among anti- 
particles” m4 and the “number of alternating triplets” n4 among particles 
and among antiparticles. Only two of mz, #4, 74 and m4 are essential, and we 
can use the four numbers in place of s) and i, for the specification of the system as 
a whole (not only of the particular configuration). Therefore, we may consider 77 
as the total particle number of the system itself, and similarly for #4, %4 and 14. 
It is to be noted that r(#4, 74, m4) thus defined must not be taken as an apparent 
number in an individual high configuration. ‘They are the quantities kinematically 
characterizing a physical system which may contain high configurations. 

The above arguments about physical systems should be valid especially for 
basic particles and antiparticles. This new picture of physical basic particles (or 
antiparticles) plays a very important role throughout the present paper and enables 
us to understand a composite system intuitively. To be more precise, a physical 
system with the quantum number 7, can be interpreted as composed of the physical 
basic particles and antiparticles whose sum is mp in total, and a similar interpreta- 
tion is possible also for other quantum numbers that specify the system. Moreover, 
in order to be persistent in our particle picture, some properties must be possessed 
by the physical basic particles and antiparticles. It is the second but no less 
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important aim of the present paper to show how such a particle picture can be 
set up unambiguously and to study its distinctive features. 

Our ideas will be explained in detail in the next section by citing the case 
of proton and neutron systems. In §3 it will be shown how a physical system 
in the composite model can be specified by quantum numbers which have a fairly 
intuitive meaning. We shall illustrate in §4 some interesting features of com- 
posite systems from the new point of view. In §5 we shall reexamine the results 
of our previous papers in the light of the new quantum numbers. In the final 
section some discussions will be given on the perspective of our further investi- 
gation. 


§ 2. Proton and neutron system 


In this section we shall study a system composed of only protons and neutrons. 
For the system we require the conservation of the nucleon number as well as 
charge independence. Then the whole scheme of the system is mathematically 
described in terms of the unitary group U(2) of degree two. Its irreducible rep- 
resentation can be specified by two quantum numbers, for which we usually take 
the nucleon number zy and the isospin J. 

It is possible to understand these quantum numbers intuitively under the original 
spirit of the composite model. We explain our reasoning by taking the case of 
the system with my=1 and J=3/2. To deal with this system in the composite 
model we need at least two particles and one antiparticle. In fact, when we proceed 
from the so-called one-nucleon system, we can never reach the system with J =aope 
no matter how operative a charge independent interaction is made. What is es- 
sential to a p-m system is the minimum number of particles and that of antiparticles 
necessary for the composition of the system. The difference of these two numbers 
is obviously the nucleon number 7y, but their sum is important although it is usually 
concealed behind the concept of isospin. We call this sum total nucleon number 
and denote it by myr. Thus the system with (ny, 1) =(1, 3/2) and that with (1, 
1/2) are distinguished by nyr=3 and =1 respectively. 

One may be embarrassed with this situation, since the number of particles 
(or antiparticles) in the perturbation theoretical image does not hold its definite 
meaning when a charge independent interaction is switched on. In this connection 
we emphasize the following fact: A basic particle (antiparticle) should be the 
totality of the states which are connected through charge independent interactions 
with the one-particle (-antiparticle) state in the conventional terminology. yr as 
settled above is nothing but the number of such basic particles and basic antiparti- 
cles in a physical system. According to our picture, a particle corresponds in a 
sense to the renormalized one in the ordinary picture, and the complication of 
dynamics in the usual perturbation theoretical treatment is reduced to the complication 
of the particle structure in our picture. At the present stage one may say that there 
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is no essential difference between the two particle pictures. But we hope that the 
difference will be revealed in the further investigations. > j 

Next turning back to the ordinary particle picture, we shall continue our dis- 
cussions. Another consideration is necessary when we treat, e.g. the two-nucleon 
system such as a deuteron. Here the contribution of antiparticles is safely neglect: 
ed, and we have ny=nyr=2. Since this system has two states corresponding to 
the different values of the isospin (I=1 and 0), it is clear that myr cannot be used 
any more in place of J. It should be noted here that these two states are respect- 
ively symmetric and alternating with respect to the two particles. This suggests 
that what is important in this case will be the symmetry character among con- 
stituent particles. In fact, when the lowest configuration of a composite system 
consists of either particles or antiparticles we must introduce the number of 
alternating pairs nya among particles and those among antiparticles in that configu- 
ration.* Of course, we may also define this number 7), when both particles and 
antiparticles are involved in the lowest configuration, but we can prove my4=O in 
this case (see the Appendix). The role of 2y4 can be seen in the nucleus of mass 
number A, for which there are A/2+1 or (A+1)/2 ways of assigning isospin ac- 
cording as A is even or odd, and these ways coincide with the possible cases for 
mya in number. my, here defined is characteristic of the physical system and, like 
ny, does not change even if a charge independent interaction is switched on. 

The above considerations show that an important role is played by ny, mwr 
and my, when we deal with p-n systems. In the Appendix we shall prove that an 
irreducible representation of U(2) can be specified by three quantum numbers zy, 
mwr and mys which are subject to the condition 


(yr — |nx|) nya=0, ; (1) 
and that the usual isospin J is given by 
l= (mwr—2nya) /2. (2) 


According to the condition (1), p-2 systems are classified into two types from the 
standpoint of U(2). One is the type myr%|ny| and is specified by my and nyrp. 


The other is the type myr=|ny| and is specified by my and nmy,. In the former 
case we have necessarily ny,4=0. 


We are now in a position to illustrate characteristic features of our particle 
picture. As we have noted above, a basic particle is the totality of the states which 
are connected through charge independent interactions with the one-particle state 
in the usual sense. It can never be created nor destroyed by itself. In this picture 

-a physical system involves a definite number of basic particles and antiparticles, 


x ; E 5 , : 

nya iS defined as follows: Consider a system of nyr particles. If it contains an alternating 
pair, take off such a pair from the system and examine the remaining system of y7—2 particles. 
If it still contains alternating pairs, repeat the procedure until the remaining system has no such 


pairs, namely it is symmetric with respect to the particles. my, is the number of the repetition of 
this procedure. Cf. reference 6). 
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and has a definite symmetry property with respect to its constituent basic particles 
and antiparticles. Such a definite number and a symmetry character, expressed by 
the quantum numbers my7 and ny4 respectively, do not undergo a change even in 
the presence of the strong interaction. So, they can be used to specify a physical 
system regarded as the totality of possible configurations in the usual picture. 


Throughout the following discussions we make use of the new particle picture un- 
less stated otherwise. 


A further feature of our particle picture is revealed when two physical systems 
are combined as in the case of collisions. The situation is illustrated by an ex- 
ample of pion-nucleon collision. With the notation introduced above, a nucleon 
and a pion are specified by (ny, myr, mya) = (1, 1, 0) and (ny’, nz’, nya’) = (0, 2, 0) 
respectively. Fig. 1 shows the processes schematically. The two particles on the 
left-hand side are partially in the symmetric and partially in the alternating state. 


4 ‘ 4 \ . 
i S \ / eS % C) : particle 
1 if \ 


Sr Nierres G, : antiparticle 


The symmetric part makes the transition to the states with the total nucleon number 
Nyrtnyr =3 and with myrt+nyr’ —2=1, while the alternating part does to a state 
with the total nucleon number 7y7+7yr—2=1. We may understand this situation 
in the following way: The two states with the total nucleon number 1 may be 
taken as resulting from a pair annihilation of basic particle and antiparticle. The 
second term on the right-hand side is just a combination of these states. 

The above transitions are written in terms of the new notation: 


symmetric part —— (1, 3, 0)+ (1, 1, 0), 
alternating part —— (1, 1, 0). 


The reader will easily see that this corresponds to the product rule for the usual 
isospin: The system (1, 3, 0) has the isospin I=3/2; while (1, 1,0) has [=1/2. 
In fact, we can show that the state composed of one alternating pair of particles 
and of one antiparticle is derived from the one-particle state by the charge in- 
dependent interactions and is taken to be a state of the one-particle system from our 
standpoint. We should notice here that the mechanism of the pair annihilation 
in our system may be quite different in nature from that in nuclear transitions 
or in electrodynamics, namely it would operate in an instant or could not be 
described by the Schrédinger equation. 

In concluding this section we summarize the characteristic features of our 


viewpoint. 
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(i) What we call a “ basic particle” (or “ basic antiparticle”) is the totality 
of states which may be connected with the one-particle (or one-antiparticle) state 
through charge independent channels in the usual sense. It can never be created 
nor destroyed by itself. A physical system is characterized by the three quantum 
numbers ny, yr and mys with the condition (1), all of which should refer to the 
basic particle and antiparticle inherent in that system. 

Gi) In a physical system, if myr7¥|zy|, then necessarily my,4=0. In the case 
Nyr=|ny|, 2va=0 is allowed as well as nya¥0. 

(iii) The quantum numbers ny, myr and mys are conserved by the charge 
independent interactions. 


§ 3. Proton, neutron and A-particle system 


In the preceding section we have studied a system of protons and neutrons. 
Let us next discuss a system composed of protons, neutrons and /-particles under 
the assumption of full symmetry, i.e. the invariance for U(3). Its irreducible rep- 
resentation has already been shown to be specified by the three quantum numbers 
Np, So and zy. It is expected that each irreducible representation is realized in nature 
by a physical system and vice versa. 

Now, we can show that s) and i, may be replaced by other quantities with a 
more intuitive meaning. Here a physical particle (or system) is understood as 
the totality of states which are related to each other through the full symmetric 
interaction in the usual sense. If we define the total particle number ny in the . 
same way. as in §2, the systems are classified into two types according as 
Nr \ng| Or Nr=|nz\|. The case is similar to p-n systems treated in § 2, but now 
we need somewhat modified discussions because we are treating U(3) instead of 
U(2). As for the quantum numbers, we must here introduce, besides 77, the number 
of alternating paris among particles 4, the number of alternating pairs among 
antiparticles nr, and the number of alternating triplets ng (the sum of alternat- 
ing triplets among particles and those among antiparticles). These can be defin- 
ed in the same way as my4 in § 2: Repeat the process of taking off an alternating 
triplet from the system and define m4 as the number of the repetition of this. 
procedure. Next, examine the remaining system and define #4(7,4) as the number 


of the repetition of the process to take off an alternating pair of particles (anti- 
particles). 


We now express these numbers in terms of mg, s) and i) (see the Appendix). 
(A) Type mr#|ng|: This type has often been considered in the applications of 
the full symmetry theory so far made. In this type there is no alternating triplet, 


1.e€. m4=0, and systems are divided into two cases according as #4=0 (Case a) 
or 7%4=0 (Case b). 


Case a) Np=Spt+ 2, A4=0, 


(3a) 


a=to— (Np+5)/2, n4=0. 
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Case b) Np=Npt 25, Ra=—iot (net 5) /2; 

3 (3b) 
nA—O0; 740. 

(B) Type mr=|nz|: The systems of this type are those composed only of particles 

(or antiparticles), for example, nuclei and hyperfragments.* There are also two 


cases which are distinguished by nzg=n,r and ngs=—nr respectively. 

Case c) Np=Np, Na=—tyot (ng +35) /2, 
i (3c) 
A4—=0, nt4=—5p- 

Case d) Nr=—Nng, Na=0, 
xt (3d) 
Matas N4a= —1o— (mg+ 5) / 2. 


We make special mention of the distinctive features of this result: (i) If 
the number of alternating pairs among particles #4 does not vanish, then the number 
of alternating pairs among antiparticles 74 must be zero, and vice versa. (ii) The 
number of alternating triplets 2, does not vanish only when the total particle 
number 27 coincides with the baryon number 7, apart from the sign. 

We can see from the above that an irreducible representation of U(3) is 
completely specified by the five numbers 7s, mr, 74, 7i4 and m4 with the condition 


(mp—|np|) (na tHatta) =0. (4) 


These numbers are conserved by the full symmetric interactions. Only two quantum 
numbers are essential among 77, #4, %4 and m4. This is consistent with the fact 
that an irreducible representation of U(3) can be characterized by three numbers, 
e.g. (mz, So, to)- 

Next we shall make a step forward in the problem of the remaining quantum 
numbers S, J and J;; We remark that a configuration of a physical system is a 
linear combination of “ordered products” of the basic particles and antiparticles.” 
To determine the strangeness quantum number S of the system we have only to 
pay our attention to the 4-particles and the anti-/-particles in any ordered products 


and put 
SSI: (5) 


In fact, (5) has the value common to all the ordered products in a configuration 
and gives the strangeness quantum number of the physical system under consider-) 
ation. 

For the study of the isospin we turn our attention to protons, neutrons, anti- 
protons and antineutrons in the original configuration. Then we can conceive in 
imagination a p- system which results from the original p-n-A system in the 


* It is not clear whether these examples can be considered on an equal footing as baryons and 
mesons, which might be composed through a mechanism different from that of a nucleus or hyperfrag- 
ment. A typical example of the type (B) may be expected in a high energy nucleon-nucleon collision. 
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following manner: i) In the original configuration all the alternating pairs (triplets) 
are put in the form [p, ] ([p, 7, 4]), etc. i) An alternating pair [p, A] (a, A], 
[p, A], [m, A]) is replaced by p(n, p, 7). iii) An alternating triplet lp, n, A| (Pp; 
i, A}) is reduced to an alternating pair [p, n| ([p,7]). iv) The remaining 4 or 
A is taken away. v) The other parts are left unchanged. If we apply the reason- 
ing in §2 to this imaginary system, we get the value of J for that system, hence 
for the original p-7-A system : 


I= (nyr—2nna) / 2. (2) 
As to the value of J; we can easily see that 
T,= (ty —™) /2=1p Nn 2. (6) 


We now summarize the results obtained in this section. In the full symmetry 
theory a physical system can be characterized by the quantum numbers 


Vv 
(mz, NT > aks Na, Na; Nn, Mnr, Mna; Ny) (7) 


which are subject to the conditions (1) and (4). The equations (2), (3), (5) and 
(6) give the relations between these numbers and the old quantum numbers. 


§ 4. Characteristics of our particle picture” 


In the above we have introduced the nine quantum numbers that specify a 
physical system in the full symmetry theory. To grasp these number intuitively 
we have merely to make a new particle picture which is similar to the one mention- 
ed in § 2. In this picture, a basic particle is the totality of the states connected 
through full symmetric interactions with the one-particle state in the usual sense. It 
should be understood as the fundamental matter in baryon and meson systems. 
The quantum numbers (7) can be interpreted as the numbers of such basic parti- 
cles involved in the system considered. A peculiar feature is revealed in the process 
of composition and decomposition of physical systems. In the following we shall 


describe a characteristic of our particle picture which is not seen in the case of 
proton and neutron systems. 


The new quantum numbers can be divided into two groups, i.e. the group of 
(1g, Nr, Ma, Tia, Na) and the group of the remaining quantum numbers. As far as 


the former is concerned, it does not matter whether a constituent basic particle is 


a proton or a neutron or a /-particle. On the contrary, the second group consists 


of the quantum numbers which are related to the name of constituent basic particles. 
In our particle picture such a different character between the two groups is of 
no little significance and brings about some new aspects, as will be seen in the 
following. 


As an example, we first consider the systems F;'(—1, 0,0) and F;'(—1, 1, 0), 
which have the configurations?” 
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F;'(—1, 0, 0) = {— (pA) p— (nA) A+ 2AA4} /2V2, 
F;'(—1, 1, 0)= {(pA) p— (nAyn /2. 


They belong to the same irreducible representation specified by (7, so, 9) = (1, 1, 1), 
or by (12, 17, ia, 7a, Na) = (1, 3, 0, 0, 0) in terms of the new quantum numbers. 
On the other hand, the two systems can be discriminated by my7, that is, zy7=0 
fore e— 1, 0, 0) and 2y,;=2 for fF, (—1, 1,0). Thusi-as far as we are concern- 
ed with yz, the pairs pp and 7 in the former system may be regarded as if they 
were absent, while their presence is still essential to the latter. This presents a 
striking contrast to the fact that the pairs pp, nm and AA are indispensible for 
nrp=3 in both systems. As this example shows, it happens that some nucleon- 
antinucleon pair plays an essential role in defining (77, #4, 74, m4), Whereas it does 
not work in the definition of (2y7, my4). Such a dual nature of a nucleon-antinucleon 
pair is a salient feature of the full symmetry theory. 

In order to understand this feature more clearly, we shall go ahead by con- 
structing a new model of elementary particles. That is, we first introduce a 
particle-like entity which results from a basic particle (antiparticle) by shaking 
off the discrimination among p, 7 and A. Such an entity will be called basic baryon 
(basic antibaryon). Next we assume a p-, an m- and a A-charge, which attach 
to the basic baryon (antibaryon) to form the basic particles p, 2 and A (p, 7 and 
A) respectively. In this model the quantum numbers of the first group can be 
understood in terms of the basic baryons alone. Of course, the alternation among 
the basic baryons makes sense only when they can be discriminated between 
themselves, but the discrimination is assured by the “charges” attaching to the 
basic baryons. It is obvious that the quantum numbers of the second group should 
be expressed in terms of the attaching “charges”. For the treatment of zy, Nyr 
and ny,4, it is convenient to give a general name of N-charge to a p- and an n- 
charge and to apply the discussions in § 2 to the N-charges. We must further 
distinguish between a p- and an -charge for the discussion of mp. 

Now we may understand the dual nature of a nucleon-antinucleon pair as 
follows: When the system F;'(—1, 0,0) is composed out of the basic particles, 
there may occur the annihilation of the N-charges. Throughout this process the 
number of the basic baryons will not change, because it has already been settled by 
np=3, hence some pairs of basic baryon and antibaryon in a physical system may 
seem as if they were vacant of the N-charges in a certain sense (Fig. 2). 

The dual nature in this sense will also be seen in a reaction such as a colli- 
sion or a decay process, where we must deal with the composition and the de- 
composition of physical systems. In §2 it has already been pointed out that 
these procedures present a peculiarity of our particle picture. Yet it refers to a 
possible occurrence of pair creations or annihilations of the basic baryons. We 
must also regard the pair creations and annihilations of the N-charges which may 
occur in the course of the reaction under consideration. 


~ a - 
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~., A-charge --->~.y A-charge f 
tony \ A iy . : basic baryon 
/ \ / \ 
/ \ / \ 
t i] 


eS 
i | , N-charge : : 

: tibaryon 
mG) Q) \ Zr De 


\ y se wa 
Serie ~N-charge 

F}(—1, 0, 0) F}(—1, 1, 0) 
Rigs: 


It is true that these circumstances are clear from a mathematical point of view. 
This is obvious about the procedures of composition and decomposition. The 
dual nature is due to the fact that U(2) is a subgroup of U(3) and an irre- 
ducible representation of the latter is decomposed with respect to the former. 
However, in order to make a step forward in physics, it will be necessary to under- 
stand the above circumstances on a realistic ground. This is our future task. 


§ 5. Applications 


We have shown that a physical system can be specified by the quantities which 
have a fairly intuitive meaning based on the composite model. The picture of 
physical systems thus obtained is quite similar to that of the usual nuclear model. 
A peculiar feature is seen in the rule of composition and decomposition of systems. 
Here it will be worthwhile to have another look, in the light of our new picture, 
at the applications of the full symmetry theory so far made. 

Two of us (S.S. and M.Y.)” have proposed a semi-empirical mass formula 
for meson and baryon systems. The formula has been derived, after the original 
one of Matumoto,” from a picture which has a close similarity to that of the 
nuclear model. It has been shown that the mass predicted by the formula has a satis- 
factory correspondence to experiments and gives a strong support to the full symmetry 
theory. There, they have treated only the lowest configuration of a system and 
neglected higher configurations which are connected with the lowest through full 
symmetric channels. In our picture of physical systems, this means that the formula 
is to be understood as presenting the ground level of a composite system which 
consists of a definite number of physical basic particles and antiparticles. 

The next problem is the weak decay processes of systems, which have been 
discussed by three of the authors (M.I., Y.M. and S.O.).” For the weak decay 
processes among baryon and meson systems they have proposed the selection rule 


Atiz= 45)= din=0, 


which can well replace the so-called |47|=1/2 rule. The new rule is now inter- 
preted as follows: The quantum numbers 7z,, Mr, Na, Ma and ng are all conserved, 
and what is changed is only the kind of “charges” attached to the basic baryons. 
The decomposition rule into decay products is referred to in the discussion of § 4. 
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Now it will also be worthy to examine from our new viewpoint how the full 


symmetry is destroyed by the interactions realized in nature. We shall discuss 
them separately. 


(i) A-nucleon difference: At present we can distinguish /-particles from 
nucleons only by their mass difference and by their behaviours in weak decay 
processes. A profound meaning behind these phenomena has hardly been under- 
stood so far. One should be satisfied at present by saying that the difference 
induces the non-conservation of the numbers 77, #4, 74 and 74. 

(ii) Electromagnetic interaction: This violates the conservation of the quan- 
tum numbers 73,-74, 7a, Ma; Myr and fiya- 

(iii) Weak interactions: Within the framework which we have imposed 


upon the weak decay processes,” the following quantum numbers are not conserv- 
ed: Yn, “nr and W1NA- 


§ 6. Concluding remarks 


In the present paper we have tried to reveal the implication of the quantum 
numbers (7, So io; S, I, Is) which are characteristic of the full symmetry theory 
of the composite particle model. It has been shown that these numbers can be 
replaced by the new quantum numbers whose meaning is far easier to understand 
intuitively. This result has led us to make a new picture of particle in the 
composite model. The substance which we have called a system has a simi- 
larity to a nucleus in the sense that the substance is composed of a definite number 
of physical basic particles and antiparticles. But there exist also some new features, 
which we should like to emphasize once again. 

According to our ideas a particle is a substance that represents the totality 
of the states which are connected by the full symmetric interactions. It can never 
be created nor destroyed by itself, and should be understood as the fundamental 
matter in baryon and meson systems. We notice that, contrary to the usual, our 
particle picture is not based on the concept of free baryons, but involves all the | 
possible states. In our opinion, the quantization of composite systems should be 
carried out in accordance with this new picture. This will greatly reduce the 
unnecessary complications in the conventional theory of quantized fields which is 
based on the image of free baryons. We hope that our particle picture will be of 
great use in the study of strongly interacting systems. 

A peculiarity of our particle picture is, however, brought out in a reaction 
such as a collision or a decay among physical systems. There an important role 
is played by the composition and the decomposition rule, which reveals the new 
feature in terms of the quantum numbers. We know nothing at present as to 
what causes a composition or a decomposition of physical systems. It may be due 
to a “quantum jump” as in the case of a quantum mechanical observation, or it 
may be connected with the concept of “interaction range” among physical systems. 
This problem requires further investigations. 
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At first sight it may seem that our scheme is similar in character to the isospin 
formalism. But we must point out the following peculiar feature Of ours. SAS 
was shown in a previous paper,” we have an empirical mass formula by which 
each configuration could be associated with a state of some definite energy. This 
circumstance has never been met with in the case of isospin, and suggests that 
our scheme contains something more dynamical as compared with the case of iso- 
spin which is purely kinematical. As an example, let us consider a collision of 
a proton and an antiproton. This is schematically expressed by the following in 
terms of the quantum numbers (7) : 


1.215100) O71 te On), x Gals 10,0) 0 ie ee 
= (0, 2; 0, 0, 0.;-0, 2, 0, 0) + (0, 2, 0, 0,-0; 0, 0, 0, 0) 
=1(0;-0; 0, 0; 05° 0, 0,:0, 0): 


The first term on the right-hand side is the usual neutral pion z°, and the second 
is a neutral meson z” with isospin 0. The last is a system where neither particle 
nor antiparticle is present and must be considered as a “ vacuum”’.* This vacuum 
should have some amount of energy in order that the energy may be conserved 
by the above process. Thus, if we are to persist in our picture thoroughly, we must 
assume that the vacuum has some structure with a physical meaning. Such a 
structure may reflect in a certain sense something dynamical that is inherent in our 
scheme. This peculiar feature, together with the true meaning of the empirical 
mass formula, is very important in the realistic aspects of the composite particle 
model. Further investigations will be necessary in this direction, too. 
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Appendix 


We shall give the mathematical scheme of our present work, which is based 
on the linear continuous representation of the unitary group U(m) of degree n=2 
or 3. U(2) refers to the conservation of nucleon number and isospin for, p-7 systems 
and U(3) is the group of full symmetry for p-n-A systems. 

We are interested exclusively in the composite systems. If a state is compos- 


* : . . 
In previous papers”,2) we denoted this system by 7’ and treated it as a physical entity like 


other existing mesons and baryons. It is an interesting problem whether x” is a physically real- 
izable matter of a new kind or a vacuum as mentioned above. 
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ed of k(=0) particles and /(>0) antiparticles, it may be represented by a tensor 
JOR aie of valence k, l. The case (n=3, k>0, 1>0) has already been studied in 
a previous paper.” The other case can be discussed in the same manner as in 
that paper, hence we give here the results alone. 

With respect to the group U(m) the tensor Ty.\* can be decomposed into 
irreducible constituents through the following two Steps: 
(i) Contraction operation. This operation should be carried out only when 
both & and 7 are positive. In the concrete, 


V8 Kk SD Ke wal Qe es Z x 
rd ee a Lie Kare Ky 
ree pre ea eT 

Z 1 1 a,b D 


Peet cn 
5 (ab, ed) a des 
ae “a Od 4b LS In, Ad Sd ae x 
PN Fl a eis (A-1) 


On the right-hand side, the indices (0), (a, 6), (ab, cd), ---, designate the tensors 
T’s and the symbol / (\V) tells us to remove the index under (over) itself. These 
tensors T’s are characterized by the property that if we contract a tensor for any 
pair of a superscript and a subscript the resulting tensor vanishes identically (con- 


traction zero). The summation >! is to be taken for a, b=1, 2, ---,k (a<6) and 
c, d,=1, 2, ---, 1 independently. ny? 

(ii) Operation of Young’s symmetrizers.” When & and Z are positive, we apply 
this operation to the tensors T’s on the right-hand side of (A-1) with respect to 
superscripts and subscripts separately. Therefore the operation may be expressed 


by a pair of Young’s diagrams : 
{T (Ray-**) Ra), T (hss Le) } 5 
pie pe hyak a es ky — 0, 
Hee el ie eee ah, 0, (A-2) 


Here T(ki, -, Rn) and T(h,---,t,) are Young’s diagrams for superscripts and 
subscripts respectively and it is assumed, without loss of generality, that the tensor 
in question is of valence k, /. Since the tensor possesses the property of contrac- 
tion zero, a symmetrizer of some type produces the vanishing tensor. Thus we 
have only to consider the following cases : 


n=2. . Case a) LTE 0) 5, LE Wligh Ol patgcnkes 2 Os eed 0 
n=3 Case a) {T (Ai, 0, Lt) ie PCES lo, 0)} : k, > 0, l,>0, eal 
Case b) {T (ky, ka; 0), Th; 0, 0)}: ki >0, 20, L>0. 


When either & or 7 is zero, it is sufficient to operate Young’s symmetrizers. The 
corresponding diagram is obtained from (A-2) by putting /=0 or k=0. That is, 


n=2 Case b) {T (ki, ea) T (0, 0)} : As 0, k,—0; 
Case c) {T (0, 0), Ts, 1,)} 5 Nes 0, Peay 
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n=3 Case c) {T (ki, has Bs), T (0, 0, 0)} : ki >0, ke > 0, k= 0; 
Case d) 17 (O09 0) late. G; ta) eee | cas 


In this way we can decompose each term on the right-hand side of (A-1) to 


obtain the irreducible constituents of the original tensor Ty}"\* on the left-hand 


side. An irreducible part resulting from the first term Tet of (A-1) corresponds 
to the lowest configuration of a physical system. From the second term we attain 
a higher configuration of a physical system whose lowest configuration is compos- 
ed of k—1 particles and /—1 antiparticles, and so on. 

An irreducible representation of U(n) can be completely determined by the 
above &’s and /’s. Therefore, we can express the quantum numbers in terms of 
k’s and I’s. The following is a method of obtaining the expressions of I (7=2), 
So and i (n=3): Let us first consider an irreducible representation of U(2). 
The corresponding diagrams can be written as 


i SAL ate Sane ea eer (eet Ope me | fa 
for superscripts, 
(Ry PL) |ececeefeceeee see eeseeseeeceeees h/ 
pT 8 re eet cae) ae ht Be | L/ 
for subscripts, 
CLEA ISI | cereal Sits Heese Sees weattepe lV 


where (1’, 2’,---, k’) and (1’, 2’,---, 2‘) are permutations of (1, 2, ---, &) and (1, 2, 
‘++, 2) respectively. Let v;, be the eigenvector of J; which belongs to the maximum 
eigenvalue. Then a non-vanishing component of v;, is given by T3*.%* with 
1 t 
Ka=1, al D. wis) lee Ky=2, b= (ki +1)’, ek ee 
A-3 
A,=2, Che oe hess Ae 3 Ja=1, d= +1)’, Sad, L : 


and the other non-vanishing components are obtained from this by performing 
alternations of the «’s and 2’s belonging to the same columns. The value of iso- 
spin I coincides with that of J, for the vector v,,, hence we have 


l= (ki— ky th, —1,) /2. 


This reasoning can also be applied to the case n=3, in which we have merely to 


replace v;, by the vector v,,, introduced in the previous paper” and (A-3) by the 
equations 


Kat, a= 2 5:4) Raog, iey== 2, D=aCR ih) eek hae ea ee 
&=3, c= (kithat+1)’,---, k; sg=3,-d=1', 2"..-, Li . 
Aoi. e= (4+1)’, CHa, (4,+2,)’ ; Apel j= (4+2,+1)’, Ons ihe 


The consequence is given by 
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So=l—ks, ip= (ki— ka +l, — Us) /2. 
The remaining quantum numbers can be easily calculated as follows: 
n=2 Ny=k—l, nyr=kR+1, nysaH=hkoth ; 
n=83 Ngp=k—l, np=kh4+l, Musk—khy, ta=l—lb, naSkstls. 


Summarizing the above, we have 


n=2 
Case a) ny=k—l, I=(k+1)/2, nyr=k+1, nys=0;3 
Case b) ny=k, I=(k,—ky) /2, nyr=k, Nva=he (A-4) 
Case c) nmy=—l, [=(L,—1,)/2, nyr=l, nraHh. 

n=3 


Case a) np=k—l, s=hy. io= (Rt) /2, 
nmrp=k+l, 74=0, t4=h, ns=0; 
Case b) ng=k—l, s=l, n= (Ai—hs) /2; 
np=k+l, Ma=hz, NMa=0, nu =0; (A-4’) 
Case c) np=kh, So=—hs, n= (hi— ha) /2 
np=h, Ra=ho—ks, Ma=0, Na=hs; 
Case d) np 1, =k, = Cha h) [25 
nr=l, 24=0, ts=h—-h, na=b. 
In mathematical text-books on the group representations, the results concern- 
ing U(n) are often stated in terms of the set of m integers f;(i=1, 2,::-, 7; 
et fge fn) > which specifies an irreducible representation of U(n). We give 
the relation between (fi, f2) and (ty, I) and between (fi, fas fs) and (rp, So, to)- 
m=2 ny=fathr, 1=(A-Sf)/2, 
fr=nn/ 241, fr=nn/2—-T. 
n=3 Ma=fithithes S=—fa t= (fifa) /2; 
fr= (nat 5) /2+%0, fr= (Mat 50) /2—i0, Sa=—So- 
‘The proof of (A-5’) is given in the previous paper” and (A-5) can be proved 


in a similar way. , 
Substituting (A-4) and (A-4’) in these expressions, we get 


(A-5) 


(A:5’) 


n=2 
Case a) (hs Sa) = (ha) 
Case b) Chi f= (ei, hs) 3 
Case c) (fi. fz) =(—4, 11). 
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Case a) (fis fas fe) = (ky —has —4) ; 
Case b) (fis fa» fs) = (a, bx, 2); 
Case c) (hi, Sa, Fs) = (Ai, Re, Rs) 5 
Case d) Chiat 6) ee 


This shows that the cases are mutually exclusive and exhaust all the possibilities. 
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Electromagnetic Structure of the Nucleon* 
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Spectral representations of the electromagnetic form factors of the nucleon for fixed mo- 
mentum transfer are proved as a function of the square of the four-momentum of the nucleon, 
based on the general principles of the quantum field theory and, using these representations, 
two sets of coupled equations for charge and magnetic moment form factors are derived. 
These equations are solved in an approximation in which only the lowest mass configuration 
is taken into account which consists of one pion and one nucleon. It is shown that the ab- 
sorptive parts in this approximation are expressed in terms of the real pion production by 
virtual photon for J=J=} state and pion-nucleon vertex part, from which follows that (3-3) 
resonant state does not contribute to the form factors as far as the lowest mass configuration 
is concerned. Inclusion of (3-3) resonance and the second and third resonance requires the 
calculation of two pions and one nucleon state which is not attempted here. 


§ 1. Introduction 


Since the pioneer experiments made by Hofstadter et al.” electromagnetic 
properties of the nucleon have revealed itself as one of the most important prob- 
lems for our understanding the structure of elementary particles and subsequently 
theoretical calculations have been carried out by various methods: perturbation 
theory,” static theory,” dispersion theory” and many other methods.” In particular, 
based on the dispersion theoretic approach, which was first formulated by Chew 
et al.,”” many efforts have recently been devoted to the calculation of isotopic vector 
and scalar parts of the nucleon form factors. These calculations clarify that the. 
so-called two-pion state will give the main contribution to the isotopic vector part 
of form factors and the agreement between theoretical calculations and experiments 
seems satisfactory for magnetic moment and magnetization mean square radius, 
though charge density radius appears to be much smaller than experimental value. 

As for isotopic scalar part, the “three-pion state” is expected to be the only 


* The result of this work has been reported at the Annual Meeting of the Physical Society of 
Japan held in Tokyo, April 1960. 
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state that mainly contributes to the isotopic scalar part. But we have not yet any 
reliable method for the calculation of this state though several attempts were 
performed to estimate the contribution by perturbation” and static theory.” 

It has become clear, through these analyses, that we may say that we “ un- 
derstand ” semi-quantitatively the “two-pion state”? contribution of the isotopic 
vector parts, while for isotopic scalar part we can at most estimate qualitatively 


” 


the contribution from “ three-pion state It is our feeling that calculations beyond 
the lowest mass configuration are not only difficult but also meaningless, since 
once beyond the lowest mass configuration, the approximation to take one particu- 
lar state seems to become worse. In this respect, it will be worthwhile to try 
somewhat different approach to the electromagnetic structure of the nucleon, which 
at the same time might-enable us to derive some new features of the nucleon 

structure, although we must be careful as to the applicability of the present quan- 
tum field theory, in particular charge symmetric pseudoscalar pion theory. 

In this paper, therefore, we base our investigation on mass spectral represen- 
tations for fixed momentum transfer (g’>0 space-like), choosing nucleon mass as 
a variable.* These spectral representations, contrary to the usual spectral represen- 
tation, are possible to prove rigorously using only general principles : microscopic 
causality, unitarity, and spectral condition, (§ 2). Next, inspecting the absorptive 
parts, it is easily seen that in general they contain electromagnetic form factors of 
the nucleon under consideration and thus we can obtain two sets of coupled alge- 
braic equations for charge and magnetic moment form factors and these equations 
are formally solved. In particular, if we take the lowest mass configuration, we 
can express the absorptive part in terms of the photo-pion production matrix ele- 
ment for the J=J=4 state and the pion-nucleon vertex operator. The matrix 
element for real pion production by virtual photon was already analysed by Fubini 
et al.” and is known to be expressed in some approximation in terms of nucleon 
electromagnetic form factors and small J=J=4 phase shift of pion-nucleon scat- 
tering. The vertex part is also expressed by the pion-nucleon phase shift for the 
i=J=4 state,” (§ 3). 

To caiculate form factors in lowest mass approximation, we first notice that 
the 3-3 resonant state never contributes in this approximation and thus we can 
neglect rescattering corrections in a good approximation. Then, coupled algebraic 
equations mentioned above are easily set up and solved, and numerical results are 
given, (§ 4). The final section (§ 5) is devoted to the discussion of the result of 
the previous sections. In Appendix A an operator equation is given, where the 


electromagnetic vertex operator is expressed rigorously by the Green’s function for 
photo-pion production process. 


§ 2. Derivation of the spectral representation 


The quantity with which we shall be concerned is the matrix element of the 


* Essentially the same approach has been carried out independently by A. Bincer.® 
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current density operator j, taken between one-nucleon states. ! 
_ This matrix element may be expressed as follows: 
Wiss i Ne ers 6 
(elie =— (7) ap u(p) (2-1) 
(27)" \ po’ po i 
tae: p 
where » and p’ are the initial and the final nucleon momen- a 
is : ig. 1. Electro- 
tum.* (Fig. 1) magnetic form 
The most general expression of /',(p’, ) defined by Eq. factors. 


(2-1) is given in Appendix B and expressed in the’ following way : 
lp’, p) =i7, Gitio,.qG.t+q,Gst+ilizp’+m)7,Gitiz, (irp+m)G, 
+ilirp'+m)o,.9¢,Gs+io,.g.(i7p+m) Get (7p! +m) 9g, Gst+¢, (i7p+m) Gs 
+ (irp' +m) ir, G7p+m) Got rp’ +m)ic,.g, (7p +m) Gu 
+ ip’ +m) q, Gp+m) Gr (2*2) 


where g,=p’,—p, and G;(i=1, -:-, 12) are functions of three independent scalar 
quantities which may be chosen as p”(=—S), p’ and q. 

Usual charge and magnetic moment form factors are obtained if we put 
Cp = —- 7 se, Gp? =——m, p=—m, 7) =Fi(¢) and 6C,Q° =m p= 
—m’,¢)=—Fi(q). 

Chew et al.” investigated analytic properties of G, and G, as a function of 
momentum transfer g’, fixing the magnitude of p” and p’ on the mass-shell. 
Instead, in the following, we shall prove G;(z=1, ---,6) as a function of ¢(=—p”), 
fixing p’=—m’ and ¢>0, has a simple analytic property as a consequence of ° 
general principles of quantum field theory: micro-causality, unitarity and spectral 
condition, which immediately leads to spectral representations under consideration. 

Following the formulation of CKGZ,** we consider the quantity (2-1) as 
an S-matrix element of a transition of the nucleon from the state with momentum 
p to the state with momentum /’ emmiting a virtual quantum q, and apply reduc- 
tion formulas.” Then, 


(p'|S|pq.)*** 


ahs (atig) Slateatver rate Ol sa SanGy 8) 
gers a . ( He - 1 \ { dixd' ye?" a(p')(O\T (j,(x), 4(9)) [PY 
= — (2n)i( HE op —p— Due), (2' +4), (2-3) 


* Spinor u(p) is normalized according to “(p)u(p)=1 and metric is such that scalar product 
is defined as 2,6,=a-b— abo. ; 
** The notation used here is the same as that used in CKGZ” 
+k Spin indices are suppressed throughout as far as no confusion occurs. 
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where j,(x) and 7(y) are defined by 


OS MCL (yj De ene (2-4) 
0A, (x) 0) (y) 


pes 
and causality conditions imply 


fy (x) —- 


2 te yo. Or ey RO 
Od (y) 


(2-95) 


OLA, Xy<Yo OF (xa—y)’>0. 
dA, (x) 


We have neglected the contribution from equal-time commutator which will be 
evaluated in Appendix C and G,(&) is defined as a Fourier transform of the causal 
function S,(x) as follows: 


GiBe) = Teter Sade (2-6) 
and 
CO|T Gi. (z), GO) Pp tere 'S (a —y). (2-7) 


In order to prove spectral representation we choose, as usual, a special co- 
ordinate system such that 


p'=(ie, E), 
q= (se, E—m), (2-8) 
p= (0, m), 


where ? =(E—m)*’+q and e is a unit vector, and consider G,(p’+q) as a func- 
tion of complex #. It should be noticed that we are interested only for the case 
of g >0 (space-like vector), on account of which 

G,(p’+q) as a function of complex E is given 

simply as an analytic continuation of the expres- 

sion (2-6) and rigorous proof becomes possible, E-plane 

_ that is, no analytic continuation in terms of 7(= 
—p’) is required and consequently unphysical mass 
restriction “> (1/2 —1)m does not appear.” 1? 


Ey (q") 
Once this point is kept in mind, the procedure 
of the proof is straightforward and is essentially 
the same as those given in CKGZ, hence we 
shall not repeat it here. The result is that 
G,°°(E, ¢)* as a function of E is regular in the pee By ieee Ey plane. 
E ; ; E(g2) is a branch point and 
entire complex E plane with a branch point at a due wloam ieee seen 
E,(q) >0 and a cut along the positive real axis. axis. 


* Go? CE, g?) means symmetrized and antisymmetrized function in the sense of e. 


Electromagnetic Structure of the Nucleon 21 


The discontinuity in G,°° on the cut is known to be given by 
G," (E, ¢*) =i(27)* S) 2E9(E)8(p"+m,*) 019 (0) |n)-<n\j.(0) 2) (2-9) 


where m, indicates the intermediate rest-energy. 


In this way the following spectral representation is obtained except a possible 
subtraction : 


Ss 1 rs Gite eS e) 
Gr(E, f)=s— ge 


Eo(@) 


dE’, (2-10) 


or we may rewrite Eq. (2-10) as follows, using the relation 


et Ee k= m +¢ + (m+p)* 


2m 2m 


Lf Ge 


Qi ae 
(m+)? 


GHC.) = (2-11) 


From Eqs. (2-2), (2-11), we immediately get spectral representations for each 
form factors : 


“ +S,V (4 
GP’, g)=— 2 a. age AA) 6) (2-12) 


(m+ p)? 


where superscripts S, V indicate the scalar and vector parts respectively. Explicit 
relation between G,(=, q¢) and G;,(¢,q’) is, from Eqs. (2-2), (2:3), (2-6) and 


G8 A =i hax (M) [imGG, A) toma @) 
+q,.GiF, 7) + rp’ +m)i7,G, 7) 
+ (ip! +m)ion gs, 7) + Gel +m) aC, ¢) [u(p) 2-18) 
and G;* (é, q?) is defined analogous to G;(¢, g) as follows : 


Ly) Uae te aa 
GG; 1) =n a lir.G (¢, ¢) tio,,q.Gs* (¢, ¢) 


+q,G;* (F, @) + (rp! +m) iz,Gs* (F, 7) 
+ (rp! +m)io.gGs F, 7) + Grp’ +m) aq. Ge" 7) |u(p). (2.14) 


Expressions (2-12) are our final form of spectral representations though in practice 
we should take into account the contribution from equal-time commutator (see § 3). 
It is to be noticed that G,;* are not linearly independent on account of the conserva- 


tion of the current which implies 


gee Bl eo te 
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bo 
bo 


q,G,* §, ¢) =0 (2-15) 
from which the following relations are derived: 
GG’ Gap) Gm) Gi Ge, aa 
Gere g)inGr”’ G9) 7 Ga Gage 

In particular, if we set g=0 or ¢=m’ in Eq. (2-16), we obtain* 

Gy ng) 0, 

G,*5(E, 0) =0, (2-17) 

Groat G, 0) sO: 


Eq. (2-16) does not necessarily mean the linear dependence of G;(F, q°) since 
Re G,(é, g) can contain a possible subtraction term. Re G;(¢, ¢°), however, also 


vanishes on the mass shell, ¢=77’. 


§ 3. Structure of absorptive parts 


In this section we investigate the structure of absorptive parts of charge and 
magnetic moment form factors. For this purpose, contributions from equal-time 
commutator are to be taken into account properly since we have assumed no sub- 
tractions for charge and magnetic form factors. In Appendix C, we shall prove 
that the equal-time commutator only contributes to the charge form factor, so we 
write down spectral representations (2-12) for G,*"(¢, g’) and G,*:"(€, g) in the 
following form: 


° +S,V (El 
Gree. q’) = Gat (es 0) at : Gi (F > g) Fl 


g’—& 
(m+ p)? j 
= (3-1) 
ts 1 ce (GU é/ 2 e 
GE" (E, @) = 2 = 2) dé. 
© (m4 wy? ai as 


Here we have made use of the fact G,**"(¢, 0) =0 (Eq. (2:17)). Putting fe Wie 
we obtain 
apse te eraaA 2 


Git y= 5 aP az 


d¢' 
/ 2 5 

d Sil 

(m+ p)2 k 


(3-2) 


1. Getsr é 
GelGy= = _ f) dé' 
(m+ pw)? ; a 


where G,°"(¢) =G,5'"(m?, ¢@) and G*'"(¢) =G,5"(m?, @) are usual charge aa 


magnetic moment form factors. 


* 
We assumed G;(&, q?) are regular at g?=0 which is verified by actual calculations. 
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In order to investigate the structure of G,%°%"(€, q’), we write Eq. (2-9) 
again : 


G,* Gf) =i(2n)* Di 2H (E)d(E—m,*) {07 (0) |n)-<nlj.(0) |p». 2-9)! 


This form of G,*(¢, q@) indicates that G,* consists of two processes in which 
initial nucleon absorbs virtual photon to make a transition to the complex inter- 
mediate state and from the intermediate state to the final one-nucleon state. It is 
then easily seen that in the case of the absorption of virtual photon by the nucleon 
electromagnetic form factors of the nucleon necessarily appear and general form of 
G,3°" (¢, g’) may be expressed as follows, 


Gi2’ E, P)=HP €, DGE’@G) +E, PGP") +a, ¢) ~ (3°3) 


where Hy8"’(F,¢), Tis" (€, @) and J,%"(&, gq’) represent some analytic functions. 
Inserting Eq. (3-3) into Eq. (3-2), we get the following two sets of coupled 
algebraic equations for G,*'"(g*) and G,*'"(q’) : 


GS? (@) =e/24 BE’ GQ) GS" (G) +h" (PGE G) + AP@) 


ez pices Pant (3-4) 
GS" (¢’) bia (a) G9" (q’) + 1,°" (q") GE" @) Sy Boe (q’) 
where 
T7S,V ma 1 ( on (Ss wo 
Hy: 7) oe e! — mn? 
(m> pu)? 
Ts,v 1 ( 2 (§, 7) zy 
I's (Ca) ip ine nee) on ae 
(m+ p)? 
Fs,V (2 1. i LAE GS Ts, 
Jin (7) hth 6 —9n7" 
(m+)? 
Eq. (3-4) is easily solved and the result is 
Ge" (gq) = (e/2+Ji* "(¢)) G-L* "(g) +J,° "@)L*"(¢) 
VI) SY (@)) I—h" (¢)) — He” PLS” @) a 


GS" (qg) = (fat de’ @) HE G+ d= —H" gy) Jo) 
; (1— AS" (¢)) 0-28" (@)) — i") 18" @) 


It should be noticed that the expression (3- -5) is exact and contain no ap- 
proximation. Our final task is to study general properties of Hy" (¢); i (q') 
and J” (¢). We have not, however, succeeded in finding their general proper- 
ties except the following one: 


lim A," (¢) =" (9?) =" G) = 


g0 
In the next section, therefore, we investigate their detailed structure in the 
case of the lowest mass configuration. 
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§4, Contribution from the lowest mass configuration 


It is easily seen from Eq. (2-9)’ that the lowest 
mass configuration consists of one pion and one nucleon 
state and in this case we have for the absorptive part 
the following expression: (Fig. 3) 


G," &, ¢) =i(22)4 OS | pd*aa(p—p.—a) 


xX (0/7 (0) lpimo)> (on piljulb) (4-1) 


where p; and g, are momentum of the intermediate Fig. 3. Contribution 


nucleon and pion, respectively, and >|} means sum to the absorptive 

o parts in the lowest 
over the discrete quantum numbers. The factor mass configuration ; 
{0|7(0)|f1q0) which appeared in Eq. (4-1) is related one meson broken 
line and one nu- 


to the pion-nucleon vertex function and expressed as 
cleon solid line. 


(0|7 (0) |pgao)>= aa ( SI / ig {Ki (é) be (7p! +m) K,(¢)} st, u(p) 


(4-2) 
where K,(¢) is normalized according to K,(m’)=1 and g is the renormalized 
pion-nucleon coupling constant. The quantity (o, mp:| j,(0)|p)> represents the 
pion .production by virtual photon and is investigated in detail by Fubini et al.” 
in connection with the treatment of pion production in electron-nucleon collisions. 
According to their results, this quantity can be decomposed into six invariant forms 
and is expressed as: 


,(oa.prlin(|p=—i| — | ("atone Hue) (4-3) 


(23)F 5 2Pi0 Qo Po 
where &, represents polarization vector of the electromagnetic field and 
€, H,2=M,sA,+MzB,+MeC,+M,D,+MszE,.+MrF, (4-4) 
where 
stialres 
el Seaag geAN S ‘oe (+) 
Ma=2i7s{P, gy, Ge 
Mo=7st7, ub, a3) 
: (4-5) 
Mp=27s({7; P} Sim iy, Aa (+) 
Mr=i7s\q, n}, rat 
Mr=7s\q, 7}. (—) 


Here P=(p+p.)/2, the (+) sign corresponds to the crossing relation and the 
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following abbreviation is used for the gauge-invariant combination : 


{a, b} =a&-bq—aq:bé. (4-6) 
From charge independence, A,, ---, F, can be further decomposed : 
1 
A, = Wes Es} At+—[z., 3] A7+7, A’, etc. (4:7) 
The 18 coefficients A*, A~, A°, ---, F° are now functions of three scalars: 
y= —Po/m, va—G-G,/2m, @’, (4-8) 


and assumed to satisfy dispersion relations of the form 


Fie, ¥5, 2) =Ci, ¥5, ¢) +R) (+ + 4) 
Up—vY Yety 


i 
+—-|dv Im H,(v’, YB» q) ( es 


y— 


1 
— + ome (4.9) 


where »=vep+yv+y"/2m, and the sign (+) depends on the crossing symmetry 
and H, stands for A‘, ::: F°. 
The residue R;(¢) of the pole turns out to be 


R[A*"]=—ef G"(¢’), 
R[B*"|=efG,>" (¢)/2myvz 
RICH ]=R[D“]=/G"(@) 
RE? jJ=RiFA")]=0 


where A”’=At or A~ and AS=A’%, etc. The terms C;(v, vs, g*) are not determined 
by this form of dispersion relations. They are determined so as to reproduce the 
lowest order perturbation result, the procedure of which is justified by dispersion 
relations for fixed v, choosing vg as a variable. (See the Appendix in reference 
9)). They are determined as follows: 


Cy=Cz,=Co= Cyp=Cr=0, 


(4:10) 


Dye= Ce —0, 
___ 2mf [ =2G.@) , 2G") 
: q | 29-7 nq | 


where G,(q’) means the electromagnetic form factor of the pion. 
Now, inserting Eq. (4-2) and Eq. (4-3) into Eq. (4:1), we find 


a Weert m\"? m rey | / 
+ = d‘qd‘ p,9(p' -—fp—-H 
Gié,¢) =i ny? (=) ier | nd po(p'—pi-H) 


x A (pw) 9 (io) 0 (p+ m’) O(qv +L) [ {Ky (¢) at (ip + m) K, (F)} 
x 7s M7 (p1) (H,” t5+ A, *) Ju (p) (4-11) 
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where A~(p,) =(—irpitm)/2m and Hits Ae Hea Hf= Fie", thereby. 


é, H!=M, A" ++ +MrF*. (4-12) 


BK 


From Eqs. (4-9), (4-10) and (4-11) we see that the absorptive part in fact 
contains electromagnetic form factors of the nucleon as expected in § 3. Further- 
more we see that we are only concerned with the matrix element of J =J=4 state. 
This is easily seen if we expand H,'*’” into partial waves and carry out integra- 
tion in Eq. (4-11), the result of which agrees those given by A. Bincer.® The 
fact that (3-3) resonant state does not affect the form factors as far as the lowest 
mass configuration is concerned* enables us to expect that neglecting small rescat- 
tering corrections of pion-nucleon J=J=4 scattering will be a fairly good ap- 
proximation. 

Under this expectation, we neglect rescattering corrections and H;(», vz, q’) 
and K,(€) are approximated as follows, 


HE", va) = CO" (oy Ym, 7) + RG) (—— te ——) 


WKS) 1 (4-13) 
Kite 0: 


In the Feynman diagram, this approximation corresponds to Fig. (IV) and 
calculation is now straightforward. The result is, 


\ | 
} / \ 
/ \ 
~~ - ai , ; at ic pe 
\ ne / 
pS a 


Fig. 4. Feynman graph corresponding to the approximation (4-13). 


GE") =F AE (PIGS) + ES” (GGG) +H" (@) ; 
ee i 4-14) 
GONG) = HE A)GE” (GP) FhP" Q)GS(G) +50" (@) 


where 


ote A 3 2 
HS (q) = Epa {Ci(q’) —C, (0) + (m?—¢/2) Di (G) +m? Ex(@)} 


i5(¢) =— ae m(Di(q@) +Ex(@))¢ 


ee so-called second and third resonance in photo-pion production also do not contribute 
since their resonant states will belong to Ds/. and Fsjo. See §5 
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FS(q?) = — m?(D, (0) +E, (0)) 


H,"(q) =— o (7) +3C,(0) + Gn? —@/2) Di) +m Ex(¥)} 
BY (@y= +2 mg (DG) +@) 
1” (q?) =~ (Di (0) + Es me {C.(q?) +4m’ B, (q) 
—m ts —2m* (Ds) ae 
AS (g)=— ©, m(D@) +E) (4-15) 
iS(¢)=— oe —{C,(0) +m (Di(¢) + Ex(@?)) —¢/2Ds(@)} 
FS (¢) =0 
AY (@)=+ (g) +Ex(@)) 
i? (q) = + (on Dig) + EG) — 4/2) 


pra 


iat (gt) = 2 | Aa) —2mBu@) + (Did) + EG) 


and A;(q’), etc., are defined as (See reference (12),); 


Bde) 
(+4;)* 


Aq) =8 |xax| ay) 


c B’ dk 


Byig) =8 |dr\ y Beara 


k’ dk 


Cid) =2 | eae ay\—Gecaye (4-16) 


k' dk 
a dai -nay\ (F4+4,)*— 


Ce Of eH Ot 


D(q) =8 


. 3 dk 
aid, dx Ady | ee (F°+4;)* 


E; (¢) = = 


| 
| 


ua 
Rae 


where A= mx aie, +2’ y1—y)¢ 
A=m ix? + (g—2)ztl+z'yA-—wy_e 
axe (In... 
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From Eq. (4:14), we find that RAS ---, etc., are the monotonously decreasing 
function of g’, and magnetic moment and charge and magnetization mean square 


radii are directly calculated to become’ 


Peek 
po = | ——_? 
1+ (3/162) 9 {C, (0) +m*(D,(0) + £,(0)) } 
pr ors 


~ 1— (1/162") 9? {—3C, (0) +m*(D,(0) + E:(0))} 


(rp ys= Cry per +9/ 82" Che m(D,(0) +E, (0) pe 
1— (3/162") 9’ m? (D,(0) + £1 (0) ) 


Crp rere — 3/4279? m (D, (0) + £; (0) ) pL’ /e 


tr 2\7 a 4-17 
, 1+ (1/16*) 9° {4C, (0) +m? (D,(0) +, (0) )} 
(r2)s= C19" Ypert — 3/322" 9° m(D, (0) + £1 (0)) ¢ ri ele 
1+ (3/16z”) 7° {C,(0) +m’? (D,(0) +E, (0) )} 
+9/82° 9° {m? (D,’ (0) + Ey’ (0)) —1/2D,(0)} 
1+ (3/162") 9? {C, (0) +m’ (D,(0) +£, (0) )} 
ANT C19 veer + 1/3277 9? m(D,(0) + £,(0)) <r)" e/p” 
7 a ) 2) 2 
1—(1/167") 9° {—3C,(0) +m’*(D, (0) + £,(0) )} 
_ __ 8/82" 9" {m?(D,' (0) + Ey’ (0)) —1/2D,(0)} 
1— (1/16z*) 9* {—3C,(0) +m?’ (D,(0) + £,(0) )} 
Table I* 
; Second Order Second order 4 
Experiment Perturbation Perturbation Present | 
: (no cut off) (cut off at K~77) Approximation 
wes —0.06 (e/2m) —1.64 —0.84 —0.33 
py TSE GED), 2.16 1.64 1.16 
<r2)8 ~0.32 (1/p2 0.24** 
1 (1/n2) 0.11 0.056 ee 
(r2V ~0.32 (4 {0.053 
1 (7) 0.20 0.16 10.043 
Cr2y8 S (7,28 : 0.025 . 
, : ae ene wa Ce ey tet 
(rg) ~0.32 (7) ode ne (ae 
0.098 0.073 


—————— 
* We take g?/4z=14.5. 


4k : 

“ Rae used both calculated and experimental values of pS and yu’ to calculate ¢742)5, etc 

. . ; ‘ 
pper and lower figures indicate the case of calculated and experimental pS: ”, respectively. 


+ Essentially same approximation w. i 
ys as once carried out by H. Miyazawa) and M 14) 
though their derivations are quite different. ¢ ae 
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where D’ and E’ denote differentiation with respect to g’, and (7;?)‘yert, etc., repre- 
sent the second-order perturbation result. Finally, we calculate Eq. (4-17) with 
cutoff momentum Km, supposing that high frequency part will be properly cut 
off by the pion nucleon vertex function K(¢). Numerical values are summarized 
in Table I together with experimental data for convenience. 


§ 5. Concluding remarks 


In the previous sections, we have investigated charge and magnetic moment 
form factors, based on spectral representations for fixed momentum transfer, choos- 
ing nucleon mass as a variable. These representations are different from the 
usual ones in the following points ; 

i) These representations can be proved only by means of general principles ; 

ii) Thresholds of the absorptive parts for vector parts are the same with 
those for scalar parts, that is, we can calculate both scalar and vector parts in 
the same lowest mass configuration ; 

iii) Absorptive parts contain the electromagnetic form factors of the nucleon 
and we can get two sets of coupled algebraic equations for vector and scalar parts 


of form factors. 
We have assumed that the subtraction is unnecessary both for charge and 


magnetic moment form factors, thereby, of course, taking into account the contribu- 
tion from equal-time commutator. In particular, when only the lowest mass con- 
figuration is taken into account, it is possible to express the absorptive parts in 
terms of the matrix element of pion production by virtual photon and the pion- 
nucleon vertex part which may be expressed by electromagnetic form factors of 
the nucleon and small phase shift of the J=J=% pion-nucleon scattering. It is 
to be noticed that the approximation to take the lowest mass configuration in our 
calculation, at first sight, does not seem to have a direct physical meaning as that 
used in the usual representation which means to suppose that the lightest mass 
configuration may dominate the outer range structure of the nucleon. We can 
interpret, however, in the present case that the inverse of the threshold energy 
corresponds to a time of the “ reaction ” forming a complex intermediate state, 
and the lowest mass configuration corresponds to the longest time reaction which 
also can be expected to dominate the outer structure of the nucleon. 

No contribution of (3-3) resonant state to the form factor is characteristic 
of the lowest mass approximation, on account of which the approximations to 
neglect rescattering corrections are possible. We have calculated Eq. (4:17) 00 
see a general features of our approximation and the summarized results in Table I 
show that the scalar part of the magnetic moment was reduced while the scalar 
charge density radius was enhanced several times compared to the second order 
perturbation with cutoff at K~m. This is due mainly to the property of denomi- 
nators in Eg. (4-17). It should also be noticed that denominators have the same 
sensitiveness to the cutoff momentum as magnetic moment. To include the effect 


ca 
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of (3-3) resonant state and moreover the second and third resonances in our for- 
mulation we must take into account higher mass configurations, for example, two 
pion and one nucleon state. In this case the absorptive parts are expressed in 
term of the pion-nucleon scattering matrix element and double photo-pion produc- 
tion matrix element. In this case, (3-3) resonant state may be expected to con- 
tribute to the vector parts, while the second and third resonances to the scalar 
parts. 

Before concluding, a remark should be made on the pion-pion resonance. In 
our formulation, the contribution of pion-pion resonance, in the lowest mass con- 
figuration, is included in the matrix element of pion production by the virtual 
photon, though we have not touched in this paper on a possible role of pion-pion 


> 15 
resonance to the electromagnetic structure of the nucleon.” 
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Appendix A 


Relation between the vertex operator and the 
Green’s function for virtual photo-pion production process 


We have shown in § 4 that the matrix element of the electromagnetic vertex 
operator between free nucleon states are determined by the pion-nucleon vertex 
and the matrix element for pion production by virtual photon in the approxima- 
tion where only the states of the lowest total rest mass are taken into account. 
We will show in the following that not only the above-mentioned matrix elements 
but also the vertex operator itself may be rigorously represented by the Green’s 
function for photo-pion production. - 


Following Schwinger,” one may define the electromagnetic vertex operator by 


r’ Aus 0G (ay) 
Sj 1 es 5 
ni ony tap) de( A, (2)) (A-1) 


where ¢ }) means vacuum expectation value 


CO) = Ava |O®) vac) 


<vac|vac ) 


3 : 
G(x, y) is the inverse of the one-nucleon Green’s function interacting with the 
pseudoscalar and the electromagnetic fields : 
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G(x, y) =i alply)—itp7 (zl eC AGE) ly) + i977 l(b) |y)+M 
=17 (xl ply)—itp7 (zl eC AG) Ply? 
+(—i9)*7s3t:G(a, 2’) d(x, @) E(x’, v3 &) 
ete) Fury tata ee SL (a iy eo) (A +2) 
where M is the mass operator of the nucleon, 4 and D,, are the Green’s functions 


for a pion and a photon respectively, and the sum or integration is understood for 
repeated suffices or variables respectively. 


We discard the last term of Eq. (A-2) in the following, confining our discus- 
sions up to the first order of e, although inclusion of the term does not cause any 
difficulty. Then we have 


Ag ays ¢) =7,7,0(2—F)0(E—y) 


+ (—i9)*75(x) ti 4(ax, §')i 1G Gos Tee Cr hs Se a) 


f 
de(A,(€)) 


Next, let us consider the Green’s function for photo-pion production, which 
is given by” 


Gl aay 5s =i ©) ates |. ae -G(a, y) com oe 
o’G(z, y) 

0¢b: E') OCA, (') D 

where J; and J, means external sources for the pion field and the electromagnetic 

field respectively. Making use of the equation 

0G (2', y') 


= —id(é, &’) 


Dy, 4) (A) 


J 4-0, J ,=0 


SC) = _G (2, 2! GO") 
EROS RIC eee 
=—igG(x, x’) Ts (2', 93 EVE", »); (A-5) 


Eq. (A-4) becomes 
= Gy me 0 / 4 / tL ea f 
trees C03 WES A) =(—1y 4, 0) OCA) {gG(z, eles CESS, ) 
xG(y', Mt Daal D 
ee 


= (iad, 8G, aM, 9s EY SEESE 


3 BY NC 7) 


J§aF =O 


+ (ig, €) Sones (Gla, ea 52D}, 4 GO" MDa D 


== (—1)*94(6, 2) G(z; e) Es 29": EGO", y”) 
JAIN TA BICO5 NPG 0) 
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7) / Pa sey 
+ (—i) eg dé, €!) “a eA GD, {G(az, oe Cos ea sage 
XG(y’, ») Di, 0). (A -6) 


Using Eqs. (A-:3) and (A-6), we obtain 
P(x, 9 ENC’, ) Dun E's &) = 709 (2—F 9 E' — WI GY, Y) Daw Es ©) 
SS ara Ca a ohh eerie 
— (2, GO, WOE." 05 EGO", DD E54) (A-7) 
where 
Yc, 9) =— GD on) uGle,) 2) dase V5 =) 


gives the proper self-energy operator of the nucleon due to the interaction with 
the pion field. Eq. (A-7) is the desired formula which shows that the electro- 
magnetic vertex operator is essentially determined by the Green’s function for 
photo-pion production. 

Matrix elements between free nucleons of the vertex operator may be derived 
from Eq. (A-7). Using the following formulas: 


lim | G(x, y)rau(p)e™(—i) dy=U(p)e”*, 


u(x) pig Cz, y’) =0, 


where the mass and charge renormalizations are assumed to have been performed 
already, we obtain 


hc) 1 ees % S') slay Vl te 5S) 
= Up (L) 7,79 (2—$') BE" — y’) un (y’) D,, (E, &) 


“Ninh 79/ @ tp (2) 45 (2) «| GUT (a, v2, SC) tug) ay: (A-8) 


Y¥or-0 


This equation shows that if the matrix element for photo-pion production, where 
all of the participating particles are virtual, is obtained, one can readily evaluate 


the electromagnetic form factors. 
Appendix B 
General properties of I’,(p', p) 


From Lorentz covariance, the most general form of I’,(p’, p) may be written 
in the form given by Eq. (2-2) : 


LORD p) =17,G,+1¢,,q,G,+9,Gs+ (irp’+m)iz,Git+ir, (i7p+m)G;, 
+ (i7p'+m)io,,g,Gstic,,g,(i7p+m) Get (i7p'+m)q,Got+9,(i7p+m) Ge 
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+ Grp +m)iz, irptm) Got Crp! +m)iong, Grptm)Gu 
gs (i7p’+m)4q, 7pt+m)Gr (Bet) 


where g,=p,’—p, and G;’s are functions of p”, p® and @. 


The condition for invariance under charge conjugation, 
CHP APs PD) CSA (=p, PI)", (B-2) 

invokes following conditions on G;’s: 

Gilp”, BP) =Gild’, P”, ), 

Gi(p", PY, ¢) =GilP’, 6”, Y), 

G:(p", P*, 7) =—Gi(2*, p”, 7); 

Gulp”, P,P) =Gi(P*, £”, 7), 

Gs(p", P°, ¢) =Gs(P*, p”, 7) (B-3) 

Gop”, P, 7) =—GilP*, Pp”, 7), 

Gio (p”, PP) =Gu( Ps —*, Y), 

Gulp”, B°, 2) =GulP’, 0”, 7); 

Gulp”, p 7) =—GulP’, p”, 7). 
The third equation in (B-3) shows that G,(q’) vanishes when initial and final 
nucleons are on the mass shell, a property which was noted in § 2. 

Appendix C 


Evaluation of equal-time commutator 


Eq. (2-1) may be expressed as 


: ; 1 ite arg wes et, ata , ‘ 
Cini ag (Be) atau wre SKOIT (2), 54) 0? 

(C-1) 
where 9,=7O+m and j,(0) defined by Eq. (2-4) is given explicitly when ex- 
pressed in terms of renormalized Heisenberg operators as follows, 


5,0) ="2 ZI, tor 9]——S ZabsT 9d (C-2) 
where 
0 il 0) 
0 0) Ove 


Now, operating the Dirac operator, 
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DT ($(2), 7,(0)) =T (y (x), 7,9), —i0 (x) [149 (2), 4(0) J. (C-3) 


The last term of (C-3) is the quantity that we are now going to evaluate 
which can be easily carried out by using the canonical commutation relation. 


— 10 (20) [71 (2), 7.0) |=ed* (x) 7. (O)- (C-4) 


From (C-4), we obtain the explicit expression of the contribution from equal- 


time commutator. 


1 hc PIES WS (p) 
‘ lesa ieu(p’)7,7pu(p). 
(27)" \ po Po 
. Note added in Proof: The following relations can be obtained by making use of the generalized 
: Ward identity, 

G48" (p/2, p?, g?) —G7" (p, p*, 2) — PGi" (p, p?, g?) =0, 


G4S¥ (—m?, —m?, 0) =G75:"(—m?2, —m?, 0) =0. 
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The magnitude of nuclear deformation is determined by the variational method in case 
of the rotational light nuclei. The Hamiltonian used in this work is essentially the same as 
that of Brueckner’s shell model space, where the reaction matrix is calculated from the 
Gammel-Thaler potential. The deformed potential model wave function is taken as a trial 
wave function, where the deformation parameter and the inter-nucleon distance are taken as 
variational parameters. The central force gives the equilibrium deformation of the same 
order as the experimental value for some configurations in case of Mg*4. The discussion is 


also given. 


§ 1. Introduction 


Recently the nuclear phenomena in low energy region have been systematiz- 
ed with some phenomenological models and the cognition of the main features of 


nuclei has been established. The most important property of nuclei is that they 


show the independent particle feature in spite of the singular forces between con- 
stituents. Secondly, nuclei have some collective behaviours, i.e. the collective rot- 
ation and vibration and “ superfluidity ”*—the pairing correlation. 

The foundation of the independent particle feature has been given by the 
Brueckner theory” in relation to the actual nuclear force, though it 1s restricted 
within the “infinite nuclear matter”. It has been thought that the main part of 
the nuclear forces contributes to the Hartree field and the residual part causes the 


above collective behaviours. However, at present, the characters of the residual © 


force are assumed rather phenomenologically and they are introduced case by case 
to explain different problems. 
In the case of finite nuclei, some works” ~“” have been performed. They have 
treated the closed shell nuclei because in these cases there is no degenerate state. 
We are, here, interested in the rotational region where the nuclei have the excit- 


ation levels of the intrinsic particle motion and the collective rotational motion. 


The intrinsic particle motion has been described by the independent particle 


motion with a deformed potential” and the system of independent particles with 
a largely deformed potential shows the rotational spectra.” In the Brueckner 
theory the potential is determined self-consistently through the reaction matrix 
between the independent particles. It may be thought that, if there are many nucleons 
in an incomplete shell, this self-consistent potential will be of a deformed shape. 
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Our problem is to investigate the deformation of the potential determining the 
independent particle feature and the rotational spectra in connection with the actual 
nuclear force. In practice, the self-consistency problem is difficult to carry out, 
especially in the case of an incomplete shell, so we substitute the problem with a 
variational method. We perform the Hartree-Fock scheme in the shell model 
space, where the coordinate space representations of the reaction matrix were given 
by Brueckner et al.** 

Though Brueckner et al. have used the Gammel-Thaler potential as the original 
force, we have been on the standpoint that we investigate the nuclear problem on the 
basis of the pion-theoretical potential.” However, the numerical results of the reac- 
tion matrix based on that potential are not calculated, so we borrow the results 
based on the Gammel-Thaler potential. Therefore we should understand our results 
as qualitative one. 

As the trial wave function we take the wave function of Nilsson’s model 
which has been shown to be a fairly good model in the rotational region. This 
wave function contains a parameter which describes the deformation of the one- 
body potential phenomenologically. The minimum of the total energy is determin- 
ed by the variation with respect to the deformation and the density which is coupl- 
ed with the strength of the potential well. 

The energy at the equilibrium deformation will be determined by the diagonal 
parts of the reaction matrix in the representation of the deformed potential model, 
but they include the non-diagonal parts in the representation of the spherical potential 
model. Although Elliott” introduced the quadrupole-quadrupole interaction as the 
residual force in the spherical potential model in order to explain the rotational 
spectra, its strength and the relation to the nuclear force are unknown. Obviously 
the tensor force seems to contribute to the deformation in an incomplete shell but the 
quadrupole-quadrupole part in the multipole expansion of the central force will also 
contribute. In this paper we first take the central force only, and in the succeeding 
paper we will take into account the tensor and spin-orbit forces. In § 2 we shall dis- 
cuss the properties of the effective force and the validity of the variational method, 
and in § 3 the detailed calculation will be presented. We shall show the results 
in § 4 and also give the concluding discussion. 


§ 2. Effective two-body force and variational calculation 
for nuclear deformation 


According to the Brueckner theory the effective two-body force from which 
the single particle potential is derived by the Hartree-Fock approximation can be 
given by the reaction matrix of two-body scattering. This effective force depends 
on the distribution of particles surrounding the interacting nucleon pair. In the 


* In the following we shall refer to this paper as BGW. 
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coordinate space representation it becomes a non-local potential. Brueckner et al.” 
evaluated it, using the Gammel-Thaler potential. 

It is very difficult to carry out the self-consistent problem for the finite nuclei 

in order to calculate the effective two-body force. The main difference between 
the reaction matrices of the finite nuclei and the infinite nuclear matter appears in 
the energy denominators of them. This difference will not be decisive, since the 
energy difference appearing in the energy denominator is quite large and it is 
supposed that, in comparison with this value, the difference between the energy 
spectrum of the actual finite nucleus and that of the infinite nuclear matter is very 
small. Thus it may not introduce a serious error to replace the effective two-body 
force in the actual nucleus with that of the infinite nuclear matter. Besides, we 
neglect the one-body transition in the reaction matrix, which vanishes for a large 
system. 
There is another question related to the degenerate configuration. In the 
Brueckner theory the reaction matrix is evaluated in case of the closed shell con- 
figuration. We shall, however, treat the nuclei which have incomplete shell con- 
figurations as the ground states. In such cases, Brueckner’s method separates the 
whole problem into two parts, the determination of the reaction matrix and the calcu- 
lation of the energy change for degenerate states.” The former is the same as in 
the case of the closed shell and the ground state configuration will be determined 
self-consistently in the whole scheme.* Thus we assume Brueckner’s reaction matrix 
as the effective potential even for the case of the incomplete shell. 


According to the numerical calculation by Brueckner et al., the characteristics 


of this effective force are: 

1) There appears non-locality at considerably small distances outside the hard core 
range r,=0.4X10-cm and it vanishes at distances further than 1X 107% cm. 

2) The effective force becomes nearly equal to the original force outside the 
above distance. 

3) The strength of its radial part depends on the relative angular momentum of 
the interacting nucleon pair and slightly on the density of the nuclear matter. 

4) The effective force vanishes inside the hard core range. 

5) There is a very high local repulsive core spike at r=r, and it depends on 
the density. This dependence is indispensable to the saturation. 

Here we take Gammel-Thaler’s phenomenological potential for the reason that 
the result of the calculation is available.” In the course of calculation, we assume 
that 
1) The angular momentum dependence of the attractive part is neglected, since 

the waves with the angular momenta higher than the S-state do not contribute 

very much to the deformation. This will be discussed in § 4. 


* In our treatment of deformation parameter, the ground state configuration is rather uniquely 


determined. 
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2) The radial part which has non-locality is replaced by an effective local function.* 
Errors in the radial matrix element may be very small since the non-locality 
appears only in small distance. 

3). The density dependence of the attractive part is neglected. 

4) For the strength of the repulsive core spike at r=r,., we use the value given 
in BGW for the S-state of the relative motion. It is noted that the variation 
with the deformation parameter in the trial function appears under the con- 
dition of incompressibility of the nuclear matter, so the spread of the radial 
wave function varies with the deformation parameter. If we perform the self- 
consistent problem, this variation is reflected into the reaction matrix and we 
shall not be able to neglect the part of the core spike. We take into account 
this effect on the assumption that the inter-nucleon distance 7 in BGW is re- 
placed by (0), whose functional form is determined in (3-6). For the P- 
state we neglect the hard core spike because it will be reduced to a few 
percent of that for the S-state. 

5) Higher angular momentum components in the effective force than D-state are 
disregarded since only low angular momentum states contribute to the reaction 
matrix in the ground state of usual nuclei. 

Then the effective potential for the central part is as follows: 


(71, T2|K | ry’, ro’) =0(R—R’) (r|K|r’) (2-1) 
and 

(r|K| r’) as (r|K| r’) ine (r| K{ r’) core > (2 -2) 
where Rennes and r=r,—r,. For the attractive part, we write as 


/ : s Or 7) a: 
(r|K(S) | r ) derecteve = da hee (r) : Cpe ees (2b-P LY EAT rae (2-3) 
= rr 
where S denotes eigenstates of two-nucleon system. 1',°(7) is an effective local 
potential, which is given in BGW, and is shown in Fig. 1 for the various states. 
‘The core part can be given by 


O(r— /— 
: A Gate)? ‘s re) (ro) for S-state 
(r|K| r Veen Arr, (2:4) 


0 otherwise 


and 
r= 04x 10G om 


where f(7) is a function of the inter-nucleon distance ry(0), ie. 


oN ; 
e : 
The non-locality of the angular part P,(r, r’) plays a role of the selection of the diagonal 
elements with respect to the state of the angular momentum in the relative motion. Therefore, our 
effective force may be regarded as a local force. 
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Fig. 1. The effective local potential 

The Gammel-Thaler potential 

—---— Vs(n from BGW. For r=0.8X10-%cm in singlet even and 
for r=2.1X107!8 cm in triplet even the Gammel-Thaler potential 


is used. 
----- The approximation by the form Vr? exp(—wr?) for the calculation 
of FS,, with 70. V and y are listed in the Table. 
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Mev Singlet odd 


100 + 


OK —- r(X10-* em) 
—1004 
—2004 Triplet odd (10) 
Fig. 1 (c). 
Table. V and yw in various states 
or State Singlet Triplet 
Fee Even | Odd Even | Odd 
| eae BY al 
V (Mev 10% cm~2) —869.5 | 344.4 | —1074 | —105.5 
(102 cm™?) 2.105 | 1.726 | 2.162 | 3.020 


0.544 
an, (0 
Pas 1—0.488/7(0) ae 


* 
Oe - for spin triplet, 
1—0.459/74(0) 


for spin singlet 


and the constant A is 
215 Mev x (107% cm) for spin singlet 
257 Mev Xx (107% cm). for spin triplet. 


The Schrédinger equation of the many-body system in the independent particle 
model space is | 


HP= (Fy + Ka") 8 =E®, (2:6) 


* This value is 0.472 in BGW. It seems to be a misprint. 
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where H, is the total kinetic energy operator, K,° is the reaction matrix of the 
a-th nucleon pair and the superscript c stands for the diagonal part. It was proved 
by Brueckner et al. that the total energy E is approximately equal to that of actual 
nucleus. The model wave function is an antisymmetrized product of individual 
particle wave functions. 


Putting (¥, Y)=1, the total energy E can be given by 
B= (PSH?) (2-7) 


We determine the expectation value of the total energy & by a variational method. 
Generally in the self-consistent problem for the nuclei of the rotational region, we 
should choose a superposition of the shell model wave functions as the “chosen 
configuration”. Then in the variational method, the coefficients of the superposi- 
tion will be treated as variational parameters in addition to the density. However, 
since the variational calculation with these many parameters is difficult to carry 
out, we take a deformed potential model function %(6), where 0 is a parameter 
describing the deformation of the potential, so that the superposition is represented 
as a special functional form of one parameter. In this case, if the equilibrium 
deformation obtained by the variational method becomes nearly equal to that of 
the model whose wave function we borrow asa trial function, the self-consistency 
seems to be satisfied to some extent. Besides, the relation of the deformation to 
the nuclear force is understood qualitatively. Thus we treat the deformation para- 
meter 0 as a variational parameter. 

A non-spherical wave function (0) is generally not an eigenstate of total 
angular momentum J. In order to obtain a better approximation of energy, we 
must choose a trial function so that its total angular momentum is a good quantum 
number. For the even-even nuclei we project the state into [=O state in order 
to evaluate the expectation value of the energy of the ground state. If P’ is the 
projection operator for the angular momentum /, the ground state energy is 


(£ (0, To) > HPO EO; ro) ) 
(£ (0, ro) 5 PoE (OO, ro) ) 


Evo (6, To) = (2 8) 
where 7 is another variational parameter corresponding to the density. For the 
nuclei whose intrinsic and collective motion are well separated or whose defor- 
mation are considerably large, Eq. (2-8) can be written as follows :” 


Eu (8, n= (8, H®)-*_ cr, rv), (2-9a) 
af 
-where 
Pie ees HP?) —(¥, H¥)(¥, 1%) (2. 9b) 
Oe (V, Ee) — (8, PY)? 


The minimum point of Eyo.(0, 7) gives the equilibrium deformation and density, 


whose values are determined by 
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OE ror (O, ro) - 0 “and OE tot (0, To) a0, (2-10) 
Oro 00 
We discuss in the next section the detailed calculation of Eqs. (2-9a) and (2-10) 
by using the above effective force. For simplicity of the calculation, we carry out 
the variational calculation in the case of the light even-even nuclei. As a typical 
example, the calculation is performed for Mg™ which exhibits a large equilibrium 


deformation (@22»<0.3). 
§ 3. Calculation 


1. Trial wave function 

We take Nilsson’s model wave function #(0, 7)” as the ‘trial wave function 
of the intrinsic state. The single particle wave function ¢yo(r; 0, 7) in Nilsson’s 
model is expanded by the products of the normalized radial wave function $y (7) 
for the harmonic oscillator potential, spherical harmonics Y;,(9, g) and spin wave 
function 7;(o) as follows: 


Pi" (ri; 4, 1) =¢y,0,(T3 0, ro) = ps An 
iA 


(2,=A;+2;) 


244, (9) Pui a, (Tes 0, ro) “Xs,(o%), 


(3-1la) 
where 


Ymia(r ; 9, To) =dbm(4r) Yis (6, ¢) 


We 3 (3 N—4sl)! 1 1,22 1+(1/2) 2.2 
ud a N+4/+32)}3 (yr) exp(—dy 7 YLBESR- aja % ) Yu, @) 
(3-1b) 


and 
pm | via (O) Patt 


The quantum numbers WN, /, 1 and ¥ are the same ones as Nilsson’s and Lo iy etyyr 
is the associated Laguerre polynomial. A superscript m denotes a level number 


in Nilsson’s diagram and i refers to i-th particle. » is the inverse radius para- 
meter for harmonic oscillator : ; | 


( Mw 2 ‘ 
p= - 
i . (3-2) 
The relation between 7) and w will be given in (3-5). The intrinsic wave function 


of the total system is the antisymmetrized product of the single particle wave. 
functions of the chosen configuration : : 


F (3, ro) =U Tl Gilre; 8, ro), (3-3) 


where f denotes the antisymmetrization operator. 
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The 0-dependences of the wave function appear in the following two parts: 
i) the coefficients A” y,,(0) 
11) the variable » in the radial wave function ¢y,(vr), since 
—1/6 
wo=0(0, ro) =w(0, 7) - (1-— oS 8) : 


27 Bm) 


which is derived by the condition of constant volume. The relation between 
w(0, ro) and 7, the inter-nucleon distance, is obtained by putting the average 
value of 7’ equal to (3/5) (7(0)A™*)’, ice. 


ft yg(d)| 73/7 (0) )= h zs AEUS Vs See ae 1/3) % 
PONE EPO) = (Nt =e sla 


(3-5) 


and consequently 


5 h = ( 3) £3 ua EPP UA el 
aye |e N+) | Ave] (1- pe ) 
td Cran eae Ba) 148 Bok % 


A 16 ,\/2 
=r, 1— at at) é 3-6) 
o( 3 27 ey 


We assume this 7(0) to be 7 in the expression of the hard core spike in BGW 
in order to take into account the ¢-variation of the wave function. 

Regarding the configuration in the unfilled shell, it is uniquely determined in 
the case of Nilsson’s model at any value of 0. For example, the configuration of 
Mg” consists of the states in the closed shell, N=0,1, and the No. 6- and No. 7- 
states in Nilsson’s diagram in the unfilled shell, N=2. However, Nilsson’s shell 
model has not been ascertained whether it is self-consistent or not. Even if it is. 
self-consistent, the configuration of No. 6 and No. 7 is not necessarily found as 
the lowest since we do not treat the whole forces but only central one in this paper.. 
Therefore, the variational calculation must be proceeded in the several cases of dif- 
ferent configurations. In our case two neutrons and two protons are always filled 


into a Nilsson’s level. 
In order to evaluate the matrix elements of the effective forces, we transform 


the product of the single particle wave functions to the wave function represented 
in the relative and center-of-mass coordinate space in order to avoid the more com- 
plexity of the multipole expansion of the non-local potential. Since the single particle 
wave function is expressed by a superposition of the wave functions for the 
spherically symmetric harmonic oscillator potential, we can easily perform the trans- 
formation of the spacial part as follows :” 


Py it Ag (71) Py 5254; (T2) = > Biber (V2R)-Gin(r/V2). (3-7) 


nl Ly 
pee DB) 
kis ity 
Our(t/\/ 2) and PyriG/ 2 R) are the same as the harmonic oscillator wave function 


except their arguments. 


4 


nas = s4 


"gpemede 
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2. Expectation value: (PF (0,17), H¥ (6, ro)) 


Using the intrinsic wave function (3-3), we calculate the first term in Eq. 
(2-9a): 


Ale 
(FO, mr), HE, m))= do \ b*(r 5 6, ro) TiGilt 3 9, 70) dr 
i=1 
—++ in \ye (r; 5 0, To) ob * (rs ; 0, To) (ry r,|K| Fi; rz.) 
<i 


x (CAG SAO Ica) ty rx > 0, To) — hy (CM ; 0, ro) hi (r2' 3 0, ro) ) dr, dr dr,’ dry’, 


(3-8) 
where r denotes all the coordinates of one particle. 
The kinetic energy can be easily evaluated : 
Ex (8, r= feo(@, ro) 3 (e+). (3-9) 
(1 Zo 


The potential part in (3-8) can be rewritten after carrying out the calculation 
of the charge state as follows: 


Byes (8, 7) =2 2 {Gi/KCE) ij) + G/\KCO) |és)} 
p—-P 
aE oa {(2j|K CE) |i7) + G7|K CE) |27) + G7|KCO) |77) + G7|K CO) |z7)}, 
ae (3-10) 
where >}, >) and >) show the summations over the states of proton-proton pairs, 
p—p n—n n—p 
neutron-neutron pairs and neutron-proton pairs, respectively. 
After integrating the matrix elements in (3-10) with respect to the center- 
of-mass coordinates, for a typical example, the matrix element (ij|KCE) |i) is re- 
duced by making use of (3-1), (3-7) and (2-3) as follows :* 


GiIKCE) if) =| eC 3 3, ro) gs* (ra 8, ro) (RR) (7|KCE) |r!) (12) ) 
xX fi (r,’ 3 0, ro) th; (r,! 3 0, ro) dry dr, dr,’ dr, 


a2 ez Ds >a 2% A; A; Ay Ay me Ss Bae BiB 
BG wtlieg 19): nIL», UF 
(even) 


= | Prin ( ren 0, rs) 13,13, (r|K CE) |r’) (Jaen) 


spin 


ph ates dr dr’ 
X Prim Ge ’ 0, rs) haha oe 


* Awjtia;(3) is abbreviated as A, and 3} denotes 3 
g Uy Ay 
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== 1 at } 
DDD AAs Ae Ay OL |BSBP PG, ro) = 3) CHP5(8) FEC, 7), 
(even) = i 


(3-11) 
where 


Sry Dees Ur dr 

FF (6,r) =| Ont (a) Venn, ES os (3-12) 
and here S denotes the singlet even state. 

Therefore, we finally obtain the potential energy (3-10) in the following 
form : : 

Eqes(3, 70) = DE CHO) FAG, 7)- (3-13) 

C&)5(d)’s are composed of the coefficients Ayi4(0)’s and B{?,’s, and depend on 
the deformation parameter through Ay,,(0). F2(, 7) depends on the deformation 
and density parameter through w(0, 7). The most important contribution to the 
d-variation of Eyo:.(0, ro) comes from the »=l=0 part and the contributions from 
other’s are less than ten percent in the case of the Gammel-Thaler potential. So 
we estimate F,5 numerically for »=/=0 with an approximation of a few percent, 
but for 0 7.5(7)’s are approximated by the form V7 exp (—/r”). The matrix . 
elements from this form are adjusted at »=/=0 to those obtained numerically, and 
the forms are shown in Fig. 1. The ¢-variation of the matrix elements of these 
forms is slightly larger than that.of U.5(7) because of the short range of the 7° 
times Gauss form. If the configuration of a nucleus is determined, we shall be 
able to obtain the potential energy Epo.(0, ro) at any value of @ and 7. Our cal- 
culation is performed at 6=0, 0.16, 0.32 and 0.48, where Ay,,(0)’s are tabulated 
in the Appendix of the reference 5). 


3. Expectation value: (h'/2A) (£4, ro), PY, r0)) 

An analogous calculation has been done by Yoccoz,” adopting the wave func- 
tion for an anisotropic harmonic oscillator potential without one-body _ spin-orbit 
potential. The results for some rotational nuclei show good agreement with ex- 
periments. Therefore, we take the experimental value of # instead of that to be 
calculated according to Eq. (2:9b). The 0-dependence of 2 (0), which is needed 
for our variational calculation, is assumed from the experimental data’” which give 
the relation between 0,, and GaP daree! Arma) for various nuclei.* For Mg”, 
the curve of 4 (4, r)/ Arig(, To) is fitted with the experimental value at 0.,=0.3 
and m=1.2X107% cm. 

Since the operator ’=(>1ji)” consists of two-body operators as the product 


* This assumption is not very reasonable since the é-variation must be performed under the 
condition of the fixed mass number. However, the last term in Eq. (2-9a) vanishes in the case of 
6=0, so this part may not reduce the equilibrium deformation decisively, even if it is calculated by 


using Eq. (2-9b). 


a 


¥a 


“. on a a ong eee ee Pe 
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of one-body operators, its expectation value can easily be calculated as follows: 


AP i 


DAO ta)iged OL, 0) ee \er 59, ro) fj Vir 5 9, ro) dr 


i=1 


+2 og \ye Cees ro) 7" (rrs 6). To) (hi Jo) 
i<j 


¢ 


xX (f(r 505. 7a) bj (T2 MeO ATG) —$;71 59, ro) Pi(Tas 0, ro) dr, dry. (3-14) 


The contribution of the closed core to Eq. (3-14) vanishes and only the states in 


the unfilled shell contribute to it. 


Collecting all the above results, ie. Eqs .(3:9), (3-13) and (3-14), we obtain 
the expectation value of the total energy E1o.(0, 7) as follows : 


tot (0, ro) = Erin (9, To) + Poot (0, ro) + Ey (0, To) ? 


where 


iN) Nes he’ 
ee i 2A (0, ro) 


§ 4. Results and discussions 


In Fig. 2 we show as a typical example the 


0-dependence of the total energy Eyo;:(0, 7») of the 


configuration of No. 6 and No. 7 at m=1.2X 
10-“cm. The kinetic energy, the potential energy 
and the second term of Eq. (2-9a) are also shown 
separately. The kinetic energy increases with 
increasing 0 according to the condition of constant 
volume. On the other. hand the potential energy 
varies depending on the mixture of the states and 
on the 0-dependence of the radial integral through 
the trial wave function satisfying the condition 


of constant volume. Thus, when the decrease 


of the potential energy with increasing 6 is ade- 
quately strong, the total energy has a minimum 
at a finite value of 0, ie. 0,,40. The energy 
E;(0, ro) contributes to the reduction of the 
equilibrium deformation slightly. 


As for the variation with respect to 7, we 


show the energies (/, HW)’s of two configura- - 


tions at several values of 7) in Fig. 3. The 
minimum energy is obtained at 7™~1.210-" cm 
and this value is not sensitive to the configura- 


(£ (0, To)» I’ (0, To) ). 


Mev 


ro=1.210-!3 cm 


Exin (6) 
20; 


10+ 
0 — dé 

£3(6) 
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—20) 

—30 4 

E pot (0) 
—40+ 


Fig. 2. The total energy E,,; (6) 
of the configuration of No. 6 and 
No. 7 at 7=1.210738 cm. 
Exin(6), Eyor(6) and E7(6) are 
separately. shown. 


re 


_"---- 
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016 om 048 ° 
— 90+ ro=1.3X10-' em 
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festha eS A cle: 
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Fig. 3. The energy Exin (6) +Epor(6) at various 7's. 
Only two configurations are shown here. The relations of other configurations to them 
are analogous to those in Fig. 4. [---: ] shows a configuration in the open shell. 


tions. Correspondingly, fw(0, 7) 15 Mev, and this is almost equal to Nilsson’s 
phenomenological value. This value of Zw corresponds to the value »=0.61 which 
is somewhat smaller than that by Eden et al.” for the Gammel-Thaler potential 
in case of O. The minimum value of E(0, 7) is about —140 Mev, which is 
to be compared with the binding energy 198 Mev’? of Mg”. Of course, the 
difference is mainly due to the approximation for the reaction matrix. 

The decrease of the potential energy with 0 depends on the configuration of 
the trial wave function and so does the 


value of the equilibrium deformation also. Mev 

In Fig. 2 the configuration of the last eight 

particles is of No. 6 and No. 7, which [7-5] 
corresponds to the lowest configuration —120 [5-9] 
from the standpoint that Nilsson’s shell model ; 

is assumed to be self-consistent. However, [6-5] 
as we now take only the central part of the —130 : nS 


reaction matrix, the spin-orbit splitting dis- 


appears, so the configuration of No. 6 and [6-7] 
No. 7 is not necessarily the lowest. In Fig.4 —140 [6-9] 
the energies of the various configurations at 

rm=1.2X10-%cm are shown. The equili- A 
brium deformation and the minimum energy mae a 357 Ce 
are obtained for such configurations respec- ieee Peat 
4 ios e energy Exin oot co) 
tively. If we treat only the central force, we Fi Wicker anette oy crete Oat 
must take the superposition of these various baie ey gts el ean HO aRse ae 
configurations and the equilibrium deforma- the open shell. 
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tion will be largely reduced. However, with the use of the whole parts of the 
reaction matrix and under the self-consistent treatment, the particles in such con- 
figuration as No. 9 will feel the spin-orbit potential, so the total energy of the con- 
figuration of No. 6 and No. 9 will be increased. This circumstance will be shown 
in the succeeding paper. 

It is noted that the small energy differences of the total energy of the various 
configurations are almost not influenced by the approximation of the reaction matrix 
because these differences are mainly determined by C(@)’s and, at any @ and 7», 
the matrix elements are the same for each configuration. Thus the relative positions 
of the energy curves of the various configurations have significance. Here we 
mainly analyse the case of No. 6 and No. 7, since it is expected that the spin- 
orbit and the tensor part contribute to lower it. For the configuration of No. 6 
and No. 7 the final value of the equilibrium deformation is about 0.3~0.4 at 
ro21.2X10-" cm in case of the central force only. This value seems to be satis- 
factory in comparison with the experimental value ~0.3.* Anyhow we can say 
the central part of the reaction matrix plays the main role to obtain a sufficiently 
large deformation. 


The decrease of the potential energy with ¢ for a configuration is caused by 
the favourable variations of the kinematical coefficients C,,(0, 7)’s and the radial 
matrix elements F’,,,(0, 7)’s. The contribution from the closed shell to the ¢-variation 
of Cy (0, ro)’s vanishes. The large dependences on 0 of C,,(0, 7)’s come from 
those which involve, for example, the configuration of No. 6. It is because the 
single particle state %)(r), which is prohibited to be mixed in No. 6 under the 
spherical potential, is mixed in the deformed region. In Nilsson’s formulation, 


the functions of Ay,(@) are almost stationary for 00.5, because the asymptotic 


value corresponding to 0=0.75 is nearly reached there. On the contrary, the varia- ' 


tion of F,,(0, r)) with respect to 0 is determined through », so it is related to 
the variation with respect to 75. In the case of a large deformation, it seems that 
the relation between the density and deformation differs from the above circum- 
stances. Thus we omit the larger value of 6 than 0.5. 

In our case of N=2 shell, the harmonics in the multipole expansion of the 
force which contribute to the matrix elements are below the 4-th, but in the higher 
shells the higher harmonics will also contribute. This is because the main con- 
tribution comes from the S-state of the relative motion between two nucleons, 
as discussed below. 

It is recognized that the contribution to the deformation from the |S-state is. 
about 90% in the Gammel-Thaler potential. This is reduced from the fact that 
the wave length of the relative motion is of the same order as the nuclear range, 
so the overlap with the potential is good only for the S-state. However, it is 
necessary to know the detail of the short-range part in order to obtain a quantita- 


* This value is estimated from the experimental value of Na®3. 
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tive result, especially because the S-state is dominant. The above circumstance 
that the S-state and the central potential mainly contribute to the deformation will 
remain for other nuclear potentials which give the correct value of the nucléar 
binding energy, since the central parts of them may have the same order of the 
strength as Gammel-Thaler’s. | 
There are some problems which we did not consider in this paper. It is. 
noted that, when we treat the deformation of the finite nuclei, it may be thought 
that the linked cluster terms neglected for the expectation value of energy will be 
needed. The linked cluster terms are essentially of the many-body feature and re- 
lated to the collective behaviour. However, the rotational spectra is related to the 
projection of the intrinsic state in the deformed potential to the eigenstate of the 
total angular momentum.” That is, in the representation of the deformed potential 
model, this rotational behaviour is thought to be of independent particle feature. 
Then, even if we take those terms into account, the behaviour concerning the de- 
formation will not be altered. 
The pairing correlation in the deformed nucleus is treated by Belyaev’” and 
it reduces the energy of the ground state of the even-even nuclei. If we adopt 
the correlated trial wave function, the total energy will be decreased and the position 
of the equilibrium will be slightly moved to a smaller value of 6 when the stability 
of the equilibrium is strong as in the case of the configuration of No. 6 and No. 7. 
From the above results and discussions we conclude that generally the central 


part of the reaction matrix in Brueckner’s approximation causes to yield the same 


order of the deformation as the experimental value with some favourable configura- — 
tions which depend on the number of the nucleons in an open shell. 
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In the previous paper,) we showed the method to connect the nuclear deformation with 
the nuclear force and the calculation was carried out as for the central part of the reaction 
matrix in the case of Mg™4. Here we perform the same computation procedure for the tensor 
and spin-orbit part. Putting the results of the present calculation and the previous one together, 
we obtain the following conclusions: 1) The nuclear deformation is obtained as 0 eq= 0.35, 
which seems to be reasonable in comparison with experimental data. 2) About 150% of the 
value of the spin-orbit splitting comes from the spin-orbit part of the reaction matrix and it 
lowers the energy of the configuration of the ground state which has the stable nuclear de- 
formation. 3) The tensor interaction among the particles in the open shell -has only small 
contribution to the deformation. 4) The self-consistency of Nilsson’s model is considerably 
good. 


§ 1. Introduction 


In the previous paper” (to be referred to as I), we showed a method to find 
the relation between the nuclear two-body force and the nuclear deformation. 
There we used a variational method in which the nuclear deformation @ and the 
internucleon distance 7) are treated as the variational parameters. In order to see 
a qualitative feature with respect to the deformation we considered this problem 
in the case of Mg*™ and obtained the following results: If only the central part 
of the reaction matrix is taken into account, it produces a stable nuclear deforma- 
tion comparable with experimental data in the case of a special configuration, 
but the energy of this configuration is not made the lowest. 

Now, we want to treat the two-body spin-orbit force and the tensor force in 
this paper. Putting the results of I and this paper together, we give an answer 
to the problem about the nuclear deformation and L-S doublet splitting in relation 
to the nuclear force. 

We treat Mg” in this paper, too. Mg” has a state in which the N=2 shell 
is occupied by eight particles and the energies of all configurations are nearly 
degenerate if only the central part of the reaction matrix is taken into account. 
Then the ground state will have a mixed configuration of Nilsson’s diagram” and 
will not give so large stable deformation. It is desirable that this degeneracy is 
removed by taking into account the spin-orbit part and the tensor part of the 
reaction matrix. By this splitting we can determine the configuration of the 
trial function which is pure in the meaning of Nilsson’s diagram. By ob- 
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serving the variation of the energy of that configuration with @ and 7) we can 
examine the consistency of Nilsson’s scheme. Thus we find a picture clarifying 
the relation between the nuclear force and the independent particle aspect of the 
ground state of the finite nucleus. 

In our present calculation, the tensor interaction between the open shell and 
the core vanishes, since we do not distort the N=1 shell core (or O” core). 
According to the works by some authors,” this interaction car’ be reduced to the 
spin-orbit splitting and give about a half of the experimental value of the splitting. 
Although we are standing on the viewpoint that we investigate the nuclear problem 
on the basis of the pion-theoretical potential which has the large tensor potential 
in one-pion exchange region,” there are no numerical results of the reaction matrix 
based on this potential. Therefore we shall carry out the calculation using the 
results of Brueckner et al. and discuss qualitatively about the pion-theoretical 


potential. 
Under the above consideration we calculate the enérgy of ground state and 


the equilibrium deformation by the same method as in I. As the original two- 


body force we use Gammel-Thaler’s phenomenological force.” The detailed repre- 
sentation about the force will be given in §2. In §3, we show the method of 


calculation, and in §4 we summarize the results and discuss some concluding 


remarks. 


§2. The effective two-body forces 


Standing on the point of view discussed in I, we take Brueckner’s reaction 
matrix obtained in the case of the nuclear matter as the effective two-body force 
for our variational problem. The coordinate space representation of the reaction 
matrix was calculated by Brueckner et al.” based on the Gammel-Thaler pheno- 
menological two-body potential. 

The numerical values and characteristics of these reaction matrix are adopted 
for our variational problem because, at present, they are only the calculated results, 
and the properties of nuclear matter are fairly well explained by them. Moreover, 
it is convenient to use the Gammel-Thaler potential in order to investigate the 
deformation in relation to the actual two-body “force, since it consists of the various 


types of potentials, i.e. central, tensor and spin-orbit potential. This potential is 
written by 


u(r) =u, (r) +ur(7) Sat+uzs(r)b-s, (2-1) 
where the radial parts all have Yukawa form outside a repulsive hard core with 
radius 0.4107 cm. 


Using the same notation as that of Brueckner et al., the coordinate space 
representation of the reaction matrix can ‘be generally represented as follows: 


4 
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and 
IK In) pe AC; r’) +B(r, r’)i(o,+e2) : Cee 
r r 
/ / 
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r r 
sDen in (2 )x( St) (SE) 2) 
; r r r! r r’ r 7! Phe 
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A(r, r’) =A,(r, re) +A,(r, Poe 
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Ai(r, 1’) be {°K r)-0-('|Kin)q,} cote — 21K r) yre™, 
i 
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v2 {(r’|K|r) -10— (r’|K|1r) 01} esc* cote", 
and 


(r’ |K| 7) mr, mS Se: | Hak Pe (iii NM (21 +1)*? j,(Rr’) unin (r) vin (7) 


aN 
x ('s0m\Im) (lsm—m! m'|Jm) Yr™ (rr’), (2:5) 


where (Jsm—m/’m'|Jm)’s are the Clebsch-Gordan coefficients. 


In the paper of Brueckner et al., only the central and spin-orbit parts of © 


(r'|K\r) eriptet) Which are the terms of A,(r, r’) and B(r,r’) in (2-4), are consid- 
ered because of closed shell and are explicitly given for the states 7=0 and 2. 
In our variational problem, however, we need also tensor part of (r’|A|r), ie. 
the terms of A,(r,r’), C(r,r’) and D(r,r’) in (2:4). Using the explicit form 


for (r’|K|r) mm of (2+5), we’ obtain the tensor part of (r’|K\|r) for the states 


Z1=0, 2 and 1* as follows: 


* We need only to consider the low angular momentum states for the ground state of usual 


nuclei with normal density. 
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/ / r 
A,(r, r)+C(r, r'you-( zi alae )on-( - chs 
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/ r’ r ir ans ro r 
+D(r, ror ¥ = : )x( ; ADE )or ( Rape )x( 7 x = ) 
= Try 1°) {ql 83 Sh Val) Yog(2) + Yar") Yoo) | ores} 
+Tu(r, 7’) ee SHLD 1g 412) Yaa") Yan-a(r)) (2-6b) 
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Toor, 1!) =| db jalbr') {adi (r) ve(r) 
7 
— 7 un (1) (ve (7) —2vr(r) —3vzs(7) ) | (2-7a) 
V J 
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Sou= Baas { (Ore 1 4y) F32+ 07, (Coe + iF oy) } 
Nike Sale 
Sue {301,02,— (a1-0%)} : 
Now, it is easily shown that the kinematical parts in brackets of (2-6) play 
the same role as those of the local tensor operator Sj.-0(cos 4—cos 0’) -d(g—¢’) 


ror the states 7=0, 2 and’ 1, ‘and that all. of the nontlocaleradial part T(r, r’)’s in 
(2-7) become vr(r) -6(r—r’)/r? in the Born approximation, as we expect. 


—_—- 
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According to the above consideration and the numerical calculations of the 
effective force for the central and spin-orbit part, we can consider that the charac- 
teristics of the radial part of the effective force for the tensor part are as follows: 

1) It vanishes inside the hard core range. 

2) There appears non-locality and angular dependence at considerably small 

distances outside the hard core range. 

3) It becomes nearly equal to the original tensor potential outside ~ 1 107-%cm. 

4) It scarcely depends on density. 

Under these speculations, we qualitatively assume the suitable effective tensor force 
based on the Gammel-Thaler potential. 


As for the effective central part of potential and the hard core spike, we have 
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—300 


Triplet even 
—400 


Triplet odd 


Fig. 1 (a). Spin-Orbit Force. 
The Gammel-Thaler potential 


____ ___ The effective local potential by Brueckner et al. 


The effective local potential approximated by V-7r2-exp[—yr?] 


—_—— 


=e 


Wek ey oe 


PX 


56 K. Ikeda, S. Nagata and K. Takada 


Mev 


400 


\ 


’ Triplet odd (5) 


300 


—300 : ; | Triplet even 


Fig. 1 (b). Tensor Force. 
The Gammel-Thaler potential 


——-— The pion-theoretical potential 


ee The effective local potential approximated by V+r?+exp [—pr’] 


already discussed in J. For the spin-orbit and tensor parts, we approximate the 
radial parts by the local type, since the non-local effect is not large. The form of 
the radial part of the effective local potential is taken as the form of V-/72 
x exp(—/r’) for the convenience of calculation. The magnitude of a matrix element 
for the spin-orbit part is fitted to that estimated by the numerical calculation for 
the effective local force of Brueckner et al. These effective forces for the various 
states are given in Fig. 1. 


§ 3. Calculation 


Our trial wave function is the same as that used in I, i.e. Nilsson’s model 


cos. Mel Gb i es Bi 
~\l ; 
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wave functions.” In this paper we calculate the contributions from the tensor and 
the spin-orbit potential. In our approximation of the effective local force, they 
are analogous to the usual shell model calculation except the radial integral. Fol- 
lowing the definition in I, the trial wave function is ; 


igh eee 


pete oot 
Spe ea ee ape 


A A 
Pd, ro) =U q Pei 5 0, ro) =U TT 2) Ay, 1,4,©) “Pn ,1,4,(723 9; ro)Xz,(%%), (3-1) 


and the matrix element which is a part of the potential energy is, for example, 


(ij|K CE) |7j) = oS Aya, 4, (0) Ay 51545 (0) Ay Jif al (0) An /i/ af (0) 
2545, 25 j 
tf A;/, 2 g/ Aj/ 


w. 3 Bh, Bion ( : 
a, S 
x | etn tae a, rs) 1" Dn (r)Su(or Vi zs(L-8)) 


X Onin ae sd rs) i dr/ (/2) 4 (3-2) 


where 7,” is an eigen-function of the total intrinsic spin of two particles. The 
integral in (3-2) is reduced to the following: For the tensor force 


\ ems ie 5 0, ro) nes v 7(7r) S12 Gna (J GR ro) ro dr/ (/2) . 
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and for the spin-orbit force 
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= (gun ti"|V 157) {U.S 41-84) + LeS0f [ars Y* 
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* Here the usual notation is used. 
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where 


oe (o, ro) =\93 2 ( us MOY rs) Da?) (or D as(r)) bu (SF. 5° 0, rs) TOES = 


mm 


L,, is defined as follows : 


Thus the potential energies for the tensor and the spin-orbit part are writterr 


as 


E7(d, ro) = ey es nil (0) Fina (0, To) > 


and 


Exzs(0, ro) = pa Car ni (0) Fiend, To)- (3-6) 


The factor C(6)’s represent the behaviour of the kinematical parts of the configu- 
rations and F'(0, r,)’s the dynamical parts. The errors caused by the approxima- 
tion of the effective local type to the non-locality of the radial part are contained 
indi (0, 7) « 

The C(0)’s of the tensor and the spin-orbit part vanish for the closed shell 
configuration. The C7(0)’s of the tensor part are left only in the open shell and 
are divided into two groups: One is a group of increasing functions of @ and 
the other is of decreasing one depending on the configurations of the open shell. 
If there are a few nucleons in the open shell, either of the two groups is favourable: 
to the large deformation, concerning the sign of the force. 

On the other hand, the C’%(0)’s of the spin-orbit part between the closed and 
the open shell are left over and carry the main part of the C*5(0)’s. The values. 
of the above part split into two values with the ratio (—Z)/(/+1) according to 
the total angular momenta of single particles j=/+1/2. Comparing with this 
feature, the 0-variation of C’S(0) for the spin-orbit part is small. Thus, it is said 
that the main effect of the spin-orbit part is to separate the nearly degenerate. 
states so that the pure configuration which has a large 0,, is lowered. 

As for F(0, ro), the circumstances are the same as those in I. When the 
strength of the harmonic oscillator well becomes larger with 0, F(0, ro)’s become: 
larger. 


Adding the above results (3-6) to the energy obtained in I, we perform the. 
variational calculation 


PE wt (9, To) _ 9 and Ere (9, ro) 9 


Or, 00 al 


where 


Eo (0, To) = Ein (0, To) SL pot (0, ro) +Er7(0, ro) + Ezs5(0, To) +E;(0, To) 
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and” Lei(0s 1) Epot (6, ro) and E;(0, ro) are given in I. 


§ 4. Results and conclusion 


We have numerically carried out the computation procedure for Mg*t which 
is shown in §3. Its results are represented in Figs. 3 and 4. Putting these 
results and the results of I together, we obtained the total binding energy as a 
function of parameters 0 and 7 in Figs. 2 and 5. 


1. On the variation with ry 


At 0=0, the minimum value of the total energy with respect to the variation 
of 7) is obtained as —148 Mev at m21.2X10°"cm (Fig.2) and this equilibrium 
value of 7 differs slightly from the one of I. Therefore, Hw(0, 7): is about 
15 Mev which is almost equal to Nilsson’s value.” As for the inverse range par- 
ameter », the result of Eden et al. in the case of O” is somewhat larger than 
that derived from our result.” 


2. On the spin-orbit splitting 

In the previous paper I, where we treated only the central part of the reac- 
tion matrix, what corresponds to the so-called spin-orbit splitting in the shell model 
did not appear and we -could not decide the configuration of the last eight parti- 
cles. Now, as we take into account the spin-orbit and tensor part, we can obtain 
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Fig. 2. Total energy of Mg™ without Z7(é). 
The numbers at the ends of each curve indicate the configurations. 
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[6-9] 


—20 
(Mev) 


Fig. 3. The energy of the spin-orbit 
part at 7~=1.2107% cm. The numbers 
at the ends of each curve indicate the 
configurations. 


(Mev) 


4 0 0.16 0.32 


0.48 > 


Fig. 4. The energy of the tensor part 

_ at ™=1.2X10-8cm. The numbers at 
the ends of each curve indicate the 
configurations. 


0 0.16 0.32 0.48 O 
—120} 
[5-9] 
—130 [7-9] 
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—140 
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—160 
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Fig. 5. Total binding energy of Mg” 
at 7=1.2X10-3cm. The numbers at 
the ends of each curve indicate the 
configurations. ,.,(6) represents the 
energy of ground state of Mg. 


the spin-orbit splitting corresponding to 
the shell model. 

The configuration of No. 6 and No. 
7 or No. 6 and No. 5 or No. 5 and 
No. 7* which are the levels splitting 
from the ds). level at 0=0 (these configu- 
rations are called the lst group) gives 
the lowest energy. The energy of the 
2nd group (the configuration of No. 6 
and No. 9, No. 7 and No. 9, and No. 5 
and No. 9) is a half compared with that 
of the 1st group because the level No. 9 
is to be s,,., at 2=0 (Fig. 3). The other 
configurations give positive energies since 
they involve such levels as ds). level at 


* The level numbers used here are same as those used by Nilsson. 


as 
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0=0. Therefore these configurations can be neglected in the variational procedure. 

The difference between the 1st and 2nd group appears as a spin-orbit splitting 
corresponding to the one-body L-S force of the shell model. Our calculated value 
of this difference is about 2.2 Mev* per particle at 721.2 x 107" cm and 0=0, and this 
value is ~150%** of Nilsson’s value. This splitting comes mainly from the spin- 
orbit part of the reaction matrix for the odd state (>90%,). The tensor part 
contributes oppositely in sign but this contribution is small. 

Since the decrease of the splitting energies of the 2nd group along with @ is 
stronger than that of the 1st group, the spin-orbit splitting at the equilibrium 
deformation becomes larger than the above value. 


3. Contribution from the tensor force 


In order to take the tensor part into account precisely, we should distort the 
O* core. As the works by several authors” have shown, this contributes to two 
parts; the spin-orbit splitting and the binding energy. As to the former, it has been 
shown that a half value of experiment is derived in the case of the pion theore- 
tical potential where the tensor part is strong. The Gammel-Thaler potential has 
a somewhat weak tensor part, so the splitting energy will be smaller. However, 
in this case, considering the results from the strong two-body spin-orbit potential, 
we obtain a somewhat larger value with experiment. 

Meanwhile, the energies of the tensor interaction among the particles in the 
open shell are illustrated in Fig. 4. It is noted that the absolute value is so small that 
the tensor part has only a little influence on the deformation. In the configura- 
tion of No.6 and No.7, the decrease of the energy at equilibrium deformation is 
about 1 Mev, which is a few percent of that of the central part. 


4. On the variation with ¢ 


Because of the strong 0@-dependence of the mixing coefficient A(é) which 
appears in Eq. (3-1), the energy of the configuration of No.6 and No.7 decreases 
rapidly with increasing 0. Consequently at the point of equilibrium deformation 
the energy of the configuration of No.6 and No.7 becomes minimum of all con- 
figurations and is largely separated from those of the other configurations (Fig. 5). 
Thus, the configuration of No.6 and No.7 will appear purely in the con- 
figuration of the ground state.*** This is caused by the spin-orbit potential and 
the splitting in this case of the Gammel-Thaler potential is somewhat larger than 
the experimental value. The spin-orbit part plays a role to determine the single 
configuration of the deformed potential model as the ground state which has a_ 


} 


* There are some small fluctuations in accordance with the configuration. 
4k The reaction matrix calculated by Brueckner et al.® is founded on the Gammel-Thaler spin- 
orbit potential for even states. If we take into account the spin-orbit potential for odd states, this 


value would be altered to about 200%. 
*** Compare this result with Fig. 4 in the previous paper I. 
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large deformation.* ; 

As pointed out in I, E,;(0) has a role to reduce the equilibrium deformation 
Deq slightly. We obtain the value @,,=0.35 and this value is close to the experi- 
mental value ~0.3.** The minimum energy at this point is about —155 Mev 
‘which is comparable with the experimental value —198 Mev.” This difference 
comes from the approximation for the reaction matrix and the non-distortion of 
O* core. 


5. Discussion on the nuclear force 


We have proceeded with our calculation and discussion using the Gammel- 
Thaler potential because it has been given phenomenologically over all regions 
and the calculation of the reaction matrix is available. 

Now we discuss the case of the pion-theoretical potential which is confirmed 
in the outer region and is given qualitatively in the region r~1.4X10~“ cm and 
phenomenologically in the inner region.” Comparing the pion-theoretical potential 
with Gammel-Thaler’s, the main difference is that the former has the stronger 
tensor potential and the weaker spin-orbit potential. As to the central force, even 
if there exist the differences at each state, it is the main part to give the nuclear 
binding energy, so the deformation will be obtained at the same extent as that 
from Gammel-Thaler’s, as discussed in I. The contribution to the spin-orbit split- 
ting from the two-body spin-orbit potential will. be weaker (~1/5), but, on the 
contrary, that from the tensor part is larger and gives about a half of the experi- 
mental value. Thus the total spin-orbit splitting will be composed of two parts 
and be nearly equal to the experimental value. Besides, the deformation will be 
strengthened by about ten percent because of the stronger tensor force (~3/2). 
Thus even in future when the force is obtained theoretically, the main feature 
of the relation between the nuclear deformation and the nuclear force will not be 
altered. : 

From the above results and discussions, we conclude qualitatively : 

1) Through our method of calculation based on Brueckner’s reaction matrix, we 
get the same order of the deformation as the experimental data. Depending on 
the number of particles in the open ‘shell, this deformation is mainly caused by 
the central part of the reaction matrix. 

2) The magnitude of the spin-orbit splitting is about 150~200 percent, which is 
obtained from the spin-orbit part of the reaction matrix using the Gammel-Thaler 
potential and it connects closely with the deformation. 


3) The tensor interaction among the particles in the open shell has only a little 
contribution to the deformation. 


* It is noted that the interaction energy between different configurations vanishes in our choice 


of the configuration in which each level is filled up with four particles. Then the configurational 
mixing does not occur inthe first-order perturbation. 


** This value is estimated from the neighbouring odd nuclei of Mg?4.) 
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-4) Nilsson’s model seems to be self-consistent in the sense that the configuration 


of the ground state and the equilibrium deformation are reproduced in a similar 
fashion to Nilsson’s. 
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Several fundamental problems on a two-nucleon system in the momentum space are dis- 
cussed with the view that they will be useful for treating the two-nucleon problem completely 
nonstatically, i.e. without making use of the expansion in terms of the inverse of the mass 


of the nucleon. 

General forms for a two-nucleon potential in the momentum space are derived, and the 
integral equations which are the Fourier transform of the Schrédinger equation and their 
solutions are briefly discussed. Formulas for matrix elements of the most general types of 
potentials are evaluated and are applied to the nonstatic one-pion-exchange potential. 


§ 1. Introduction 


As has been stressed by Taketani and Machida,” one of the most important 
problems in the theory of nuclear forces will be to evaluate the nonstatic effects. 
in a consistent way, especially avoiding the expansion with respect to the inverse 
of the mass of the nucleon. One way to do so will be to treat the problem in 
the momentum space throughout. It is the aim of this paper to give fundamental 
formulas to carry out such a program. 

First, we will derive in § 2 the most general expression for a potential in the 
momentum space, which has been used by Hoshizaki and Machida” (hereafter 
referred to as HMI and HMII respectively). In § 3, the integral equations in the 


momentum space, which are the Fourier transforms of the Schrédinger equations. 


in the configuration space, are discussed, and after separating the angular variables, 


scattering amplitudes are connected with phase shifts. In. § 4, formulas for matrix 


elements of the most general forms of a potential in the momentum space will be 
given, and in §5 we will apply these formulas to the one-pion-exchange potential 
with full recoil in the case of the pseudoscalar coupling, and in §6 the phase 
shifts in the Born approximation will be obtained. Actual solutions of the integral 


equations derived in §3 will not be given in this paper, but will be reported in 
a forthcoming paper. 


§ 2. General forms of a potential in the momentum space 


We consider the nucleon-nucleon scattering as shown in Fig. 1 in the centre- 


* This work has been done as a part of the 1960~61 Annual Research Project on Nuclear 
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of-mass system, and define the following quantities : 


(1/2) (p+p’) =q, p—p'=k, : Sf 
and 
i ke , m=—41_ and n= SU Rae pXp' 
|| iq |kxq| |pxp'| - 
P. ee 
Then, the most general form of the potential between two particles 
with spin one half in the momentum space is as follows: Fig. 1 


oo Voti(e? +o) wit ot (o -1) (o®-1)-Va+ (o® -m) (o”-m) -V; 
+ (o®-n)(o-n)- Vit (o- 0) - Vs, (2-1) 


where V,, ---, Vs are real functions of k’, q? and (kXq)’. In order to derive 
Eq. (2-1) we have assumed invariance’? with respect to translation, Galilei 
transformation, the exchange of two particles, rotation, space reflection and time 
reversal, and Hermiticity of the potential. 

Okubo and: Marshak” first derived this general form which corresponds to the 
Fourier transform of Eq. (2:1) with respect tok. Since we will need the relation 
between x-representation and p-representation which is not necessarily trivial (see 
the Appendix of HMI), it will be convenient to derive the above formula in our 
own way. 

Consider the matrix element of a potential operator, v, from a two-nucleon 
state with momenta p, and p, to the one with momenta p,’ and p,’, which may 
be written as the Fourier transform of a nonlocal potential in x-space in general, 


(Pr Pp: |v\Pi> P:)= o hs | dry! dry! drydrs(ri’ r/|v|r1, 2) 
ig 
* expi (pr ry! + pa! -T2! — pi T1— P2'T2)- (2-2) 
(1) Translation invariance 
We have 
(r;'+a, r,+a|v|rmt+a, r,+ay=(ry, ra’ |v|r1, Ta), (2-3) 


where a is an arbitrary vector. Inserting Eq. (2-3) into Eq. (2-2), we obtain 
(pi, pi! |olpi, p=, Ps’ |v|p, pe) expl—i(pr' +p.’ —pi— Psa]. (2-4) 
Therefore, one may write 
(pi, pi! \v\pr, P2)=8 (pr + Pa! — PsP) <P P| VIPs P2? 
=0(Q’—@) VQ, P’, P), (i) 
where 
Q=p.tPp, Q’=pi +py, 
P= (1/2) (pi—p2),_ P’= (1/2) (p:’— py’). (2-5) 
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(Il) Galilei invariance 


The condition for Galilei invariance gives 


(pi +4, P: +4q\vlpitq, Patg=<pi: p,’|v|p1; Pr) (2-6). 


where q is an arbitrary momentum vector and masses of participating particles 


are assumed to be equal. Eq. (2-6) gives a condition on V(Q, P’, P), 
V(Q+2q, P’, P)=VQ, P’, P). (2-7) 
So we have, writing the spin dependence explicitly, 
Vis Vito a, te) 5 (ii) 
where 
k=P—P'=p,— p= — (p.—py’). 
q= (1/2) (P+P’) =(1/4) (pit Pi —P2— Pp2)- 
(Ul) Symmetry condition 
V is invariant when particles 1 and 2 are interchanged, i.e. 
Vie®, 0, k, q)=V(o, o, —k, +q). (47) 
(IV) Rotation invariance 
Invariant functions are functions of k’, q’? and (kXq)’. 


(V) Space reflection invariance 


Vie, o® k, g)=V(e®, «®, —K, —9). (iv) 
From (iil) and (iv), we have 
Vio®, o, k, q)=V(o®, &, k, q). 3 (v) 
(VI) Time reversal invariance 
Vie, o®, k, gq) =V"(—o”, —o”, k, —@).. wot €vi) 


V” means to reverse the Bader of operators. 
(VII) Hermiticity 
vay. 
As we assume charge. independence, Vj, -:, Vs are divided into J-terms and 


(r™-r)-terms in isotopic space. As for the o-dependence, they are separated to 
the zeroth, the first and the second order terms with respect to o. Then, the zeroth 


order term, V>, is a function of k*, q and (kXq)? from (IV). Inthe first order 


_ term of o, ¢” and o” appear always'in a form S= (1/2) (o% +o), ie. (S-kXq). 


And the second order terms of « may have the following factors, 
#), (0k) (oR), (og) (eq), 
(o™-k) (6 -q) +(e. q) (o-k) and (o® ‘kX q)(o®-kXq). 


(0. 
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Among the above five terms one may be expressed by other four types, so we 
take the next four terms as independent terms, 


ca? a) : (ao? -k) (a “ k) 2 (o? * q) (ao -q) and (o™ -kX qi! “kX q) é 


Therefore, we have six independent types of potentials, V,, ---, V;, in general, as 
we see in Eq. (2-1). In the static approximation, only. V», Vz ‘and V; survive, 
and if we evaluate the potential up to the first order of ‘the inverse of the mass 
of the nucleon V, appears. V; and V, appear as the second order correction to 
the static potential with respect to the inverse of the mass of the nucleon. As 
our intention is to take the nonstatic effects fully into account, it is necessary to 
treat all types of potentials on the equal footing. 

When we consider the matrix element of a potential, the energy conservation 


law does not hold in general. However, when we consider the scattering matrix 


for two nucleons, where the energy must be conserved, we have just five (instead 
of six) independent types and, furthermore, invariant functions are functions of 
Kk? and q’ only. . This is because of the identity, 


(o® -k) (o®-k) -q?+(o-q)(o®-q) K+ (6% -kXq) (6 -kXq) 
= (a6) (kX q)*+ (-g) {(0 -h) (6 -q) + (0 -q) (0 -B}, 
and equations | 
(k-q)=0, (kxq)’=k'-q’. 
It should be remarked that the assumption of the conservation of energy in the 


derivation of a non-static potential introduces serious errors in general (see HMI). 


§ 3. Integral equations in the momentum space and phase shifts 


In order to compare the potential in § 2 with the experiment, it is necessary 
to solve the integral equation which corresponds to the Schrédinger equation in 
the momentum space. We will discuss only the main points, which will be ne- 
cessary in our later discussions, referring to a paper by Signell® for more detailed 
discussions. 

The basic equation is the following, 


(2Ep)—2E,) ¢(p’) = \ap V(p, p')¢(p), (3-1) 


where p and p’ are momenta as shown in Fig. 1, E»=(1/2)E is the incident 


energy of each particle in the centre-of-mass system, and E,/= (1/2) H, where Hy 


is the free Hamiltonian. 
In order to separate the angular variables in Eq. (3-1), we expand the wave 


function and the potential into the spherical harmonics : 


(p) = np) Vays, (3.2. 
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where” 


Yozs= ae Cis(J, M ; 11, ms) Nd Es) yO 
ELS 


For simplicity we will treat the uncoupled states and give the relation between 
scattering amplitudes and phase shifts. The coupled states may also be treated by 
a slight generalization as discussed by Signell®. Using the following matrix 


elements of the potential, 


Vilbs py =| Vie Qy) VPs p) YF sp) dQ d2y, (3-3) 
we can rewrite Eq. (3-1) in one-dimensional equation, 
(2Em)—2Ey) np") = \ prdp Vilp, P) nC). (3-4) 
Thus the scattering solution is given by” 
Cp’) =8 (2Ey—2Ey) ++ | prdp Vilp, PCP), 
2B eles 
and may also be written in the following way : 
Nas ON aay et ee Le 2 
WP) =9 (28 m—2Ey) + Po To lh) (3-5) 


where 


file’) =| pap Vilp, PIN(DP). . 


Using Eq. (3-5) and 


8 (2B) —2Ey) = (—* ie ») (pop), 


a 


we obtain an equation satisfied by f,(p’), 


FP) fol) + P| PAPER ED 5 (3-6) 


where f;,2(p’) is the amplitude in Born approximation, 
fino y= 228 VG P9. (3-7) 


Now phase shifts, 0,, are defined ie the asymptotic wave function in the con- 
figuration space, 


yt eats ) lx 
di (1r) sin (por SF) Han di-cos ( pur"), (3-8) 
Transforming this equation into the momentum space in the vicinity of the sin- 
gularity, we have 


~ 
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6:(p') ~8(py— p’) — 22% p.. see +R(p), (3-9) 


ie 
where R(p’) is a non-singular function at pp. 
It is seen that Eq. (3-5) is written as follows: 


gp!) ~8 (py— p)-EP- ap feo FRO, (3-10) 


Comparing Eq. (3-9) with Eq. (3-10), the relation between the scattering solution 
and phase shifts is given by 


tan0,= —zf; (po). (S217) 


In the Born approximation, we have 
tand,,»=—-“Po%a V, (po, pu). (8-12) 


So we must solve Eq. (3-6) to obtain scattering phase shifts. Using 


Be ; for the nonrelativistic case, 
ee | Pk 
2E,,—2E. 
Po » pet Se for the relativistic case, (3-13) 
2(po =P) 


we obtain 


pdpu(f’, PLP) 
po—p 


Alp) =fiolp) +P ie (3-14) 
0 

where U(?’, p) is not singular anywhere (we assume U(p’, p) is bounded when 

p'>© or p>oo), and is defined by 


OPS 2) 2 VPS PY. (3-15) 
Po—P 2Ep)—2E, 


Eq. (3-14) is a singular integral equation, the kernel of which has a pole of the 
first order at a fixed point p=/, in the range of the integration. The integral 
equation of this type is generally known to have a solution.’” 

Eq. (3-14) is also easily transformed into a Fredholm integral equation of 


the third kind with a symmetrical kernel, 
Ip) File!) =fi0(P) + | Vio, )Fi(p) dp, (3-16) 
0 


where 


2 (Ep) — Ey) 
ERD eae 
(Dp) 2 


na, eae a) 
hy Ae 5 a, E St 


rasa 


Se a eh ge ee ee ae Pee 
Se RR he pe ee ae er ae 


Se ees ae ee 


Se ee ee ee ee Be 
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_ filp) 
F,(p) =ZE£2. 
(Pp) I(p) 


Eq. (3-16) may be solved by standard methods used to solve the Fredholm 
integral equation of the second kind. Evaluation of phase shifts will be treated 
in a separate paper making use of these integral equations. 


§ 4. General formulas for matrix elements of potentials 
in the momentum space 


In this section we calculate the matrix elements of the potentials by operating 
the most general potentials in § 2 to the eigenfunctions of a two-nucleon system. 


If we write 
Vinr= | (Dy) VY, s(2,) dQ dQ, 


there are four diagonal elements V;,,, one for S=0O and three for S=1 with/=J, 
J+1. Also, there are two non-diagonal elements V;,,,, for S=1 between //=J+¥1 
and J=J+1. There are, in all, five independent matrix elements, because V;,1,= Vix. 
V;,, and V1 are real functions and they do not depend on M, the magnetic quantum 
number, owing to the rotation invariance and hermiticity of the potential. S is 
also conserved between two states before and after the potential operator because 
of parity conservation and charge independence. So we may use the following 
notation, 


Vetere =| ¥* (Oy) V(p, p') Y¥is(2,)d 2 d2,, (4-1) 


Vib 2) =| HW, 5(Qy) Vp, p') Y¥i,5(2,) d2y dQ, (4-2) 


_ Inserting Eq. (2-1) into Eqs. (4-1) and (4-2), we have carried out the integral 
of angular variables for each type of Vo, -::, Vs, and the results are given in the 
following. Since V;,s in Eq. (2-1) contain not only k’ but also q’ and (kXq)? 
(which correspond to the most general nonlocal and angular momentum dependent 


potentials in 2x space), their calculations are. very troublesome though straight- 
forward. 


Two states before and after the potential operator may be designated by J; since 
J and S are conserved between an initial and a’final state. For example, a matrix 
element for 7=J in a spin singlet state of Vo type is written as ¢j| Vol 7» 

(1) For spin triplet states : 


(J—-1|Vi|J—1) =27AS1, 
(J|VolJ >= 22 AS, 
CJ+1|VolJ+1)=27A41, 
(J+1|VolJ—1)=(J—1|Vo|J+1)=0. 


_ where 
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For a spin singlet state: 


Ci| Vilp= 2nA;’, 
where 


Ae= \ WeFie) ae: 


and V, is the same one as V, in Eq. (2-1), P,(z)’s are Legendre functions of | 


the first kind, and z=(p-p’)/|p|-|p’|. 
(2) For spin triplet states: 


RAY Nhe eee ah Sieh et 


2J—1) 
Anpldlp SAO a PAB y Pees oe 
JIVil T= 4a] oh ee 


(J4+1| Vil J+ Viet hegre cakes tne eae |) 


(J+1|Vi|J—-1) ={J—1|Vi|J+1=0. 


For a spin singlet state: 


; (j|Vilj >=, 
- where 
Antz || 4 Rite? (z) dz. 
sin (p-p’) 
(3) For spin triplet states: 
i 2(0) 2(0) 
(J=1|ValJ—1)=22| (2°+9") ae =2pp' |, 
(2J+1) (2J+1) 


: a 
(I|ValJ)=24| (t+) AI — PP (J-AI% + (T+1) AIS |, 
AD + AG® i 
Riera Tu ic PG PE Mere 
(2J+1) ey (2J-+1) 
(J+1|V,|J—1)=(J—-1|ValJ+1) 


_ An I (J+) 1) 12 42(0) 200) 1 42(0) 
SLA IMR 6 - A + p? AO, —2pp'- A]. 
(2J-+1) (po P Ari 4pp Ar ] 


For a spin singlet state: 
(il Vala>=2a[— (p+ 97) A}? + 2pp' Aj), 


) (J+ Val+1)=20| — (p+ 9” 


Ao = |= P,(z)2' dz. 


Nef 
Be 
va 
‘ ‘ 
fe 
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~) 
bo 


(4) For spin triplet states : 


My pe ee | 


(J-1|ValJ—1)=2a| (p+ 9) COTA) 0 eee eg ee 


/ 
(IIVa)J>= 2a] (p+) Aw 4 2PP" 67. a4 (7-41) - AM | 


(2J+1) 
AO Ax 
at == 9 l 2 /2 J+1 a / J |: 
{J+1|V3|J+1) | (p+ p rE +2pp Che ae 


(J+1|V3|J—1)>=¢J—1|V3|J+1) 


4a I(I+1) 
CALS) 


For a spin singlet state: , 


(Al Vali=—2a[ (p+ p?) A+ 2pp" Aj), 


AS + pt AI + 2pp'- AW). 
PE. P 4 PP 


where 


AL = | Ms P,,(z)z' dz. 
q 
(5) For spin triplet states : 


(J-1|Vi|J—1) = 22 pp” pas Te eae As— As], 


; Es! 2 /2 4(0 yi 2) . is wos 1) A(1 
IVY, ij y [ As” ( As A *| 
SNE tt a (2J+1) (2J+1) 


(J+ 11VslT+1)= 20 p*p*| Pay — ase CIF ays | 


(JI VJ 1 (JV 41) =P BVT - Peet ASt Ase: 


For a spin singlet state : 


CI Vali >= 22 p?- p?[ — AG + As), 


where 


Ato =| WE oe CaF a 
k’.q’-sin’(k-q) 
(6) For spin triplet states: 
(J—1|Vi|J—1)=22 AS_,, 
CJ | Vol J) = 27 A, 
(J+1|Vs|J+1)=20 AS, 
(J+1|VelJ—1)=CJ=1[ Vel J +1) =0. 
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For a spin singlet state: 
CAVslj >= — 62 AF, 


where 


A*= \ Aare yeES 


§5. The one-pion-exchange potential (OPEP) 


In this paragraph we will consider the one-pion-exchange potential, V®, as- 
suming the pseudoscalar coupling.* The types V2, Vs, Vs and V; appear of the 
six possible types of the potentials in Eq. (2-1), 


V?= (6 -D (¢®- 1) V.4+ (o-m) (o”-m) V3 
+ (6 -n) (o®-n) V,4 (c? 6) - Vz 
=o - Ie) ok) eee (o™-q) (a -q) V, 


es a te 
pr a ne 
where 
Vi p+ ae al, 
aware vlan is } 
Via OW gt sinh) ee, 
ee a he ee Oe (5-2) 


1 


G=——9?- (1-1) 1 (£,41M) (4,4+M) 
16 


M? BER 


A=p'+p"?+— (E,—E,)’, 
B=—2pp', 
ts See ss 1 
 (1+(E,/M))? (1+(Ey/M))*’ 


r= 1 1 ‘ 
Pe ati) 


* Properties of the one-pion-exchange potential, both in the cases of the pseudoscalar and 
pseudovector couplings, have been investigated in detail by HMI. 


LL TLD et NG BOOT Ne eee aN ee 


pare 


= Sy 


Sa 


aS A oe eR i en 0 OR i A i te ha 


~ 


eine 8 
ne 


ne 


May he 


= 


Ys 


TOE Ed Pe 


Te oe A Ae Se 
> 


ws 


eS Recs et oe ES 
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1 1 2 ; 
sf eer an nae 


g is the pseudoscalar coupling constant and 4 is the mass of the pion. These 
potentials contain nonstatic effects completely, i.e. they are not expanded with 
respect to the inverse of the mass of the nucleon. Only V. term remains in the 
static approximation : 


a) (6k) (o?-k) 1 


Vibun=— (5) (70-2 


(k’+ p") (27)° 
= — vie 5; 1), ap () (o" -k) (6 te) ik - (5. 
Sere ceertna asap? ee 


When we apply the general formulas in § 4 for the one-pion-exchange potential,. 
we obtain the following matrix elements. From equations given in § 4, we get, 
for spin singlet states, 


LIV O(p, p') =Jen|-¢ cree ha Vs 2 Ps) + 2pp' Sok ays z|dz 


A 


—fen| +e Pa) +200" P,(z) ay 


Headey Vi. Ps(z) a ere 2 
+ (27) [ J J ] 
\ CBSE Ts RP WR Tip cir, MMleg Ee hen 998 Ae 8S 


— | (62) Vs- Py (2) de. (5-5) 


Inserting Eq. (5-2) into Eq. (5-5), and carrying out the integral with respect to» 
z, we obtain 

CAV Cd, PVAD=CI V2 LAD+C IVs DAK IVs D+ Vs 17), 

where 
CIV? 17) 
=4nG| | (pitp) 8 Cp +p")’a  2pp'h Apt p?a 
\ B (p’—p")B wR Xo (p°—p”)B Xo tQz (xo): 
/ 2 2 
+ 2pp' i+ (4p Pelee )) Xo | Aso+ 1 4p" pa 3, 1, 
3B (p’— p”) 


(IVa 7) 
Se (p+ pr 4 (?? + p”)?a . 2pp'x Ap? pra 
[} e ane SB eae (P—pB xe Q, (2) 
=2pp' r+ (4p" p?a/ (p= p”) i 
+{ | ee ag BY) 0 | 9) 4d i aka 2a], 
SB 4 (pi p™) 


ee a a 
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CHV 19) 
2 
=16G 5 | ec <: Bi —p”) a= 1) Qua) + (x09s0+ 2-9.) |, 
CiVe™14) 


=12nG-2_| |-P 42>" 5 (p°— p”) +P a O(a) 


(p— p”) (p’—p”) 
Sipe pialk )] 

G—p) (<t09,,0+ 3 O71} |> (5-6) ) 
where Q,(2))’s are Legendre functions of the second kind. Then we find the oa 
result which agrees with Signell’s results from Eq. (5:5) and Eq. (5-6), i.e. : 

2 ; aa 
V(r prljp=— ee etn 9) Qs (0) = 93,0) 527) sateen 
CIS (Py PIT) oo OnE, -E,, Osea 


where 


- #42(E£,-E,—M”’) 
Xo = > 
2pp’ 
p(Ey+M) + p(E,+M) ‘ 
2p'(E,+M)  2p(E,,+M) 


= 


Other matrix elements for spin triplet states are also evaluated -in the same way, — 
and the results are given by 


SIU Opie) I 17 


=(J—1|V,?|J—-1)+CJ—1| Vs? |J—1) + J-1 V9 |J-1) +S = 1 Va | — Digs 


where 
{J-1|V;°|J—1 
— Grp?) | (p’+p") + 2pp & : ) ies 
=206| (2J +1) {(@+ (pp) % (p'—p”) x, B 
App'a 5 2pp' AS dey a ale MN cas 
Se (p?— p”)B J A (2J+1) 1(8 (p?—p”) (2 Sata 24) 


rates 2) QO, (2) + OE Poet | 


eer ee 1) 
12 (p°+p") sas ahie MOI aeeee SS Heat Dg Seek 


Appa Pareles 2 Maen rs (pP+p")a _ 2ppla 
(? aE 8 bsah + (2J +1) {( (p?—p”) Cs —p") 24) 
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(—2) ep aes 
B Q,; (2%) (p°—p")B sak | 


<J—1|V,?|J—1) 


Pi 8p p’a 4p” p?a(2J— 1) 
=27G I\ Zo 87:0 
Qn | =p) OF +1) (44 B Q (a) + 0 )+ (9 9") (I-41) 


2/2 2 9 r eed 
x (-40,-1())— as (- om Qy-1(Xo) + = Os 4+ 3B 3s.) | 


(J=1V,|F—1) 


—onG| 82°20" 4p pla ate Se 
2 c| em py B -1(%) + (p 2 ?”) ( B Q;-1(%») Xo 


2, N BN) 
- = oe a a2.) | 


From this we obtain 


(J-1V|J—-1)=(2 ea) 
Anja. Sr TCI IE Pye . 


Also, for L=J+1, we obtain 
<J+1|V(, p’)|J+ 1 


=(I+1|V2® J++ (FT FUVs? JH +CS41 Vi. |J+I 4 I41/V,|F-41), 


where 
<F+1|V2?|J+1 
= 2no[ EY (54 rea} (= =2 ) Qeeaten) AEE eee 
x (=2%.9,,.(2»)) ee eee | (=) Orca) 
ai oe | Gta) +2 4,9); 
(J+1| V5” |J+1) 
nl GED BEDI Blase te tae 
x (22 0,..(29) Se {r+ me mee (= ») Osta 
a Fea (2 0,(2) +2450), 


es el 
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CJ+1/ Vs? |J+1) 


cue Ap p” a 2 25 , rae 
=o G| “a a, 0 ae 0 
a (p—p”) | (2741) ( B Q;(x) + B Os, 


2 lo + 22 to 29,,) + CD (2 9, scan), 


(T+1|Vo®|F+1) 


=2nG| — Ce = (=p) QrsCam) + o ar (25 rated 
%22)) 


IFUV CG, p)lJ+D=(~ ne Qe(e) toate) 


and 


And, for L=J, we obtain 
CTV (p, pF =C IVa? | DCI Va? |DO +I Va |DP AKI Vo |), 


where 
(IVa? J) 
= an pt py|p-+ EP 2) (— = Ona) + REE EIS 
x (- 2 90, (an) ) CPE | + ERE 
x {I (= 2.) Oneal) + I+ (—F) Qr-aa)| 
a ee 
£41) (= 20Qr(ae) +A.) | 
CIV |T) 
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x— (2pp" 2 {7(-=) Ores) + (S41) (—-2 20 Qsaaleo) + Ara) |, 
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For a non-diagonal element, we have 
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§ 6. Phase shifts in the Born approximation 


Phase shifts for the most general potential in the Born approximation are given oy 
without solving the integral equations. Using Eq. (3-12) and Blatt-Biedenharn ie 
phase parameters,’” we obtain the following results, where |p| =|p'|=po; 
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The authors would like to thank Professor M. Taketani for his stimulating “2 : 


discussions. One of the authors (S. M.) takes this opportunity to recall with 


82 J. Goto and S. Machida 


pleasure several interesting discussions with Professor R. E. Marshak and Dr. 
P. S. Signell while he was staying in U.S.A. 


References 
1) M. Taketani and S. Machida, Prog. Theor. Phys. 24 (1960), 1317. 
2) N. Hoshizaki and S. Machida, Prog. Theor. Phys. 24 (1960), 1325.. 
3) N. Hoshizaki and S. Machida, Prog. Theor. Phys., to be published. 
4) L. Wolfenstein and J. Ashkin, Phys. Rev. 85 (1952), 947. 
5) L. Eisenbud and E. P. Wigner, Proc. Nat. Acad. Sci. 27 (1941), 281. 
6) L. Rosenfeld, ‘‘ Nuclear Forces” (North Holland Publishing Co., Amsteldam, 1948). 
7) S. Okubo and R. E. Marshak, Ann. Phys. 4 (1958), 166. 


See also L. Puzikov, R. Ryndin and J. Smorodinsky, Nuclear Phys. 3 (1957), 436. 

8) P.S. Signell, Prog. Theor. Phys. 22 (1959), 492. 

9) J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics (John Wiley and Sons, Inc., 
New York, 1952), Appendix A. 

10) F. J. Dyson, M. Ross, E. E. Salpeter, S. S. Schweber, M. K. Sundaresen, W. M. Visscher 
and H. A. Bethe, Phys. Rev. 95 (1954), 1644. 

11) FE. Picard, Ann. Ecole supér. 28 (1911). 

12) H. P. Stapp, T. J. Ypsilantis and N. Metropolis, Phys. Rev. 105 (1957), 302. 


83 


Progress of Theoretical Physics, Vol. 25, No. 1, January 1961 


Single Pion Production Process in Pion-Nucleon Collision 


and the Sakata Model 


Shoji SAWADA* 


Department of Physics, Hiroshima University, Hiroshima 
(Received August 20, 1960) 


Based on the Sakata model, we propose a model for the single pion production process 
in z-N collision which is essentially an extension of the Lindenbaum-Sternheimer model. It 
is pointed out that the analyses of sub-Bev single pion production phenomena will give us 
useful information about the level scheme of the Sakata Model. As a first step of the inves- 
tigation of this model an analysis of the single pion production process in z*-f collision at 500 
Mev is made. Our model predicts the contribution of the J=2 boson isobar as well as the /=3/2 
fermion isobar (Lindenbaum-Sternheimer model) for this process. Such a prediction is consistent 
with the present experimental branching ratio (x++pont+nr°+p)/(xt+ponttattn) =1.5. 
We calculate the energy and angular distribution of the pion and nucleon which will be useful 
for obtaining information about the J=2 boson isobar and J=3/2 fermion isobar from this 
process. 


§ 1. Introduction 


In order to have a realistic understanding of the variety of the elementary 
particles and the success of the Nakano-Nishijima-Gell-Mann scheme for the 
strongly interacting particles, Sakata has proposed the idea that all the baryons 
and mesons are the compound particles composed of the three fundamental particles, 
proton, neutron and A-particle and their antiparticles.” Much progress was made 
along this Sakata’s idea on the elementary particle when Ogawa introduced the 
concept of full symmetry” among the fundamental particles in the Sakata model. 
This full symmetry proposed by Ogawa has been further refined with collaboration 
of Ikeda and Ohnuki leading to the theory of unitary group U(3) of degree three.* 
In this theory a physical particle state (stable particle or unstable isobar state) is 
assumed to correspond to a basis vector of an irreducible representation space ofa (3). 

Applying the semi-empirical mass formula originally proposed by Matumoto” 
and reformulated so as to be adapted for the U(3) theory, the present author and 
Yonezawa have studied the correspondence between the experimental information 
and the theoretical levels of the composite system derived from the U(3) theory, 
and they have found that rather remarkable correspondence seems to exist between 
the theory and the experiment as far as the reliable experimental data are con- 
cerned, and they have stressed that all of the resonant states so far observed in 
the pion-nucleon and kaon-nucleon reaction can be interpreted as the particle levels 
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of Sakata’s composite model as well as the ordinary stable particle.” 

Now we have some accumulation of the experimental information which seems 
to support the Sakata model and the U(3) theory based on it, but the present 
experimental data are still insufficient to establish a hypothesis of composite model 
and the symmetry properties inherent in it. Especially we are in poverty of the 
experimental information about the boson isobar states, partly owing to the ex- 
perimental difficulty of the direct meson-meson reaction. 

It has been emphasized by many authors”~® that the experimental study of the 
multiple meson production process will be prospectful for studying such boson re- 
sonant states, if they exist, and many theoretical investigations have been performed, 
through which the evidence of boson resonant state and their structure have been 
gradually clarified. 

The end of this paper is to emphasize that the meson production process in 
z-N collision will give us a useful information about these boson isobars whose 
existence is predicted in Sakata’s composite particle model, and to propose a scheme 
that might be able to, in a certain sense, unify the various models that have been 
proposed to explain the multiple meson production phenomena. This discussion 
will be given in § 2. 

Further, following the scheme given in § 2, we shall give an orientational in- 
formation of the prediction of the Sakata model for the single pion production 
process at 500 Mev incident pion energy in z*-p collision to serve for further ex- 
perimental and theoretical analyses. Of course it is necessary to perform such 
an analysis covering all energy region and all channels. In order to obtain the 
clear evidence for the existence of the levels in our scheme, it is necessary to 
start the analysis with the phenomena which will involve only few parameters and 
allow us to confirm each level unambiguously. Then it will be appropriate at 
first to give the discussion of the phenomena near the threshold, where one has 
merely to concern with a few lower levels. As such one we choose the z*-p 
collision at 500 Mev. In § 3 we shall discuss the theoretical energy spectra of the 
pion and nucleon and their angular correlations in this process. 


§ 2. Some consideration based on the Sakata model 


Boson resonant states or boson isobars are not new to the meson physics.?~ 
For example, the strong pion-pion interaction” has been proposed to explain the 
behavior of high energy pion-nucleon reactions, especially with respect to the 
I=1/2 resonant states below 1 Bev laboratory pion kinetic energy and the pion 
production process at this energy region. In this paper we shall also discuss the 
boson isobar states that will contribute to the reactions in. this energy region. 
However, our point here is a little different from those previous analyses. 

Now let us confine ourselves to the discussion of the single pion production 
process. There are two main, according to Pontecorvo,” contradictory models 
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for the interpretation of this phenomenon, i.e. the strong pion-pion interaction model 
and the (3/2, 3/2) nucleon isobar model due to Sternheimer and Lindenbaum.” 

In our theory” based on the Sakata model the second and the third resonances 
of pion-nucleon reaction are considered due to the composite states which are 
characterized by the three-body system, F;°(0, 1/2) and F;'(0, 1/2).* F;°(0, 1/2) 
and F.'(0,1/2) are assigned to the J=1/2 resonances at 600 Mev and 900 Mev 
laboratory pion energies respectively. Since the major part of the features of the 
total cross section of J=1/2 state in the pion-nucleon reaction will be determin- 
ed by the existence of these levels, we may not necessarily need to introduce either 


the strong pion-pion interaction model or the nucleon isobar model for the inter- | 


pretation of the behavior of total cross section below 1 Bev.** However, such 
circumstance does not deny the existence of the strong pion-pion interaction nor 
the success of the Lindenbaum-Sternheimer model. Rather the Sakata model will 
allow us a consistent understanding of these contradictory models. 

From the pion energy spectrum of the single pion production process in the 
pion-nucleon collision around 1 Bev incident pion energy, we know that the (3/2, 
3/2) nucleon isobar, or F;'(0, 3/2) in our notation, is also produced as well as 
the stable particles such as nucleons and pions.” In Sakata’s composite particle 
model this seems to be very natural occurrence, since in this theory all the stable 
particles and the unstable resonant states bear the same physical significance, and the 
only matter that makes them appear so different from each other is their life-time. 

Accordingly, we can expect that other unstable composite states of the Sakata 
model will behave similarly as the (3/2, 3/2) isobar state does if the appropriate 
condition is fulfilled, although now we do not know the condition exactly. 

We will shortly see what circumstances are expected when we assume that 
such a viewpoint holds generally and the single pion production process can be 
reduced to the two-body cascade decay of the intermediate state such as 


z+ N>B+N ae 
Say 
m+N7>F47 (1b) 
Lsa4+N, 


where z and N indicate the pion and the nucleon respectively and B and F are 
the unstable composite states of the Sakata model with the indicated decay modes.*** 


* For fermion state we use the notation Fj#(S, 1) where subscript j expresses the number of 


particles plus antiparticles of which the fermion is composed, and superscript z the class to which this 
state belongs (each class corresponds to each irreducible constituent). S and Tin brackets are its 
strangeness and isotopic spin respectively. For boson state we write similarly as BUS, J) a. see 
reference 5). ae 

** Our present theoretical information of these composite states is limited to their masses, and 
we do not know how these composite states will appear with definite spin and parity. Its clarification 
will be an important task for the composite model and will make clear the role of z-z interaction, etc., 
if they have some contribution in the actually observed resonance phenomena. 

*kk The interference between (1a) and (1b) does not occur, since in our present model the first 
step of each reaction is assumed to be a real process. 
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According to the scheme (1) 
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From Table I we can easily obtain the charge ratio in each channel. In this 
Table o, and oc; mean the cross section of J=1/2 and [=3/2 states of each channel 
where the notation specifying the channel has been omitted, and a= 1/0; cos ¢ 
and b=,/2/5a where ¢ is the relative phase between J=1/2 and 3/2 states. The 
term denoted by (extra z) is the contribution from the process in which the 
designated z is emitted associated with F (cf. reference 11)). 

We cannot answer the question what the magnitude of cross section of each 
process is and how much of the phenomena can be explained by the scheme (1), 
since we do not yet have the dynamical theory of the composite model. In a 
rough approximation, Fermi’s statistical theory” will give us good estimation. 

At the low energy near the threshold of the single pion production process 
we have F;'(0, 3/2) as F of the scheme (1). As to B, we have to consider the 
contribution of B;(0, 2) and B,?(0, 0) states. The estimation of the mass by the 
mass formula (3) of reference 5) gives 2m, for B,; (0,2) where m, is the pion 
mass. Since no reliable evidence of charge particles with the mass~2m, has been 
reported, it will be natural to consider that B,'(0, 2) may have the mass greater 
than 2m, and decay rapidly into two pions. With respect to B,’(0, 0) there are 
two alternatives, (a) B.2(0, 0) is the excited state of the vacuum, and not a new 
particle with the mass ~2.5m,, or (b) B(0, 0) will be new particle and not the 
excited state of the vacuum. We do not know which alternative corresponds to 
the reality. In the case (b) there will be two possibilities for the decay. If 
B2(0, 0) is 0* or 2*, it will decay into two pions very rapidly and contribute to 
the single pion production process. On the other hand, if it is O07 or 1* and has 
the mass <3m,, then its dominant decay mode will be >27 or >2°+7 and will 
be observed as metastable particle.” 

As to the experimental data of z~-p reaction near the threshold, the analyses 
have been performed based on the strong pion-pion interaction model and the 
Lindenbaum-Sternheimer model respectively.” It has been reported that some 
features of the energy spectrum and angular distribution of pions are consistent 
with the theoretical prediction of the nucleon isobar model and, on the other hand, 
the large experimental cross section of the single pion production process can be 
explained by the strong pion-pion interaction. Although the experimental and 
theoretical investigations are at the very preliminary stage and it is not the pur- 
pose of the present article to criticize the analyses so far made, such a situation 
seems to have some connection with our present scheme that B/(0,2) and 
F;(0, 3/2) (and possibly B,’(0, 0)) will contribute to the single pion production 
process near the threshold. If the mass of B,'(0, 2) is <3m,, BZ(0; 2) -willgive 
larger contribution than F3(0, 3/2) does at the low energy near the threshold. 
As to the problem of a large cross section® compared with the static pion theory, 
we make no comment, since we have no appropriate way to estimate the cross 
section. However, a large cross section of the single pion production process will 


not be unreasonable if we take into: account of the phase volume” available for 


we 
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the two-particle process and three-particle process at these energies and there are 
two (or possibly three) channels opened for the single pion production process. 

As the incident pion energy increases, we will see from Fig. 1 that the next 
higher level B,'(0, 0) or =” will have influence above 600 Mev incident pion energy. 
Then, if our scheme is right, we can understand the phenomena of single pion 
production under 600 Mev incident pion energy in terms of B,' (0, 2) and F;} (0, 3/2) 
(and B,?(0, 0)). In this connection there are some interesting experimental data. 
They are the data on 2*-p reaction at 500 Mev pion energy.” It will be concern- 
ed only with B;(0, 2) and F;'(0, 3/2) isobars in our scheme. The data give the 
ai+ pon +m +p =1.5 *}2 for the single pion production process. 
Tp ae a 
Although the statistics is still very poor, the interesting point is that this value is 
far from 6.5 which is the prediction of the Sternheimer-Lindenbaum model. Now, 
besides F;'(0, 3/2), we have B2(0, 2) which gives 1/4 for this branching ratio 
and we will have the value which is much smaller than 6.5 of the nucleon isobar 
model. (It is noted that the contribution of the boson isobar with J=1 makes to 

increase the ratio from 6.5 and J=O isobar does not contribute entirely.) We 
“will discuss the energy spectrum of pions, etc., of this reaction in the next section 
in view of its interesting features. 

Above 600 Mev incident pion energy, the states B,/(0, 1), B.o(0, 1) and By (0, 1) 
will newly appear and contribute to the single pion production, if they decay 
rapidly into two pions. B,°(0, 1) is the antiparticle of B,‘(0, 1), so that they have 
the same mass, spin and parity. The estimation of their masses based on the two- 
body approximation (mass formula (3) of reference 5)) gives the value~750 Mey. 
Then they will become influential only above 800 Mev incident pion energy when 
we assume this value of mass., It is,.-however, necessary to take into account the 
theoretical error of order 200 Mev for the estimation by the mass formula, when we 
apply the formula to the four-body system, and we must consider the possibility 
that these levels appear at lower energies. The existence of the isobar states 
having J=1 and the corresponding energy have been discussed often.®»”»”® 

In respect of the opening of the channels of N+8B,‘(0, 1), N+B(0, 1), 
a+F;'(0, 1/2) and B, (0, 2)+F;'(0, 3/2), that may happen to concentrate in the 
energy region 700~900 Mev incident pion energy, it will be interesting to note 
that the shoulder behavior of the z*-p total cross section around 800 Mey pion 
energy’’* may have some connection with it. Further information of the masses 
and spin-parity of B/(0,1), B°(O,1) and B/(0, 2) may bring some clarification 
on this point. Since for the phenomena above 600 Mev we must newly take into 
Bccount 135°(0,.0), Be O,dy BP (Only Be (On pe F;'(0, 1/2) and F;'(0, 1/2) be- 
sides B,'(0, 2) and F;'(0, 3/2) (and B,?(0, 0)) successively as the incident energy 


branching ratio 


* Another possible interpretation from the Sakata model is that it is due to the resonance states 


F10(0, 3/2), and this interpretation will be allowed if the fourth broad resonance around 1.3 Bev 
consists of two resonances, and not three resonances. 
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increases, the circumstance becomes complicated. But still it will be possible to 
obtain the information on these levels if we have sufficient accumulation of the 
experimental data about the branching ratio, energy spectrum of pions and nucleons, 
angular correlations, etc., in addition to the information obtained from the analyses 
of the reaction at lower energies. It is evident from the scheme (1) the fermion 
isobars F’s manifest themselves most clearly in the pion energy spectrum, and the 
boson isobars B’s in the nucleon energy spectrum. In regard to this, it will be 
useful to point out that the pion energy spectrum due to the decay of Bis a 
monotonous function of energy so that the contribution from this channel does not 
generally wash away the characteristic features of the pion spectrum of the nucleon 


isobars. For this reason and from the fact that F;(0, 3/2) channel will be | 


dominant in z~-p reaction even at 1 Bev, the qualitative success of the Sternheimer- 
Lindenbaum model at this energy, which has been shown mainly about the pion 
energy distribution, will not be unexpectable. 


§ 3. Pion production in z*-p collision at 500 Mev 


In the preceding section we have given the prediction that would be expected 


in the single pion production process initiated by the pion-nucleon collision if we 
consider the phenomena based on the level scheme of the Sakata model. Our 
interest in the single pion production phenomena is, first of all, that it will give 
the information which may serve for establishing the level scheme of composite 
particle. For this purpose, we need to obtain information about each level. It 
will be clever to start with the analysis of the events that concern with parameters 
as few as possible, and then to extend the investigation to the more complicated 
cases. 

As ‘such a simple case, we choose the z*-p reaction at 500 Mev. As shown 
in § 2, we will be concerned only with the total isospin J=3/2 state and B,' (0, 2) 
and F;'(0, 3/2) as the unstable isobars in this case. The energy 500 Mev will 
be high enough to produce these isobars and low enough to avoid the contributions 
of higher levels, B; (0, 1), ete. We have now no correct knowledge about higher 
levels, B (0, 1), BA(0, 1) and B,°(0,1). The estimation of two parameter mass 
formula gives 750 Mev for B,(0,1) and B,°(0,1) and 850 Mev for B,'(0, 1). 
One may of course expect an error in this estimation. But the maximum mass 
value of the boson isobar B that can be created at 500 Mev incident pion energy 
is ~510 Mev, so we can reasonably expect that they will not give a large contri- 
bution to the process even if they have relatively small mass. The fact that only 
Bi(0, 2) and F;'(0, 3/2) will give large contribution to the process in question 
is a salient feature of the present model. ; 

Now the cross section of each process is given from Table I by the expres- 
sion 


o(nt+ pont tn+p) = 04(Be (0, 2)) + oe (0, 3/2)), 


90 S. Sawada 


9 * 
o (at + pont+at+n) == Gs BAO) aNerragt ZAC) 3/2)), (3) 


where o;(B(0, 2)) is the total cross section of the first step of the reaction (1 ap 
in which B;(0, 2) particle is emitted as B and o,(F;'(0, 3/2)) is that of the re- 
action (1 b). From this we can naturally expect that the branching ratio is in the 
range 
Nsom tl cr acest on DE 
= o(a*+ pont +n* +n) — 


The value 6.5 corresponds to the case when only F;'(0, 3/2) channel exists. 

The preliminary experiment at this energy was performed by Willis, which 
gives 1.515 for this ratio’?* This means o;(B, (0, 2))/o3(F3'(0, 3/2) ) =2/3. 
Although this experiment is a preliminary one and we have not an appropriate 
way to calculate the magnitude of the cross section, this value may not be un- 
reasonable.** 

Unfortunately we have not a reliable experimental information about pion energy 
spectrum, etc., at this incident energy. However, it is expected that the informa- 
tion about these quantities will increase rapidly so that it will be useful to make: 
clear some features of the spectra of our model. 


3-1. Energy spectrum of pion 

The characteristics of the energy spectrum and angular correlation of the pion: 
and nucleon are essentially determined by kinematical relations in the present model.. 
So if we have full understanding about kinematical relations among the final particles. 
it is rather easy to deduce what the spectra are. Hereafter, discussion is given in 
the c.m.s. of the total system. 

The energy spectrum of the pion consists of three parts. The first is coming 
from the decay of F;'(0, 3/2), I,(E,), the second is the extra pion which is emit- 
ted in company with F,'(0, 3/2), I,(E,), and the third is the pion resulted from. 
the decay of B,; (0, 2), Is(E,). 

Assuming the independency of the matrix elements of the isobar momentum. 
and spin state, the energy spectrum in each case can be expressed in c.m.s. as: 


M pmax 
L(y aEeN \ dep) Odeo (5) 
MNF min 
where 
pet b pes 1/2 : 
Mer min =| ee ue eA a) : the available maximum (minimum) mass of F;' (0,. 
1 


3/2) for a fixed energy E, of decay pion, 


* The experiment at 300~750 Mev gives 1.0 for this ratio.1 
** From the argument of the phase volume and weight of spin state, we have o3(B(0, 2))/ 
o3(F31(0, 3/2))=0.77 for spinless B,1(0, 2) with mass 350 Mev and F31(0, 3/2) with mass 1230 Mev.. 
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a= W’+2m,/—2WE,, 
bh=my W?+m,'+ (W?—my) WE,—2W? jee 
a= (my —2my'm?—m,'+m2ZW") W24+m,o+ 2(my’— mm?) (W?—m,”) WE,» 


Mir 
| at 
2pr Par 
F,=Ep pr, 
Vea 2 
Ey= Hu Wn the enersy of F;.(0,-372) iin” caim-s., 
pr : the momentum of F;'(0, 3/2) in c.m.s., 
rs 2 ; aie 2 
‘ ae aM = the energy of decay pion in the rest system of 
“tee F3\(0, 3/2), 
Pur : the momentum of decay pion in the rest system 
Gils, (0,372); 
WwW : the total energy of the system in c.m.s.. 
I, (E,) dE,=N,p (mr) F,G,,dE, , (6) 
where 
ES 
Mp 
. M pir te 
I,(E.)dE,=N, | disp (ns) FiGadEx, (7) 
MRmin 
where 
arr ae LYS, 
mye = (7 A 2 ah ) : the available maximum (minimum) mass _ of 
a3 


B2(0, 2) for a fixed energy H, of decay pion, 

a;= W’?+m,—2WE,, 

bs=m,2(W?+ my) + (W?—my’) WE, —2 W*E,?, 

cs=m,2(W?—my)’, 

Seat BT: 
2pe pus 

F,=Ey py, 


73 > 


2 2 ay 2 B 
Ey= W'+my —™s_. the energy of nucleon in c.m.s., 


2W 


"py - the momentum of nucleon in c.ms., 
E;= W-—Ey : the energy of B (0.22) 1n CAn.s:, 
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Ps : the momentum of B,'(0, 2) in c.m.s., 
| : the energy of decay pion in the rest system of 
> 
2 Bé (0, 2) ? 
Pup : the momentum of decay pion in the rest system 
of. Be O-2): 


In Eqs. (5)~(7) Ni, No and N; are the normalization constants. / (71,r) is 
the mass spectrum of F;'(0, 3/2) particle and (mz) is the one of B,'(0, 2) particle. 
F, and ‘F; are the two-body phase space factors of the first steps of the reactions 
(1b) and (la) divided by the boson (pion or B,'(0, 2)) energy. G,’s are the 
factors which give the energy spectrum of the pion from the decay of the 
isobars of masses 7p 
and mz. Our discus- 2.0 
sion is essentially the 
same with the L-S model 


‘ 215+ ti (p,) 
except for a few minor ‘ / 
simplifications. B Ie(p,z) 

We have not correct 2 10} 
information on the mass g 


spectrum of each level, 
and it is very dependent 0.5+ 
on the unknown proper- 
ties of the system (spin, 
parity, formation interac- 05 100 


200 300 
‘tion, decay interaction pion momentum in c. m.s. (in Mev/c) 
> 
etc.). We assume the Fig. 2. Calculated momentum spectrum of pion in the 
form reaction (1b). 
(mr) ~ (Mp—my—mM,) by: 
; Le sel I ar f 
x exp| — (mp—my’) if 
! (BRS 
(8) 15 


However, this assumption 
will not be so essential 
for our present purpose. 
The parameters of ((7,;) 
are chosen so as to ap- 
proximately give the 
energy dependence of the 


in arbitrary units 
= 
iS 


0.54, =350 Mey m,o=300 Mey 


m~=400 Mev 


total cross section of z*- 0 =e = 
ie 0 100 200 300 
reaction at low energy . pion momentum in c. m.s. (in Mev/c) 
Ol es a 
rats Mev, 1’,=66 Fig. 3. Calculated momentum spectrum of pion in the 
CV.) 2 


reaction (la). 
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. ; 
Sai ee Bets 3) te ticle the parameters are more arbitrary. The theoretical 

mass of B,'(0,2) gives 2m,, but owing to the situation that no 
evidence of charged boson with mass ~2m,, it will be natural to consider 
mp > 2m, and B,'(0, 2) will decay rapidly. Even in this case ¢(mp,) is still too 
arbitrary. Similar to the case of (mp), we choose ao 


(mg) ~ (mz—2m,) exp|— (ma—mz,’)?/T's'], (9) 


with m z =300, 350, 400 Mey and ’,=30 Mev. The feature of the spectrum with 
the different parameters can be guessed from these data to some extent. The 
momentum spectra I;(p,) are given from the corresponding energy spectrum J[;(E,) 
by the relation I;(p,) =1,(E,) dE,/dp, - Bre 
In Fig. 2 we give the momentum distribution of the pion calculated from 
I,(E,) and [,(E,). In Fig. 3 we give the distribution due to [;(E,). 
The energy spectrum in each process can be expressed in terms of (F,), 


7, CE) and ICE) as 
z* spectrum in z*+p—on*+7°+p 


I(E,) dE. = E o3(F#(0, 3/2) (9h (E,) +41, (E,)} 


1 
+4 o,(B 0, 2)) h(E» |aE., (10) 
x spectrum in 7*+p—2*+7°+ p 


Tie aE | o,(F3(0, 3/2)) {41 (E,) +9 (E,)} 


+ 4 a4(Bi 0, 2))h (E,) |dEw, (11) 


a* spectrum in 7*+pOn*+z*+n 


1(E.) dE.= Fa o,(F3(0, 3/2)) {(E,) + le(E,)} 


+4 oy(Bi 0, 2))h (E,) |dE,. (12) 


For the interest of the reader, the theoretical momentum spectrum of the 
pion in each process is given in Figs. 4 and 5 for the case of mp =350 Mev and 
o;(Bi (0; 2))/os(Fs' (0, 3/2)) =2/3. The experimental data of Willis are also 
given in Figs. 4 and 5. 

Although it will be too early to discuss these experimental data, Willis has 
noted that in the 7*+ p>7* +7" +n process the pions are emitted with very high or 
low energies. A similar observation has also been made for the experimental data — 
of Blevins: et: al2® Apparently the characteristic feature of the spectrum of 
F;!(0, 3/2) channel does not show such a tendency. The existence of B,'(0, 2) 


will reduce such a discrepancy, if not satisfactory. 
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Fig. 4. Calculated and experimental momentum spectra of z* 
in at+pont+n+4 p (solid curve) and 7° in x++pon*+7°+p 
(dashed curve). 
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Fig. 5. Calculated and experimental momentum spectrum of 
z* in x++pornt+at+n. 


3-2. Energy spectrum of nucleon 


‘The energy spectrum of nucleon consists of two parts. One is the decay 
product of F;'(0, 3/2), Ji(Ey), and the other is the extra nucleon which is emit- 
ted in company of B;(0, 2), J2(Ey). 

~J,(Ey) and J,(Ey) are expressed as: 


My Maz 
Ji(Ey)dEx=Ni | dmep (mr) F\GmdEy, (13) 
WF ayy 5:70 
where 
yaa B—ac\2 ; 
Mp min Bees : the available maximum (minimum) mass of F;'(0, 


3/2) for a fixed energy Hy of decay nucleon, 
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a= W’*+my—2WEy, 
b=m, (W?+ my’) + (W?+ my —2m,) WEy—2W’ Ey’, 
c=my (W?—m,?)?+ (m¥—m,Z)?W?—2(my—m,) (W?—m,) WEy, 


(ase ae 
= ae 
4prpyr 
J,(Ey) dEy=N,’ P (ms) Fs Gy.dEy, (14) 
~where 
Gyo pa ie 


MB 


‘The notation Ny’, N2’, Gy, and Gy, should be understood analogously as in the 
case of the pion energy spectrum. In Fig. 6 we give the momentum spectrum 
of nucleon calculated from J,;(Ey) and J2(Ey). 


5.0 mz =300 Mey 
Jo(by) mg 
m= 
4.0 
§ 30 
5 
2 
Ge 
Ss 
5 2.0r 
1.0} J, (oy) 
Ol as ie 


1 —— 
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nucleon momentum in c.m.s. (in Mev/c) 


Fig. 6. Calculated momentum spectrum of nucleon. 


The energy spectrum of nucleon in each process can be expressed in terms 


cat J,(Ey) ‘and J;(Ey) as 
p spectrum in 7* +pontt+n+p 
Fay) =| oy FEO, 3/2)) AME) + BLO, 2))Sa(Ead dB 
15 
(15) 
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nm spectrum in z*+p2*+z" +n 
J (Ey) dEy =| a o3 (Fs (0, 3/2)) Ji (Ew) +Zo (Bi (0, 2)) Ja(Ey) | dEw- 
| (16) 


Fixing the o,(B/(0, 2))/o3(F3'(0, 3/2)) ratio by the experimental data of Willis, 
and assuming m,°=350 and 400 Mev, we obtain the spectra in Figs. 7 and 8. 
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Fig. 7. Calculated and experimental momentum spectrum of fp in 
mt+p—>nt+no+ p. 
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Fig. 8. Calculated and experimental momentum spectrum of 7 in 
n+p onrt+atin, 
3-3. Angular correlations 


In the preceding discussions we have given information on the momentum spectrum 
of the pion and nucleon. The obtained spectra have characteristic features in each 


a 


ere 
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case, so that even with the momentum spectrum one can make a certain detailed 
discussion for our present scheme, if sufficient experimental data are supplied. 

In this section we will give some crude information about the angular cor- 
relation between final products. It will also be useful in comparing the present 
scheme with experiment. 

Different from the case of mometum spectrum, the feature of the angular 
correlation is rather strongly dependent on the mass of unstable isobars. 

So, for the angular correlation, we give the theoretical spectrum when 
o(mr) ~9(mr—m,) and P(msz)~O(msz—mz’). Such a discussion may be helpful 
to understand the mutual correlation of the mass spectrum and the angular cor- 
relation. 


a) Angular correlation between pions 


The angular correlation between pions consists of two parts. One is the cor- 
relation between the extra pion and the decay pion in the reaction (1b), Ki(@,,), 
and the other is the correlation between the pions which are the decay products 
of the reaction (la), K.(@,,). They can be written as 


ep 


ey} LENS 
02) d (cose) = \ dm, ? (mp) ir (L,— 9x) d(cos@,,), (17) 


2(1—0,2,) cos* 0," 


iE a aD 
where x, is given by the relation ve ae -=tan @,,; and 7r= and 
VF XLae—On) Mp 
0,=pr E,r/ Ex par- 
K,(6,,) d(cos9,,) 
es 7 >! 2 {ye —1) y+ A—-re' os) }° eWie 3c d(cos9 ) 
= dmzf (mz) Ayr os y[(e—1) (1—»”) +e (1—0;°) ] cos OL. 
(18) 
ies 1 
m,°=400 Mev 
| 1.0 KO) 4 
na) 
2 mp=1180 Mev 
ra 
ise] 
£& 0.5 m;=1230 Mev 


m=1280 Mev 


0 —1.0 
a cos Jaz 


Fig. 9. The graphs of K, and Ky, 
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€ ae AN) a= 
: 278 9nV 1 vax x = tand,,, and ;s=— 
(pe) a Ce aa) Mp 
and O;=ppExn/Expss. These Ki(0,,) and K,(0,,) are given in Fig. 9 with 
my? =1180, 1230, 1280 Mev and m,’=300, 350, 400 Mev. 


where y is given by the relation 


b) Angular correlation between pion and nucleon 


The angular correlation between nucleon and pion consists of three parts, the 
correlation between the extra pion and the nucleon resulted from the decay of 
isobar F;'(0, 3/2), L,(@,.), the correlation between the pion and the nucleon 
which are the decay products of F;'(0, 3/2), L2.(@,7) and the correlation between 
the extra nucleon and the pion from the decay of B,'(0, 2), Ls:(@,.). They are 
expressed respectively as 


2 Sy 3 
es (Dew. (COs Onn ae | dmre (mp) a con ox) a d(cos@,y), (19) 
4\1—Oyn Ly) COS Vin 


fa ities SAE 
where xy is given by the relation —“ Le =tan0,y, and a, br eer ; 
; VF (ay— Oy) Ex bur 
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L;(6,) d(cos0,~) = \ dm» (mp) 


L@r—l2?+rr Ov—9,)2+ 1—rr bx0,) P d(cos6,x) 


27 Gxt On) {= Gr D2 + Orr 72 brd.—V) 2 +78 (Ox—8,) } COS Oey ” 
(20) 
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ae rants 
L;(9,,v) d(cos6,7) = \ diz e (mz) — ce Ads Ooh fed d(cos@,y), 21 
2(1—d,xz) cos*d co 
a B xN 


4.0 


72,0 
m,=1180 Mev 
— 


oe 
o 


o 


in arbitrary units 


L,(@zN) 
mp =1180 Mev 
m,=1230 Mev 
m,=1280 Mev 


bi 
=) 


10 0 —10 
COS 0,7 
Fig. 10. The graphs of L, and Ly». 


Sin . “ : 7 . : Y os 
gle Pion Production Process in Pion-Nucleon Collision 99 


L3(6zN) 
mz=300 Mey 
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in arbitrary units 


mp’ = 400 Mev 


1.0 0 ==! 8) 
COs 0, 


Fig. 11. The graphs of Ls. 


sy 8 
where rz is given by the relation —“ bas 


—=tand,y. L,(6,~), I.(@,n) and 
7p(z—9p) 
L;(0,~) are given in Figs. 10 and 11. 


In our opinion, the investigation of the pion-pion angular correlation seems 
to be more prospective than the pion-nucleon correlation to make clear the mutual 
correspondence between our model and the. experiment. 

Besides the investigation of the angular correlations between final products, 
the analysis of the correlations between the incident particle and the secondary 
particles is also important. For example, the Adair type analysis” will be inter- 
esting for the determination of the spin and parity of the isobar. 


\ § 4. Some remarks 


In the preceding sections we have given an analysis of the single pion pro- 
duction process in z-N collision. Our analysis is essentially an extension of the 
Lindenbaum-Sternheimer model to the case where the boson isobar exists besides 
the fermion isobar. Our aim in this paper is to give rough information in order 
to help further theoretical and experimental investigation. 

For the present stage of the composite theory, it is one of the important 
problems to find out what a correspondence exists between the theoretical levels 
(such as U(3) theory) and the experimental levels. Although we believe the 
composite levels manifest themselves as stable particles or as resonant states in 
nature, it is rather difficult at present to show theoretically how these unstable 
composite levels show themselves in the interaction. But this will not give an 
objection to the necessity of such a kind of phenomenological analysis so far made. 
Our feeling for the necessary step to the future advance is to confirm a corre- 


‘ 
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spondence between the theoretical levels and the experimental levels and to study 
the various processes such as the transitions between levels of composite system 
as far as possible, even if it were based on a rather naive picture. For such a 
purpose, we have proposed a systematic investigation of the pion production process, 
starting from the low energy phenomena which may involve few unknown parame- 
ters. 

The theoretical analysis of the pion production process has so far been per- 
formed along two main different approaches (the L-S model and the strong pion- 
pion interaction model) rather independently, and the analyses in each model have 
shown some consistency with the experimental results. Our standpoint here pro- 
posed may give a logical basis for these models and show that both, if we use old 
terminology, the L-S model and the strong pion-pion interaction model are necessary 
to explain the phenomena. 

Finally, it is also noted that the unstable composite states may appear as the 
reaction products and play important roles, not only in the multiple meson produc- 
tion process initiated by the pion collision, but also in other processes such as 
the nucleon-nucleon collision and nucleon-antinucleon annihilation.” For example, 
we can increase the multiplicity of pion without taking a large interaction volume, 
if we take account of the boson isobars predicted in the Sakata model, although 
it will require further extensive work to find out what is really going on in these 
phenomena. 

We hope that experimental and theoretical analyses will be performed so as 
to make clear the scheme proposed in this paper. 
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An attempt is presented for calculating the spectrum of the vibrational frequencies as 
well as that of electronic energy levels of crystal lattices with defects. It is shown that the 
Fourier or the Laplace transform of the spectrum can be obtained from the trace of density 
matrices which satisfy a set of simultaneous differential-difference equations. 

Formal solutions of these equations are given, which are analogous to the integral expres- 
sions for additive functions of normal mode frequencies originally used by Montroll and 
Potts. As another approach to the solution of the equations, the perturbation expansion 
method is employed, which yields a cluster expansion or an expansion in terms of the con- 
centration of defects. Finally the moment method and its correspondence to the random walk 
problem are discussed. 


§ 1. Introduction 


In recent years there have been a number of papers on the problem of the 
vibration frequency spectrum as well as the density of electronic energy levels for 
crystalline solids containing lattice defects. Montroll’? invented a computational 
method for the evaluation of the frequency spectrum of periodic lattices by means 
of calculating the trace of a matrix of a secular determinant by which the eigen- 
frequencies were determined. Montroll’s method, the moment trace method has 
been applied by his collaborators”~* and Hori” to determine the vibrational spectrum 
of one-dimensional disordered lattices, and energetic works have been presented in 
a series of papers. Ford" used the same method to study the density of electronic 
states of one-dimensional liquid metals. Mahanty et al.” gave another method which 
is a simple application of the method of evaluating additive functions of the normal 
mode frequencies” originally used by Montroll and Potts.” While for the same 
problem, a powerful method of computation was presented by Dean,” which, how- 
ever, can be applied only to one-dimensional lattices. Although these various 
methods yield several results of physical interests, they do not seem to provide a 
proper basis for practical calculations of spectra for three-dimensional lattices. 

Apart from a series of works as mentioned above, there are papers of Dyson,” 
Lifshitz and Stepanova,”” and Schmidt. They have features of considerable 
mathematical elegance. However, it seems to be very difficult to apply them to 
practical calculations. Parmenter’ studied the density of electronic energy levels 
of three-dimensional disordered lattices by using Nordheim-Muto’s virtual crystal 
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approximation.” The most striking result of this theory is the prediction of 
a tailing-off of the density of states curve into a forbidden band. His theory, 
however, fails to give a complete description of the spectra, because the broadening 
of each in-band level is not taken into account. 

The purpose of the present paper is to present a new approach, which seems 
to provide with a more powerful technique than the previous ones for evaluating 
the frequency spectrum as well as the spectrum (the density of states) of electronic 
levels for solids containing impurities. We start with the Fourier or the Laplace 
transform of the spectrum. In § 2 it is shown that both of them can be obtained 
by introducing density matrices. Formally the equations satisfied by the density 
matrices are analogous to the Schrédinger equation or the Bloch equation. This 
permits us to apply the various methods employed in quantum mechanics. The 
present method seems to have advantages over previous ones in that the calculation 
of the spectrum can be reduced to solve these equations, and then to evaluate the 
trace. Here it should be emphasized that the present method enables us to obtain 
the spectrum without knowing each energy eigenvalue and corresponding eigen- 
function and therefore without considering the secular determinant. 

In §3 we present a fundamental formulation of the problem. Our basic equations 
which determine the energy eigenvalues are a set of difference equations, and so 
the density matrices satisfy differential-difference equations. Our procedure for 
solving these equations is to use the method of the Green’s function similar to 
that employed in scattering theory.”~*” It is shown that they are reduced to 
simultaneous integral equations of the convolution type. 

In § 4 we study the Laplace transforms of the density matrices, which are 
adequate for obtaining formal solution. They satisfy a set of difference equations 
which are closely connected with the ones encountered in the time-independent 
impurity problem;””~”” exact solutions of these equations are obtained by 
solving secular equations whose orders are equal to the number of lattice sites over 
which the impurity potential extends. Perturbation calculation for the difference 
equations is carried out in §5, from which an expansion in terms of the concen- 
tration of impurities is obtained. This perturbation expansion is intimately connected 
with the multiple scattering problem in quantum mechanics.” It is shown that 
each expansion term corresponds to graphs which include various types of clusters 
of impurities. In $6 the moment method is discussed together with its con- 
nection with the random walk problem. iy 

In this paper we present a general formulation of the problem, still confining 
ourselves to study the formal properties of the energy spectrum without specifying 
simple models. The application of the result to the construction of the spectrum 
will be left in a forthcoming paper. 


§ 2. Density matrices 


: i i i avais lattice. 
We consider a crystal which contains N atoms arranged in a Bravais latt 
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Here N is assumed to be infinitely large. We assume that there are identical 
impurities introduced substitutionally into this lattice. The distribution of the 
squares of the normal mode frequencies of the vibration as well as the density of 
one-electron energy states are both designated by the same notation N(E), where 
E is the energy eigenvalue in the latter case, and is the square of the eigenfre- 
quency w® in the former case. The Fourier transform of N(£) is given by 
Mig | exp(/az) N(E)dE. (2-1) 
It is rewritten as 


Nie 7 3 exp(ieE,). (2-2) 


4 


Then M(qa@), the characteristic function of N(E), is given by 


M(a) = Tr{p(a)}, (2-3) 
where 
p(a@) =exp(iaL) (2-4) 
is a density matrix, and where L is an operator corresponding to the energy eigen- 
value E, but it is not yet specified. (a) satisfies the differential equation 
el _9p 2 tig (0) =i. 1 (2-5) 
i Oa 


which is formally equivalent to the Schrédinger equation if @ is replaced by time 2. 
The operator L can ordinarily be decomposed into the sum of an unperturbed 
term Ly, and a perturbational term V: 


LL, Vv. (2-6) 
We study the Laplace transform of Eq. (2-5): Let 


co 


o(s) = | exp(—sa)p(a)da, (2-7) 


0 
and then 


& (5) eee ee 


Siew ey Sica ily 


= Vols). (2-8) 


The variable s must be understood as a complex variable with positive or zero: 


real part. 
Similarly, we can define the bilateral Laplace transform of N’ Cay = 


KR@ie | exp(—aB) N(E)dE. (2-9) 
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This transform always exists, since N(E) vanishes except in limited regions of 
E. As before, K(@) is given by 


K(a) =~ Trg(@), (2-10) 
where 

@(a) =exp(—aL). (2-11) 
It satisfies the equation 

Read aD oat ¢(0) =1, (2-12) 

Ja 


which is precisely the familiar density matrix encountered in statistical mechanics. 
Applying the Laplace transformation to the above equation, we have 


G(s) 


1 i 
Sas VL LS Vers) (2-18 
s—Iy s—Ly ) 
Similar equations were obtained by Watson” in his theory on the evaluation of 
the partition function in a quantum-mechanical system. 


§ 3. Difference equations and integral equations 


So far, we have not specified the operators L, and V. In the case of lattice 
vibrations E is determined by the time-independent equation of motion for atoms. 
Here we assume that each component of the displacement of one atom is inde- 
pendent of each other.* The equations of motion of the harmonic vibration for 
one component of the displacement may be written in the form: 


2 {E(R,—R,) + V(R;, R,)}uCR,;) = Eu(R,), (3-1) 
(g, 25° =) 
where 
E(R,—R,) =«(R,—R,) /m (3-2) 


is the term due to the unperturbed lattice, «(R;—R,) being the force constant 
between the atom at R; and the atom at R,, and m being the mass of one atom. 
V(R,, R;) is the corresponding term due to the impurity potential, the explicit 
form of which, however, is determined by the type of the impurities. 

Similar difference equations arise when we make use of a tight-binding ap- 
proximation for the electronic states ; the one-electron crystal wave function is 
approximated by the Bloch sum, constructed by taking a linear combination of 
orthogonal atomic orbitals, i. e. for example, the Wannier functions or the orthogona- 
lized atomic orbitals. In the general case, of course, we must approximate the 


* This is true, for example, for a simple cubic lattice with nearest neighbour interaction. 
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crystal wave function by several Bloch sums, one for each of the interacting atomic 
levels, but for the present we consider only a single sum: 


E (ry fou Retr ois), (3-3) 


where r denotes the space coordinate of the electron, Y(r) is the erystal wave 
function, and g(r—R,) is the orthogonal atomic orbitals centered at R,, and where 
the sum extends over the lattice sites making up the crystal. The one-electron 


Hamiltonian of a system is given by 
H=H,+V(r), (3-4) 


where H, is the one-electron operator for the unperturbed lattice, the sum of a 
kinetic energy, a Hartree field of the electron cloud, and a potential energy of the 
ion cores which reflect the periodicity of the perfect lattice, and V(r) is the per- 
turbation due to impurities. The energy eigenvalue is determined by the equation : 


(H+ V(r)) Z=EP. (3-5) 


If we substitute (3-3) in the above equation, multiply the resulting equation by 
¢o*(r—R,), and, finally, integrate over the space coordinate, we obtain a set of 
difference equations for the w’s which have exactly the same form as Eq. (3-1). 
Here E(R;—R;) and V(R;, R;) are given by 


ACRE R = \y*@-R) Hor =R, Jar, (3-6) 


V(R,, Ry) =| e*@—-R) VO) e@—Ry)dr, (3-7) 


where 9*(r—R,) is the complex conjugate of g(r—R,), and dr designates the volume 
element of r. 

Eqs. (3-1) define the operators L, and V explicitly; namely it can be written 
as the following operator equation : 


(L,+ V)u(R) =Eu(R), (3-8) 
when we define L, by 
L,=E(—7), (3-9) 
where E(—iP) is given by replacing k by —d in the following equation, 
Ey = om exp(ik-R)E(R), (3-10) 
and Vuw(R) by 
Vu(R)= 3) d(R-R) VR, Ry) u(R), (3-11) 


where 4(R—R,) is the three-dimensional Kronecker’s delta, and the sum over R; 
extends over all lattice sites at which the perturbation has nonvanishing matrix 
element. 
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Using the coordinate representation, Eq. (2-8) is expressed as follows: 


R,, KR; a 
o(R, $= (r,| oon -R nti 3 (Ry rae R,) 


/ 


x V(R;, R,)o (R,, Fs s)3 (3-12) 
or more simply 
Tim (S) =Jim(S) +i 2 913(S) Vj Tim (S)- (3-13) 


Gap Dao eres 1 2S <9): 
Here we have used a simplified notation : 


T1m(S) =<a(R,, Re =)5 Vn=V(R;, R,), 2 ez > 


Rj Ry 


and the matrix elements 9 is given by 


Q \ exp{ik- (Ri —Rn)} dk, (3-14) 
(27)8 s—iE(k) 

where 2 is the volume of the unit cell, and the integration is carried out over 
the first Brillouin zone in k-space.* Eqs. (3-13) constitute a set of simultaneous 
equations. We notice that there are as many equations as the squares of the 
number of lattice sites in the crystal. Transforming back to the original matrix 
o(a@), we obtain from Eqs. (3-13) a set of simultaneous integral equations : 


Jim (Ss) =— 


hi; (7) V se Pum Crepe (3-15) 


ot Q 


Pim (@) =him (a) +2 2 


(LS BS ee sat py ena) 


where 
Retaye: Gaye Jerr ie) +-ik- (R,—R,,)} dk. (3-16) 
This shows that 2,(@) is independent of J. Thus we may write as 
hy (@) =ho(@). (3-17) 


As is easily seen from Eq. (2-1) and Eq. (3:16), ho(@) equals the value of M(a) 


for the unperturbed lattice 


hy (2) = 2 _ \exp{iai(k)} dk= VEO (3-18) 
(27) * 


In exactly the same way we get a set of simultaneous equations for the 7’s: 


* Hereafter the integration over k always means the one that is taken over the first Brillouin | 


zone. 
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aos) Gin) re 2a guy (S) Vix Tum (5) ase (3 : 19) 
(2 1).20, 83 -m=1 2,.9 9 
where 
Gin (5) =- es (xp tee Ba) dk. (3-20) 
3 (2m)? s—E(k) 


The corresponding simultaneous integral equations are given by 


a 


Pim (@) = Pim (@) — 24 | pu) Vin Gem (@—7) dy, (3-21) 
ey 
(=O pad ee 
where 
Pim (@) = 2, \exp{—aE (®) Saki (RR ale (3-22) 
(2mm 


As before for the unperturbed lattice, K(a) is in accordance with 


3 \exp{—aE (hk) } dk=K,(a). (3-23) 
Hereafter we do not consider Eqs. (3-19) and Eqs. (3-21), since formally they 
are quite analogous to Eqs. (3-13) and Eqs. (3-15) respectively. 


§ 4. Formal solutions of fundamental equations 


In Eqs. (3:13) the matrix of the coefficients of the o’s has a simplifying 
feature. Let us change the numbering 7 and arrange such 
Om that corresponds to the nonvanishing V,,, into the upper 
left part of the matrix. If this is done, the above-mentioned 
matrix has the form in Fig. 1., where the shaded region is 
a region of nonvanishing elements and the unshaded region a 
is the region which has vanishing elements except for the 
indicated 1’s. The matrix of the upper left corner which is * 
enclosed by the heavy lines and the corresponding deter- Yj a 
minant are designated by A(s) and D(s) respectively. The 


Fig. 1 
pq element is given by 


(ACS) ) pe = Sma 8 2 Fn4(s) Vizag (4-1) 


Thanks to this we may first solve our simultaneous equations (3-13) by limiting 
Z only for the lattice sites over which the impurity potential has nonvanishing 
matrix elements, and obtain the corresponding o’s. Then inserting these o’s into 
the right-hand side of Eqs. (3-13), we have the remaining matrix elements of oc: 
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mn (5) = Jon SE POC pa 913 (8) Vip Boa (8) Gam (S) 5 (4-2) 


where: B,,(s) is the cofactor of (A(s)) m- lhe trace of the o’s is given by 


z 


i 
= Tro=g oy 
ay ees N?D(s) 2 2 iV in Bra Fas Oe) 

where 

(tt ak 
End ht Gay | s—iE(k) ee 


and the sum over / extends over all lattice sites in the crystal. Using the periodic 
boundary condition, this sum is carried out as follows: 


Xs I IJa= —NGes; (4-5) 


where the dash indicates the differentiation with respect to s. From this relation 
(4-3) is reduced to 


Te o= go 75 Bd Vin Be (4.6) 
Considering (4-1), we have 
a Tre=go+ = a : (4-7) 
The inverse Laplace transformation of the above equation is given by 
C+t00 | 
M(a) =hy(a) +47 Ger | exp(as)d {log D(s)}, (4-8) 


where C is real and positive. This is the formal solution of simultaneous integral 
equations (3-15). Eq. (4-7) as well as Eq. (4-8) can be further simplified when 
V,, depends only on the relative distance between R, and R,: in Eq. (4-1) the 
sum over j is done to give the following result, 


(A) po=9na—S pa» (4-9) 


where fp, is given by 
_ _ @ ( iV(k) exp{ik: (Re—~Rd)} gy, 4-10 
ful) =n s—iE (k) : 410) 


V(k) being the Fourier coefficient of the impurity potential : 
V (k) = >) V(R) exp(—7k -R). (4-11) 
Wi 


Taking into account the relations 
ECs) 0, eas s|> 00, (4-12) 


Tl 0 iS T akeno 


we see that the Bromwitch integral in Eq. (4-8) is transformed to a contour 
integral along a closed, counterclockwise curve which encloses all zeros and all 
poles of the D’s. Therefore, formally Eq. (4-8) has close resemblance to the 
contour integral formula for evaluating additive functions of the normal mode 
frequencies originally obtained by Montroll and Potts. 

Let us consider Eq. (4:7) and Eq. (4-9) for some simplified cases. For the 
unperturbed lattice, we see that o, is independent of 7. Let o% be the value of 
(1/N)Tro for the unperturbed lattice, we have 


O=Yo- (4-13) 
Hereafter we assume that V(k) is the Fourier coefficient of the perturbative po- 


tential due to one impurity. Then for the one-impurity problem, the correction 
term to 0, 0, is given by 


PaaS (4-14) 
Nas Tors 
where 
see ae) 4-15 
fo paler Sea 


o, is apparently independent of the location of the impurity. This is due to the 
periodic boundary condition. Next we consider the case when two impurities are 
located with relative distance R. Then the correction term to o, o,(R) is 


ee ute 1 af ght for : So—tr : 3 
ae N Leip % 1—fotfr e ne, 


where 


| Praca each em Geely we. 


(Qr)3 s—iE(k) aiae 


The “interaction-o ” of a pair of two impurities is defined as the difference between 
the o of a system of two interacting impurities and that of a pair of isolated im- 
purities and is given by 


o,(R) — 20, Ac s2o et Soft at fifa 
INS (Leafy CLS fay rae 
The inverse Laplace transformation which yields the impurity levels is easily 


carried out. The zero of the determinant D(s) may exist for a purely imaginary 
value of s, s=i€ (€ being real) such that 


(4-18) 


for é> fas 


D(ié) =0 
or. for €<£,, 


(4-19) 


where F#, and E, denote respectively the maximum and the minimum value of 
E(k) of the unperturbed lattice. The former corresponds to the case in which 
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the impurity potential is positive, while the latter to the case in which the impurity 
potential is negative. Remembering Eq. (4-1) or Eq. (4:9), we can rewrite Eq. - 
(4-19) explicitly as 


det|d,.— 7 y, 22 _ (expiik: (R,—Ry)} | : 
Pd <r ja ae | é— E(k) d | 0, (4 20) 
or 
| Q V(k) exp{ik- (R,—R,)} 
det | 0,¢— | Abe Say Datbehs 2g | Ha i ; 
anid @.9 1 €—E(k) eae. ee 


These are just the secular equations for determining the impurity levels which are 
displaced out of the main continuum of the unperturbed energy band. If the 
it 


solutions of these equations are designated by W,;(j=1, 2, 3, -:-), the contour in- 
tegration in Eq. (4-8) gives the following contribution to M(q@): 


4 Si exp(iaEy). (4-22) 


Therefore the spectrum of the impurity levels is given by 


ay sat (4-23) 
N 7 

In order to study the one- and two-impurity problem, let us consider Eq. (4-7) 
or Eqs. (4:14) and (4-16). For the one-impurity problem the impurity level & 
is determined by the equation 


“ \ ULES NSA Pe (4-24) 
(2r)* J &—E(k) 
When two impurities are located with relative distance R, the eigenvalues are 
given by 
Dek (iVide: ay a 3 
| MAT 0 + exp Gk: RY} =1:. (4-25) 
oa) €—E(k) \ 


The calculation of the contour integration which gives the shifts of in-band 
levels is not so simple, because in this case the zeros as well as the poles of the 
D’s have nearly continuous distribution on the imaginary axis. For this reason, 
we here consider only the one-impurity problem. The denominator of Eq. (4-14) 


is rewritten as follows : 


1-[ MO ap, yer 
s—iE ; 
where 
pied sone COLE ge Oa 
N, (E) —_. (27)* ae \7 1. Ck) | ; 
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where dS; is the surface element of the constant energy surface E(k) =E in 
k-space. The zeros as well as the poles of (4-26) may exist for a purely imaginary 
value of s=i&, € being real. Replacing the integral by the sum, we have 


po Ve 53 Ni Eno) (4-28) 
Ty ee 


where E,)(n=0, 1, 2, 3, -::) is the energy levels of the unperturbed lattice, and 
W is the width of the energy band E(k). The equation obtained by letting (4-28) 
be zero is the familiar equation giving the shifts of in-band levels as well as im- 
purity levels. The inverse Laplace transformation can be achieved through the 
application of the theorem on the contour integration :*” Let C be a contour in the 
z-plane, and let f(z) be a function analytic inside and on C. Let (2) be another 
function which is analytic inside and on C except at a finite number of poles; let 
the zeros of 6(z) in the interior of C be a, a, -:-, and let their degrees of multi- 


plicity be 71, 72, -:; let its poles in the interior of C be &, &, -:-, and let their 
degrees of multiplicity be s,, s.--:. Then 
/ > 
1_| F(z) £2 de= F rfla) — Df Oy), (4-29) 
Oni J 6(z) 7 


the summations being extended over all the zeros and poles of ¢(z). Then the 
inverse Laplace transformation of Eq. (4-14) becomes 


1 
N 


> {exp (iE, a) —exp(tE@)}, (4-30) 


where £, is the energy eigenvalue determined by letting (4-28) be zero. There- 
fore the spectrum is given by 


= {X" 0(E-E,) +0(E—&)} —Ni(E), (4-31) 


where the prime on the summation indicates that the impurity level which is 
obtained by (4-28) must be excluded, and where N,(E) is the spectrum of the 
unperturbed lattice, which is obtained from Eq. (3-17) and is assumed to be 


known. 


§5. Random lattices and perturbation calculation 


By a random lattice we mean here the one in which each atom in a regular 
lattice is replaced with a definite probability by an impurity atom of fixed kind. 
We shall develop a perturbation method for solving Eqs. (3-13), which will allow 


us to obtain another expression for (1/N)Tro. With the use of the method of 
iteration, Eqs. (3-13) are solved as follows: 


Cm =IJim +t pa Ta VaeJan+t 2 2 Jia Vida Gee VoeIemt DEE se (5-1) 


(LTP 253% m= 2 ee) 
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When V,. depends only on the relative distance between R, and R,, following 
the same procedure used to derive Eq. (4:9), from Eq. (4-1) we can carry out 
the sum over a, 8, ---. The result is 


Om = Jim t+ Do Ita fam 2 Mia for fom 2 afar foc fem+ (9-2) 
- From Eq. (5-1) we obtain 
(C/N) Tro)=q—2{>) GueV aera, 2 Ie VaaIar Veg — o's (5-3) 


where the angular brackets denote an average over all Boss ble arrangements of 
the impurities. Using the following relation analogous to Eq. (4:5): 
YU afa=—Nf va; (5-4) 
we get from Eq. (5-2) 
(G/N) Tro)=9o—cfo (dif Soap QF a foe fea) — "5 (5-5) 


where c is the concentration of the impurities. Applying to Eq. (5-3) the inverse 
Laplace transformation, we obtain the perturbation expansion for (M(q@) ): 


(M (a) )=Mi(@) + (Mi (a) KM a) pF, (5-6) 
where 
{My (@) y=iad pe Viewlian(®) ); (5 he) 
(M, (a) = 2 | ae \ (ey Oot, Van htan (2) Vine Rae (as) X > 
x hya (a) Vas ihe A wt <a,) ) da, da,::-da,. (5 8) 


(nae 3, 4) 


Following the same procedure, from Eq. (5-5) we have the expansion 


(M, (a) )=icah(@), (5-9) | 
S OA Ay Hy 
(M,(@) =r | aN \ Come (@,) Ope (a) ee X bae(@n) 
0 0 0 
X Deg (@— Ag—Ag— 11 — Ay) ) da, daty-da,, (5-10) 


(n=2, 3, 4, su) 
where 
be (ae) = 2, | Ve exp {ial (he) +ih- (Ra Rs) dh, 
bag (@) = by (@). (5-11) 


Next we shall develop a perturbation expansion in a slightly different way, 
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which is similar to the methods employed in multiple scattering theory. Our pro- 
cedure is to rewrite (5-2) such that in each expansion term no two adjacent in- 
dices may be alike. For this purpose we rewrite them as 


Cim=Jim om Gia Qdms (5-12) 
where ,,, satisfies the equation 
am =Lan yo ees Sonate (5-13) 
tH) 
From this equation we get 
sr Fam t = LY Fav Bom (5-14) 
where 
d=1—fh. (5-15) 


In the above the prime on the summation indicates that a#b. Then Eq. (5-14) 


gives by iteration 


= font : Da far fom as =. ney PTET tel ek is (5 ; 16) 


1 
= 
Inserting this solution into (5-12), we have the result 
es Tro)=gy— cl — 4 {32 Shas fee)— 3 Ll farfoefea)— 


(5-17) 


This is the expansion in terms of the exact solution of the one-impurity problem. 
Such an expansion has frequently been used in the multiple scattering theory. We 
can represent the terms of our series by closed diagrams through the various sites 
of the impurities. These are shown in Figs. 2, 3, and 4. 

The series (5-17) is rearranged as follows : 


MDS Es 


Fig. 2. Graphical representation Fig. 3. Graphical representation 
of the third term of (5-17). of the fourth term of (5-17). 


re 


Fig. 4. Graphical representation of the fifth term of (5-17). 
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f 1 rae re / il ~ 1 if 
oy thee 0) = yc o » Tee pt ofraot as fo fartoa 


ab 


faa e ' i / 5 2 
ia d SEN CR we d re Se ee hed 15 ) 


it ' 
(3S fafefat to, (5-18) 


where the double prime on the summation indicates that all indices must be different. 
In this expression we have thus separated the perturbed term of (1/N)Tro into 
scattering by single impurities, by pairs, by triplets, etc. This procedure, for 
example, corresponds to picking out such diagrams as shown in Fig. 5 from 
Figs. 2, 3, and 4 for Eq. (5-17). It is useful when we consider the effect of the 
correlation among the impurities. : 


p @ OD 


Fig. 5. Graphical illustration of the interaction between a pair of the impurities. 


The second term of (5-17) which is proportional to the concentration of the 
impurities is related to the solution of the one-impurity problem and is in fact equal to 


Neo. (5-19) 


The effect of the correlation between a pair of the impurities is involved in 
“Jadders” which repeatedly runs back and forth between a and b. Physically, we 
can think of them as resulting from a pair of closely coupled impurities. It is 
represented in the first sum of Eq. (5-18), which is reduced to 
as Paes Df afoatto tar fra ; (5-20) 
ap d(d*—farfoa) 
Let w(R)/N be the probability that two impurities are located with relative 


distance R; the normalization condition is 


>) w(R)/N=1. (5-21) 
ry 


By considering (4:20), the above equation is written as 


N_& St w(R) {o2(R) — 204}. (5-22) 
2 +0 


ke rea) Eqs. (4-15), (5-19), and (5-22), we have the series in powers, of c: _ 


2 
(— Tr o)=aytNeo+N- ¥ {o,(R) —20y} +>. (5-23) 
N 2 R+0 
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A similar expansion formula was obtained by Lifshitz and Stepanova. However, 
the explicit forms of o, and o(R) obtained by them were not fit for practical 


calculations. 


§6. The moment method and the random walk problem 
The moment of the spectrum is obtained from Eq. (2-1) ; the m-th moment 
is given by 
int "(d™ Mla) idan |c0- (6-1) 
Using Eq. (5-6), we obtain the expansion for 4p: 
P= Um (O) + Pim (1) + Pm (2) Fo + fm (772) « (6-2) 
where 
bm (2) =1-™|d™ My (a) /da™qao- (6-3) 
(n=0,.112,-3 5") 
Here we have eed the following relation, 


P’m(n) =0 unless n<m, (6-4) 


which is easily derived from Eq. (5:8) or Eq. (5-10). The expansion Eq. (6-2) 
is exact in a sense that the m-th order perturbation does not contribute to the 
moments whose orders are less than 7. 

The m-th moment of the unperturbed lattice is given by 
Loe f 
PaO) =~ are jE) dk. (6-5) 


From Eq. (5-7) we see that the contribution from the first order perturbation is 


(Hm (1) =D Vaa Haa(m—1)), (6-6) 
where 
Hn) = an E(k)” exp {ik: (R,—R,) dk. (6-7) 


When 22=0, it becomes 


Hy, (0) =0(a—a). (6-8) 
If we use Eq. (5-9), we have 


HER SCA SRIE RNA aS 
(Pm (1) >=me Cae \ VG) EC) dk. (6-9) 


The calculation of the higher moments are made in a straightforward way. 
After some manipulations, from Eq. (5-8) we have the results: 


alll 0 alee 


“ee 
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pe m r p-l 
(Hm (70) )={ 3) og oo iam — pt Prai-1) Vou 21 Has(p—p:—1) 


Pn-g7) 
x Vie DEH DG Voy 2 FAlya (Pn-2— Par a 1) Vas). 
Dy —y=1 


Pao 
(n=2, 3, 4;---m) 
We present here the first five moments: 
Ho=1, 
(t4)=16(0) +( 2 Vea Hoa (0), 
(2) = '2(0) +2¢ 2 Vaa Haa(1) )+¢ 2 Var Via), 
(Hs) = (ps0) )+3¢ 22 Vaa Haa(2) )+3¢ 1 Vaa Har (1) Va), 


(6: 


(6. 
(6. 
(6. 
(6. 


(Ha = (14 (0) »+4¢ 2 Vea vie feo EP) D+ 263) Van A (1) Vie TH ea(hy> 


Ae x Vian FI, (2) Vea +4¢ a Mises VS Vic View? 
“+ ori Va» Vic V 2a View: 


In the above we have used Eq. (6-8). 
If we consider Eq. (5-10), we get 


{Um (72) an ay pa Seal — pt Pra—1) as (p—fi-1) Xa 


Pr—2 1] 


x ya Soe Ee 1) » 


(n=2, 3, 4,---) 
The first five moments are then given by 
Po=1, | 
(4 =11(0) +05(0), 
(fa) =P (0) + 2c5)(1) +¢ pa Sav (0) Sra (0) >, 


(6: 
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10) 


11) 
12) 
13) 


14) 


15) 


-16) 


Li) 
-18) 
-19) 


(Ps) = ts (0) +3eSp(2) +3¢ 37 Sav (1) Soa (0) D+6 2 Sav (0) Soo(0) Sea (0) ), 


(144) = Hs (0) + 4c59(3) +4 3 28a (1) Sra (1) + 48a (2) Soa (0) > 


(6- 


20) 


+403) Sev 1) Sre(0) Sea (0) +3 San (0) Sie (0) Sea(0)San(0), (6-21) 


where 


Sri) a oa \ V (k) E(k)" exp {ik- (R,—R,)} dk. 


(n=0, 1, 2,---) 


(6: 


22) 
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Here we have put ; 
So (1) = Sankt), (6 -23) 


since it is independent of a. Eqs. (6-11) and (6-17) show that the area of the 
spectrum remains unchanged. From Eqs. (6-12) and (6-18), we see that only 
the diagonal part of the impurity potential contributes to the first moments. 

The moments are intimately connected with the random walk problem. First 
we consider the moments of the unperturbed lattice. Inserting (3-10) into (6-5), 
we have another expression for /4,,(0) : 

Hn (O) = pa , ECR) E(R,)--E( Rn) dR + R.+--+Rn). (6-24) 
keh, 

This equation represents a kind of random walk in which the walker walks on 
the lattice sites and then returns to the starting point after 2 steps; the length 
’ of each step is determined by the R-dependence of EUR). In this walk, however, 
the walker is allowed to stay at some lattice sites. In order to prohibit this staying, 
the origin of the energy which have so far been unspecified must be chosen as 


E(0) =0. (6-25) 
Let 4, be the m-th moment with this specification of the energy origin. Then 
we have 
Am(0) =) 1 EGR) ECR) ---E (Rn) 4+ Rat ++ +Rn), (6-26) 


Ry Ry Rh. 


-where the prime on the summation indicates that R,~0; R,40, ---, R,+~0. The 
schematic feature of the above equation is shown in Fig. 6. If E(k) is charac- 
terized by the nearest neighbour interaction, the walker cannot return to the 
starting point after odd-number steps, so that 


Ce OU ES os a) 


This shows that the energy band of the unperturbed lattice is symmetric about 
the origin of the energy axis. 

Next we consider the correction terms due to the perturbation in the ex- 
pression for each moment. Using Eq. (3-10), Haa(m) can be rewritten as 


E(R2) 


Energy Spectrum of Lattices with Defects. I EES 


Aqa(m) ot pa 3 E(R,) E(R,)--E(R,) 4(Ri+ R,+ + +R, +Re—R,). (6-28) 
This equation represents the random walk in which the walker walks from R, to 


R, after m steps. This is illustrated in Fig. 7. In the same way S(sm) can 
be written as 


San (7) ae ee V(R)) E(R,) +E (Ry +1) 4(R,+ R,+ perl +RriitRo—R,) : 
ay 2 Llon TI i 
(6-29) 
This represents the walk of (+1) steps, one of which is made by the impurity 
potential. 

From Eqs. (6-26), (6-28), and (6-29), it is shown that the moments are 
described by the random walks among the lattice sites. Therefore the evaluation 
of the moments can be reduced to study the number of possible paths for the given 
configuration of the distribution of the impurities. 


§ 7. Summary 


In this paper the effect of a perturbation due to impurity potentials on the 


energy spectrum of periodic lattices was studied. The theory differs from the 


previous ones in that the evaluation of the Fourier or the Laplace transform of 
the spectrum is reduced to solving a set of differential-difference equations or equi- 
valent simultaneous integral equations satisfied by density matrices. We saw in 
§ 2 that the calculation of the density matrices is logically connected with the 
solution of the Schrédinger equation in the scattering theory; if L is the Hamil- 
tonian operator, Eq. (2:8) or Eq. (2-13) becomes an integral equation. In our | 
formulation of the problem in § 3, our particular intention was to construct the 
theory on a basis of the theory of perturbed periodic lattices first developed by . 
Koster and Slater, in which the basic eigenvalue equation for the impurity problem _ 
was a set of difference equations. It was shown in § 4 that this enables us to 
solve Eq. (2-8) exactly. The calculation of Eq. (4-8) or Eq. (4:13) was shown 
to be equivalent to solve the eigenvalue problem directly, that is to say, .to solve 
Eq. (3-1). Therefore such a procedure is rather inadequate for practical cal- 
culations when the number of the impurities is large. In §5, we showed a per-— 
turbation expansion method to solve Eqs. (3-13), which yields also a formal 
expansion formula in a series of powers of the concentration of the impurities. | 
From (5-17), we see that the calculation of (1/N)Tr@ is reduced to studying — 
the problem how we can select various expansion terms belonging to a particular 
type of graphs in a compact form which allows us to carry out actual calculations. 
Perhaps this is one of the most important tasks for our problem. Here it is to 
be noted that apart from the spectrum of in-band levels, the ordinary perturbation — 
method fails to give the spectrum of impurity levels or of an impurity band. In 
§ 6, the general expressions of the moments were obtained. A correspondence to. 
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the random walk problem was shown to elucidate the problem from a different 
standpoint. Also it was pointed out that the moment is obtained by explicitly 
calculating the number of possible paths of the walks for a given configuration of 


the impurities. 
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In the previous paper we have proposed a scheme for non-leptonic decays of hyseroa 
and K-mesons in the full symmetry theory of Sakata’s composite model. We shall make a 
further investigation, of our decay scheme. First it will be shown that the relations between 
various decay amplitudes are independent of particular configurations assigned to the particles 
which participate in the reactions. Next the K-3z decay will be studied to show that our 
decay scheme is rather successful as in the previous paper. Finally we shall make some dis- 
cussions concerning anomalous decay modes in which there appear one or more 7” or 7°// 
in place of 7°. 


§ 1. Introduction 


0),2),3) we assume that there exists a certain 


In the theory of full symmetry, 
symmetry (full symmetry) among the basic particles p, m and A in Sakata’s com- | 
posite model.) This assumption has achieved a fair success in the study of strong 
interactions. Particularly, a mass formula” has been found for the strongly inter- 
acting particles on the analogy of the nuclear model. And asa result it has been 
made clear that there is a remarkable correspondence between the states predicted 
by the full symmetry theory and the resonance levels established in scattering ex- 
periments. In view of these circumstances we anticipate a bright future before 
the full symmetry theory of Sakata’s model, although there still remain many 
unsettled problems, especially the problem of dynamics. 

In a previous paper” (hereafter referred to as I) we have studied the weak 
interactions in the scheme of the full symmetry theory. Following the same line 
of investigation, we shall discuss in the present paper some problems left untouched 
in I. 

To begin with, we shall outline our view on the non-leptonic decays of hy- 
perons and K-mesons. In the full symmetry theory a physical system is considered 
to be the totality of the configurations associated with the same quantum numbers 
Hash tso> bids)e" Lhe: first three of these numbers specify an irreducible rep- 
resentation of the full symmetry group, 1. e. the unitary group U(3) of degree 
three. Thus a hyperon or a K-meson is expressed by a vector of an irreducible 


representation space. We assume that this vector remains in the same repre- 
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sentation space when the particle is subject to a non-leptonic weak decay. This 
means that such a decay reaction is governed by the selection rule 
Anne O54= Li5—0, (1-1) 


which is embodied in that the interaction causing a decay process can be expressed 
in terms of the operators of the group U(3). We have the following possibilities 
of the primary weak interactions O: 


For Aes O=Na; WEE and LoNGe 
For AS=—1, OziNe i Paul bes and az ING 


(1-2) 


Along this line of thought we have analysed in I the hyperon decays and the 
K-27" decays, and have found that the selection rule (1-1) may well replace the 
so-called |47|=1/2 rule. There, as the initial states we have taken* the (2+1)- 
body configurations for hyperons and (2+2)-body configurations for K-mesons. 
For instance, the decays J->2°+n and A-2~+p have been considered as the 
transition 


F;(A) > Fi CN) - B, (2). (1-3) 
However, we have a great many ways of treatment, that is, 
F(A) > Fy (N) - By(z), 
> FN) -Ba(z), 
F,(A) > Fi (N) - Be (x), (1-4) 
> FCN) -B,(z), 
> F(N) -B,(z), 


and so on. Here F,(@) (B,(3)) stands for an n-body configuration of a fermion 
a (boson #). According to our ideas, a physical particle should be understood as 
the totality of all possible configurations. Then the transition schemes in (1-3) and 
(1-4) are all equivalent’ and should lead to the same conclusion. This, however, 
is not so apparent at first sight because of the complexity of higher configurations. 

The first purpose of the present paper is to clarify this point and to show 
that our conjecture is actually true. In the above example, the relation between 
the amplitudes for J->27+p and A->2°+n is independent of whether we regard 
the reactions as (1-3) or as any of (1-4). Sucha fact can be proved in general 
by considering the structure of higher configurations and fully utilizing the charac- 
teristics of our decay scheme. This result gives support not only to our view on 
the weak interactions as outlined above but also to our new particle picture which 
has been fully discussed in other place.” ; 

The second aim of this paper is to investigate some problems which have not 


* A (k+1)-body configuration consists of & basic particles and J basic antiparticles. 


i i i 
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been touched in I. In §3 we shall deal with the K-32 decays to show that our 
decay scheme gives the same results as the conventional |4/|=1/2 rule does, as 


was the case with the other decay processes of hyperons and K-mesons. 


concluding remarks. 


. § 2. Structure of higher configurations 


In our theory a physical system may be represented as the totality of the 
configurations associated with the same quantum numbers (72, So 0;.S, 1, Jz). From 
this standpoint, in considering the mutual relation among some reactions, what is 
important should be the quantum numbers of the systems and not the concrete 
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In §4 a 
further investigation will be made concerning the anomalous decay modes of 
hyperons and K-mesons in which there appears as a decay product 2” or 2°” pre- 
dicted by the full symmetry theory. The final section will be devoted to the 


configurations thereof. We shall show below that this is actually the case so far as , 


the interaction which induces the. reactions is expressible in terms of the infini- 
tesimal operators of the group U(3). For this purpose we begin with the discussion 


of the structure of higher configurations. 


Let us consider a physical system specified by the quantum numbers (723, So» to 3 
S, I, I;). To this system there correspond many configurations, which transform 1n 
the same manner with respect to U(3). The lowest of these configurations is a 


(0) 
fepsor E>. 5* that possesses the following properties: (1) The tensor is reduced 
ot. 


to zero when we contract it for any pair of a superscript and a subscript. (OA, 


The tensor has a certain symmetry character which arises from 


Young’s diagram. 


\*k+m 


0) 
; k Mk+1. 


Now, multiply Ty,4* by m Kronecker deltas Oyh*t.--0,f"” 
indices (1, 2, ---, A+) and (1, 2, ---, +m) separately. Then 
Teak NK SK 

yg eat Gee 

(0) 


For brevity’s sake we call (2-1) simply a product of 7’ and m 6’s, and denote it 


the corresponding 


and permute the 


we get 


1) f 
by 7'0---0. For example, 770 stands for the following configurations :* 


(2-7) 202= (nppp-+nnpnt+ndpAy/V3, 
(a7) 202= (nppp +nnnp +nAdp)/V'3, 
(2-) 2.08 = (pnpp + nnpn+ AnpA) /V3, 
(a-) 208 = (pupp + nniip + AnAp)/V3 . 


The configurations (2-1) are neither always linearly independent nor orthogonal 


* In ref. 3) we put 0)” =pp+nnt Ad, but it is convenient to normalize it as 0, 
0 


/V3. Then-(2-1) has the same norm as fi 


(2:1) 


« =(pp+ni+Ad) 


baer 


Py 
3 
i 


124 M. Ikeda, Y. Miyachi and S. Ogawa 


to each other. It is easy to make of them a complete set of higher configurations 
Kl Ee am 


which are linearly independent and orthogonal. Any higher configuration fea 
of the system can be expressed as a linear combination of the tensors (2-1), 
that is, 

om eg" Kh Ke a dy , 

Lowe La f Ou, SON (2-2) 
This tensor does not satisfy the above condition (1). 

A transformation belonging to U(3) leaves each irreducible representation 

space invariant. In particular, when we operate an infinitesimal operator U of 
U(3) to (2-2), we have 


%) 
(UT) 28" = L (UT) 


a "¥b y ad 9. 

My XD pon phy OX ta Ong) > (2 3) 
because 0," is invariant with respect to U(3). The coefficients of the linear com- 
bination in (2-3) are the same as those in (2:2). This feature of higher con- 
figurations plays a very important role in the subsequent discussions. 


Now, we shall consider a reaction 


A+B+:--53C4+D+:-, (2-4) 
where A, B, C, D, etc., denote the relevant particles. If the configurations 
T., T',, °-- (indices suppressed) are assigned to the particles A, B, ---, the con- 
figuration of the initial state becomes a product of T., T's, --- (cf. the paragraph 


below (2-1).), that is, 

f Gore ae) 
Similarly, the configuration of the final state is 

Vee ey (2-6) 


To obtain the amplitude of the reaction (2-4) it is convenient to expand (2-5) 
and (2-6) in terms of the basis vectors for the representation of U(3). If T., Te, °° 
are of (katda)-, (Retl,)-, --- bodies, then (2-5) is a (&+/)-body configuration 
with 

Robo e et os, ee eae ae 
We have already given a method of constructing the basis vectors for (k+1) -body 
composite systems.” We make them orthonormal and denote the resulting basis 
vectors by T;(q), where q denotes the set of quantum numbers and 7 discriminates 


one (k+/)-body configuration from another with the same set of quantum numbers 
g. Then we can easily expand (2-5) as follows: 


To Te = UC) TQ). (2-7) 


The final state should be a (&+/)-body configuration as well as the. initial one. 
Therefore, in like manner we have 
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Ta Lat yC*(g) Tig). (2-8) 


a, 

In (2-7) and (2-8) the coefficients on the right-hand side correspond to those of 
Clebsch-Gordan for angular momenta. We here assume, as is the case in our decay © 
scheme, that the reaction (2-4) is induced by the interaction O which can be 


expressed in terms of the infinitesimal operators of U(3). Then the initial state 
makes a transition to 


OT .:Te*) = par C*(q) OT ;(q) = eg) (ql@)Ti@) = 2 "C*(q)T:(q). 


The reaction (2-4) can take place through various channels, which may be specified 
by the quantum numbers and the possible configurations. Thus the amplitude 
desired can be given by 


A= 2 C'@) "CMd)<Ti(Q), Ti(7) Dau (qs 7) 
= 3 /C1@)"C1) Py Pen ays 2) = D'CQ)"CQ aul, 2-9) 
where (T;(q), T;(q’)) denotes the inner product and a,;(qg, gq’) is the amplitude 
for the channel specified by z7 and qq’. 

Next we analyse the reaction (2-4) in terms of higher configurations. We 
can do this by multiplying (2-5) and (2-6) by one 0,* with the same permutation 
of indices (cf. (2-1)). Correspondingly, T;(q) in (2-7) and (2-8) must be mul- 
tiplied by 0," with the same permutation. That is, the initial and the final state 
can be expanded as 


Ta-T gp: 0= LOOM, (2:7') 
T,:Ts 0= CEI CLE (2-8") 


with the same coefficients as those in (2-7) and (2-8) respectively. When the _ 
interaction O is switched on, (2-7’) makes a transition to 
O(T ..-Tg:"'9) =O(T,:T,:::)d= oy TC G1 @)o. 
ad 

Here use is made of the fact that the interaction O which induces the reaction 
can be expressed in terms of the infinitesimal operators of U(3). Accordingly, 
we have the following expression for the amplitude of the reaction (2-4) analysed 
in terms of higher configurations : 


A= 1 'C8Q)"Cl(7) (Ti) 8, Ty(q') 0) a5 (45 7) 


4,5,9,4! { 
= 3 /Ct(g)"C1(d)<TH(Q)s TH) 4 (9, 1) = DCO" CQ) ulG D- 
4,4,4,d! i,q 


(2°99) 
The amplitude a; shows that the corresponding channel is specified by the con- 
figuration 7,0 and not by Ti. (2-9') differs from (2-9) only in this a. There- 


fore, if we consider a second reaction, say, 
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CAINS Bude SOM Taare <, (2-10) 


the relation between the amplitudes of the reactions (2-4) and (2-10) is the same 
whether they are analysed by the scheme (2-9) or by (2-9'). This consequence 
is consistent with our view that a physical system is the totality of possible con- 
figurations. Furthermore, we may say that it gives support to the new particle 
picture developed in a previous paper.” 

In the above discussions it is essential that the interaction O is expressible in 
terms of the infinitesimal operators of U(3). Accordingly, in our scheme of weak 
interactions, we can safely analyse a decay process by making use of a particular 
configuration for each particle. In particular, the relations obtained in I among 
various decay amplitudes are valid irrespective of the configurations adopted 
there. In the next section, on the basis of the above result, we shall study 
the K-32 decay left untreated in the previous paper I. 


§ 3. Analysis of the K-37 decay 


In this section we shall analyse the K-32 decay processes. According to our 
scheme, the initial state of K->3z must be a configuration of (3+3)-bodies or 
more, because the lowest configuration of a pion is a (1+1)-body state. On the 
other hand, as was shown in the preceding section, the relations among amplitudes 
of various reactions are irrespective of particular configurations of the initial or 
final system. Hence, when we deal with the K->3z decay, it is sufficient to take 
a (3+3)-body configuration of a K-meson as the initial state. 

Such a configuration, enol by Ay2x2¥%, can be expressed linearly in terms of 
the cofigurations 0,’ "0. K K,", thus 

Ky LO Oe jas (3-1) 


Xz Ag Ag 


Here the notation is the same as in (2-1), K,*" being the lowest configuration of 


K. If we write the configurations in parentheses of (3-1) concretely, we have 


Ky Ako 3 Ney a Ko Ox pes 
Ost OF? 39 On, Oy 39 ORs 


Ney Neo, Ney Des Nico prs Ky 

ON Orets rg, Oh, Ons RM OO 
ky Ato K3 Ney Aes Ko Neo its Giat 

Os Of 32 9x5 On on 39> ON 2 OS Na? 3 , 

ofl ore KS pe! ors Ko ake Dex 1 ( ) 
eo 7 3 M1? 2 7X3, M1? Ox o>, 1? 

Nex Jeo Ke ks ial e ko 

oy Ox? Xo? 0x20 0», eo? Ox? ee Neo? 

Ney Seo 3 of ee kK « or 

OF One ext OSL OSI 2, Ont 0K a 


We can easily see that these configurations are linearly independent of each other. 
When the decay interaction O is switched on, AYi23 makes a transition to 
(OK) 53233, which has the expression 
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(OK) 22=1 (0 14(OK)), (3-2) 


with the same coefficients as those in (3-1). (OK) 5 the final states of K,", are 
given in Table I, where we have assumed that the K°->37 decay occurs through 
K,°* and that the final state must be of the form 


Table I 
= 3 ¥3 a l = ———— = — = — = 
final states of ~——__ Noe | I, Noi Noy 1. 
: | = way 
(K*)5 | (n*)§ | — (xt) | 0 
| | 2 tha a 

_ | 3 Ke | VY 3 K 
(K,9) 0 (es ee °) eé ey ) 
2)» | | 5 Rie i ae 5 n° i 


(O|K°®)—O*|K)) /\/ 2. 


Here O stands for No, Ns. and I, Nn, .and the corresponding O* does for Nas, 


I_N,; and N,,I_ respectively. Table I tells us the following: To the K,’-32 
decay, the interaction N3. makes no contribution and I, Ns and Nl, give the 


same result. As to the K?+-3% decay, Nz and I,Nz bring about the same conse- . 


quence, while NJ, does not cause the decay. 

Now we must express (OK) <2 in terms of various final states. The cal- 
culation is straightforward but rather tedious, and the result is given in Appendix 1. 
From this and Table I we can easily calculate the decay amplitudes of K-meson 
to various charge states of 3z. Appendix 2 shows the coefficients of these am- 


plitudes with respect to the J=1 and 0 channels. 


In general, an /=1 state of 3a system is expressed by a superposition of — 


three independent (orthonormal) wave functions X, Y and Z. X is totally sym- 
metric with respect to all pions, and Y (or Z) is symmetric (or alternative) only for 


the first two pions. For practical purposes it is convenient to use the decay am- — 


plitude to each of these states. We shall discuss each decay mode separately in 


what follows. 

1) K*t—32 decay 

In this case there are two possible decay modes K +y»q++at+taqy and K*> 
a+ +n!+2°. Table I shows that both the final 32 states must have J=1. The 


decay interactions Nz: and I,Ns give the same result, while Ns, J. makes no con- 


tribution. 
Ja) Ktorsat tr 


* On account of the CP invariance, ' 
of K,°. As to xt++zx~+7° we cannot conclude that it is a decay product of K,° without some knowl- 


edge of the wave function. But the conclusion does hold to the extent that the matrix element is 


symmetric in x* and zx. 


the 3x° system is a possible decay product of K,° but not 
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The isospin wave functions for the final 37 states have the following expressions: 
Xa(atata-tataint+a a xt) // 3, 
Y=(Qatxta-—nta-nt—a-atnt)//6, (3-3) 
Z=(ataont—a- nt at) /y/2. 

The decay amplitudes to these states are | 
Ary= in ee 
Ay= {— (@,;—a,—a'5— 4, — Ay + Ay) /3— 2 (aot ao— an) /3}/V'6 , (3-4) 
Ales (a, a+ a} a7 ag Oy) BV 2 


In terms of these amplitudes we obtain the decay probability of K*->2*+2* +27 
as follows : 


P(K+ 3nt +at +27) =|Az)?+|Arl?+|Aal 


1b) Ktat+a°+2° 
In this case we have the following expressions corresponding to (3-3) and 
(3-4): 


X= (a we 4 nt tant) //3, e 
Y= (270° xt —at a — a xt a n°) /y/ 6a (3-5) 
Z= (at nn —a nt 2°) /V/ 2 ; 
Br={(@_+@y+ay4)/3+ (a,+a5+ a4 a+ a,+a,)/6}//3, 
By= {— (a,—a@,—@,—a,— y+ ay) /3—2 (4 +Ge—)/3}/V/6, (3-6) 
Br= — (@;—a,+a;+a,—a,—ay)/3)/ 2. 
‘Thus the decay probability of K*2*-+2°+2° becomes 
P(Ktoat* +7°4+2°) =|Byl?+ By|?+|Bzl?. 
It follows from (3-4) and: (3-6) that 
| —Ay=2By, Ay=By, *—Az=Bz. (3-7) 
Hence the branching ratio of the K*-37 decay is given by ? 


| PKtoatti+q) _ |Brl?+|BrP?+|B?  1+2 


| P(K* nt tnt gay lAg Agee Al aaa an ae 
where 

x=4{|Ay|?+|Az|"}/\Ax|?= 0. 
From (3-8) we can easily get 

: tae P(Kt>2t+7° i apes 


P(Ktoart+nt+nr) Si ee) 


=e 
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If we assume, as is usually done, that the totally symmetric state is predominant, 
the ratio (3-8) has the minimum. value, i.e. 


CE So eae ae ee ah 
P(K*>a*+2*+77) EONS 


(3-10) 
2) K-32 decay 
In this case we have two decay modes, that is, K°->32° and K,9>2* +27 +72". 
Three pions in the final state may be in a state of J=1 and of J=0. The decay 
interaction N3, does not contribute and J, N3, and Ns,J, produce the same result. 
2a) K,{>a2*+2°>+7° 
The isospin wave functions for the final states are as follows: 
Orr ih 
Xa (ata 4a atta ata te a at tant +a oat) //6, 
Y= (ata staat aif at ta oat —Qat a 2° — 20 at n°) /1/ 12: 
Z= (ata —w ata — aa at te ant) /2. (3-11) 
For [=0 
WH (at a —a ata tea at —n ata 2 xt xm) //6. 
The corresponding decay amplitudes are 
Ay = { —2(a,+ a3 + Q4) , i bes (a, +ds+a,ta;tasta,)/3}/1/6, 
Ay’ = {2(—a,t+ayt 5+ &,+ ay— ay) /3— Ba ena yee MT 


(3-12) 
A,/=(— —a,+a,—a;—a;+a,+ ay) /3, 
Aw = (fit 8s+he—r—8 s— Po) /3V Be 
2b) K,°>32° 
Since the final three pions are totally symmetric, we have 
Xan de’, Y=Z=W=0. (3-13) 


The decay amplitudes are given by 
By = (ay + yy + Quy) /3+ (A+ as+A +a, + a+ a) /6, (3-14): 
By! =B,'=By =0. 
Because of the relation 
—V/ 6 Ax’ =2By', (3-15) 
we have the branching ratio 


P(K> 32") AEE Dice: eu8e SLL ees 


PKpont+atm) |Ag|?+|Ar'P+|Ad/P+|Aw 7/3 2 lt+e 
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where i 
x= {|Ay’|?+|Az/?+|Aw'[?/3}/|Ax’ |? = 0. 

From this we get 
(ee eh Be ot ey eee 
7 (P(Kfi atta) 9 2 
In particular, if we assume that the symmetric state X is predominant, the branching 
ratio becomes maximum : 

Sa PUR Bae oe 

P(K, 327 +27 +2") 2 


Finally we search for the ratio of the decay rates K*—>3z and K,"3z. It 
follows from (3-4) and (3-12) that 


Ae 2 Aes 1 RAs = Ay V2 Ac=—Ayz’. 
Making use of these relations together with (3-7) and (3-15), we have 
LOO tie 9) = [Az?+lAg? + |Ag) sh) Bro Bri + Bg) eee a 


P(K 32) [Ag+ |Ay'P+|Ad?+|Be P+ |Aw 2/3 1+2 


where 
u ae >0. 
3 5\Az|?/44+2\|Ay?+2|Az 


Therefore, we get 


o< P(K* > 32) <1. 
> P(KY> 32) 


This ratio reaches its maximum value when the totally symmetric state X is pre- 
dominant : 


CR Se sa) os 1 
P(K,°=> 32) ; 


The foregoing results coincide with those obtained from the |4/ |=1/2 rule 
in the usual theory.” This shows that our selection rule Ang= 4s)>= 4in=0 in the 
weak interactions is extremely effective for all the decays detected up to now. 


§ 4. Decay processes involving z” and 7’ 


We have so far considered the observed decay modes of hyperons and K- 
mesons and have found that our selection rule 


dng= 45 = 4in=0 Cea) 


is very effective as a substitute for the conventional |4I |=1/2 rule. 


7 
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On the other hand, in the scheme of the full symmetry theory, there are some 
states predicted but not observed as yet. A low energy state among them will 
not be so difficult to detect, if it does exist in nature. In this respect we are 
greatly interested in the two possible states 2°” and 2” discussed in ref. 2) and 
5). The former state x” belongs to the same irreducible representation of U(3) 
as a pion does, and will be similar in character to a pion except the isospin value. 
Yamaguchi” examined the possibility of the existence of such a particle. Sawada 
and Yonezawa’ pointed out that the existence of 2” is favourable to explain the 
electron energy spectra of the K,,-decay in terms of the V-A theory. As to 2°” 
we have no knowledge except that S=J=0. It may not be a bound state, or it 
may be more pertinent to call it the vacuum rather than a particle in a sense,” 
because 2°” is a scalar with respect to U(3). Though these points are beyond 
our present knowledge, we shall tentatively treat 2°” and 2°” as unknown particles. 

It is possible that hyperons and K-mesons have new decay modes involving 
nx” and x’ besides the observed modes. This point will be studied in this section 
by presuming the selection rule (1-1). Of course, for such a new decay mode 
to be possible, the mass of 2” or z”’ should be small to some extent. Sawada 
and Yonezawa obtained 72,0,2%615 Mev and 72,0,2%377 Mev* on the basis of their 
mass formula.” But, without sticking to these values, we here only assume that 
Mo and mo, are not smaller than 72,0. 

Now, the following are the possible new decay modes which we are going 


to discuss : 


_ For hyperons 


A> +n, Aan +n, (4-1) 
Son" +p, 37 32" +p, (4-2) 
Pon +A, Bon’ +A. (4-3). 


For K-mesons 
Kae Sgr +2, Ke >t a sake 
K{ow+2", Kose +x”, (4-4) 
K{o a" +2", Kin. KY 2" +2". 
Ktoat4+m+n", Kt atte +n", \ 
Ke —> at Bey aie Kt “>t sepat Ka fe! 4! 


K{32t+a74+2", K{oat ta +7", Ko 22° 4+ 2", | (4-5) 


* There is some doubt about m,or, because the above value is obtained by applying the mass 
formula to the configuration B,?(0, 0) that is not the lowest. It is possible that x”” may be a 
vacuum” and its ground level may be of zero energy. 
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Ke on +7", K2> 72°+ 22”, KY 2° +22", 
K{ow+a" +0", Ke 33m. Ko 327, 
Keo > 2n" +90", KP>n" +22". ] 

We next obtain the decay amplitude for each process. For this purpose we 
need the product of configurations of the two particles in the final state. This 


Table II. Decay amplitudes for hyperons 


Fp cee Interaction | | 
ID ECa Yi Pin et Nos I_Nig | Nis I 
mode Soe. 
: VE pot Ve oak Se a 
Mae CAD, Mile Mebors >) rea a( =) 
p (A-) a a33(0, 5 ree er 0 
1 1 . 
Set a) tn ae eee 
| | 
A->n%+n (Ao) a eee ay Gomee. be ee aaa tees 
0 | eras se) 5 ha? eae : 
1 
Patz) +P at(. >) 
va ap any i eee Spa 
oe a Ad) ap at. —Sp at(0>) f 
v6 L 
+p ata) atlas) 
A>7%/ +n (Ap!) aus 2( 9 > V6 oO . 
Ger wd Cas gras) : 
3 ee erga: | 
+—— «( =) eh | 
3 48 (95 Pegg te( 8 =) 
| 1 1 | | 
Syt n+p (A, Snes (0 3) | Mie : 
7 1°) | 6 as 5 | 2a) 0, | he 0. se. 
F 
+z ato) + ast, > 
We 1 | = 3 ry 
Etonttn (amy | Patln>) | vFatlog) | -haa (a3) 
| V2 ae | 
+¥ as(o =) | | 2Vv 2 ( 3 
3 aD Pape Fee Bo 
2 
ne | 
33*>1r/ +p (A 07) Yop 1/0 i v3. z 
1 2 3 > Dy) | 0 re 2 a3}(0, =) 
Dyn +p (A\”)| 0 | 0 | 0 
one Rie nae 3 | i | 
San (Ap) | V 2a3!(0, +) | VBat(o >) L 
: | | 
Er Rena es | = ee 
ht > 7G +A | 79, otk 1) VY ragl(— 1: 1) LIE 1) 
59 7 + A | v6 1(— | a 
SB ast(-1, 0) 0 | fh EB ese 150) 
50> 720/44 | 0 | | : 
| 0 0 
B- > n-+A | ayt( Tet) | Glia 4) | 0 


ig 
. 
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product can directly be calculated from the one-body configurations of (p, 7, A) 
and (1+1)-body configurations of (z, 2”, x’) which are given in ref. 5). The 
results are listed in Appendix 3. The decay amplitude for each process can be 
evaluated in much the same way as in I and the results are given in Table II, 


where the amplitudes for the normal decay modes are also listed for the sake of 
comparison. 


In what follows we shall discuss each process separately.* 

1) A-decay 

A new mode does not occur unless the mass of 2” or 2°” is smaller than 
about 175 Mey. From Table II we easily see the following: 

(i) The interaction N,,/_ does not induce (4:1) any more than it induces 
the normal decay modes. 

(ii) The interactions N.; and J_N,; lead to the same results. Denoting the 
decay amplitudes to (pz), (mz°), (mm) and (mn’) by A, Ao, Ao’ and Ay” re- 
spectively, we have in general the following relations : 


ALS Ai/2 As, sl =Ai/V 3: (4-6) 
In the special case of a;'=0 or a; =0, a further relation exists among them: 
Ajy’=—4V6 A,/3 for a,740, as'=0, 


: (4-7) 
Ao’ =2V/ 6 A,/3 for a;'=0, a;'<0. 


In any case the decay amplitudes of the new modes (4-1) are comparable to those 
of the normal modes.** Thus, in order to be compatible with experiments it is 
necessary to make the frequency of (4-1) low by assuming the mass of x” or a!’ 
to be very near m,—my or higher. 

2) 2-decay 

Among the two possible states 3;=F;'(—1, 1) and 3,=F;?(—1, 1), the latter 
is forbidden to decay through the primary decay interactions O. Therefore we 
here consider only the former. For (4:2) to be realized the upper limit of 72,0 
Or M,o7 1s about 250 Mev. 

(i) 3X ,->2°+>p is strictly forbidden for any decay interaction. This is 
because 7°””p belongs to the same representation as p does, while 34° belongs to 
an inequivalent representation. 

(ii) The decay interactions I_ Nis and N,,J_ forbid the decay 3,*->2"+p 
and 3,-->2~-+n respectively and are inconsistent with experiments. 


(iii) Denote the amplitudes for Stn! +p, Dyn" +p, S1'a* +n ands: 


Sp oon0-bn by Ay, Ai”, (Ai* and Ay respectively. Then for the interaction Ns 
we have in general 


* Tables IV, V and VI in the paper I give the results of operating various decay interactions . 
us} 


O to the initial states. 
** A\// may be reduced to zero by a fortuitous cancellation between a32(0, 1/2) and a;4(0, 1/2), 


but it is not the case with Ag’ on account of (4-6). 
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JP ASAP = Ap; iW SAS — AP SAR ee (4-8) 


In the special case of a,'(0, 1/2) =0, A,” vanishes but the branching ratio of the 
mormal modes becomes; |.A,°|?:|A.*|*? Ar P=2% 2:9), which as contradictory to 
experiments. If a;'(0, 3/2) =0, 3, >a +7 1s forbidden. If ,/2 A;°, A:* and Ay” 
form a right-angled isosceles triangle as is consistent with the behaviour of the 
branching ratio and the asymmetry factor of the normal modes,” A,’’ is never smaller 
than the others and even larger than any of them. Thus we must consider that the 
slowness of the decay mode (4-2) is only due to a possible high mass value of 


me or 2”, 


3) &-decay 

The new mode (4-3) is possible only when the mass of z” or z”’ is smaller 
than about 205 Mev. 

(i) The 2°” mode is always forbidden. . This is due to the same reason as 
in the case of 2°” mode in +;*-decay. 

(ii) . The interaction Nj. forbids the decay 2-27 +A. 

(iii) The interaction J_N,,; forbids the z°” mode. In this case the ratio of 
the two normal decay modes is 


Pe ae) 


=2. 4-9 
PU Sa) ary 


(iv) For the interaction N23, the decay amplitudes of the normal modes are 
of I=1, while that of the z” mode is of J=0. Accordingly, both may occur in- 
dependently of each other. In this case the ratio between the normal modes are 


EEGs ee eee 

P(&- 37° +A) 2 
which coincides with the |4I|=1/2 rule. 
4) Two-body decay of K-mesons 


The anomalous modes (4-4) can be classified into the following two groups 
according as the decay amplitudes are of J=1 or 0. 


I=1 channel 
Ktoat +a", \ 


2 (4-10) 


+ 0/7 
Ktoattan”, 


Keon tntt | (M,,01 OF Morr <Mx —m,~ 360 Mev). (4-11) 
KY ow +n", | 
I=0 channel 
Kf oa" +2", (mor + mon mx~), 
Keene (m,01 S mx,0/2~250 Mev), (4-12) 


KY Sok (mon S mx,0/2~ 250 Mev). 
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es es ain soe cle and K,°>zt+z~ also belong to the [=0 
nel and that K*->z*+2° is forbidden by our selection rule® as well as by 
the conventional |4I|=1/2 rule. Therefore, only (2*z’) or (z*2’) in (4-11) is 
possible as the two-body decay of K*. From Table III we find the following. 


Table III. Amplitude for the two-body decay of K-mesons 


Dae 


es a ; Tiicraction 4 Bi . 3 : 4 a a | 
ren . = Noo 1, No Noy I. 
K*>7*+7 ‘ : ; : ; 
Kt >nt+n¥ ~¥ 20420, 1) 128 a§g(0, 1) 
Kt nt4n/ ¥ 35 020, 1)- 5 28 (0, 1) ait, 1) res af(0,1) | ies 
S 2 : ee ot: 2 it ; dole x 
K)>xnt+n7 ¥_5 4200, 0) —a,8(0, 0) 2 3 
ahs oe) g E 
2 = 
KY > 1° +79 410 a2(0, 0) +e a43(0, 0) 8 
ie} 
K,9 > 7°+7 79 4200, 1) ee a(0, 1) 2 é 
K,9> 19+ 72% 25 a2(0, 1) —a5(0, 1) —a,7(0, 1) ee a§(0, 1) 
K,9 > 2% +7” a! a2(0, 0) -¥3 a6, 0) Hes ar, 0) + es a8 (0,0) 
Ko 2r% +72” ‘2 a2(0, 0) 2 a (0, 0) 


Ki 1 +1 0 | | 


ee EE 


(i) K,’->2z°” is absolutely forbidden. 

(ii) The decay interaction I,Ns (or Nul.) gives the amplitudes different 
from those for Ns only by a factor —1/2 (or 1/2). Thus the relations among 
vatious amplitudes are the same for all interactions. 

(iii) For the J=1 channel the following relations hold in general among the 


decay amplitudes of (4-11): 
QA (at 2”) =A(a'n”), 2A(n* 2”) =A (2x). (4-13) 


If any of the possible four classes of K-meson (class 2, 5, 7, 8) is predominant 
over the others, we have further relations as follows: . 


A(at 2”) =A(x°2") =0 if classes 5 and 7 are predominant, 
A(n* 2”) = 2 A(at a”) if class 8 is predominant, (4-14) 
A(at 2") =—V/ 2 A(at 2") /5 if class 2 is predominant. 


(iv) For the [=0 channel we have in general the following relations among 
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the various amplitudes involving the normal decay modes : 
A(ata-) =—V/2 A(2n") =V'2 A(22"). (4-15) 


In the special case in which any of the possible four classes of K-meson is pre: 
dominant over the others, we have further the following relations : 


Aa a0!) =—5A(2n°)/V/2 if class 2 is predominant, 
A(a" 2") = A (22°) /v 2) if class 8 is predominant, (4-16) 
A(a* 2) =A(2n°) =A(2nx”) =0_ if classes 5'and 7 are predominant. 


Since A(z*z~) 40, we can conclude that the anomalous modes should be realized 
appreciably unless 7,0, OF 7,0, is far larger than m, and that they can be for- 
bidden only by the energy conservation law. 

5) Three-body decay of K-mesons 

For the processes (4-5) to be realized the mass of z” or 2” should be almost 
equal to m, or smaller. Even if these modes can be realized, the question of the 
two-body anomalous decay precedes that of the decay under codsideration. There- 
fore, we do not go into these modes any further and only point out that the 
K,’->32°"’ process is absolutely forbidden. 

In conclusion we summarize the results in this section. 


a) Among the anomalous decay modes (4-1) to (4-5), the following reactions 
never occur by any interaction : 


NS tly F° sn" + A, 
(4-17) 
ey ts Qn!" ‘Ke Buss 3779!/. 
b) If mo or mor is of the same order of magnitude as m,, the other anom- 
alous decay modes will be realized to a considerable extent unless the matrix 
elements are cancelled by chance. In particular, possible non-leptonic decay modes 
of K*-meson in our scheme are only anomalous ones. 
c) In order to explain the slowness of these anomalous processes, it is neces- 
sary to assume that 7,0 OF mM, is very close to or even larger than mx—mr,. 


The mass value predicted by Sawada and Yonezawa” for 2” or 2” is actually of 
such an order of magnitude. 


§5. Concluding remarks 


In conclusion we shall make some remarks about the results which have been 
obtained in the previous paper I and the present one. 

For the discussions of the non-leptonic decay: of hyperons and mesons, we have 
assumed that the interaction causing a reaction can be expressed in terms of the 
infinitesimal operators of the group U(3). Under this assumption, as shown in 
§ 2, the relations among the amplitudes of various reactions have no connection 
with particular configurations of the particles which participate in the reactions. 
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On account of this fact all the conclusions which we have derived from those 
relations are valid regardless of the configurations employed in deduction.. That 
fact also gives support to our view that a physical system is represented by the 
totality of configurations with the same quantum numbers. 

We have found the following results concerning the observed non-leptonic 
decays of hyperons and K-mesons. For - and K-decays our selection rule (1-1) 
is equivalent to the conventional |4J|=1/2 rule, while it is less restrictive for 
*- and =-decays and is consistent with experiments. Hence we may conclude 
that the full symmetry among the basic particles p, » and A is well reflected not 
only in the strong interactions but in the phenomena induced by the weak inter- 
actions. The |4J|=1/2 rule may be interpreted as a manifestation of such a fact. 
Of course, it is a question that all the characteristics of the weak interactions can 
be understood in the scheme of full symmetry. For instance, in our decay scheme, 
the |4I|=3/2 or 5/2 mixture cannot be treated so easily as the |4/|=1/2 rule. 


We leave the deviation from the |47|=1/2 rule as an open question. Anyhow, 


one should bear in mind a possible breakdown of the full symmetry among the 
basic particles. 

We have analysed in the last section various anomalous decay processes in- 
volving x” and z”’. Of these decay modes only (4:18) can be forbidden by our 
selection rule (1-1). In particular, we must resort to the energy conservation law 
in order to forbid the processes in which one or more 7” appear in place of 2’. 
It is an interesting problem whether such a particle z” will be discovered or not. 
If it does really exist, it will be a pseudo-scalar particle with J=0. We are looking 
forward to a further experimental study on this point. 


We have considered that a physical system: is represented by the totality of — 


the configurations specified. by the same quantum numbers (7g, 50, 0; S, I, J;). In 
this respect we should notice a significant result which was derived from the mass 
formula of Sawada and Yonezawa. That is, all the particle states or the resonance 
levels observed in scattering experiments are associated with the lowest con- 
figurations, and there have never been observed the levels corresponding to higher 


configurations. This fact seems to indicate that a higher configuration does not 


correspond to any physical reality by itself. The situation is closely connected 
with the new particle picture which has been developed in a previous paper.” 
According to this view, a system is composed of a definite number of physical 
basic particles and antiparticles, and any higher configuration can automatically be 
included in the lowest one if we only regard the constituents of the latter as 
physical particles or antiparticles. Thus it is the energy level of such a phys 
system that has been predicted by the mass formula of Sawada and Yonezawa.” 
As was noted in the last section of ref. 7), the above problem is connected with 


the one whether 2” is a particle like the existing mesons or it is a vacuum in _ 


the sense of our new particle picture. These problems require a further investi- 


gation. 
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Appendix 1 
Decomposition of 0-0-(OK) into three-boson states 


a) I=1 channel of K*-decay 
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O53 0x2 (7°) x2 mae 0 ae 0 3 13 
« « K 1 1 L 
9x5 9n3 (mx 0 0 ° y ‘Be eat a. i 
d52 359 (x0) f2 0 0 0 Cet SO 0 0 5 
Ox} 052 (7°) x8 0 0 0 0 0 0 0 a4 
BE2 BE9 (720) 0 0 0 0 0 Ger VieD ey 
BS O3 (20) £2 brag Neate 0 0 0 Cc Misery org 
Appendix 2-3 
K.—> 32 decay, I=0 channel 
final 3x 
T=0 mtn n® | atnn- | wont | zon nt | wna at | n®xta- | 207070 
oon” 
Oy5 Ong (nD x8 0 0 0 0 Ores ae 0 
852 353 (0) £2 0 0 0 0 0 0 0 
BN? 92 (707) 2 0 0 0 0 0 0 0 
Lae V3 V3 V3 aS V3 VY 
ar ra(nvyee | = e 
m2 Ox3(™ Ag 18 18 18 18 18 18 u 
A Gi V3 v3 Vv Bi V3 V3 V3 
0 1 Ox? (2 2 a ae —_ 3 
2 Oo (NDA 18 18 18 18 18 18 , 
a2 082 (n0/) 1 V3 V3 U8 Me v3 eves 0 
Ad a 18 18 18 18 18 18 
af 8 (20) £8 V3 ASIN TAS V3 TAS yes; 0 
2 18 18 18 18 18 18 


———— 
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mame [| -S) S/F] S1° le 
mmo | | ELE) P| S| | 8 | 
Ox} O52 (x) 38 0 0 0 | 0 0 0 0 By9 
Ox2 0X3 (2) 532 | 0 | 0) 0 0 | 0 0 0 By 
BK? §£8 (_0/) Ft | 0 0 0 0 0 0 0 Bia 
Ox2 0X2 (2) 58 0 0 0 eat, EV Oe 0 0 Bis 
6x2 053 (2%) 2 | Bees 220 0 Odeo | 0 0 Bis 
Ce Co | 0 | 0 0 0 0 0 Bis 
Fee Ce aan | agen Saeae 0 0 0 0 Bis 

| | | | 
Bee, | ee |. OIE 20 0 0 0 0 Bur 
SoA 25 al eed ae ie ane a a a 0 0 0 Bis 
Appendix 3 
Product of two configurations 
a’ n=B;(0; 0, 0)n =F} (0; so -t)-v3 (0; =e pa! 
Daas A ge ge 1\_ V6 Ff Fs (0 0; 1, -| 
4 2 2 #12; 4 


2! n= B,(0; 0, 0)n OT (0; 1 


1 

a 

eek Caos wh ont 
x p= BIO; 0, Op =F (0; 5 2) ME (0S) 


2” A=B (0; 0, sao F FE(=15 0, 0) + 


V8 FyA(—15 0, 0) 


2 A= Bs (0; 0, 0) A=¥6 Fe (1 : 0, 0) 4V3 FS] : 0, 0) 
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30 _V30 p20. 
x* 2 = B, (0; 1, 1) B:' (0; 0, 9) at, 0;L)) ares (0; 1, 1) 
et B(OH, ae 1 BS(0;1, y+V EBS (0; 1,1) 
9 
Pen» 1, 1)\B2(0 40,0) =~ Wz (Oey BY (0;1, 1) 
—5Bi(0; fa) +V3 BAO; ta) 


72 =B, (0; 1, 0) Bi (0; 0, 0) ee: 1, 0) -V 308200; 1, 0) 


— 5 Bt; 1, 0) +5 BiO; 1, 0) +V¥8 BAO; 1, 0) 


nx” = B(0; 1, 0) B2(0; 0, Derr (0:1, 0)— Be (0:1, 0) 
~ 137 (0}1, 0) +V3 BA ; 1, 0) 
Jn S20) 
a! 2’ =Bi(0; 0, 0) Bi(0; 0, 0) = BV S0B2 00; 0, 0) + °Bi 0; 0, 0) 
+V6 B20: 0,0) “8 BS(0; 0, 0) “3 B20; 0, 0) 
12 6 6 
2 2°” —B(0; 0, 0) B2(0; 0, 0) = Syl (0; 0, 0) — —=- Bi (0; 0, 0) 
—= Bis 0, 0) +U3 BS(0; 0, 0) 


z!'2"=B(0; 0, 0) B2(0; 0, 0) EMERG: 0, 0) +V3 B20 :-0, 0) 
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A Calculation of the Electrical 
Conductivity 


Noboru Matsudaira 


Institute of Physics 
College of General Education 
University of Tokyo, Tokyo 


October 14, 1960 


Constantinov and Perel” have re- 
cently obtained the kinetic equation, or 
the integral equation that is obeyed by 
the “thermodynamical ” 
Green function, based upon the method 
The same 


two-particle 


of summation of graphs. 
technique can be applied to the calcula- 
tion of the static electrical conductivi- 
ty.* In. this case the calculation is 
simple and straightforward, and more 
over it can be shown that the result 
obtained is exact in the weak coupling 
limit. 
We start from the formula” 


o 


o=8\ dt FO (1) 


Ee) =(juOJjoo : 
= (e/m)* d1 kp ky fren ©) (2) 


where fpx, is the two-particle Green 


function 


* The same idea has recently been applied 
‘by Abe?) to the problem of the mobility of ion 
in a dilute hard-sphere Bose gas. 


Fix) Sey. (ax An) ¢ (Ax? Axr) 0 
xexp[—i| dV) Do. (3) 


Cc 

The integration in the last t 
factor is to be taken over 7 
along the path C, which is 
shown in Fig. 1. T, is the 
chronological ordering ope- 
rator along this path. < po 
means the average over the 
unperturbed grand canonical 
ensemble and (_ ), denotes 
the interaction representation. of the 
operator. V is the interaction part of © 
the Hamiltonian H, which is expressed 
as H=H,+ V. 

If we introduce the Laplace transform 


of Sk (t) : 


t=0 
Bioeel 


ice (s) = | dt en Frcns (t) . (A) 


then it can be proved that fix, (s) satis- 
fies the following integral equation : 
Shrek (s) a Onnt ie She ae LiSans (s) Wea» 
| (5) 


where f; is the Fermi distribution 
function, hie 22 il fi; Waux= Wur- Ouk 
-S'Wr,y and W,;, is the transition prob- 


ability from the state q to the state k. 
If we define 


VK (s) aa 2) ky fics (s) ? (6) 


ct 


- where 
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the formula (1) can be written as 
a= (e/m)’* x kG (0), (7) 


and we can get in the limit s—0 the 
integral equation for 9,=9,(0) from 
(5), Viz; 


2a hel) Ine = di kekefi Se» (8) 


Bd Ge) => Sb W te haps (9) 
Pp 

The solution of (8) is evidently 

gn =[Rufit fe (PCR) |+he’, (0) 


where hz satisfies the homogeneous 


equation, 


31k, PCR) hx? =0. 


Inserting this expression into (7) we 
finally obtain 


o=(e/m)’ pa Rk ale did ete ee (LL) 


@ihere hy gives no contribution to the 
result. 
Particularly for isotropic case, 
o= (ne*/m)= (ko) ; 7(k) 7=P'(R). 
(11’) 
In (11’). 2 is the number density of 
electrons and & denotes the Fermi mo- 


mentum. 


As typical examples we take the two 
cases of the impurity scattering and 
phonon scattering. In the first case we 
get 


V= dj v(k—F’) ag ay y GMs 
kk! j=1 

where r; is the position of the impurity 

center and v(k) is the Fourier compo- 

nent of the impurity potential. By av- 

eraging over the random distribution of 

impurity centers, we get 


the Editor 


Wn.=22N|v(q—k) |?0(Eq— Ex). 
(12) 
Performing the integration in (9) we 
have 


I'(k) = (22)? Np (ED | dos 9) 


X (1—cos7) |u(k, ¥) |?. (13) 


Thus (11’) becomes the standard for- 
mula for the case of impurity scatter- 
ing.” 

In the case of phonon scattering, we 
have 


V= pa Bj ape gielgaree gs 
where we get in the lowest approxima- 
tion 
Wher-g= oma (fic-q/Sie) Ng? (Ex 
— Ex.-q— q) + A+N,) 
x 0 (i Ency +t oe) te (14): 
Then it is easily seen that 
I"(k) = (227/k’) Xs ay (k-q) (fir-a/fr } 
x [Ni 8 (Ex— Ex—-q—q) 
+ (1+ N,) 6 (En — Eng +) |: 
(15) 


In (14) and (15) WN, is the phonon 
distribution function, w,=cq and E,= 
k?/2m. A little transformation from 
(15) shows that 


I'(ky)) =Amds(0/T) (27k, (8c)® (16) 


where we have put a@,’=Ag, or in the: 
notation of Sommerfeld and Bethe” A= 
2C*/9MNc. @ is the Debye tempera- 
ture and J; is the well-known function 
in the theory of conductivity.” The 
expression (15) shows that o is identi- 


a Oe ee ee ee ee eee ee er ee ee ee 
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cal with the well-known Griineisen for- 
mula. 


Details will be published in near 
future. 
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Remarks on Eden’s “ Proof” of 
the Mandelstam Representation 


Noboru N. Bieaishe 


Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 


October 22, 1960 


Mandelstam” conjectured the possi- 
bility of a double dispersion representa- 
tion for the two-particle scattering am- 
plitude. Recently, Eden” has proposed 
a “ proof ” of the Mandelstam represen- 
tation in every order of perturbation 
theory in the case of no anomalous 
threshold. His sufficient conditions for 
the possibility of the Mandelstam repre- 
sentation are essentially as follows: 

(1) There is a complex neighbour- 

hood of real axis where the 
scattering amplitude is analytic 
with respect to all energy varia- 


bles. 


(2) A single dispersion relation 

holds for each energy variable. 

In this note, we shall present a very 

simple counter-example against the a- 
bove-mentioned Eden’s “ proof ”’. 

In our previous work on the validity 
of multiple dispersion representation,” 
we have found that a double dispersion 
representation is not always possible in 
the case of no anomalous _ threshold. 
Such a typical example (see (4-1) of 
reference 3)) is 
M(s, t) 

See 3(1—2,—2,) dada, 

é | (27+ 27) [2i (ns) + 23? =0))- 


00 
which of course satisfies Eden’s sufh- 
cient conditions with respect to the 
energy variables s and ¢. But the ab- 
sorptive part for s’>m’? and t<m’ is 


oe ten NEG eee) 
T 


ao sit 
(m2 —5')?+ (mi? —1)? * 


which has complex poles in the case 


of the analytic continuation with respect 


to ¢. Thus, for real s’ and complex 7, 
M(s'+i&, t) is generally non-analytic 
in spite of the analyticity of M(s’, t) 
on the cut-plane. This singularity comes 
out from the values other than the 
(real) critical ones of x in the case of 
the parametric integration. It seems to 
the author that the above point is the 
most crucial problem in the proof of 
the Mandelstam representation. 
1) S. Mandelstam, Phys. Rev. 112 (1958), 1344. 
2) R. J. Eden, Phys. Rev. Letters 5 (1960), 213. 
R. J. Eden, International Conference on 
High Energy Physics at Rochester (1960). 
R. J. Eden, Phys. Rev., to be published. 


3) N. Nakanishi, Prog. Theor. Phys., to be 
published. 
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Note on the Pion Propagator in 
the Composite Theory 


Takeshi Kanki 


Institute of Physics 
College of General Education 
Osaka University 
Toyonaka, Osaka 


November 1, 1960 


Recently, many authors” investigated 
the phenomena related to the nucleon 
core, by using the assumption”? that 
the pion is a particle which is composed 
of nucleons and antinucleons. In these 
approaches, the direct nucleon-nucleon 
interaction is considered as a funda- 
‘mental interaction because the contri- 
bution from the dissociated state of a 
pion to nucleon-antinucleon pairs may 
become dominant in the region of nu- 
cleon core. From this standpoint, they 
calculated only the contribution from 
the first few terms of the perturbation 
expansion concerning the direct nucleon- 
nucleon interaction. The pion propa- 
gator will be given by a chain of closed 
loops of nucleon pairs, which is con- 
structed from the higher order terms 
of the fundamental interaction. How- 
ever, it is not clear even for the case 
of interaction between two nucleons of 

which separation is very small whether 
the contribution from the chain may be 
small or not. Then, it is very inter- 
esting to study the pion propagator in 
the composite theory. This is the pur- 
pose of this short note. 


Let us consider the neutron-proton - 


‘scattering as an example. The funda- 
mental interaction is given as” 


(27) ~*- f - | ap. dp, dps dp. (pit P» 
—ps—ps) : (f? (pd7s$" (pa) ) 
x (L" (ps) 750” (py) : C(p:) C (py); 
(1) 
where C(p) is a cutoff factor and we 
assume such a form as 
_f —M?+/7’ | _ 
cp) =| ae (2) 


where M is the nucleon mass. 


The interaction of these particles 
which corresponds to the exchange of 
the one positive-pion is schematically 
represented by Fig. 1 and the total con- 
tribution of those diagrams can be 
written as 


(22) f- | dpdprdpdp.™ (pit pr 

—ps— ps) XG? (pd 7s” (P»)) 

x D(ps— po) (L" (Ps) 75” (Px) ) +] 

xX C(pi) C(pi), (3) 
where D(f1— ps.) corresponds to the 
pion propagator and has a form 

D@) =p) BIN) IL) 


IT (p’) 
~. 4 
1 IT) oe 
IT( p*) is the contribution from a closed 
loop and is given, in the lowest ap- 
proximation, by 


1(p) =if x) ~*\ Sp| S»(-2 +2) 


x s:(—2+2)] C'(k)d*k, (5) 


ee 


Letters to the Editor ayy 


aS) (oe 


dk’, (6) 
M2 


where 


pl) =8 (@—4M)| te | 
igs 


2. 72 yl 
[i 2M’) 1 1 ANG 
K 4 Ke 


a+M") 


Kr 


2771/2 
Ae | +6 (K?—4/?) 
K 


— 20 (1— (A+ M)?) E - 


sg [ (2+ M?—2y?— 4? uM iat 
AK? : 
(7) 
Next we consider the Bethe-Salpeter 
equation for the one positive-pion am- 
g(a\y)”: 


r 


(aly) =if | Sr(a—§) 7s: Splrs¢ El€) | 


which is reduced to the following eigen- 
value equation, 

I (p’ ; f&) |p--2=1, (9) 
where #4 is the mass of the pion and 


(9) gives the relation between f and 
“#2. From Egs. (9) and (6), we get 


ce 


plitude 


non (fi) [wre 


( p(«) 2 
x die 5 (40 

\ re Pre) rf]. ao 
and by inserting (10) and (6) into (4), 
D(p) becomes 


= 1 ee 

_De@)=| er Fi), (vy) 

where 
\ pK’) die 
pte 

\ iv (K’) dv 

(p’ +x’) (—w +k’) 
The first factor in the right-hand side 
of Eq. (11) just agrees with the free 
pion propagator in the Yukawa theory 
and the second factor F(p’) corresponds 
to the correction for the free propagator. 
The behaviour of the function F(’) 
is figured in Fig. 2 for 4’ =10M* and 
is nearly constant because of the can- 
cellation of the numerator and denom- 


G2] 


F(p’) = 


inator, 1.e. 
F(p’) =[11.2—0.123 (p?/M’))|-M’, 
for \p’| <4M’, 
F(p’) ~12.53 M?, for |p’|>4/°. 


Therefore we may put as 


Fig. 2. The behaviour of F(p?) [The dotted line represents the line /'(p”) =F(— p2).) 
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D(p) ~const. x ue (13) 


Ta 


for all »%. Now we can choose this 
constant as F(p”) |,2--,2. Consequently, 
we get the Yukawa coupling constant 


KGa 2) =f-F (p’) [peabaa 


which agrees with that determined by 
Maki in connection with the real 


meson.” 

In conclusion, the conttibution from 
the pion propagator can not be neglected 
even for the case of the small separation 
of two nucleons. 


1) 'S. Machida, Prog. Theor. Phys. 18 (1957), 
467. 
C. Iso, Prog. Theor. Phys. 22 (1959), 62. 
Y. Ataka, Prog. Theor. Phys. 22 (1959), 321. 
C. Ihara, Prog. Theor. Phys. 23 (1960), 
1035; 24 (1960), 211. 
2) C. N. Yang and E. Fermi, Phys. Rev. 76 
er (1949), 1739. 
~ 8) Z. Maki, Prog. Theor. Phys: 16 (1956), 667. 
4) C. Ihara and S. Hatano, Prog. Theor. Phys. 
20 (1959), 356. 
5) In this note, we tentatively take the 7;-type 
‘ interaction. 


On the Small-Angle Scattering of 
High-Energy Protons 


: Shoroku Ohnuma 


Science and Engineering Research 
Laboratory, Waseda University 
Tokyo 


We November 7, 1960 


3. It is well known that the small-angle 
_ polarization of high-energy protons 
elastically scattered from nuclei can be 


calculated by using nucleon-nucleon 
scattering phase shifts.” Kerman, 
McManus and Thaler? (KMT), for 
example, evaluated P/#, (P=polari- 
zation, 9,=laboratory scattering angle) 
at 90, 156 and 310 Mev and obtained 
a good agreement with proton-carbon 
polarization data. This note is to point 
out that, in such an analysis, contri- 
butions due to small nucleon-nucleon 
phase shifts of the higher partial waves 
are often appreciable, for all Legendre 
polynomials P,(@) in the expression of 
nucleon-nucleon forward scattering am- 
plitudes are almost equal to one. 

In their calculation of (P/@,) at 
310 Mev, KMT used phase shifts ob-— 
tained by Stapp et al.” (Solution 1) 
for T (isotopic spin) =1 states but did 
not include 0(°H;) to evaluate the 
scattering amplitudes in their Tables II 
and III. Inclusion of these phase shifts, 
which is 1.3°, changes the value of 
(P/6,) from 7.4 percent/degree given 
in KMT to 8.6 percent/degree. Since 
their amplitudes for T=0 contain only 
L<5 phase shifts which were calculated 
from the Gammel-Thaler potential,” con- 
tributions from L=>6 phase shifts to 
these amplitudes must also be considered. 
Although Gammel-Thaler potential is 
quite different from one-pion exchange 
potential, it is expected that contri- 
butions from the tail part of the poten- 
tial could be approximately estimated by 
the method employed in the modified 
phase-shift analysis.”*® Assuming 9? 
(pion-nucleon coupling constant) =12 
and 20, one gets (P/0;)=9.4 and 8.7 
percent/degree, respectively. Here, 
Solution 1 of the modified analysis” 


a ee ee ae ee a ee ee eee eee 
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has been taken as the phasé shifts for 
T'=1 states. 

The importance of higher partial- 
wave phase shifts is also apparent in 
the analysis of 7-p scattering. Indeed, 
scattering amplitudes in Table II of 
KMT give o,,(0@=0°) =10.2, 6.8 and 
5.3 mb/sterad at 90, 156 and 310 Mev, 
respectively, whereas the corresponding 
values given in reference 4), which 
presumably contain all contributions 
from higher partial waves, are 11.1, 7.7 
and 5.9 mb/sterad. 


1) W. B. Riesenfeld and K. M. Watson, Phys. 
Rev. 102 (1956), 1157. 

2) A. K. Kerman, H. McManus and R. M. 
Thaler, Annals of Physics 8 (1959), 551. 

Deeb Stapp, t. J. Ypsilantis’ Vand. N. 
Metropolis, Phys. Rev. 105 (1957), 302. 

4) J. L. Gammel and R. M. Thaler, Phys. Rev. 
107 (1957), 1337. 

5) P. Cziffra, M. H. MacGregor, M. J. 
Moravesik and H. P. Stapp, Phys. Rev. 114 
(1959), 880. 

6) M. H. MacGregor, M. J. Moravesik and 
H. P. Stapp, Phys. Rev. 116 (1959), 1248. 


Electromagnetic Mass Shift of 
+ Hyperons 


Hiroshi Katsumori 


Department of Physics 
_ Osaka Gakugei University, Osaka 


November 11, 1960 


The recent experimental data of the 


‘masses of 3 hyperons” indicate that the 
‘mass of ° is rather close to the arith- 
‘metic mean of the masses of 3* and 


=, 


(1/2) (Ms+ + Ms-) —Mso 
=1.2+0.4 Mev, (1) 


while the 3'~ is heavier than the 3* 
by a fairly large amount, M,-—M,+= 
6.6+0.2 Mev. The purpose of the 
present report is to show that the left- 
hand side of (1) approximately vanishes, 
if the e’-order self-energy of hyperons 
is calculated by using the several vertex 
relations” deduced as a consequence of 


_ the proposed symmetries of strong in- 


teractions, and making an assumption 
that the direct pion current contribution 
dominates the isovector part of the 
vertex. 

It is convenient to write the electro- 
magnetic vertex /”, in terms. of two 
invariant functions F, and F, called the 
charge and magnetic moment form 
functions, respectively, I’,(p’, p)= 
nil (p’ — p)"|—io..(p’ — p), Fal (p’— py’. 


The vertex relations can now be written 


as 


FO=A,4+T;(—B,+C) 


FY = B.+C, @=1, vA 


(2) 
which have been obtained” by assuming: 
the charge independent strong inter- 
actions of baryons with z and K mesons 
represented by the doublet form of 
Gell-Mann and Pais,” and using the 


minimal electromagnetic interactions of 
baryons and mesons written in three | 


parts, Hin=HitHW+H., following 
Tanaka’s argument,*” where H, con- 
cerns the isoscalar part of nucleon, & 
and K currents, H, the isoscalar part 


of ¥ and A currents and isovector part 
of K current, and H, the isovector part — 
ase 


of all baryons and z currents. 


Se ee Ret Fee 


Deri Rh oye 


been 


= 


> 


erat a ere 


— 


x 


Re eet OEE hg aie ae 


Sigh 
ion 4 > 


160 Letters to the Editor 


assumed that all baryons are spin 1/2 
particles and the K meson is spin 0 
particle. In Eq. (2), A; denotes the 
contribution from H,, B; and C; are 
those from H, and H,, and F,°°” 
means the form function corresponding 
to the vertex I’, which describes 
the decay of 3° into a A’ and a photon. 
In deriving the relations (2), the mass 
difference between A and S has been 
neglected, and the even relative parity 
has been assumed between them. It 
should be noted that the relations ,(2) 
are rigorously true to all orders in the 
strong interactions if the above pro- 
posed symmetries are correct. 

The e’-order self-energy of ¥ hyperons 
is calculated as usual in terms of the 
It has been remarked” 
that the 3° hyperon has also a con- 
siderable additional contribution from 
the vertex [’,°°, which is given by 


erbex, 17)”. 


the diagram of Fig. 1. Moreover, 
T 
yo A° yo 
Eigeel 


judging from the dispersion theoretical 
argument on the nucleon form function,” 
in which the two-pion contribution has 
been considered to dominate the iso- 
vector part of the form function, it 
seems plausible to assume that the 
isovector part of the Y hyperon form 
function may be approximated by the 
contribution C; only that contains the 


direct pion current. Thus 0M,’s are 
written as follows, 


@Msx~e'| d*h[ (At C)?L 


— (A,+ CG) (Ar:+ C)Q 
— (A, + C,)’Q"], (3) 


dMn~e'| d*k[ (AZ+ C2) L 
“3: (ACAD Cae 
— (A2+C0'), (4) 


where L gives a logarithmically diver- 
gent term, and Q and Q’ give quadrat- 
ically divergent terms, if the integra- 
tions are carried out with omission of 
form factors. Here we have neglected 
again the mass difference between A° 
and 3° in the intermediate state of the 
diagram shown in Fig. 1, but an error 
for 0Ms. is estimated to be within 1%. 
It follows from (3) and (4), without 
performing the integrations, that (1/2) 
X (0Ms++0M,-)—O0M—~0. If we re- 
gard the above 0M;’s as shifts of a 
hypothetical degenerate ¥ hyperon mass. 
in the absence of the electromagnetic 
interaction, we have 


(1/2) (My++My-) —Mp 0, 1G) 


which is to be compared with the ex- 
perimental value (1). It should be 
remarked that the mass relation (5) is. 
obtained without using any explicit form 
function, while on the other hand the 
mass difference M;-—My,+ requires an 
introduction of the explicit form func- 
tion for calculating its finite value.” 

A small but nonvanishing value of 
the observed mass difference (1) would 
be ascribed to several effects which are 
neglected in the above. One of these 
may be the effect of B;, which contains 
the direct K current, the indirect pion 
contribution through a baryon pair etc. 
In fact, fF, (0) =T; and F,°“ (0) =0 


"sae 
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do not hold simultaneously with neglect 
of B,, but the e*-self-energy is not very 
sensitive to the low momentum behavior 
of F,. Besides this effect, there may be 
some other contributions from the strong 
interactions which cannot be represented 
by the vertex correction diagram. The 
lowest order calculation suggests,” how- 
ever, that the strong interaction correc- 
tion seems to be less than 0.5 Mev, in 
case of the even relative parity between 
A and ¥. Furthermore, the mass dif- 
ference between A and * in the inter- 
mediate state would produce a small 
contribution, probably less than 1 Mev. 

The electromagnetic mass shift of /° 
turns out to be equal to 0Ms., without 
assuming the predominance of C;, and 
then the observed mass difference of 1° 
and X° should be understood as an effect 


of the strong interactions other than 
the electromagnetic one. 

The author is grateful to Dr. T. Oka- 
bayashi (Tokyo University), Dr. Y. 
Katayama (Kyoto University) and Dr. 
T. Nakano (Osaka City University) for 
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A Theory of the Magneto-Optical Absorption 
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A theory of the magneto-optical absorption is developed by means of the Luttinger and 
Kohn theory of the effect of magnetic field on the energy bands in the case of a simple band 
model. The main purpose is to study the absorption line shape. As the width of the ab- 
sorption line we get a value which agrees with experiment. It does not exhibit appreciable 
dependence on the magnetic field and temperature. The absorption coefficient in the absence 
of a magnetic field is also discussed. 


§1. Introduction 


Recently, optical absorption experiments in semi-conductors have been performed 
in a strong magnetic field. These results show that absorption edges shift to 
shorter wave-length side in proportion to the magnetic field and the absorption 
spectrum shows an oscillation which is not observed in the absence of a magnetic 
field. These facts can be interpreted as the optical absorption which is accompanied 
with transitions of electrons between Landau levels of the valence band and of the 
conduction band. ‘This is the oscillatory magneto-optical absorption effect.” 

In this effect we are interested in i) positions of absorption peaks, ii) selec- 
tion rules and iii) absorption line shapes, which are determined by level scheme, 
symmetry of band structure and scattering mechanism of carriers. Elliott et al.” 
discussed the problems i) and ii). In this paper the electron-phonon interaction 
is taken into account and the absorption line shape is discussed as the main prob- 
lem. We aim to gain some information about the relation between absorption 
line shapes and scattering mechanisms in the case of a strong magnetic field. In 
order to avoid the complexity, treatment is done for a simple spherical band model. 
In § 2, we shall make general considerations. In § 3, we shall discuss the absorp- 
tion coefficient by taking account of phonon effects. We will give numerical ex- 


amples and discussions in § 4. 


§2. General considerations 


Here we summarize the facts concerning the wave functions and the energy 


levels of the carriers in a magnetic field, and we give the general formula of the 


is . . 
absorption coefficient and its application to the no-phonon systems. 
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Throughout this paper, we assume both valence and conduction bands are 
spherically symmetric in a k space. We neglect the spin-orbit interaction and band 
degeneracy. 

If the gauge of the vector potential is chosen as A= (—yH, 0, 0), the wave 
function of a hole, which is obtained from the effective mass equation of Luttinger 
and Kohn,” can be expressed in the form 


P,=exp[i (ket +k.) |bn(y, Re) Poo» (1) 


$y, be) = Cate] a) SE (+ he) exe —SE yt ted], @ 


2nc 


where C,=(2"!)/2)7", #=fic/eH, n is the Landau magnetic quantum number, 
H, is the harmonic oscillator function and ¢,» is the Bloch function of the valence 
band at k=0. The quantum numbers which specify a state of a carrier are 7, 
k, and k,. Similarly, the wave function of an electron is given by 


V,=exp[i (he! c+h, z) bur (y ke’) Peo (3) 


where ¢/,. is the Bloch function of the conduction band at k=0. 
The energies for holes and electrons are respectively given by 


€,= —hw,(n+1/2) —Wk?/2my, (4) 


and 
€,= Ey +Nho,. (nm! +1/2) +Wk,?/2m.. (5) 


The subscripts v and c refer to the valence and conduction bands, o.=eH/mce, 
m is an effective mass, E) is the energy gap in the absence of a magnetic field. 

We use the general formula of the absorption coefficient given by Toyozawa.” 
It is expressed as a function of the frequency of photon w in the form 


2rNe’ ¢ ; en 

A(a) Boros pa 2 Frum (K) \ dt exp (ior itn) do Unlt; MM"; K), 
(6) 

where v is the volume of a unit cell, w~=(c/m)K and m is a refractive index 

of the crystal. 


Fu (K) = (1/2) ds (C.4¢ Jinx) (Cex *Iurx) » (7) 
Iux=| ¥y*0 exp (iKr) V,dv, (8) 
he? b.” 4 ‘ 
éy=Eyt— ( ae : )+ihe.(n +1/2) + han(a+1/2), (9) 


and 


t tony 


U,(t; MM"; K) = (ih) "da | dy (MK|36'(t,) --26'(t,)|M'K) aos (10) 


0 0 
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where o(=1, 2) refer to the polarization, the direction of which is denoted by a 
unit vector e,, and K to wave number of the photon. We denote a set of quan- 
tum numbers, (7, kz, kz) of a hole and (n’, k’,, k’,) of an electron, by M, that is, 
the state in which one electron-hole pair exists is characterized by M. Averaging 
is done over the initial distribution of phonons. Making use of the fact that the 
wave length of the radiation field is larger than the lattice constant a, we replace 
exp(iKr) in (8) by 1 hereafter. #6’(z) represents the electron-phonon interaction 
Hamiltonian in the interaction representation : 


He! (t) =exp[i (H+ 462) t/h] Her exp[—i (6. +262) t/h], (11) 


where 36, and #6, are Hamiltonians of electrons and phonons. 
For convenience, we consider the acoustic mode. Its interaction with an 
electron is written in the approximation of deformation potential as follows: 


H.1=E, A, (12) 
where 
A=V Rr) = ye (h/2eV)*? (iq/ag”) {pg exp (1qr) — p,* exp(—igr)}. — (13) 


R(r) denotes a displacement of an atom from the equilibrium point. / is the 
mass density, p* and p, mean the creation and annihilation operators of phonons 
of the wave number q, respectively. U, vanishes for odd m when it is averaged 
over the phonon states. 

Now we calculate the absorption coefficient neglecting the electron-phonon 
interaction. In the presence of a magnetic field, (6) becomes simply 


pe Pe 
Ay(w) = oxhe = 1 a le. ac Iux\? 270 (w—Ey/N) 


muycnhoK 2 he 


Vo 2 
/ yak wo 2 
M 2e e mt? | YooPvo rdv| ? 


ah? cn) hic * V w—(Eo/ Nh) — (we + ov)(n+ 1/2) 


cell 

(14) 
where 1/m*=1/m,+1/m, and the factor 2 was multiplied because of spin. (14) 
agrees with the results derived by Elliott et al. In derivation of (14) we obtained 
the following selection rulcs, 


4n=0, (15) 
Rees (16) 
and Ry ig > (17) 


For comparison, the absorption coefficient in the absence of a magnetic field 
is obtained by the use of (6) as follows, 


ts Ao (w) eae OU te vo hiw— Ey | \ Peo v0 rdv|’. (18) 
3cN h® x 


cell 
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(18) coincides with the result given by Bardeen et al.” as expected. The ratio 
of the absorption coefficient in the presence of a magnetic field to that in the 
absence of a magnetic field is obtained from (14) and (18) as 


Ano) _ 3 ell 1 : (19) 


Aj(w) 42 m*c Tah = Von Beha oo) 


(19) does not include any unknown parameter such as |JeenioPordv|?. Actually, 
we observe the transmission intensity of the light given by = exp[—A(w)d |, 
where d is the thickness of a sample. Using (14) and (18), we obtain 


2 


ae 
pi )e —ex a Ta | - ( fh eh al al oe t 
(7 oeP i Az As) d} = exp | | doth? dul an © 
’ yaj2 CH Sgt! phd “ly s : ane ‘fi ES fp : d|. 
xm aC 2 7 o-EJh— (ote) a ee | 


(20) 


Until now we did not take into account the scattering of carriers with phonons 
in the calculation of the absorption coefficient. As already shown by many authors, 
we can obtain information about the position of the absorption peaks and about 
the peak-to-peak distances i(w,.+,) by comparing the experimental data with 
(14). The effective mass of electrons in germanium at k=0 is known from this 
(w+ w,), using the known value of the effective mass of holes at k=0. Also the 
selection rules for the absorption is obtained in deriving (14). However, concern- 
ing the absorption line shape, which is our main problem, the effect of the scat- 
tering plays an essential role as we shall see in the next section. 


§ 3. The absorption coefficient with phonon 
G). HA0 

Now we discuss the line shape of the absorption. Taking the broadening of 
the levels by scattering of carriers with phonons into account, the height of an 
absorption line will become finite and the absorption line will be broadened of 
course. . 

In the approximation of taking by second order in 36,,;, we need only to 
calculate U,(¢; MM’; K). First we take into account the diagonal term M=M’ 
in (6), namely 

t fy 
Ut; MM; K)= —(a/te) | aes | dty(M|26'(t,) 26’ (2) |M) av 
0 0 


ty 


dt,| dt 2 (M| exp[i (96.4 26 1) th/h] 6, exp[—i (06, +36 ;) t,/#]|M”) 


vw 
0 


pest / i) 


ote 


x (M"| exp[i(6.+ 467) te Naber exp[—i(46.4 46 ;) to/Tt] \M)av- (21) 
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There are the following four processes in this case: (1) An electron absorbs a 
phonon and then emits it, (2) a hole absorbs a phonon and then emits it, (3) an 
electron emits a phonon and then absorbs it, and (4) a hole emits a phonon and 
then absorbs it. Rewriting (21) by taking the four processes into account, we 
obtain 


Eee ye 
pe Bev Sg, | A) ate DO lexpli Exe) 4/H] 


0 0 ' 


U,(¢; MM; K) = 


X Exp (49 t1) Py exp (igr) |M”’) 
x (M" | exp[—i (Ex—Eyn) t/t] eXP (— ig te) Py* exp (—igr) |M) a 
+terms corresponding to the processes (2), (3) and (4). 

E,, and E,, are constants of deformation potential for an-electron and for a hole, 
respectively. In the above equation we may extend the region of summation over 
gz and q, to all space with negligible error. We will also assume the distribution 
of phonons to be classical, namely N,~N,+1~hoT/hw,, where ky is the Boltz- 
mann constant, and we will put w,=sq in which s is the sound velocity. . Then 


we get from the previous equation 


Nl ko T [ :| 2 / 
. . EM) SS Zz c ni ? ky 
U,(¢; MM; K) y Ia (Z eaina eee \E: dy Gu (y, Re) 


x Pmt (y, ky + Gn) + Baldy Pn (y, Rz) Pm’ (y, hea) exp [a (E€u—Emn + hoy) :/H)] 
ae |Ei| dy By (y, kes!) Dnt (y, Re. sae) es 3 dy Dm (y, Raet Qn) Dn (y, Pe) | 
xX exp [2 (Ey— Ey — ha) =/i)| . 


Using the relation | da Om (y, Re+ Gx) =eH/Nc, we obtain 


U,(t; MM: K) =~ 3 |de@—2) 


0 


kel eH 
2(22)? us? he 


\dq.(Bt+ Ex) 


x {exp fz (Gx- Ey + hwy) t/n| a exp [7 (Ex— Eun — ho.) </fi}} (22) 


=—— ss \ae@—=) | dE exp(—ibt/A) fu(E), (23) 
h 0 —o 
where 
oo [At eH 2 2 ( (5 ay oe hiw,—E 
Fu(E) = 2, 2(on)*as* The (Ex. + Ess) \ dq. } (Ex ut+Noy—E) 
be 


+3 (Ew —Ey—Ray—E)| . (24) 
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In the case that the electron-phonon interaction is sufficiently weak, we can ap- 


proximate, according to Toyozawa’s theory, as 
Ut; MM; K)+U,(¢; MM; K)+- 
ie eed 
ait {Pe |p) ie Ate} 4 exp | we lie ee (25) 


Using this approximation and neglecting Rw, in the arguments of the 0-functions 
in (24), the absorption coefficient is given by Lorentzian shape. It should be 
remarked that the absorption coefficient thus obtained includes the contribution 
only from the diagonal term M=M'. The result is 


ae aniie: zs is wel 2 Jesters be ays 26 
Ay(o) = ca ame ae Imx| (w—E2/n = Aux/ih)?+ (PA: ? ( ) 
where 
Pax = fu), (27) 
dux=—P | L2) aee. (28) 


D means to take the principal value of the integral. The width /’yx and the shift 
Avx are given if the state of an electron-hole pair M is determined. The 
absorption coefficient has none of them if no electron-phonon interaction is consid- 
ered. In order to compare with an observed value of the absorption coefficient, 
we must sum the absorption coefficient with such I’yx and dyx over all the states. 

Now we consider the photon with K=0, then [yp is given from (24) and 
(27), by 


method. eH 2 2 1 

niles Cea A ( ic Crs OSH ~ V ho,me(n—m) +Re2/2 
Here the summation extends over all non-negative integers that leave the summand 
real. This limitation means that the carrier | 
in a given initial state », can transfer only A (kz) 
to a state m in the restricted energy range 
because of the energy conservation law. 
(29) agrees with the inverse of the relaxa- 
tion time 7’ given by Argyres” in his 
quantum mechanical galvanomagnetic theory. 
Of course, when we compare (29) with his 
result we must replace E,.2m,.+Ey,2 my, by 
E,’m in his result, since his calculation is Aske 
the case of one carrier conduction. E 


(29) 


Fig. 1. Absorption coefficient at a fixed 
Now we assume that when an electron w as a function of &,. 
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in a Landau level absorbs or emits phonons, the probability for the electron to | 
transfer to another Landau level is small. Then we can take only the term m=n 
in the summation in (29), so (29) becomes 


P= ( Siete ( <=) (Exc e+ Exh m2») (1/Re) (30) 
This [yo includes k, as a parameter. In (30) I’m is proportional to T and H 
which arise from the terms of the phonon distribution and the electron state 
density, respectively. However, the width of the absorption line does not neces- 


sarily show such dependence, because it is obtained by superposing the absorption 
coefficient thus obtained over the range of &,. 


Next we will calculate the shift of the absorption energy given by (28) 
Re P28 
2 (27)? ps? 


4m Se 


( ot) (i+ Bd) 


x P|) SE da{9 Eun Ext Rag E) +9 xn Ey Hhny—E)}. 


mm! 


Here we also neglect the transition of an electron between Landau levels by the 

phonon perturbation. Thus we obtain 

ey lag B ( é H 
2 (2x)? ps? \ fic 


2 Ee ire 
+ (a. kz Td fey IFS k?— lisqz) ry + Eis Age (ayRz+ Gz — ay ke Nsq:) te 


i ea ee 
4uo = | Elda (a, ke+@ — ae kz’ + Nsqz) ? 


2 
Se (it, kegs —a,yk,’—Nsqz) +3 


2 von Nia 
= resreae HanpMa Crag et 
7) * fs 


(2/a)—(2ke+7/ae) 


lic Ae de (/a)+ (2k, +7/ac) 
Ex; 1 \ og F/a— Chet 7/0) || 
ees (2k. +) log (w/a) + (2k, +7/ ay) 


where a,=f?/2m., ay=1/2m, and y=hs. We expand terms of logarithmus under 
the condition z/a> (2k.+7/a-). As we will show below, this condition is correct 
if we confine ourselves to small &,. Namely, for small k, the above-mentioned 
condition is written as f?/27.*Qmac > MSYmaz This means that the energy of an 
electron with the wave vector Qmaz is larger than the energy of phonon with same 
magnitude of wave vector Ymaz. This is obviously satisfied. 


Thus we obtain 
2 2 
dao = (27) (Ht) (Be 4 BE), (31) 


on ys’ hic Ac a 


For the usual experimental condition this term is too small to contribute to the 


absorption coefficient. 
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Now we will take into account the off-diagonal term (MA7M Serre: 
U,(t; MM’; K). But the off-diagonal term is expected to be much smaller than 
the diagonal term from physical consideration. In this case four processes exist : 
(5) An electron emits a phonon and then a hole absorbs it, (6) a hole emits a 
phonon and then an electron absorbs it, (7) an electron absorbs a phonon and 
then'a hole emits it, (8) a hole absorbs a phonon and then an electron emits it. 
The term U,(t; MM’; K) is a correction to the diagonal term and gives an 
asymmetry to the absorption line. From (10) we get 

t ty 
U.(6; MM"; Ka 1/7) | des) des (M\2'(t) 26'()|Mav- (32) 
0 0 
Repeating the same procedure as used in the diagonal term, we get 
co t 
\ dE | dc exp(—iEz/f) 
0 


—co 


x [ expl €u— Ev) far (E) Sun Ef 


ae foil 
hh (Eu—En) 


U,¢3 MM’; K) = 


+terms corresponding to the processes (6), (7) and (8) |, (33) 


where 
Ws oe bay Rol Ole 
Fun (E) = 2s 3 (On) 2s! ( hic | das (Eun Ean Rag); (34) 
ae E Ra, aie le eH Q 
Tage EY 2 2 (On)? ps ( he | teed Oxi Eee ee 


The contribution from the term Fy exp(—i€yt/h) U,(t; MM’; K)+Fwe 
Xexp(—i€yt/N) Ux(t; M’M; K) in (6) to the M peak causes an asymmetry 
which is given by 
Qy= He me Re ean Bla 36 
y ! IPvmy (Ey— Ey) ‘ ( ) 


where I’yy is given by replacing the final stateof [y by M’. Fro a0 | 
. S34); 
(35) and (36) ce ea ane 


oe. Hie ap Rol ee m* cal {Eo +h (w+ wy) (n+1/2) + a* (kz -7/a,)*} 


ps hc hy (/a.—22;) | 7/@e—2k,| 
ae {Ep +h (We ui Wy) (n Ge 1/2) oE a (k, + 1/ av) . | (37) 
(7/ay+ 2kz) | 7/ ay + 2he| 
where a= ou 


Adding the off-diagonal terms of U, to the diagonal terms obtained before, the 
absorption coefficient is given by 
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Ay(o) = Am he*\Ym0|’ cae Vo | dk (I"u/2)+ Ou(o—Enu/N) 
3. mucmw \fic/ (22)? 3) * (w—Ey/N)? + Gina): ‘ 


=diagonal part of Ay(w) 


e'|Imol” ( eH i: Exe Ey ko Tm* ( ap co! w—Ey/h 
Gx! mi cnow \ he rps" es (o—Ex/ht)?-+ (P'u/2)? 
[Co (ke) + Coke) J, (38) 
where 
C.(k;) = {Eo +h (Ww, tay) (n+1/2) +a* (ke —1/ae)?} . 
\7/ae—2k,| Gi] Ge — 2) 
and 


C,(k,) = Both (wet ov) (a t1/2) +a* (ke-+1/a,)°} 
(7/ av t+ 2k) |7/avo+ 2ke| 


When we perform the integration in the off-diagonal terms in (38), the most 
predominant contribution to the integral comes from the neighbourhood of 
kz=+7/2a-, so that we may carry out the integration by putting k,=7/2a,' (or 
—7/2a,) except the main factor 1/ (7/ae—2kz) \7/ae—2k.|. After calculations we 
can see that the contribution of diagonal terms to the Ax(w) is 10° times larger 
than that of the off-diagonal terms, and therefore we neglect the off-diagonal terms.. 

Finally, neglecting the shift in (26), inserting (30) into (26) and carrying 
out integration over k,, we have an absorption coefficient for a given Landau level 
n. We can rewrite it using dimensionless quantities as follows : 


2 rs 
A, (€) ay ee (2 | | | tor doy’ e| fee mae ap; yp et Cr/e” 
(39) 
where 


(= 


Uz ; Get a De (Ex m+ Exp My) - 
t/a on’ ps? Nh 

It may not be correct to extend the above 
However, since the contribution of 
we might use this 


The upper limit of « is taken as 1. 
formula to «=1 using the mass at K=0, Me. 
the integrand in (39) is dominant in the region of e102, 
carrier mass. 
Gi) H=0, 

For comparison we consi 
the same reason as in the presence 0 
the diagonal terms: 


der the case in the absence of a magnetic field. By 
f a magnetic field, we take into account only 
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Us 0; MM; K) =—Gy | dts des (MI26"(e) 26") [M) ow 


eae (40) 
fa(E) = SD NUCE EE —a,k?+hoy—E) + 0(a.k—q q ater —hoy— E) | 
aL ar, Ex: 38 ak + —a,k?+hoy— E)+0(ak—g@ ag —a,k’—Nhwy—E)]. 
(41) 
Thus 
Po fu (0) = — (m. Exet+ My Ex) k. (42) 


ee 


This is a sum of the inverse of the relaxation times of electron and hole in the 
ordinary acoustic scattering theory. 

We calculate the shift from (28). We can expand (40) using the relations 
1+7/aq>2/qxXk cos@ and |1—7/aiq|>2/q-k cos, where 0 is the angle between 
vectors k and q. These conditions are fulfilled from the fact that phonon energy 
Tisq is equal to the energy gain of anelectron. To the second order of k, we have 
the following expression for the shift: 


aL puete tise —yr/a 4 +7/a —y7/a, \ 
iV cepa 0 "| 2q,+1og- jy ast * BY Yo Sly Co aaa) oe | 
a (27)? ps" ‘ gt+r/a 3 (Qo+7/ae)* (Qo—7/ae)? 
Rol pes | —7/ay 4 q 7; a ”q —yr/a 
ai 2q0+ log - Hf * 2-2 : iI, 
mens a, Qt7/a 3 (Qot7/av)? (Go—7/ av)” 
(43) 
where H=V 6r?/a. 
Particularly, if we put k=O it gives the shift of the absorption edge: 
ae Ex; a 
74) (k=0) = — 0 | le (2 at if ] ¢ Jo (i 
os (27)*us? La, s ac me Ac GQot7 
4 Fa (20 Beggin de ry. (44) 
ay ay ay Q+7 


It will be seen that (44) agrees with the result reported by Muto-Ohyama,” if we 
notice that E,,=2/3-C, and if we take into account the fact that we have used 
the approximation of Ny=N,+1. 


Pyp=ax and din/h=—8-+6x being set, the general absorption coefficient 
becomes from (26) 


7 y" at 
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Ay (w) Seok oie | \ Deo no r dv ial oak dk AB 
3a cnoh cell (wo—Ey/Nh+ B—OK)? +a? «7/4 : ( ) 


Further if we put 0+7iz’/2m*a@=0' and w—E,/h+f=w, after integration (45) 
appears to be 


rv 2 
Ao (w) Set pene | \ Jeofyrdv\? sar log|0? 2 + (<-— 20") +10" 


3a’ cro cell 
_(@ Teeth 
(4-200) 37 i (46) 
where 
[28 t+ (a2/4—2w/’) : 
J#ue a/b ac oe Seat ae ’ 
J ew —at/i6 L awd! —a‘/16 | Thee 
2 
1 |20° 2+ (a?/4— 2w0") —y/at/16 — a8 wd"| at 
ap yar 9 / 
\Jafi6—abwd’ °8\2371+ (2/4209!) +V/ at/16— a wel 16 at 
(47) 


As we shall know later, relations 0’>w>a hold for real substances. Since the 
first term of (46) gives a correction smaller than 1% to the second term as we 
can easily show, we may neglect the first term in (46). As a result of this ap-. 
proximation, the absorption coefficient is given as 


CNg 2m* 


Ay (w) 3 Ee a | bar dol? (4, +4) SDV DLE a 


By introducing phonons the absorption coefficient at each k has a width and 
a shift. Superposition of such absorption coefficient curve shifts its absorption 
edge to the lower energy side as much as 7% and changes the curvature of the 
absorption spectrum by the factor (h/2m* +a’/n0)~*” (see Fig. 2). This: change 
of the curvature corresponds to the fact that carriers have smaller effective masses 
than those in the case of no electron-phonon interactions. Usually, this change of 
the curvature is very small. 
(iii) The ratio of the absorption coefficient in the presence of a magnetic field 
to that in the absence of a magnetic field 

From (40) and (48) we obtain 


Beye Serr ( h fe a a)" 


Ap (a) zach! \2m* x 
1 
Ey CarlK dk a, the Pa 49 
* =| {e—1—€,— (€,+ €y) (n+1/2)}?+ €0 Cr'/x? ees (49) 


0 


] 
€,=NP/Eo- 


where 
n H slightly, the ratio is nearly propor- 


As we can see that the integral depends o 
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tion] to H?. The w-dependence of (49) shows also oscillations because of a factor 
{e—1—e€,—(€,+€,) (n+1/2)} but it has not infinite peaks. In the same way as 
in the case of no-phonon, the ratio of the transmission intensity is given by 


2 
eid). —ex E ees | | Peo Poo rdv | me 


I,(0) Cah 9), 
eH (€)Cr/«) dk a 
imac =) {e—1—€,— (+ €,) (nt 1/2} + er Cr/e 
E 3/2 h a —3/2 = 2 
fe 3h ( 2m* a 1" a) Vee “| a). pe 


§ 4. Numerical examples and discussions 


When we apply the above-mentioned theory to real crystals, there will be 


As (o) Auto 
Ao (€) 
no phonons - 


-— With phonons i 
1.0 
0.5 
Te oe a ve Seen = Ve" 
Ano (k=0) 1.00 1.01 1.02 1.03 1.04 € 
Fig. 2. Absorption coefficient in Fig. 3. Ratio of the absorption 
the absence of a magnetic field. coefficient in the presence and 


the absence of a magnetic field 
considering phonons. 


I (1) 
I,(0) H=35.7K¢ 
H=240Ké 
3.0 3.0 6 
1 
2.0 2.0 
' ! 
<a ‘ 
wt u 
1.0 HO eae) 
1.00 1.01 1.02 1.03 1.04 ¢ 1.00 1.01 1.02 1.03 1.04 € 
Fig. 4. Ratio of the transmission Fig. 5. Ratio of the transmission 
intensity in the presence and the intensity in the presence and the 
absence of a magnetic field with absence of a magnetic field with 


no phonons. phonons, 
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many problems to be justified. Especially 
the assumption of the simple spherical 
band model is not realistic for germanium 
and silicon. As is well known, the valence 
band of germanium has fourfold degener- 
acy at k=0 if the spin-orbit coupling is 
taken into account. In the presence of a 
magnetic field this degeneracy is lifted, 
so that there are four sets of levels of 


the hole. And the energy level designat- 1.00 1.02 1.04 106 1.08 1.10 .¢ 
ed by nin each set is given by a linear Fig. 6. Experimental data of ratio of the 
combination of states of harmonic oscil- transmission intensity in the presence and 


the absence of a magnetic field (after Lax 


lator with nm and n—2, as being treated by Beval); 


Luttinger and Kohn” and by Luttinger.® 

For this reason the selection rule concerning m becomes 4n=0 and —2. Therefore 
the results of this paper cannot be compared with the experimental data. In order 
to get a measure of criterion, however, we calculate numerically for a simplified 
model of germanium. We will use the following numerical values. 


TP=298 K, ps*=2.41 x10" 9/sec’ cm’, m,=0.33 mm," m7, =0.036 my,. m* =0.033 my, 
F)=0.803 ev, a=5.62 A, d=7y, H=35.7K¢, 24.0K¢é and m=4. 


For parameters of the deformation potential we made use of the values determined 
by Bardeen and Shockley” from their mobility data. So we get 


Fue et CVs atl fa, e416: 


lS ccrrPeorordv|* is obtained by fitting the first minimum of I,(H)/I,(0) to the - 
value observed by Lax et al. In Fig. 3 Ay(w)/Ao(w) is plotted by taking into 
account the interactions of electrons and holes with phonons. In Fig. 4 and Fig. 5 
I,(H)/I,(0) is plotted as a function of w with neglect of phonon effects and in 
consideration of phonon effects, respectively. The experimental data of I,(H)/J,(0) 
is shown in Fig. 6. In Figs. 5 and 6 the graphs for H=35.7K@¢ and 24.0K¢ 


are given. 

Let us now consider how the width depends upon H and T. In the peak 
which corresponds to the transition of n=0, the width of the spectrum at which 
1,(H) 71,0) =1 is 0.002 ev in Fig. 5 for =35.7K¢.. The experimental value 
given by Lax et al. is also 0.002ev. As we have seen from Fig. 5, the absorp- 
tion line does not depend on H appreciably. The observations agree with this 
fact. From the form of (26) and (30), we can see that the absorption constant 
does not depend on temperature T for a constant magnetic field. The width does 
not, therefore, show the same temperature dependence as the color center absorp- 


tion. Although the experiments at 4.2°K is reported, it cannot be compared with 
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the theory at once because the impurity scattering must be important at that tem- 
perature. The above-mentioned slight dependence of the absorption constant upon 
H and T is understood as follows (see Figs. 7 and 8). Let us consider a fixed 
frequency w. The absorption 
coefficient at this w is given 
by an area which is enveloped 
by A(&,) calculated at each ,. 
Then we get the actual absorp- 
tion line width by plotting the 
area against w. When H (or 
T) increases, however, the area 
does not appreciably increase E a 
so that the width also does not. Fig. 7. H-dependence Fig. 8. H-dependence 

We can thus conclude that the of the absorption co- of the absorption co- 


change of H (or T’) under efficient (at smaller efficient (at larger 
JEG) LLY 


A Au 


P'mo 
Puo 


practical experimental condi- 
tions gives only a small effect on a total absorption coefficient. 

The above-mentioned results are different from the experimental facts particu- 
larly in the following two points: The experimental results show that J,(H1)/I,(0) 
does not increase with frequency w, and that the low energy side of peak has a 
larger width than that obtained by theory. Here we cannot give the explanation 
of these discrepancies. 

Burstein et al. assumed that the width is independent of the wave vector of 
electrons, «, and they obtained 2107*E, as the value of the width by fitting their 
theory to the experiment. In our theory the width is given by superposing Ix 
at various x. In doing so, we obtained the value which agrees with that obtained 
by Burstein et al. 


Recently, Ohta et al.” investigated the same problem. They used nearly the same 
approximation as ours, but treated the 0-funtions in f3,(E) in (4-1) of reference - 
11) exactly. This made further calculations very complicated. Therefore, they 
calculated only the line width of the first absorption peak and obtained the de- 
pendence of /’. on H by calculating Ja(ho, H) ((4-9) of reference 11)) numeri 
cally. On the other hand, we neglected fiw, in the arguments of the 6-functions 
appearing in the fy,(£) in (24), because the energy Hw, of the phonons emitted 
or absorbed with appreciable probability is much smaller than that of the electron. 
Therefore, we could obtain in analytical forms how Isp depends on H and T and 
conclude its nearly linear dependence on H and the linear dependence on T' in (29). 
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The eigenfunction and the binding energy of the ground state are obtained for the bound 
state of two fermions, which are interacting through photons or scalar photons in the ladder 
approximation. The Bethe-Salpeter equation is separated into four independent sets of equations 
by applying the Tani-Foldy-Wouthuysen transformations. These equations are further 
simplified, if a part of recoil is neglected. Here retardation is completely taken into account. 
The wave function is expanded in a form convenient to obtain spin singlet and triplet solutions. 
As an example, the ground state of positronium is solved using Wick’s method. 


§ 1. Introduction 


The Bethe-Salpeter equation for the relativistic two-body problem is the basis 
of the covariant formalism of bound states. This equation has, however, been 
solved only for special cases so far, for instance, the bound state of two spinless 
particles interacting through scalar photons in the ladder approximation.” More 
realistic applications have been done for the mass corrections to the hydrogen 
spectrum” and the energy levels of positronium® for Coulomb interactions. 

In the present paper, we would like to solve the Bethe-Salpeter equation for 
two fermions interacting through photons, or, more simply, scalar photons in the 
ladder approximation. Our approach is different from the works on similar prob- 
lems”’” in the following point; we take into account relative time, in other words, 
retardation, as much as possible. On the other hand, we are obliged to neglect 
higher power terms in p/m, where p and m are the relative momentum and the 
mass of the fermions. This approximation means that a considerable part of recoil 
is neglected. In this sense, the present method is still less elegant than Wick’s 
one because of the complicated natures of spinors. 

§ 2 is devoted to the expansion of wave functions. This new representation 
is convenient to separate out the part corresponding to spin singlet and triplet 
states in the nonrelativistic limit. 

In §3 the Tani-Foldy-Wouthuysen transformation?” js applied in an extended 
form to the Bethe-Salpeter equation. First of all, the original equations, which are 
simultaneous equations for the sixteen components of the wave function, are sepa- 
rated into two sets, each having eight components. Second, they are further re- 


_ 


Approximate Solution of the Bethe-Salpeter Equation eg 


duced to equations for four components, by using unitary transformations charac- 
teristic of two-body problem. This reduction can be achieved for any interaction, 
though infinitely many times transformations must be carried out. 

The expansion of the wave function given in § 2 is applied to the reduced 
equations. Solutions are immediately found for the spin singlet and triplet states 
in § 4 for both positive and negative energy states. 

In § 5 the lowest energy eigenvalue is found for positronium by the straight- 
forward application of Wick’s method.” Since the spin dependent terms are neg- 
lected here as higher order in p/m, the separation of the 4S and °S states is not 
obtained. The deviation of energy spectrum from the nonrelativistic Balmer formula 
is of order 107° ev. 


§ 2. Expansion of the wave function 


In this section mathematical preliminaries are given in order to make discus- 
sions of two-fermion problems” easy. Although some of them are not always 
necessary to our simple examples in the later sections, they are shown for the sake 
of convenience in further applications. 

1. Expansion of two-body wave function 


A two-body wave function Ya,(12) is defined by 
Jag (12) =(¥o, T (Pal) $a(2) |), (2-1) 


where (1) is the field operator of the fermion labelled (1). Yae(12) is expanded 
ae ee: 


Jap (12) =F my Que D(z), 


Bt(12)= (Ho, TIPU) C7 OP) I”), 


(2-2) 


where O* is one of the 16 independent ;-matrices whose explicit forms are given 
in Table I. Note that 7’s are all hermitian matrices, C is the charge conjugation 


matrix which satisfies 


Ce Cad, oO =e, 


and CAO C=4 (0%) BETOr Sih Leas 
—for Vi Tr: (2-3) 


It is readily seen from the definitions (2-1) and (2-2) that 


Table I. Explicit forms of O% in y-matrices and g-o formalism 


“v | 
| S Roe eee PV | i one o 
1 bas 1 Cpe Te Tp tater ioe 
Ly i. = Px GO, 0,10 
| 
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YS ake(C7O*) y= Ppa %r@- (2-4) 


In order to find the coefficients ais, the matrix (O”C),, is multiplied and we take 


trace. One finds 
aea=(O"C) pa/4, 
or combining this with (2-3), 
aga= F(O*C) aa /4, (2-5) 
where — is valid for S,PS,PV, and + for V,T. 
2. Spin exchange operator 


In the nonrelativistic theory the spin exchange operator Po is related with 
the space coordinate exchange operator P,, namely 


Pee riin (2-6) 


where P;, is the exchange operation of the particles 1 and 2. In the relativistic 
theory the spin exchange operator is defined, related with the parity operator for 
two identical particles in the center of mass system. The parity operator is 


T=? p? Py. (2-7) 


P, denotes the exchange of the space coordinates, and (1) and (2) refer to the 
particles 1 and 2. Accordingly, the spin exchange operator is 


Py= Py T= P, p$ pY Pr, (2-8) 
where P, is the exchange operator of spin and energy state, and is of the form” 


pee 1tao%o ; 1+ p” p® 
2 2 


P, is the relative time exchange operator. 
3. Transformation properties of B* 
In this subsection we only consider the special case where P, does not play 


any role (P,=1). For example, two free particles in the center of mass system 
is the case. Then the parity operation is written as 


IT G2) =p eee Peg (le). 


where P, is the exchange operator of four-dimensional coordinates. From the 
definition (2-2) one sees 


P, (12) = Y} a°B*(21) 
= Nai, T[¥(2)C7Ogwy] x) 
= Dao, TL-$() (C70) "$2)]¥). 


a a 
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Using the relation (2-3), we obtain 
feed 2) == dX +a’ B*(12) 
“+ fOr 45, soe Vs 
—for V, T. (2-10) 
In order to complete the parity operation, (2-4) is helpful, namely 
(52) ta Psd sar aera CGO") = (PE) ag Po) an 


$ 


and 


x dap (C Bd O*) Biol (eS?) BI (oP) why (e$?) ap (p37) Bv- 
Combining these two relations, we finally get 
IT 9 (42) =e) eP D5 + a’ B*(12) 
= +a (Po, T [$(1) 0s" C™* O% ps6 (2) |¥) 


= 2h Fa'(Po, T[P (1) (C™ ps0" po) (2) JY) 


=) Loe )a BA). (2-11) 
Here & is displayed in Table I]. For the spin exchange operator the result is 
Ps9(12)= 3) & a’ B*(12). (2-12) 
Table II. 
ees Pars | ie Ry | Vv | Ti 
Os 1 | 5 175% = ts 74 Ti 4 Qh) nts Ara 
é + | - + — + = = dé 


a 


It is found that ten components, S, V(1, 2, 3)., PV(A, 2, 3),) and 2 ‘Crag 248 
34), belong to spin triplet states, and six components, PS, V(4), PV(4), and 
T (12, 23, 31), describe spin singlet states, when the wave function is independent 


of the relative time. 


4. Properties of 9(12) 
“If g(12) is independent of the relative time ¢ we can find some relations 
among components of g(12). For triplet states, one sees from (2-8) 


Gap(12) SP Veale) Se er Ne Jap (12) . (2 5 13) 


Then Ja, satisfies 


Gn=9us Gu —Gar Gu 79ar Ga — Isa» Joa= —Is21 Ju=Js. (2-14) 
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It is again seen that 10 independent components belong to triplet states. 

Since we have aug= dea, — for S, PS, PV, + for V, T, from (2:5), Jaa 
Jy, and GJ4, are expressed by combinations of V (1, 2, 3) and 7'(14, 24, 34). And 
Jia Jrtr Jos, ANd Ju are given by S and PV(1, 2, 3). 

For singlet states we have 


Iu=I2=I3=IJu=90, Jx=—IJar 
in - al pa, Los | 
IJ34= — 9430 J13=IJs1» Ju=IJa» Jr22=I 329 Ja=VJs2> (2-15) 


where J, and gy, are expressed by PS and PV(A4), and Ys, Jus Jos, and Joy are 
given by V(4) and T(12, 23, 31).* 


§ 3. Tani-Foldy-Wouthuysen transformation 


The Bethe-Salpeter equation for two identical fermions, which are interacting 
through S(s) photons in the ladder approximation, is 


(7d +m) GO+m)°9 (12) =f? Dr(12)9 (12), (3-1) 


f being the coupling constant. In momentum space the total momentum and 
energy are separated, and we have the equation for the relative four-momentum 
p(p, €) in the center of mass system, 


{iy p—7? (+ E+8| + m| |—iy pain (+-E-) F mi I(p) 


= aif {ath _ 
Ga) ) me ae 
E being the total energy of the system. g(p) is the Fourier component of the 
B-S wave function of the relative coordinates. 
Now we apply the Tani-Foldy-Wouthuysen transformation®*» to the respective 
particles, i.e. for the fermion (1) 


U =exp | ; coke 0? tan ( FI )}. (3-3) 


The (3-2) is transformed as follows: 


{0 pent — (4 e+e)| fom pnt — (<-2-2)} at) 


~ if 9p sf ate) i: | 
(an)4 (3 \ (p—b? {1+O((p/m)*)}, (3-4) 
where we put 
hip)=UU g(a). (3-5) 


* When g(12) depends on the relative time, the component gj, for instance, for singlet state 
is no longer given by a combination of PS, PV(4) only. In general, it may be given by a combi- 
nation of PS, PV(4), V(1, 2, 3), and 714, 24, 34). Note that V(4) never appears in 945. 
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Hereafter we neglect higher order terms in p/m. 
For electromagnetic interaction, instead of Eq. (3-4) one obtains 


{09 V/ pt mt — le +8) {oe Vptmt— (1 z—e\baw) 


‘fp 4 
aoe oy: (1—pP pPa Seip Dl sedan -{14O0((p/m))}. (3-6) 
(3-6) is the sum of the product of even operators for both of the particles, G® 
S®, and of odd operators, OVO”, but CPO” and OS™” are not involved. 
Consequently, one sees that (3-6) has already been separated into two independent 
sets of equations: one is coupled between “large” X“‘large” and “small” 
Xx“ small” components, and the other is coupled between “ small” x“ large” and 
mtarge: x small >. 

Next task is to find how to separate “large” x<“large” from “ small” 
x“ small”. In the present case, the OO term in (3-6) is apparently smaller 
than 1, so that the final form of the equation is given by 


ce 


“ec 


1? VP +m? — i E+ é) 108? Vp +m? — (2 E =é) | h(p) 


ie” vy KR) Oy 2 
= i ate pe 1+ Cem)”. (3-7) 
In general, this procedure is done by a unitary transformation.* In (3-4) and 
(3-7) each component of the wave function is solved independently. 

The recoil terms neglected in (3-4) or (3-7) is unfortunately of the same 
order of magnitude with the retardation, which we take into account. Both of 
them are of order (f?/47)”. In order to obtain complete information on order 
(f?/4z)? in binding energy, and so on, (p/m)* terms in interaction and (f?/4z)? 
diagrams must be taken in addition to retardation. 

In spite of these simplification of the equation, we are still going to expand 
h(p) as (2-2), in order to make the interpretation of solutions easy. Of course, 
the argument in § 2 is approximately valid. 

(3-4) is expanded as 


* Actually, the unitary transformation in this case is given by 


@ g@® 2 dk 
a exp| — = Fe a O?  +e, 02) stl coe 
where REND 
‘4 
Pe Nee ee) 


- is used. Note that the relations 
ps) =p3®, and 93 og =1 


hold. for “large” x “large” ana “ small” x“ samil”” components. 
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rete tee 1 Re ey es mee ta 210 ye ) $ 
yo | fee Vpn (2 E+e)} 0! V ptm ( 5 E—€ b aarB (p) 
eee (oe) ve AGey) gar |“ — dk B! U2) | aire =0, 


(p=)? 


or 


alavere—(L eed} elaveew-(2-9)ec 


ese Pe a, 2 EMCO) | 226 
(2x)* es (p—k)? Jae 
Multiply C71O*, and take trace taking (2-5) into account, 


ae da on fe Vp tm — (<-E+6)| (+ 4-0) {= ; 3V ptm 


2) (Ts ee) 
+Lo'p ja ers 


“(8-9 m9 Lro 2 es 


Finally, we obtain 


2 = fad ‘© 4 aye ae 
(pit m+ = _e) Br’ (p) Ay tf = d RBs (Rk) —iE V/ p’+m'B?s(p) = 


(27)* (phe 
(3-9a) 
mies BT cay eee 0. OFS (aR B NB) be a ocean 
(p im + 7 e) B (p) + cael RAS, +iE V/ p’+ mB?” (p) =0, 
(3 -9b) 
2 et ie EA fen aes k om BY 
fers tins | SHRED sev rata 
(3 -9c) 
| eee pe (hag) ge EE Susie 
(p' +m? ere &) B, (p) + eel ae —iE / p’+m'Bi(p) =0, 
(3 -9d) 
2 qed 2 Vv ihe a kB, k Cain sana 
(p Spee: i +) By (p) + ay \ Tae +28 /p +m" BS (p) = 
(3 -9e) 
F2 Sea TMs f s 
* 4+ m?——_+. 6") BS if’ | _d'kBY(k) wigs oaN ee 
(p m ‘ (p) + ent) (p—hy? +2& Vp An Be py 
(3-9f) 


EF aw ay) in 4 Tr 
tnt Eel pe if? ( d*kBZ(k) 
(P Be cnr A ie esta (p—h)? 


— 2 / p*+ m’& (ijk4) BR (p) <4 th (3-9g) 
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2 eee ae) ee rf d*k Bi’ (k) 
(p +m =+8) BI ) Lata 
4 (27) * | (p—k)? 


= 95 Vp’ +m’ & (ijk4) BZ (p) =0 = (3-9h) 


For electromagnetic interaction f? is replaced by —e’ in (3, 9a, b, c, d). Other 
eight equations are not given here.* 


§ 4. Physical meaning of solutions 


The compatibility condition of (3-9a) and (3-9b) is found to be 


2 Se ay} c 4 PS 
(rete Eo) wens Ef AE eevee 
(4-1) 

and exactly the same equation for B,? "(p). 

The sign + or — must be the same for B,?"” and Be. ‘Incidentally, this 
equation is directly obtained from (3-4). 

If (4-1) holds, a non-vanishing solution of (3-9a): and (3-9b) is found. The 
ratio of B,?” and B®’ reads 


Bi" (p) = FiB(p), (4-2) 
according to + in (4-1). The situation is the same for (3-9c) and (3-9d). 
Let us consider the case 
Ba" (p) =1B*(p), 
and other B’s are chosen to be zero. The wave function h(12) in (3-5) is writ- 
ten as 
AZ) = ie BZ ial YB 2) 


ee BAI) (4-3) 
00 


I 


Here explicit representations are employed for the Dirac matrices and CHa: 
(4-3) is just the ordinary singlet wave function (@%3°—f%a) /\/2. 

On the other hand, the + sign in (4-1) corresponds to the singlet state for 
two fermions both in negative energy state, 


h (12) = (a?S—ia®”) BP§(12) 


4 


tae Bea (4-4) 


ss aa) 


* Green and Biswas have simplified the B-S equation for two fermions in a different way.” 
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It is needless to repeat discussions for triplet states. 

The meaning of (4:1) is clarified in the following way: First the retarda- 
tion in the interaction term is disregarded, and integrate over the relative energy. 
Defining 


b(p) = \ de B(p), (4-5) 
one sees 
if 6 ( d’kb(k) et hy 
A ere (2n)* \¢ (p—k)’ (/ ptm + E/2)°-& 
This yields, using the ordinary contour integral for &, 


ee fi ( d*kb(k) 
(2 /pit m+ E)b(p) — To \ (p_ 
which is nothing but the Schrédinger equation in the nonrelativistic limit. 
(3-9e) and (3-9f) are compatible provided that the equation 


=0, (4-6) 


E? ‘) af itd DURE Ai 4 
ame 2 e\ B “24 28 1/ p+ m’ B( (279 
(p +m i oF (py aa Bh? V p’ +m’ B(p) = 
is satisfied, and we have 
BY (p) =+ B*(p). (4-8) 
Accordingly, the explicit form of the solutions are 
0 (0 is ee 
Fe ae Ve ean: fe BIZ he (4-9) 
Onl 0 
=| i 0 0 


which indicate the spin singlet states of a'fermion-antifermion system. In this case 
the argument concerned with singlet and triplet states given in the end of § 2-3 
fails, because the relative time plays an important role. 


\ 


§5. Energy level of the bound state 


The remaining work is to find B(p) and energy eigenvalues which satisfy 
(4-1), at least, to find the lowest energy level of the bound state. 


First we take the square of the operator of (4-1) and neglect the f! term, 
then we have 


(pit mt —é) B(p) +; ape (P’ +n? core, voce eee 


— i (p' meer) (5-1) 


* It seems to be fortuitous that PS Se PV(A) represent purely the singlet state, nevertheless 
the relative time plays a role in general. 
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It is noted that there might be redundant solutions of (5-1) which are not solu- 
tions of (4-1). 


(5-1) is rewritten in a covariant form introducing the total momentum P, 


2 is 2 2 FX 
P —pP++_ +m) (2 + pP++—+m!) BG) 


2if* (yp P 4 pt) | EBA) 
(on)! Pp : +m eras (5-2) 
In (5-2) p* in (p’— P?/4+m’) can be neglected compared with — P?/4+m’, 
while other cannot be disregarded. 
Now we can apply Wick’s method.”*» Let the solution be representable as 


c ‘gle)dz 
B a ‘ 
(P) \iperepP+Pyaenty (963) 
From (5-2) we have the ordinary differential equation for g(z), 
2) A! iy m+ b?/4 
(l—2") 9” (z) + —+— g(z) =0 5-4 
) ) (42)? m?— (1—2”) E?/4 g{z) Oo” 
with the boundary condition 
g(+1)=0. (5-5) 


Put E=2my, then 7 is very approximately equal to 1, 0<y<1, since the 
binding energy Ez is small. Hence we can approximate 


2 Be) Lg P VSP 
CPS es erga a ns (te) (oS d(z). (5:6) 


ic 2 2 


m—A1—2)E/4  1—7+7?2 7 7 


The lowest eigenfunction is given by 


ee SIE (458) " Gye ie he 5-7 
ato a) (Ea) 90) tx, Ciel (6-7) 
with the eigenvalue 
p49 - 
Ar 1+7° 


Most of the argument given in this paper is valid for two different particles. 
We apply, therefore, the same method to the lowest energy level of positronium, 
where the electron and positron are treated as different particles. Any way, pair 
annihilation connot be treated in our approximation. In this case f” is replaced 
by e”, and the binding energy of the ground state is immediately obtained from 


(528), 
2 1 
Ey=“—m (+t at+~) ww 6.8 ev. (5-9) 


188 M. Kawaguchi 


where a=e'/An. 


The second term is considered to be the deviation from the nonrelativistic 
Balmer formula, which is of order 10~°ev. In our approximation *S and ‘S sepa- 
ration is not obtained, which is slightly larger than the above-mentioned deviation. 
It is, therefore, desirable to calculate the energy spectrum of positronium more 
precisely, for example, the 4S and 4S separation as a small perturbation using the 
above-solved wave function as the unperturbed one. 

The author is indebted to Dr. Y. Miyamoto for his kind advice. 
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The problem of the mass difference of the triplet sigma is discussed in terms of an 
electromagnetic self-energy by taking account of the virtual process 39>49+7—2° and the 
process 3° >39+7—5° for the self-mass of the neutral sigma on an equal footing. The 
electromagnetic form factor is introduced to serve as a cutoff factor. With the e?-approxi- 
mation, it can be seen that the process Y°9>A9+7>5° plays an important role to study the 
mass splitting of 5’s along this line. 


§ 1. Introduction 


In the strong interactions among the strange particles and nucleons, there is 
no definite experimental evidence against the Nakano-Nishijima-Gell-Mann scheme. 
When the charge independence of such a scheme for the strong interactions holds, 
it will be natural to assume that the observed mass differences between the baryons 
belonging to the same charge multiplet will originate, to a large extent, from the 
electromagnetic self-energy. In this point of view the theoretical explanation of 
the large mass splittings’ among 3*, +7 and 2”, 


M,-— My+= (6.844 0.28) Mev, 
Myo— Ms+ => (2.39 aie 0.37) Mey, 


will be especially interesting. 
When we assume the mass splitting is due to the electromagnetic self-energy, 

it may be reasonable to reproduce the above mass differences along the line of 
approach to the problem by Feynman and Speisman” who succeeded in explaining 
the neutron-proton mass difference with a cutoff perturbation theory by using the 
experimental values of nucleon anomalous magnetic moments. Here the anomalous 
magnetic moment of + is not yet measured and the mass differences depend on the 
assumed values of the magnetic moments. About the general properties of ¥ ano- 
study in the non-relativistic cutoff theory may be in- 
he fact that the experimental values of the 
can be reproduced with the non-relativistic 
In the case of 3’s too, this situation would 


malous magnetic moments, 
structive. For instance, we know t 
nucleon anomalous magnetic moment 
cutoff theory in static approximation. 


* Formerly Y. Sugahara. 
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not be so largely converted. By the calculation” along this line, it may be 
expected that 

i) the absolute values of the charged sigma’s anomalous magnetic moments 
will be of the order of nucleon anomalous magnetic moments, and 

ii) the sign of 4, and “_ will be positive and negative respectively.* On 
this standpoint we shall again view the papers on the + mass splittings published 
up to now. 

Many attempts” have been made to explain the mass differences of + by 
taking account of the contributions from Figs. 1(a) and 1(b). To reproduce the 
observed mass difference of 3, with a straight cutoff A=>K/M=~0.5 (K is the 
cutoff momentum and / is the unperturbed 3 hyperon mass), Katsumori” required 
rather large absolute values for #4, and /_, i.e. #4. <—8.02 or 4. > 5.96. With 4=1.0 
and by assuming #_=1.27, he obtained #,=1.66 or —3.83 and #=0.915 or 
—0.915. In second order perturbation approximation Sudarshan and Marshak” 
demanded that 4,+y_~3~4 with Feynman cutoff parameter 1.41/~2M, where 
p— is always assumed to be positive. Kato and Takeda” evaluated the mass dif- 
ferences by using the exponential form function with r.m.s. (root mean square) 
radius 0.8y (ly. (yukawa) =10"" cm). With #,=1.93 and #_=—1.77 which are 
their estimates of 4’s from the static theory (they assumed the global symmetry 
of the pi-mesonic interaction and the contribution from the A-mesonic interaction 
was assumed to be small), they obtained the mass difference between ** and 2, 


|M;-—My+| 0.08 Mev. 


Recently Zimerman® made consider- 

ation about some possibilities to HS es. 
explain the mass splittings of the = 52 y+ so yo xe 
* multiplet for reasonable signs 
and magnitudes of the anomalous 
magnetic moments. He introduced 
a form factor which is the super- Y 
position of two Yukawa-type form pe Bas aS 
functions and assumed that the e a : 
charge distribution of 3° is zero. (©) 

If all the sigmas have the same 
form factor except the charge dis- 
tribution of 3°, there should necessarily result that Pu > 0) fe > 0 or. 22>; 0. to 
realize the experimental values of the mass differences. On the other hand p_ <0, 
4o>0 can explain the mass differences when 3° has a different structure from 
charged sigmas; e.g. the neutral sigma’s distribution is an exponential type with 


Fig. 1. The self-energy of Y in e?-approximation. 


Hereafter we shall these terms i) and 11) as our “conditions” 


#4 and py refer to the anomalous magnetic moments of Y+ 
respectively. 


which w, and p_ may satisfy. 
and ¥° in unit of the hyperon magneton, 


itd. site fee) 
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a r.m.s. radius 7(~r,/8, where r, is the r.m.s. radius of charged sigma which 
he assumed to be 0.8y). For _<0, <0, it is necessary to assume different 
structures for the three particles. All the above but Zimerman could not obtain 
the observed mass splittings with such /, that fulfil our conditions. They®-® 
did not pay attention to the contribution from the virtual process ¥°>/°+7>2° 
(Fig. 1(c)), but this will have to be taken into account.* As far as the strange- 
ness conservation law is correct, Figs. 1(a), 1(b) and 1(c) are to be considered 
on an equal footing. We shall note in parentheses that: If the global symmetry 
exists, MoS (1/2) (Hpt hn), Mo (1/2) (4p—Hn) and |f4'| > |4|.** So the contribu- 
tion of #4’ cannot be neglected. Here “’ is a contribution from the vertices 
Fig. 2. The mass difference would come from the internal structure of the particle 
and the type of the form factor is responsible for the results,®»” but at 
present we are too ignorant about the Y hyperon structure of inner region, so here 
we shall not enter into the discussion of the form factor. To gain a clear under- 
standing of our position, in that we wish to suggest the importance of Fig. 1(c), 
we shall introduce a simple type form function to play only the role of cutoff of 
divergence. 


§ 2. Calculation 


We shall discuss the problem in the second order perturbation approximation. 
The interactions of the sigma with the photon are described by the Hamiltonians, 
(e>0) 


e 


Ha== ie | dx dy 5* (x)7,2* (2) Fi (a—y) A, (y) 


-* ee \ dix dy S* (x) o,,5* (2) G,(a—y) Fu); 


H,-=+ie| dedy3-(2)7,3-(@) Fe An) 


— 4 | dx dy F(a) 43) Ful), Oa 


ee ee \ dc dy 3” (x) 6 yy 3° (2) Go(a@— 9) Fn) 
oe eve 


* When this calculation was finished it came into our notice that Katsumori, who tried to 
explain the observed mass differences by examination of the type of form factor, suggested that 
there was the possibility that the situation might be changed by taking account of this diagram. 
The author wishes to express her thanks to Dr. H. Katsumori who sent her a preprint of his paper 
before its publication. 

** Unfortunately, a description in footnote 4) of the reference paper 7) that 4p’ is a mistake. 
*&* In this article we adopt the natural units: #=c=1. 
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fa 


pe she | dacdy A ae) 76 ps 2° (2) Gi (2-9) Fro) +H. 4" 
= 


9 


a a 


where it has been assumed that i) the spin of Y and A are 1/2, 1i) ~ the 
charge distribution of the neutral hyperon is identically zero and iii) the propaga- 
tion functions of the hyperons, in the strong interaction with the other fields, 
can satisfactorily be approximated by the conventional propagation function for the 


nr, me Pee 
: n= if ‘ / 
ie = CARS: x (A) Dy DY (A) FF 
{ K- K(K) K(K) 
< 2s own, eS 
a / aes t \ / \ 
wo N s —— a_i 
yo p Ae ye p A® z N() z. z N@) x 
) Fig. 3. The contribution from the mass 
KY eS difference of baryon multiplet and of 
> —_— Ao meson multiplet to the JX self-energy. 


Fig. 2. The eg?-order vertices producing 
the Pauli moment-like interaction between / ‘ 
59 and AY, Ss F(A) ay 


/ 


point hyperon. / represents the tran- 


sient magnetic moment between 3° and : a me 

A? which comes from the diagram of Fig. fe SE Mt 

2 and causes the transition 3°/°+7. * = SP aes n s- 
M is the unperturbed mass of the 2 Fig. 4. The magnetic self-energy of 5. 


hyperon. The notation 7,’ is’ to be 
read 1 or cj, according to the even or odd relative parity between * and A: 
P(A). We shall take as that the effects of the higher order corréctions of the 
strong interaction (e.g. Figs. 3, 4), i.e. the influence of the pion interaction and 
of the kaon interaction, etc., are small.®’**® So we shall carry on this calculation 
in the following with neglect of these effects. 

The self-masses of the sigma hyperons are given in e”-approximation, 


1 
iyp—irk+M 


AM* = 


ie” d‘k pons 
ee \ Be | nF (k) 5s ey FavR ATRIA) G. (&) | 


* The vertex part which describes the process 39>49+y7 (real or virtual) is generally written 
as the sum of three terms which are proportional to tw» Rk, and o,,. For the case of the emission 
of a real photon the first two terms do not contribute since #2=0 and €,k,=0. It was shown that 
even in the process of a virtual photon emission the term of o,, gives the main contribution.1.12 
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«| #7 REC) aE tp Bp ee 
Mz + (Rk) 4M (7k rkr,) G(R) ee ot) (2) 
4M°=— ie” ( Po i) d‘k ( 1 
r.tk—rk -.) = Fee Hebe ge 2 
ie” ( Re ) (i het ie 1 | 
iio. 78 (Pet TRF) Sere (rth Pep Gat 
(27) 4M R? ip—itk+M, i Cai iw) Go (@) yp=iM- 


. For the sake of simplicity we shall restrict ourselves to the consideration of 
3-dimensional form factors, namely F(k) =F (k). This will not cause qualitative 
difference for the present problem. After carrying out the integration over &) and 
solid angle, the mass differences become 


4M~—4M*+=—*— m{ ao| {F?(m0) —F2(M o 1 
(27)? | i ies ar Yea vou 


+3 {_F_(MQ)G_(MOQ) +p, F, (MO)G, (MO); 2°. 


+2. {42G3(MQ) —1262(MQ)} ee (3) 
AM! — 4M =e, m| dQ| F2(MQ) or V Ori 9) 

+31, F, (MOQ)G, (MQ) > oe © {8G (MQ) — 1 Gi(MQ)} ven 

ad ee p41 Gol? (MQ) eae 


M?—M; 1 1 2 
Ee EEL EAT GY | PERE aoe = PE ie : : 
ame! OP (=a SWOT Ver 

(4) 


Here «= (M,/M)?, Q=|k|/M, and D indicates that the principal value of the | 
four dimensional Fourier integral is to be taken. In Eq. (4) we must read the 
upper sign when P(A) is even, the lower sign for P(A) odd. 

For simplicity’s sake we assume that the spatial extents of the charges of 3* 
and S- are the same, and also the same distribution to the charge distribution 


* — 0, 
occurs for the anomalous magnetic moments of 3*, and 3”: 


F.=G,=F_=C_=G,=G!=F. (5) 


This assumption will be seen not to injure the conclusion of this article. In the 
following we assume the distribution has the exponential shape, and this density 
distribution is expressed by means of Fourier transformation as 


F(MO) =1/ {1+ (M?a@°/12)Q’}’, (6) 
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where a gives a root mean square radius. After Eqs. (3) and (4) are arranged, 
we obtain the relations (7) and (8) of the a.m.m. to the mass differences corre- 
sponding to the evenness and oddness of the relative parity of 1 to ~, respectively. 


(tie CA) .: even 


(1 +3) —( = 2) = [4M ~ — 4M * hors 
oe ees (e?/(22)?)MR 
2 Te. jp AMAA oe 
te aoe eat UN ee BBs Oa Se ff 
(/ Hh (Al Gay) MRA a 
[1] PCSA) ; odd 
The same relations as (7) hold except that T is replaced by —T”. (8) 
e oa 
reg 
a=0.8y 
co eeee 


Fig. 5. The points which can explain the observed mass difference (My-— M+). 


x: With “’=0, these points give the observed mass differences for (Ms-—My+) and 
at the same time. 


in unit of the 
hyperon magneton 


(Myo— Ms+) 


——: Points on this curve (4, u_) with corresponding yj; (wor | 0) in Fig. 6 give the observed 


mass differences (My-—My+) and (Ms0—My+) at the same time. 


mass differences (My-—My,+) and (Ms0—My+) at the same time. 


: Points on this curve (44, 4_) with corresponding fy (leor | 0) in Fig. 7 give the observed 
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mn  s-10 


in unit of the hyperon 
magneton 


Fig. 6. The values of yj; which can explain the observed mass difference (Mso.—My+) with 


corresponding solid curve in Fig. 5. The intersecting point with s,-axis corresponds to the 


point X in Fig. 5. 


a=(0.8y 


fet 


10 


in unit of the 
hyperon magneton 


Fig. 7. The values of bg Which can explain the observed mass difference (My.—Myt+) with 
corresponding dashed curve in Fig. 5. The intersecting point with 4-axis corresponds to the 


point X in Fig. 5. 
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and 
A=M?a’/12. 


The corresponding values of the integrations in Eq. (9) to the various r.m.s. radii 
are listed in Table I. 


Table I. 


Calculated values of the integrations in Eq. (9) for various r.m.s. radii. 


A (y=10-18 Ae) R S TT bb 
0.01 0.057 y 19.8 22, eat 3.16 
0.1 0.18 y 1.64 1.13 1359 0.251 
0.3 0.31 y 0.450 0.763 0.438 0.0621 
0.54 0.42 y 0.215 0.602 0.210 0.0282 
1.0 0.57 y 0,0956 0.457 0.0956 0.0116 
1.95 0.8 y 0.0393 0.334 0.0404 0.00341 


In the Appendix we present the relations of # to the mass differences cor- 
responding to the various r.m.s. radii. Figs. 5, 6 and 7 give the curves (/4., /_), 
(#44, Yor) and (/4,, 41) which can explain the observed mass differences (Ms-— M+) 
and (Ms.—M;+) for several values of a, respectively. Here suffix J represents the 
case when P(A) is even, IJ when P(SA) is odd. 


§ 3. Discussion 


The problem of the nucleon mass difference has long been investigated" from 
the point of view similar to the present one. If the same exponential type of dis- 
tributions is assumed for the protonic charge and the magnetic moments of the 
proton and the neutron, while the charge distribution of the neutron is taken to 
be zero everywhere, it is required that their r.m.s. radius should be 0.42y in order 
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to obtain the observed n-p mass difference with the given parameters: [4p, [n- 

To get a clue we first analyze the sigma mass difference by using a cutoff 
which corresponds to a r.m.s. radius of 0.42y. In this case, if we neglect /’, 
the effect of the diagrams Fig. 2, only the values of (#,>0, #.>0) or (f, <0, 
<0) can explain the observed mass difference (M;-—Ms+) and (Myso—My+) 
(see Table II). Neither of these two pairs of /’s satisfies our conditions i) and 
ii). For obtaining the values which satisfy our conditions it is necessary to in- 
troduce suitable 4’ at this cutoff. The points (#,, 4) on the solid curve in 
Fig. 5 with corresponding /4, in Fig. 6 or the points (#,, 4) on the dashed curve 
in Fig. 5 with corresponding /4, in Fig. 7 can explain the observed mass differences. 
With suitable 44; we can get #,>0, “<0 (see Table III and Fig. 5). If we 
assume the conditions i) and ii) in §1, there is no real “4, which can explain 
the observed mass differences. However, if we give up these conditions, both 4, 
and #4, can play roles to explain the mass differences. As far as we demand the 
conditions stated in §1, the relative parity between ¥ and A has to be even in 
order to explain the observed mass differences (Ms-—Ms+) and (My.—Ms+) at 
the same time. We can put the foregoing in another way that: Even though we 
neglect and have no regard for the contribution of “’, the experimental values of 
»S mass splitting can be reproduced by taking some /,, # and a (even if these 
values may not be adequate). The sets of such parameters are given in Table II. 
But when we take the parameter a that can explain the nucleon mass difference, 
it is the conclusive factor to consider the problem with 4, for reproducing the 
observed 5 mass splittings by #, and #~ which fulfil the conditions. 

We do not know whether the structure of ¥ is the same as that of nucleon 


Table II. Values of pair (4, w-) which, with po’=0, can explain the observed mass 
differences (M,- — M+) and (Ms0—Ms+). 


a M+ H- 
0.057 y ~0.078 —0.028 
or —2.48 2.43 
0.18 y | 0.515 —0.003 
| or —2.92 | 2.40 
0.31 4 1:29 0.354 
or —3.69 2.05 

0.42 y 2.26 1.90 
or —4.66 —0,497 

0.87 ¥ 4.20 3.03 
or —6.60 —0.627 

0.8 y wie 11.3 
or —14.1 —8.93 
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or not, so it may be necessary to examine the situation with the other parameters. 
As is seen, with any parameter a which appears in Table II, we cannot get the 
values that satisfy our conditions. These conditions can be fulfilled only by in- 
troducing #, As examples we shall quote some values of the a.m.m. which can 
explain the observed mass differences by adding %,; in Table III (see also Figs. 5 
and 6). In any case of these parameters a as well as in the case of 0.42, we 
have no real pj, corresponding to (#,, #-) which satisfy the conditions for ex- 
plaining the observed mass differences. Here 24 =/.+/—: this is a consequence 


Table III Values of 4, uo and po’; which can explain the observed mass differences 
(Ms-—Ms+) and (Mso—Mst). I is the case when P(A) is even. 


a be ue Ho Lo 1 
0.18 y 1.8 —1.52 0.140 2.48 
2 —1.76 0.122 Veet fa} 

D5) —2.28 0.110 SoS 

3 —2.82 0.092 3.90 

0.31 y 1.8 —0.652 0.574 1.81 
2 —0.981 0.510 215 

2.5 —1.68 0.420 2.85 

3 —2.29 0.357 aay 

0.42 y 25. —0.70 1.0 2.63 
—1.28 0.859 3.09 

4 —249 0.628 4,42 


of the charge independence of interactions and is perturbation independent.>»” 
This relation can be extended for the complete magnetic moments including the 
form factors.” As we have assumed the relations (5) among the form factors, this 
is exact. If the distribution of a 3°, which has the vertex as shown in Fig. 1(b) 
but not that of Fig. 1(c), is smaller than that of the charged sigma (in other 
words, a parameter a included in the form factor G, is smaller than that of the 
other form factors), the values of which can reproduce the observed mass 
difference become smaller than that given in Table III with the values of rane, 
Mr in each corresponding row kept unchanged. This is not impossible, because 
there is no direct current contribution of pion interaction to /. Though there 
‘are many sets of #’s to explain the mass differences (as is seen in Figss.5..0 
and 7), in Table III we listed a part of the values which satisfy the condition that 
#,>0 and “<0. When we demand #,>0 and p_<0, % is to be positive as 
far as we use our simple model which is defined by (5) and (6). For fy <0, it 
is required that #,<0. At any rate direct measurements of the anomalous 
magnetic moments of the + hyperons, especially of the sign of the anomalous 
magnetic moment /, would be interesting. 
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yO. yo. 76 . ° . 
The decay of 2°, 2°-5.4°+7, is considered as being caused through /4’-interaction 
and the lifetime z of 3° is expressed as 


1/t= (e*/42) (t4'/4M)?2(M?—M?)*/M? = 0.317x 10" 4” (sec™). (10) 
The experimental upper limit of 7, 7<107" sec,” tells that 
(Be (eS 105% 


On the other hand we shall have a relation between the experimental uncertainty 
OM of °-mass determination and c: 


oM>1/t. (11) 
Eqs. (10) and (11) will combine and can give an upper limit of ™’. From the 
present experimental status of 0M=0.53 Mev and 6M/M+~1/2300, we obtain 
|Ho"| <16. 


In future, the measurements of /#4,, 4, / and /' will be established and the 


structure of the hyperon 3 will be made clear. Then the importance of the con- 


tribution from the process 3°>A°+7—>35° will be realized more clearly. 
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Appendix 
(4, +6/5)?— (u_—6/5)’=X, 
(4,+6/5)?—p— Yw"=Z, for case I, 
or 


(4, +6/5)?—pe+ Y' fo” =Z, for case II. 


Table IV. Values of X, Y, Y’ and Z. 


A XG ye ee Z 
0.01 0.125 0.962 0.160 1.63 
0.1 1.51 0.969 0.153 2.87 
0.3 5.48 0.973 0.138 5.49 
0.54 aE) 0.979 0.131 7.59 
1.0 25.8 1.00 0.121 16.2 
1.95 62.8 1.03 0.0868 8313 
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In Table IV, we took the following values as the mass differences of 5’s and the 


bare mass of sigma hyperon : 
[4M ~— AM* Jos, =6.84 Mev, 
[4° — 4M * lors. = 2.39 Mev, 


and 
M=1193 Mev. 
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Low energy K meson-nucleon interaction is re-investigated under the following assumptions. 
1) K meson is scattered via KKzrz interactions of the isospin independent and dependent 
type in addition to the direct K meson-hyperon-nucleon interactions. 
2) In the low energy range (up to 250 Mev), S-wave K-nucleon scattering is dominant. 
3) The source of S-wave K-mesons is extended to a comparable size as the potential 


range via the exchange of two pions. 


The characteristic features of low energy K-nucleon scattering are shown to be reproduced 
under the above assumptions. It turns out that the AAzz interaction of isospin dependent 


type plays an important role in K-nucleon scattering. 


§ 1. Introduction 


There is some evidence which might be considered to show the existence of 
KKzz interactions. For instance, the pion production in K* collisions on protons 
above the threshold at 220 Mev was reported,” and some calculations have been 
successfully done through the mechanism via KKzz interaction.” On the other 
hand, the existence of the effective strong KKzz interactions is theoretically expected 
from the strong pion-nucleon and K meson-hyperon-nucleon interactions. 
| Such an interaction, if it exists, will play an important role in various strange 
particle reactions such as K meson-nucleon scattering, K meson-hyperon pair pro- 
duction, and so on. However, we have no direct method to attack this interaction, 


hence little has been known about it until now. 


In this paper the K meson is con- 
sidered to be scattered via the exchange 
of two pions between the nucleon and 
the K meson as well as via the direct 
K_ meson-byperon-nucleon interactions 
(Fig. 1, Fig. 2). We shall discuss the 
results of the application of such a 
theoretical scheme to the K meson- 
nucleon scattering problem and get some 
information concerning the AAz7z in- 
teractions such as coupling types and 
‘the magnitude of the effective coupling 


N 
<2 
S 


a 


Ze 
4 


ee 


Fig. 1. Contribution 


to K-N scattering 
via the mechanism 
of the boson-boson 
interaction between 
two pions and two 
K mesons. 


N K 


Fig. 2. Contribution 


to K-N scattering 
via the mechanism 
of the direct K 
meson-hyperon-nu- 
cleon interactions. 
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constant through the analysis of the K-nucleon scattering. We derive the conclusion 
that KKnaz interactions of both the isospin-independent type and the isospin- 
dependent type amalgamate into the direct K meson-hyperon-nucleon interactions to 
play an important role in the three K-nucleon scattering. 

The several features of 


o(mb) — o(K-unit) 
the recent experimental ana- 
lysis” which we _ consider 247715 
significant for our present [ 
purposes are: t K*p scattering 


a) The S wave is domi- 
nant at the energy region 
from zero to 250 Mev at least. AR 

b) The effective K*-p [ 

K*n charge exchange scattering 


ial is repulsive. Sate 
potential 1 p 12 LA 1,6 w(K-unit) 
— —_1___ 


~ + eet — 
c) The elastic K*-n Mer 260 Mev tab KE. (Mev) 


K*n elastic 
scattering 


cross section increases up to 
100 Mev and then decreases, 
while the charge exchange 


. Fig. 3. Energy dependence of the cross section for the 
K*-nucleon scattering. 


scattering cross section is very small at low energies and then increases rapidly 
and becomes equal to the K*-n elastic cross section at about 240 Mey (Fig. 3). In 
§ 2, we shall calculate the K-nucleon scattering with a proposed scheme, in § 3 
KKzz interactions are investigated by making use of the results in § 2 and § 4 is 
devoted to the discussion for the results thus obtained. 


§ 2. K meson-nucleon scattering 


In this section, K-nucleon scattering is re-investigated under the following 
assumptions. . 

1) K meson is scattered via the exchange of two pions between the nucleon 
and K meson in addition to direct K meson-hyperon-nucleon interactions. 

2) In the low energy range (up to 250 Mev), S-wave K-nucleon scattering 
is dominant. 

3) The source of S-wave K mesons is extended to a comparable size as the 
potential range via the exchange of two mesons (Figs )e 

In assumption 1), a possible form of KKzz interaction will be derived by 
requiring the Lorentz invariance and the charge independence in the framework 
that no derivative of order higher than second will be admitted. KKzz interac- 
tions under the above requirements are of the following types, 


i= 7p Ko K,2,%;°, (2-1) 


H,=),i(K*?,3,K—9,K*r4K) (@X9,) « (2-2) 
== 2s (K* 0, K;) (7; 0,,7;) . @ -3) 
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Here os is the pila, operator for the K meson treated as a doublet 
), Rr | Ko% ). We choose only H, as the isospin independent and H, 
as the isospin dependent KKzz interactions to see the characteristic features. 
Another isospin independent interaction H; is not essentially different from HH. 
Assumption 3) means that the source of the S-wave K mesons which is pro- 
bably made up of nucleon-antihyperon pairs extends to a potential range via ex- 
changing two pions analogous to a treatment in S-wave pion-nucleon scattering.” 
We consider two cases of range ~ (4#)-* and (6/)71. Now the effective Hamil- 
tonian can be expressed as 


H=A(\e()K() d®r)t+ |KO VinK@ds |KO U(r) K(r) d®r, 


(2-4) 
where K(7r) means the wave function of K meson 
ie Gi SOs ae ad es 
and A=—-~—*4_+-—**— in the case of total isospin J=0 state, (2-5) 
2M 2M 
2 2 ; 
ieee in the case of total isospin J=1 state. (2-6) 
ZIV. 2M 


The first term corresponds to the S-wave scattering via the intermediate pair 
nucleon-antihyperon state through the direct K-hyperon-nucleon interaction. g,' and 
gx are rationalized, renormalized pseudoscalar K-A-N and K-2-N coupling constant 
respectively. V(r) means potential induced by the isospin independent four boson 
interaction of the type (2-1) and U(r) means potential induced by the isospin 
dependent interaction of the type (2-2). 

For simplicity of calculation we replace the second and the third term of (2-4) 
by a separable source version without losing the essential features of the problem. 
Then 

H=AK-K+ V(0)K-K+0(0)K-K (2-7) 
with K=Jp(r)K(r)d?r, V(r) =V(0)p(r) and U(r) =0(0) P(r). Here the same 
function p(r) is used for the second and the third term since the range of V(r) 
and U(r) is assumed by 3) to the same as that of p(r). V(0) can be calculated 
to the lowest order in 7,, by calculating the transition matrix for zero-momentum 
transfer in the static theory” in terms of the interaction (2-1) (Fig. 1). 


ro =(2)(E)ief art 


feal tao garth) ee 


Here we assumed that the (3, 3) state dominates the integral. The first term in curly 
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brackets comes from the Born approximation expressed in terms of the rationalized, 
renormalized pion-nucleon coupling constant, f*/47=0.08 ; the second term involving 
an integral over the pion-nucleon large cross section ©%5 contains corrections from 
the multiple scattering of the exchanged pions on the physical nucleon. 

Quite similarly, U(0) follows from the isospin dependent KKz7 interaction 


through the mechanism of Fig. 1. 


oco=—(Z){() | Ba 


Ar An) 2 } w 
— 32 | ean | PoP) tt zy cy (2-9) 
ie Op o(@p,+oa)* ! 


With cy te —= 1 any the caseor. J=1 
=—3 . (= 0), 


Using the above effective Hamiltonian (2-7), (2-8) and (2-9), the effective 
potential (k|V|k’> can be obtained in the Born approximation. In the case of zero 
total isospin of K-nucleon system, 


M 
2 2 2 4 
CAIVIE =] S ot oa +( : {(£ ze ee dk -+ rescattering term| 


uy 2M 2M Ar Aa pe J w j 
WN A (ff) 326 KE ; 
Bees | haves Eee ? 
15 ( Az ‘ {( ne pe | wo dk—rescattering patie (oro ) | (weo')? (2-10) 
In the case of the total isospin one, 
Cave va] 244 98 (AN (£2) 24 ( # 
eae OM" ea. {( = re | m dk -+ rescattering term} 
Meet Faeroe a Bt “ 
i ( . {( ae) pe | wo dk —rescattering term| (w ro!) | (cow’) (2-11) 


Here the rescattering term contributes only about 30%, so that we shall retain the 
Born approximation term only in the following analysis. 

In order to take higher order effects into account we propose to solve an in- 
tegral equation that the scattering amplitudes (k|K|Ro) satisfy. 

The scattering amplitudes (2|K|k,) satisfy an integral equation of the form® 


(El Kho) = CE V ha) +1 P| ck! CAIVIRD RIK | Ro) (9.49) 
Baia W—o a 
where &) is the initial momentum of K meson in the center-of-mass system and 


wo= (ko +mx)'” its initial energy. The phase shifts 0; for K-nucleon scattering are 
related to (k|K|k)) as follows, 
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tand, = — “20 (ia Kho), (20.1) (2-13) 
7 


Then the total cross section can be obtained from 0). 


Now let us solve the integral equation (2:12). For the effective potential 
CR|V\R'> of the form (2-10) and (2-11), namely 


_Q+C(e+oa’) 
CR|V[R = (ou!) mie (2-14) 
the exact solution for <%,|K|)) is given by 
(Rol K| Ro) 
Cro C,M (ao) 
ies a ME Bers 
C, 9 i CG: N (wo) 
= (G+ c:] BS pr RE. De 
wo) | GM(o) _ CNC) _ CoM (wo) 
2x" Date | 2" 
Jett C, N (wo) ae C,L (wo) "pees C, Nw) 
Qn? rege on 
| att C,M (wo) Gi N(w) C, M (wo) + Cy N(@o) 
| Qn Dahil: 277 a9 
a C, N (wo) *y CL (wo) ite C, N (a) +C,L (wo) 
ee 7 aM) _ CaN(on) —__C:M (ov) 
Og Ont” 27" 
< C,N(wo) C,L (a) ap C, N(a) 
Qn 2" i 
where 
7G , ‘ 
w 
Eoyea| dee (2-16) 
0 
¢ 1 
APs Pp ers ae Dat 
M (o) = |e erre aa (2-17) 
N (or) =— | ae eer (2-18) 


and K is the cutoff momentum which corresponds to the extension of the potential 
range. Details of the calculation are shown in the Appendix. The solution (2-15) 
involves all Feynman graphs which are combined with the three typical graphs 


(Fig. 4. a, b,-c) in every order. 


206 K. [gi 


K ° K 
~ 7 = zx 
oa “Zz 
K | K K 
(a) Foldy type. (b) Graph via the (c) Same as (b) but 
mechanism of the with the interaction 
boson-boson interac- of the isospin depen- 
tion between two dent type (2-2). 


pions and two EK 
mesons of the isospin 
independent type (2: 
1). 

Fig. 4 


§ 3. Calculation of the coupling constants i, and i, 


In this section we shall examine the four-field boson-boson interaction by ap- 
plying the proposed scheme stated in § 1, to the K-nucleon scattering. We note 
that KKzrz interactions of both the isospin-independent type and the isospin-dependent 
type are important for reproducing the three K-nucleon scattering. For determining 
the coupling constants 24, and /, of the KKzz interactions, the following experi- 
mental data for K-nucleon scattering, § 1, a), b) and c) will be used as the most 
reliable. 


1) o(pK*|pK*)=16mb=10 (K meson mass unit) at zero K. E. 

2) o(nK*|pK°) =2mb=1.25 at 80 Mev K.E. (3-1) 

83) o(nK*|nK*) =o (2K*|pK°)=8mb=5 at 240 Mev K. E. 

4) The effective K*-p potential is repulsive. 
Evaluation of the coupling constants using (2-13) and (2-15) together with the 
above experimental data 1), 2), 3) and 4) will be given in the two cases of the 
cutoff momentum K~4y corresponding to the potential range ~1/4 and K~6p 
corresponding to that ~1/6. Here the second order terms with respect to M(a,), 
N(w) and L(w) in the solution of the scattering amplitude (2-15) were neglected 


because they are rather small than the first order terms. 
I) The case of the cutoff momentum K=4yp, 


Is Ge ash Ts 


Ar 4a 
Par OAae 
2 
9344 5.0- es 6m 


Ar Ar 
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Here 9'/4z, 9s°/4x and 4,/4z cannot be separately determined only by the experi- 
mental data (3-1) ; however, if we use a plausible value g;°/ 4n+9,7/4n~7 obtained 
by the dispersion relation approach,” the following solutions will be derived, 


2 
Ia ww 2.6, 
Ag 
2 
Is w 4.4, 
Ag 
; (3-2) 
* az —0.55, 
Az 
e013 
Ast 


Wap 09s oa 
Az Ar 
As. 0,20, 
A 

2 
9224.50 41 56: 
At Ar 


Taking into account g;’/4%7+9//4z~7 as in the case I), the solution will be 
obtained as follows, 


2 
I4 22, 
At 
ie 4.8, 
ee (3-3) 
fle = de 
Art 
Fae O80) 
Az 


Of course the above values of the coupling constants would not be taken seriously. 
With these choices of the coupling constants (3-2), (3-3), the general behavior 
of the K*-p scattering, K*-n elastic scattering and K*-n charge exchange scattering 
can be reproduced (see Fig. 5). The phase shifts #,(/=0, 1) given by e an 
pression (2-13) shows the following tendency with these solutions (see Fig. 2) ; 
In low energy regions, the K-nucleon potential is repulsive in both the isospin ° 
states zero and one. However, in the isospin zero, it becomes attractive at 
about 240 Mev kinetic energy in the laboratory system. If 7,=0, the tendency that 
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the charge exchange scatter-  o(mb)  o(K-unit) 


ing cross section is very small 
: 24+15 
at low energies and then 
increases rapidly while K-n 
elastic scattering stays con- 
stant cannot be reproduced, 
but the above two scatterings 


show the same tendency, 8+5 


K*p scattering 
16 


K*n elastic scattering 


Ktn charge 


hence it seems necessary to axchanpetheanaine 
take into account the KKzz 3 2 | 14 . 16 Ae 
interaction of the type (2-2). 100 Mev 200 Mev lab KE. (Mev) 
Fig: 5. The calculation of the energy dependences of three 
§ 4. Discussions and con- K*-nucleon cross sections with the choice of the coupling 
cluding remarks constants (3-2) and (3-3). 
As was discussed in Bake “shitt 


(K-unit) 


§ 3, KKzz interactions of the 
isospin-independent type and 
the isospin-dependent type, 
within the framework of the 
proposed theoretical scheme, 
seems capable of reproducing 
the three K *-nucleon scatter- 
ing. Barshay® also reproduc- _ 9 
ed the experimentally observ- 

ed features of K-*nucleon 
scattering by the scheme that 
K-*nucleon scattering mainly 

takes place through the ex- 
change of two pions between K mesons and nucleons of the only isospin-indepen- 
dent type K,*K;,7,;z,; and the direct scattering may be damped at low energies 
for some reason. However, we get the effective KKzz interaction of the isospin- 
dependent type as far as there exist the strong pion-nucleon and K meson-hyperon- 
nucleon interactions, hence it would be necessary to take into account the interac- 
tion (2-2) in the AK*-nucleon scattering. 


On 


+H—+— 


(K-unit) 


= 0:5 


St 


oi 


Fig. 6. 


Such an interaction might play an important role also in various strange par- 
ticle phenomenon. For example, the anomaly in <~+ p>/°+K°®, 27+ pos 4+Kt 
and z*+ p+ K™* production angular distribution might be explained by the 
interaction. The difference of the electromagnetic structure between K* and K° 
will also be deduced. More information about KKzz interaction will be obtained 
by applying the general method of “ Unstable Particles as Targets in Scattering 
Experiments ” given by G. F. Chew and F. E. Low. The role of the KKzz interac- 
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tion seems less important in the K~-nucleon scattering because the K~ absorption 


process reflects rather significant effect on scattering, so this case has not been 
discussed. 


In this paper we investigated KKzz interaction from the point of view of the 


Hamiltonian formalism, but the analysis based on the Mandelstam representation 
for K-nucleon scattering is now in progress. 


The author expresses his sincere thanks to Professor H. Miyazawa for his 
valuable discussions and continual encouragement. 
Appendix 
We consider to solve the integral equation 


P| dik” SALVE RELY, (291) 


vy— oo! 


CA|K | ho) =CR| V [Ro 


where the potential is 


OF + G (wo + wo’) 
k|V\R >= : 
CRI VR’) (ou! 

e’, Eq. (2-12) may be solved exactly as follows: 


(2-14) 


With the expression for 


Let 
—( gpl pr SF IK Ro) (A-1) 
¥(o) | V ow (ow! — w) 
Y (Ro) Slant Ck’ |K| Ro) (A-2) 
ow! —Wpo 
These are as yet undetermined functions of k. Then (2-12) becomes 
Cc; Cre"? Coat C, X (Ro) 
CR’ |K| ko) = (w e pi)? eal e AR a wi? 
4+ -GE™ X (hb) +s Yh. (A-3) 
Substituting this in the previous equations (A-1), (A-2), 
[1- C,M (a) w= aN den GEASS Y (ko) 
Qn" vo Qn 
sete Mw) +—2=N (er); (A-4) 
Bh es 7 
N (con) + CaL (eon) |X (ho) + a is SENG | Y (ko) 
_ At Cr n7(@,) + “2 Lw), (A-5) 


ae 
Wo 


where M(w,), N(ws) and L(a») are given by : -16), (2-17) and (2-18) respectively. 
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(A-4), (A-5) are easily solved for X(wo), Y(wo). From (A-3) 


GulK\to= (S+a)[1+-S5 X(t) |+C|14+ 54g - ¥(ke) |. (A-6) 


Qn wll? 


Substituting the above solution for X (wo), Y (wo) into (A-6) the exact solution of 
(ko|K|o» will be derived as (2-15). 
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The difference between Dyson’s integral representation and Deser et al.’s one of commutators 
is discussed. It is shown that we cannot determine the vanishing region of the weight function 
for the latter representation from the spectral condition. Hence, we cannot prove the forward 
dispersion relation for nucleon-nucleon scattering in Deser et al.’s sense from the integral 
representation alone. 


§1 


Recently, Deser, Gilbert and Sudarshan”~? (DGS). have found an integral 
representation as a function of invariants for the following quantity, * 


fq) =|de exp iga (al[A(@/2), B(—2/2) 18). (1) 


Here both Ja) and |9) are statevectors which describe the states of one particle 
with the same energy-momentum p, or one of them is the state. of one particle 
with the energy-momentum p and the other is the vacuum state. ‘The same repre- 
sentation has been found by Ida” for the Bethe-Salpeter amplitude under the sta- 
bility condition. 

This representation makes use of the information derivable from the Lorentz 
invariance, the local commutativity of the operators and the spectral condition. 
From the expression (1) and the spectral condition, we see that f (q) =0 in some 
region in gspace. We denote such a region by R. 

The representation they have found is 


Flag) =\de d3. Hie, B) «(bat BY OE + 29819, (2) 


where €(x) is the sign function and H (v, 8) isa weight function. Let us consider 


the straight line 
| ¢ + 2pq8—4=0 (3) 


in the (g’, pq) plane for fixed 4 and 8. We call such a straight line “ admissible ” 


+f this line does not pass the region in the (7, pq) plane which corresponds to 
R. This determines an admissible maximum region S in (#, 3) plane such that 


* In the first paper of DGS,” the arguments of operators A and B are x and zero. 
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every point in S gives rise to an admissible line. The main result due to DGS 
is that H(y, 2) =0 at the outside of S. 

Using this representation, DGS” have proved that there exists an analytic 
function which coincides with the forward nucleon-nucleon scattering amplitude on 
real axis of the energy larger than the rest mass of the nucleon and which is 
regular in the upper half plane of the energy of the nucleon in the laboratory 
system. However, so far as we use Dyson’s representation” instead of DGS’s one, 
we never come to the same conclusion in spite of the use of the same informa- 
tion, that is, the Lorentz invariance, the local commutativity, the spectral condi- 
tion and the number of the constant momenta (in this case only one fp). 

In order to make clear the above stated contrariety, we shall discuss the dif- 
ference between the two kinds of representations. The conclusion of this paper 
is that the result of DGS (H(s, 3) =0 at the outside of S) is incorrect. At the 
present stage of our knowledge, it is impossible to incorporate the spectral condi- 
tions into the integral representation (2). Hence, we cannot prove the forward 
dispersion relation for nucleon-nucleon scattering in DGS’s sense from the integral 
representation (2) alone. 


§2 


Dyson’s representation” is 


F(q) =| dee du \ due qu—we) A (qy—ws)*= (q—u)*=F'] 9a, wy) (A) 


instead of (2) for the matrix element of the commutator between arbitrary states. 
The information on the statevector is included in the invariant weight function 
Y(u, %, «). Let us consider the hyperboloid 


(qo—to)*— (q—u)*—K' =0 (9) 


in q-space for fixed u, w and «°. We call such a hyperboloid admissible if both 
sheets do not invade the region R. This determines an admissible maximum 
region S in (x’, u, u)-space such that every point in S gives rise to an admissible 
hyperboloid. The main result due to Dyson is’ that (u, uw, Kk’) =0 at the outside 
of S. 

In what follows, we shall investigate the matrix element between special states 
as discussed in DGS’s representation and without loss of generality we choose the 
special Lorentz frame where the space components of the four-vector p are zero. 


If we put 
| ¢(u, Uo, je) =0(u) J (20, Ke); (6) 


we can easily obtain DGS’s representation for the same special frame. The weight 
function H(/, 3) is expressible in terms of (wu, «). DGS’s representation is a 
special case'of Dyson’s one. Because the representation (2) with the weight func- 
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tion H(#, 8) and Dyson’s representation with the specialization (6) of the weight 
function (namely the representation with the weight function i (up, K’)) are equiva- 
lent, we shall use the more convenient one between the two, as the case may be, 
for the discussion of DGS’s representation. 

In configuration space, DGS’s one is 


f(2) =| det da, P(t «?). (7) 


Dyson’s one is 
co 


Fries | dx? (2, By Ae ory (8) 


0 


Here 4(z, «) is usual invariant commutator function of the free field operator 
with mass x. f(x) depends only on x? and x=p2/(p’)'”, and the integral repre- 
sentation (7) is always possible, because this is essentially the Fourier Bessel 
transform. Therefore, if we can conclude that for every f(g) which vanishes in 
R it is possible to put ¢(w, x’) =0 at the outside of S, DGS’s representation is 
correct. Thus we shall discuss the possibility of putting ¢(w, «)=0 at the out- 
side of S. 


§ 3 

The first proof by DGS on the possibility of putting H(y, 8) =0 is not pre- 
cise. It should be noted that ¢(2, «) is not uniquely determined because of 
arbitrariness of f (x) in the unphysical region 2’=.2x,’—x'> x. Then, even if it 
is possible to put (wo, «’) =0 at the outside of S, (uo, «’) =0 is not a necessary 
condition for f(g) to vanish in R. The problem we must solve is whether a set 
of the functions, whose weight function ¢ (uw, «°) or H(p, §) vanishes at the out- 
side of S, covers all the functions which vanish in R and whose Fourier trans- 
forms are zero in x <0. 

An answer to this problem has been given in the appendix” by DGS. Their 
proof is made in two stages: First they assert that if f(g) =O in R’ (which is 
contained in R), then H(y, 2) =0 at the outside of the intersection of S’ and S”, 
where the region R’ is defined by (q—p)’<0 and ¢<0, and S’ and S” are de- 
fined by 0>8>—1 and p= — "Pp" respectively. No assumption concerning the mass 
spectrum is involved in the requirement of the vanishing of f(q) in R’. In the 
next stage they have incorporated the mass spectral condition by using a lemma 
of Jost and Lehmann.” If the first stage of their proof is correct, we can come 
to: the conclusion that H(y, #) =0 at the outside of S. Now, in the first stage, 
the assertion that one can set H(/, 2) =0 at the outside of S’” is obviously unqges- 
tionable in view of the relation @=2#+ "9" and Eq. (7). Hence the important 
result in the first stage is that, even though H(y, 2) =0 at the outside of S’, a 
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set of f(g) can cover all the functions which vanish in R’ and their Fourier trans- 


form is zero for x’ <0. 
However, this conclusion is not correct. In the proof of the first stage, they 


have used the following identity given by Dyson,” 
P $ 
\du A(q—u, m)d(u—0') =2\ do I,(m[ 8 —v?}'") 4(q—v, m), (9) 
-b 


where m is a four-vector with the vanishing time component and the space com- 
ponents u, ann @ is a four-vector with the vanishing space components and the 
time component v. Now we consider the following integral, 


b 
din\ dvt (m) In (m[b?— vf”) 4(q—, m) (10) 
6 


ot 8 


where 7(m) is an arbitrary function. We cannot invert the order of integration 
in (10), since the asymptotic behaviour of J,(x) is exponential. In the proof of 
the first stage, there appears the integral like (10). The range 0=>S>—1 (S’) 
of 8 corresponds to the range b>v—>—b of v in (10). We cannot come to the 
conclusion of the first stage without requiring the inversion of the order of the 
integration like (10). Therefore the discussion in the appendix” is incorrect. 

By using the integral representation of the double commutator,” Ida® has ar- 
rived at the same conclusion as that of DGS. However, as was revised by Dyson 
himself,” the integral representation of the double commutator is incorrect by the 
same reason as that of the defect of the proof of the first stage in DGS. 

‘In conclusion, the integral representation (2) is correct, however, we cannot 
put H(y, 3) =0 at the outside of S. At the present stage of our knowledge, it is 
impossible to incorporate the spectral conditions into the integral representation 
(2). Hence, we cannot prove the forward dispersion relation for nucleon-nucleon 
scattering in DGS’s sense from the integral representation (2) alone. 

After completion of this work, we find the similar work.” However, the as- 
sertion and contents seem to be somewhat different from ours. Recently, Nakanishi” 
has pointed out that for the vertex function H(, 8) =0 at the outside of S is valid 
in every order of perturbation theory. 


The author would like to express his sinceré thanks to Prof. S. Sunakawa for 
discussions. 
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The relation between the ionicity of the bond and the electronegativity difference is dis- 
cussed by the use of the semi-localized orbital method. It is found that the ionicity of the 
bond depends not only on the electronegativity difference but also on the overlap integral 
between the atomic valence orbitals. According to the magnitude of the overlap integral the 
diatomic molecules are divided into the two groups which show the different features with respect 
to the dependence of the ionicity of the bond on the electronegativity difference. The S- 
shaped curve given by Townes and Dailey from the analysis of the results of the measurements 
of eQq seems to be the composite of the above two characteristic groups. 


§1. Introduction 


Starting from Pauling’s original application to the ionic resonance energy, the 
concept of the electronegativity scale of the elements has many and undoubtful 
successes in the discussion on the polarity of the bond.” There have been many 
attempts to give a relation of the ionic character of the bond to the electronega- 
tivity difference. We shall briefly describe the following three relations. It must 
be noted here that the ionic character or the ionicity of the bond means the 
degree of the polarity of the bond. Pauling’s relation” of the ionic character of 
the bond to the electronegativity difference is deduced from the values of the 
dipole moments of the hydrogen halides. There is, however, no reason that the 
ionic character of the bond can be exclusively determined from the value of the 
dipole moment of the molecule, since it was suggested by Coulson® that the value 
of the dipole moment depends essentially on the atomic dipole which is due to 
the polarization of the atom. Gordy proposed the following linear relation from 


the results of the measurements of eQq: 


Ionic character of the bond A-B=)- (au 2»); (it) 


where x, and 2x, are the values of the electronegativity of the atoms A and B, 
respectively. On the other hand, Townes and Dailey” gave the S-shaped curve 
for the ionic character versus the electronegativity difference from the more detail- 


ed analysis of the observed values of eQg. The above three relations are shown 
It must be noted that all of the above relations 


are given empirically, but the justification of those relations in general term from 
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the first principle has not been given. This 1.00 
article aims to show a theoretical relation be- 90 
tween the ionicity of the bond and the electro- 80 
negativity difference by the use of the semi- 70} 
localized orbital method. In addition we shall 4 6ol 
compare the theoretical result with the empirical g ‘ost 
relation given by Townes and Dailey. es + 
2 ol 

§ 2. Diatomic molecule aS} at 

We shall consider a diatomic molecule AB 10} 


which is bound with a single bond and describe 


0 (eee aes 
: cigs 0 40 80 12 16 20 24 28 32 
the wave function ¢4” of the bond A-B as 


Electronegativity difference 


follows : 
Fig. 1. The relations between the 
re ag igs ionic character of the bond and the 
lay if ee) #4 (2) EIN (2)} electronegativity difference given 
by (1) Pauling, by (II) Gordy and 
x Fz fa (1) p (2) — (1) a@(2) } ; (2-1) by (III) Townes and Dailey. 
V 


where M,, is the normalization constant and ¢; and #; are the semi-localized orbitals 
which are responsible for the bond A-B. These orbitals are expressed as 


Ree Seapets 
NON (Yi +49; ds 


(2-2) 
y= Te (GF +194), 


where ¢;“ and ¢,” are the atomic valence orbitals of the atoms A and B, respec- 


tively, and N; and Nj are the normalization constants of the orbitals which are 
expressed as 


N=1+7+21S;,;, Ny=1+ + 2uSi;, (2-3) 
where Sj, is the overlap integral between the atomic orbitals 4,4 and ¢,”, and 2 
and # are the parameters in the semi-localized orbitals (2-2), whose values 
should be determined by the condition of minimizing the total energy of the molecule. 
Thus, the factor M;, in Eq. (2-1) is represented as 
Mij;=2Ni;/N; N;, 

where 

Niw=Ni NAR? and Ry=A+ e+ (A+ 44) Siz. (2-4) 
The Hamiltonian of the diatomic molecule is 


%=h(1) +h) ++-4Vas, 


Ti2, 
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where h(1)= —(1/2)4(1) + V4(1) + V(1), V4(1) and V2(1) are the core potentials 
of the atom A and B, respectively, for the first electron, and V4, is the repulsive 
potential between the atomic cores At and B*. Thus, the total energy of the 
system is written as 


4 
Boe, [Ai le + Aj Ijj4 Bi Uist I) + A444)? Ci; 
ij 


+ {A+ Ap)? + 4d} Keg 28 Cyt 28 Cut 4 (1422) (ADy ig + #Di es) + Vaz, 


(2.5) 
where 

1y= | oi* (AC) 6 Pde, 

Cy= |)!" C87") + 940) 97@)doider 

Ky= J o* aei* @) + 6406? @ dudes eee 
and 

Dass= \f 99" 0) 6" 2) + 6.41) 4P 2) drrdos 


(C36; 
are the molecular energy integrals involving the atomic valence orbitals, while 


A;=/ Ni +2uRy+tN;, Aj;=? Nj; +2ARy +N, 
and (2-7) 
Biy=ANj + N+ A +44) Ri 
are the coefficients depending only on /, # and Sj, It is easily seen from the 
definition (2-4) of N,; and R;,; that the coefficients A; A, and B,, have the re- 


lation 
2Nijy= Ait Ayt+ 2Si; Bij. (2-8) 


As seen from Eqs. (2-5) and (2-8), the quantities A;/N,; and A;/Nj; are inter- 

preted to be the charge densities of the atom A and B, respectively, and the 

quantity 25S,,;B,;/Ni; is the charge density in the overlap region of the ‘bond A-B. 
We shall now assume that ¢,4 and ¢,” satisfy the following equations: 


{-+ 4a) +V4(1) | $4 (1) =64¢4(1), 
2 (2-9) 
{4 + ve) $)? (1) =F? O77 (1), | 


where &;4 and &,? are the eigenvalues of the equations, respectively, and correspond 
to the ionization potentials of the electron in the orbital ¢,4 and ¢,”, respectively, 
though they have the reversed signs. We shall also assume that the molecular 
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energy integrals can be approximated by the following formulae : 


\ 
Kiy= 7 Si(Cut Cyy + 2Ci;) > 


1 
Diy= Sij (Cyt C3;) ? D,i3= r 9 z Sij (Ci + Cu) > 


(2-10) 
Vg=—+-S,,(VAt V4) 
and 
Va=— Sy(VE+V2), | 
2 J 
. where 


j=lo@MVAasrada, Ve=|s"@MV*M¥s? Oda, 
and so on. Under the above assumptions Eq. (2:5) is reduced to the from 


B=EA+E P+ — (Vat Vit VEt VA) $— (Cut Cy t2Cy) 


+ Vinay (Vat V3) —(V24V4)} 


a (—- era ) Cut Cy—2 i +pyQ—%), (2-11) 


4 1—S3 I—ky 
where ee 
pig= (Ai— Aj) /2Niy, Gg (Ai + Ay) /2Ni;, (2-12) 
kiy=V (1—S3) (Gs — A —aiy)?/Sy— Pa} > (2-13) 
and 
=P ECE Cyt Va. (2-14) 


The reduction to Eq. (2-11) will be discussed in the Appendix. From the physi- 
cal meaning of the quantities A;/N,; and A;/N,;, which is already mentioned, pis 
can be interpreted to represent the amount of charges transferred from the 
atom B to the atom A through the bond, in other word, it denotes the ionic 
character of the bond A-B. %, is approximately equal to 7,4=& 4+ (1/2) Cy, 
as Ci,+V”,, represents the effective potential of the neutral atom B for the electron 
in the orbital ¢,4 and may be approximately neglected. —7i" is approximately 
equal to the electronegativity in the Mulliken scale® which is defined as the arith- 
metic mean value of the ionization potential and the electroaffinity of the atom 
A. We shall particularly discuss the dependence of the value of the quantity p;; 
on the value of the difference %;—%,. For this purpose we shall use pix and q;; 
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instead of 4 and # as the independent parameters and determine their values to 
minimize the total energy of the molecule. Thus, we derive the following two 
equations which give the optimum values of f;; and qi;: 


BET 54, 1 pa=s)-a—p' 


{l= Grr S*)q)D=0, (2:15) 


dq 2 4 S?k(1—k)? 
OR eel 1—F—(1—k’) p’ 
Beak NP ses, ae 
where 
Qy=—{(VatVe)—VGtVip}, 
Dyy= Cu + Cy —-2 ij? 3 | 
Ze (2-17) 
Pa—— (he —-4)- 


In Eqs. (2-15) and (2-16) the subscripts 7 and j are omitted for simplicity. 
Putting as 


pP=Q/D:and'y;=P/), (2-18) 

we can reduce Eqs. (2-15) and (2-16) to the equations 
(1—S*) p§— —#) p+ 47k -B)7=0, (2-19) 

and . 
S22 p—4rkp’ +1677 k(1—k) p—167°k (1 —)’=0, (2-20) 


where we use the relation (2-13). It is easily seen from these equations that p is 
an odd function of 7. 


§ 3. The ionic character of the bond 


It is the aim of this section to solve Eqs. (2-19) and (2-20) with respect to 
the parameters p and q as the functions of 8, 7 and S, but we shall at first dis- 
cuss some special cases. | 
1) For the homopolar bond we start from Egs. (2:15) and (2-16) and put p=0 
in those equations. We then get the equations 


BSN: CE oF Lan oe 
Poa SG Rees ig ales 
The solution of these equations is 
a 
= 1—2S" Pk), 3.9 
q me rd) (3-2) 
where 
2 af 
k (3-3) 


ERIS 
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Thus, we can get the value of g, if we know the values of S and #. If the value 
of Sj is very large (487851), qg is almost equal to 1/(1+S). Then, it is found 
that the bond orbital approximation discussed later is a good approximation 1n this 
case. ; 
2) If the polarity of the bond is very small, we may neglect the term of p* in 
Eq. (2-19). Then, we get the relation 


= ARK) r. (3-4) 
1+k 
Substituting this relation to Eq. (2-20), we get 
us 
Poa (3-5) 
1+4S? 


This form of & is the same as that in the homopolar bond (Eq. (3-3)). It is, 
then, found that p is almost proportional to 7, if the value of Sj does not radical- 
ly vary from molecule to molecule and the value of 7 is small. 
3) We shall discuss the results in the bond orbital approximation. In this case 
we should use a bond orbital instead of a pair of the semi-localized orbitals (2-2) 
and then put a condition 7v=1 in the orbitals (2:2). This corresponds to put 
k=0 in Eq. (2-11), as seen from the Appendix, and then we cannot use Eqs. 
(2-15) and (2-16). Considering the relation (2-13), which gives a relation be- 
tween p and gq, we get the equation 
pee 
1— (1—S”) p’ 
instead of Eqs. (2-15) and (2-16). Using this equation, we can obtain the 
pv diagram for the given values of § and S. Fig. 2 shows the curves 


for (8=4, S=0.1) and (8=4, 


+1} p=2y, (3-6) 


1.00 -— - 
S=0.5). From this figure we can 
easily find the saturational effect se 
of the ionic character of the bond. li 
4) Lastly we shall discuss the 7” 70} 
solutions of Eqs. (2-19) and ea 
(2:20). If we put x=7/p, lwe 50 
get the equations 40 
Coat tte 30 
2 
pv A—S”) os 
=(1—2) ee a (3-7) 10 
1—k s Es AAP 
| 0 10 .20 30 40 50 60 70 80 90 10 11 12 
16k (1—k)?.2°—16k(1—2) 2? : 


Fig. 2. The p-y diagram in the bond orbital ap- 
proximation, 


+4kr—S?2=0 (3-8) 
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from Eqs. (2-19) and (2-20), respectively. From Eq. (3-8) zx is determined as 
a function of k. Then, we get a relation between pV. 1—S? and 7/1—S? for a 
given value of S’9’, taking k as a variable parameter. The result is shown in Fig 
3 for the several values of S*3?. From this figure we can determine the value & 


p, if we know the values of S, 8 and 7. The value of gq is de i 
, : te d by Eq. 
(2-13), that is, : Po ee 


at OSE) 
1—S? 


q (i eee Sy py (3-9) 


where we have used a condition g<1. 


1.00 


.80 + 
L 


b/1—S? 


0 
Ge 1101.20) 30404. BR *.607 770" 80) 9.20 GOI he 


WVIRS 


Fig. 3. The relations between pVv1—S? and 7+V1—S? in the semilocal- 
ized orbital approximation for the several values of S2A?. The values 
of S2g2 are (I) 1/27, (I) 1/9, (HI) 1/3, (IV) 1, (V) 2, and (VI) 4. 


We here describe the general features of the results in Figs. 2 and 3. 

i) For the large value of S*%”, (S8>1), p is almost linearly dependent on 7 and 
the result in the semi-localized orbital approximation is almost equivalent to that 
in the bond orbital approximation. _ | 

ii) For the small value of gt eS a. 1) tne Pr diagram shows evidently the 
S-shaped curve and the result in the semi-localized orbital method is quite different 
from that in the bond orbital method in the region of the small value of 7, although 
the curve in the former method tends to coincide with that in the latter method 


for the large value of 7. 
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§ 4, Nuclear quadrupole coupling, constants 


In the same way as we derived the expression (2-5) for the total energy of 
the molecule, we can easily derive the expression for the nuclear quadrupole coupl- 
ing constant of the atom A, which is assumed to be a negatively charged atom, 
in the diatomic molecule AB as follows: 


A 2B; 
eQOgino. =<0| 4 ee ees dijte nae ds qut+2 a que |, (4-1) 


where 
qu=(6¢| SF" 97), (4-2) 


and so on. The bold-faced notation is used to be distinguished from the parameter 
g. The molecule AB is taken to lie along the z axis with the atom A at the 
origin. qy» and qi denote the average values with respect to the non-bonding 
electrons of the atoms A and B, respectively, and the summations a and a extend 


over all the non-bonding orbitals of the atoms A and B, retnactively. Uene Eqs. 
(2-8) and (2-12), we can rewrite Eq. (4-1) as 


eQgin =eQ| (6-+4) quit (q—P) qt (1—q) qiy+2 da qut2 ps que |. (4-3) 


Now we consider the atom A to be the halogen atom and take account of the s-p 
hybridized orbitals 

$A=6, cosa+ ¢%, sina, 

| “0 


64 =¢,4 sina— $%, cosa, 


where ¢,“ and ¢,,“ are the ms and npz atomic orbitals of the halogen atom and 
cosa denotes the s character of the bonding orbital. The other non-bonding orbi- 
tals are mpx and npy. Then, we have the relations 


Gu = Fee SIN A, Qu= iz COSA, Go and qyy; (4-5) 


qu= (si $) 


and so on. Considering the relation qee-+qyy+42:=0, we can reduce Eq. (4:3) to 
the relation 


where 


ogo: a 1 


eOGhror, = (2 + p+ q) (sin” a) cOgu— — (1 ae rp) (1 3 s) eQ4::, (4 6) 


where we put r=1—gq and s=cos’a, and assumed that the contribution from the 
terms qij, qj; and qin, may be small enough to be neglected. We can also obtain 
the similar relation to Eq. (4-6) for the nuclear coupling constant of the positive- 
ly charged atom B in the molecule, that is, 
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cOng = ve d+7+)) (1=s’) eCOqz, (4-7) 


BO . . 
where s’ is the s character of the bonding orbital ¢;” of the atom B and gq, de- 
notes the average value with respect to the electron of the 7’ pz’ atomic valence 
orbital of the atom B. 


Comparing the relations (4-6) and (4-7) with those used by Gordy or by 
Townes and Dailey in the analysis of the results of the measurements of eQq, we 
find that the ionicity of the bond obtained from the data of the microwave 
measurements should correspond to the quantities (p—r) and (+r) for the 
negatively and positively charged atoms, respectively, though Townes and Dailey 
considered that qz'z, 1s different from that of the neutral atom. However, the 
value of 7 is very small in the cases in which the state of the bond is nearly ionic 
(p~1) or the overlap integral between the atomic orbitals 4,4 and ¢,? is very 
small. In this case we may use the relations 


COQ. = — (1— p) (1—s)eQq.z, for the negatively charged atom, 
and (4-8) 
eOqno.= — (1+ p) (1—s’) eQqzz, for the positively charged atom, 


as good approximations. If the overlap integral between the atomic orbitals is not 
small and the state of the bond is fairly covalent, we must consider the contribu- 
tion from the neglected terms q;; and q,; for the atom A. Particularly, the con- 
tribution of q,; is due to the non-orthogonality between the orbital ¢,;? and the 
core orbital of the atom A, as noted by Itoh.” Thus, q,; is approximately esti- 
mated by T;,2 q,,, Where T,;, is the overlap integral between the orbitals 4,” and 
6,4, 6,4 is the (n—1) pz orbital of the halogen atom A, and q,, is the average 
value of (3 cos’?@—1)/r* with respect to the orbital ¢,4.. Tj, is usually very small 
but q,,/z: is very large. Then, the above contribution is by no means negligible. 
Now the atom A is assumed to be the Cl atom. Employing the Slater orbitals, 
we have verified that the contribution of q,; amounts to about 5 and 15% of eQq:z 
in the molecule Cl, and HCl, respectively. The same state of affairs holds for the 
positively charged atom B. Then, the contribution from r in Eqs. (4-6) and (4-7) 
is diminished largely and the relations (4-8) may be in good approximation, even 
if the overlap integral between the atomic valence orbitals is not small. However, 
the above effect may not completely cancel out with the 7 term in either case. 
Townes and Dailey found that the ionicity of the positively charged atom is a little 
larger than that of the negatively charged atom in one molecule. This difference 
may be considered to be arisen from the residual effect of the r term in Eqs. (4-6) 
and (4-7), as the ionicity of the bond should be determined uniquely in one bond. 
At any rate the quantity p is considered to correspond to the ionicity of the bond 
obtained from the analysis of the microwave measurements. 
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§ 5. Discussion 


Using the semi-localized orbital method, we found that the ionicity of the bond 
is determined by the three quantities 9,7 and S of the bond in the diatomic 
molecule. There are two characteristic groups in the p- diagram, that is, if the 
value of S? is large (S8>1), the p7 diagram shows an almost straight line, but 
if the value of S$? is small (S?<1), the diagram.shows the S-shaped curve. It 
will be necessary to compute the three quantities 7, 7 and S for the individual 
molecules, but we shall discuss only the general feature of the polarity of the 
diatomic molecules by the use of the roughly estimated values of the above three 
quantities in this article. 

The value of 8, which is defined by Eqs. (2-17) and (2-18), is approximate- 
ly estimated in the following way. The relation V,7+Cyj=Vj4+C,j~=0 may 
hold approximately, as mentioned in § 2. 

Assuming that the virial theorem is approximately applicable to the valence 
electron of the orbital ¢;4, we take the value of V;,* to be about 2&,4. Due to 
the same reason we use the relation V,;"~2&,”. If we express the electroaffinities 
of the atoms A and B as —a;‘ and —a,’*, respectively, the values of C;, and C,; 
can be estimated by the relations 

Cy af—Ef4, Cy aP—E,?, (5-1) 
as proposed by Parr and Pariser.” According to the above consideration the value 
of # may be estimated by the equation 

id Gee anne re Orr 

; (aA—&") + (as — Es) —2Cy 

From this equation it is found that the value of ? is about 2.0 or more. The 
quantity 7 defined by Eq. (2-18) may not be considered to be used as a measure 
of the electronegativity difference, since the quantity D,; defined by Eq. (2-17) 
may not be constant from molecule to molecule. However, we have found that the 
quantity D;; is roughly constant in the o bond of the diatomic molecules constituted 
from the atoms belonging to the first and second rows in the periodic table, where 
the molecular integrals were given by the use of the Slater or Hartree-Fock atomic 
orbitals, and its value is of the order of 10 eV. While the quantity P,,; defined also 
by Eq. (2-17) is approximately equal to the electronegativity difference in 
Mulliken’s scale, as mentioned already.. Then, it seems to be probable that we 
make the assumption 7<1 for large number of molecules and take the quantity 7 
as a rough measure of the electronegativity difference. According to the above 
consideration and Fig. 3, it seems that the nearly ionic bond occurs in the small 
value, of S? and then of the small value of the overlap integral between the 
atomic orbitals. 

The values of the overlap integrals are S,;~0.1 for the alkali halides and Si70.5 
for the interhalogen compounds (BrCl, ICI, etc.) and the hydrogen halides. (These 
values can be verified by the use of the Slater orbitals.) Now we assume the 


(9-2) 
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value of 8™~2.0 and the 
relation ;=0.4(24—2-), 
where x, and 2g are 
the electronegativities in 
Pauling’s scale of the $?82=1/27 
atom A and B, respective- , PhS 204 

ly. Under these assump- 
tions: we get the relations 
between the ionic charac- 
ter of the bond and the 
electronegativity  differ- 
ence for the above mole- 
cules. The result is shown 
in Fig. 4 with the relation 
given by Townes and 
Dailey and the results of 9 Br. 
the. microwave measure- 


ments analyzed by the 
same authors. From this Fig. 4. The relations between the ionic character of the bond 
and the electronegativity difference. The broken line is the 


: relation given by Townes and Dailey. The small circles show 
two curves fit into the the results of the microwave measurements analyzed by the 
empirical data in their same authors. 


respective molecules and 

the curve given by Townes and Dailey is the composite of our two curves. The 
assumed value of 9 might, however, be rather small. If we use the values of the 
ionization potentials and the electroaffinities of the atoms given by Mulliken® and 
estimate the value of C,; by the use of the relation” 


Ionic character 


1.0 IROL e st 2.0 2:5 


Electronegativity difference 


figure it is found that our 


Cjeae (5-3) 
at+ro 
where 1/a=(Cy+Cj;)/2 and 7) is the equilibrium nuclear distance, we obtain the 
value of 2 to be about 3.5 to 4.0 for the molecules in Fig. 4 from Eq. (5-2). The 
assumed relation ;=0.4(24—2zn) may also be rather crude. This corresponds to 
taking D,,; to be about 7eV, if we take account of the empirical relation 


2a— Lp=0.36 (X4—Xz), 


where X, and Xj, are the electronegativities in Mulliken’s scale of atom A and B, 
respectively. This value of Dj;; seems to be probable for the alkali halides but 
rather small for the interhalogen compounds and the hydrogen halides, and then 
the ratio of y to (a4—2zs) might be smaller than 0.4 for the latter molecules. 
Thus, the ionicity of the bond theoretically predicted will be a little smaller than 
that shown in Fig. 4. However, the general feature in Fig. 4 does not alter and 
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we may divide the above molecules into the two characteristic groups with respect to 
the dependence of the ionic character of the bond on the electronegativity difference. 
According to the relation given by Townes and Dailey the ionicity of the HF 
molecule is about 90%. This value is surprisingly large. In fact Karo’s calcula- 
tion™ shows that the ionicity of this molecule is 48% according to the population 
analysis proposed by Mulliken.”” This result seems to support our opinion. As 
the result it must be noted that the ionic character of the bond is not determined by 
the electronegativity difference alone, but it depends on the values of S and #, 
particularly on the value of Sj. 

It is easy to extend the discussion in the preceding sections to the case of the 
saturated polyatomic molecule. We already noted that the interaction term between 
the polar bonds appeared in the polyatomic molecule.’” Considering this point, 
Maeda™ discussed the inductive effect of the haloalkane molecules in the bond 
orbital approximation. 

The author wishes to express his sincere thanks to Professor K. Niira for 
his incessant encouragement and to Dr. K. Ohno for his valuable suggestions. 

The author is indebted to the Ministry of Education for a research grant. 


Appendix 


We shall explain the relation between two pairs of parameters (p, g) and (/, #). 
In this article it has always been assumed that the variable region of the parameters 


i 


1.00 
q=1/14+ S? 
80 


q=1/1+-S ——~» 
60 


-40 


(a) (b) 


Fig. 5. The allowed regions of the parameters (A, w) and (fp, q). ‘The figure (b) is 
drawn under the condition $,;;=0.5. 
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A and is taken to be p=2220 and Ay<1, since we have considered that the wave 
function (2-1) gives the bonding state of the molecule and the atom A is more 
electronegative than the atom B. Then, the allowed region of the parameters 4 and 
/ is the shaded part in Fig. 5(a) and the corresponding region of the parameters 
p and q is shown in Fig. 5(b) by the shaded part; as easily seen from the follow- 
ing discussion. We can, then, put the conditions 


ge eee en 0 7 ee A-l 
ah es EN = iT es ek 


By the use of Eqs. (2-3), (2-7), (2-8) and (2-12) the quantities p and g are 
also written as 


ms) Re 20+) R+ A—Ap)? 


ie N < (A-2) 
and the quantity & defined by Eq. (2-13) is expressed as 
Ka sy I (A -3) 


N 
From this equation it is found that the bond orbital approximation (A“=1) is 
equivalent to putting k=0. 
From Eqs. (A-2) and (A-3) it is easily found that the relations 


QG+HR _ 1 | eo tuk ] oe 
N SP AS BEKS. ie) 
and 
jn 
2-1 a-» (A-5) 
hold. Using Eq. (A-5), we can find the relation 
(A—p)’ at Pp ' (A -6) 
N 2(1—k) 


Using Eqs. (A-4) and (A-6), we derived Eq. (2-11) as the approximate expres- 
sion for the total energy of the diatomic molecule. 

Considering the above equations, we can easily express the total energy of the 
molecule as the function of the parameters p and without the assumptions made 
in § 2, but the discussion will be more complicated than that given in this article. 
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Electromagnetic Structure of the Nucleon and 
the Composite Model for Pion 
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The electromagnetic structure of the nucleon is investigated based on the composite model 
for the pion. The mean square radius of charge distribution of the nucleon is calculated by 
the second order perturbation and the same coupling constants are used with those in the - 
calculation of the pion-nucleon interaction and the anomalous magnetic moment of the nucleon 
on this model. The results are qualitatively in agreement with experiment and it is possible to 
explain all these phenomena consistently from the standpoint of the composite model. 


§ 1. Introduction 


Many authors have so far investigated the electromagnetic structure of the 
nucleon and in particular have calculated the mean square radii of charge distribu- 
tion and anomalous magnetic moment of the nucleon in detail by meson theory 
because the relatively outside region of the nucleon contributes to them contrary 
to the fact that the inside region plays an important role for the anomalous mag- 
netic moment, but a satisfactory result is not yet obtained in spite of their great 
efforts. It seems to us that one of the main reasons of their failure is the improper 
treatment of the virtual nucleon pair. Therefore in the present paper we study the 
electromagnetic structure from the viewpoint of the composite model for the pion 
sn which the virtual nucleon pair plays the main role. 

In our previous papers,” we have investigated the pion-nucleon interaction and 
the anomalous magnetic moment of the nucleon on the basis of the composite model 
where the fundamental interaction has been assumed to be a certain linear combina- 
tion of scalar (s), tensor (¢) and pseudoscalar (p) (Case I), or vector (v) and 
pseudovector (a) (CaseII) types in the Fermi couplings* and therefore the same model 
is used also in this paper. We calculate here only the mean square radius of charge 
distribution of the nucleon considering the degree of accuracy of our approxima- 
tion. In section 2 we calculate the mean square radius of charge distribution of 
the nucleon in second order of perturbation theory and in section 3 we decide the 
coupling constants to be able to explain the pion-nucleon interaction, the anomalous 
magnetic moment and the mean square radius of charge distribution of the nucleon 


consistently. 


* We here consider only the special combination? of s, v,¢, a and p for convenience of calculation. 
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The notation hereafter is the same as that in I and II, unless specially men- 


tioned. 
§2. Mean square radius of charge distribution of the nucleon 


We calculate the mean square radius of charge distribution of the nucleon by 
means of the second order perturbation,* adopting a similar method as has been 
used in the analysis of neutron-electron interaction by K. Ishida.” 

The fundamental interaction Hamiltonians are given by 


H= DY | GO) Oech (0)) GO) Orsi(r)) dr 


+y alg (r) Ow (r)) (G(r) Ow! (r)) dr, (II-1) 
Hy, = —ie| $(r) 7,1 5 $A, (e)dr. (I-21) 
If we take up only the static electric field for convenience of our purpose, we have 
3s (©) Fe (0, 0, 0, ido(r)), 8) 
Hy, =e\$*(r) 1 E* $h(r) bo(r) dr. (2) 


The covariant nucleon vertex operator !’,(p1:, p2) must take the form 


Le. bu ps) =7ks (q) +o,,.9q,) (7) (3) 


according to the requirement of the relativistic and gauge invariance of the theory, 
if p, and p, are free momenta and ~,—p.=q, O,.=7,7.—7.7.. The first term in 
(3) is expanded in powers of q and has relation to the mean square radius of 
charge distribution of the nucleon as follows: 


F@)=FO-Aar) +, (4) 


where F,(0) is zero for neutron. 


Now we may take out only the terms proportional to q? in l’ (Pi, P2) in order 
to obtain (7°) where q is 3-dimensional momentum, as the electric field is assumed 
to be static. 

The diagrams contributing to the mean square radius of charge distribution 
are the same as those in the calculation of the anomalous magnetic moment (cf. 
Fig. 1 in II) and the contribution from the diagram (Al) in Fig. 1 is shown, as 
an example, in the case of pseudoscalar coupling as follows. 


* We assume here that the higher order processes do not so much contribute to the results. 


However the conclusion from the following calculation will be meaningless if they play the essential 
role. 
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e 2 1 6 N 
(Al),= (27) 3/2 > he | dp.dp.dpsdp.dqd (Pi— P2+ ps+ ps) 


(27x)* “= M 
Lets {u™ (pr) (Bret) u (pz) } ap,Sp {u* (ps) (8771) (—cv* (ps) ) v (pa) c 
x ee Uu (Ps) }d (Ps+ pat Diz aa {u* (pi) (37574) (60s (ps) )v (ps) c 


1--t 9 
z aT (ps) u™* (ps) (P7571) u (P2) } @p.0 (pst pit q) |60(4) 


x 


x (Ey, = Ep, = Eps ae Eng) ys 
so sip 


(Oz)? WE | dp.dp.dpsdp.dqd (pi — Pr + ps ++ ps) 0 (Ps + put q) 


[ak fac* (n.)-(Byetd up} ap,Sp { (Pret) Het Cp) ae 


‘Pa 


x 1+ts Ep, + (@ps) +Mp | — ay, {u* (pr) (P7571) fet ORs ae 


2 2E ps 2h», 
x tt te, Bot (OP) ME arc.) p.) Fan bb) 
2 2E py, 
x Cie Jp Es.) a (5) 
where 
u(p)u*(p) = (E,+ (ap) + M3) /2Ep, (II - 23) 
—cvu*(p)v(p)c= (E,+ (ap) — M8) /2Ep. (II-24) 
The first term in (5) vanishes because the spur in it is equal to zero. Using the 
relations 
(ap+ M?)u(p) =E,u(p), (II-25) 
u* (p) (apt M3) = E,u* (p), (I-26) 
we obtain 


2 oF Ate 
(AD»~ Ga he dpdpsdpsdp.dadp? p. Pot pst ps)? (pst p+ ov 


Ep, + Ep,) — (Pit Ps) 
2Ep, 


<O(p— pL) ahu*(p) ( 


x (Eps — Epa) = (@: Ps set Veta u(P2)ap,o( 4) (Ep, — Ep, — Eps — Ep,) 
Zip 2 (6) 


Next making the approximation E,,~E,,~M and expanding Ep+cqis) 2nd Ep—qig) in 
: x 
(6) in powers of q, we pick up the terms proportional to q’ in (A1)>. 
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NE os anlar dp, dq 0(pi.—p.—q) aku (pr) 
fee Me ye teas A a nar es pdp 3—ts 4 7 
“1 61 olan? ME (2 GE, / Ep. ~ 2 "(Pan buC9)- iy 
Then we get 
CLNIb valete sth, \(1- io ja Baty 8 
a 2(2n)? ou) yes ew ot ae ee @) 


Carrying out the similar procedure for the other diagrams and making the 
approximation E,~M-+p°/2M and cutting off integrals on p at the nucleon mass, 
we have the mean square radius of charge distribution of the nucleon ¢(7*)y as 


follows : 


Cr )w= (1/2) {C77 Det C7? ots} (9) 
where 
Case I (s, z, p) 
Cr) = Com? aS (3915+ Gos) + (39s2 + Jor) } 
1 2 
(on)! ap (Add gagt —54 Iip Jop + 1990p +69 is —1291:F0s — 290s 
+357 917—2178 91:90,—607 Go; —-12 MipJ1s +12 GipG os 
+12 Yop Fis +4 Jop Jos +406 Gis Giz + 2304 G45 Jot 
+920 GosJoe + 582 Gp Ft — 126 Jip Gor —126 Yor Grr + 110 YopJor) , (10a) 
oe Sais ne Jos) — (G1te— Jot) } 
dl 
By neg 329 Yup? —54 1p Jop-+19 Yop? 1362 9ie+ 4 Gasor— 29 


— 4617 91,’ — 670 Gre Joe + 161 Yor? +49 1p I1s— 49 1p Vos 

+12 Yop Gis + 49 op Jos — 816 Gis Jit + 200 915 Jor +920 Joe Far 

+ 286 91p 911 — 184 Gp For +269 0p 91z—42 Gon Gor) : (11a) 
Case II (v, a) Re 


1 
ge Cael REAL ={ (391+ Jov) + (391a+ Joa) } } 


(27)° 


1 
(27)* 120 


t (339 Iw — =—390 Jin Jou — 785 Jo — 11709, 91a +208 Iw Joa 
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—126 Jov Jia — 346 Yow Joa + 200 Nha — 174 91e90a-+ Oi Gea) 


(10b) 
NE aa Lh Gre-- Yon) = Gia — Goa) } 
ioe} 
(n)* Mie Irv +98 Jy Joo + 111 You — 33 91» Pia — 118 Jin Joa 
—166 Jon Ira + 86 Jor Joa — 4713 Gra —118 Gra Joa t 27 You’) - (11b) 


§ 3. Results 


The coupling constants 9, and 9, must satisfy the assumptions (II-8a), (II- 
8b), (II-9a) and (II-9b) to obtain one of the solutions of the eigenvalue equa- 
further (II-14b) to get the free Hamiltonian of the pion H, in Case II) and the 
assumptions (II-36a), (II-36b) and (II-37a) must also be fulfilled by them so 
that the effective s-wave interaction Hamiltonian H, has the desirable form and the 
anomalous magnetic moment of the nucleon /4y gives the experimental result. 


Case I (s,t, p) We find out the coupling constants to satisfy the relations (II: 
8a), (II-9a), (II- 36a), 


: , 
—<— hay 12 
Us mint (12a) 
instead of (II-37a) and 
(7? er Dw. (13a) 


At first H, becomes (II-38a) by the use of (II-36a). Next we assume the con- 
ditions Jip=91s and Yop= Jor.* Then the numerical values for the anomalous mag- 
‘ netic moment and the mean square radius of charge distribution are shown in 
Table I and they are qualitatively in agreement with experimental results. 


Table I 


area ot Sp ee ee 


MPP Mr iy Bont ue eve al Sey ee 
tn | te | te | me | mw | tu | cefey| ced | tem _| Comb 
218_| Tapia: bate |. seas [9.17 «| —2.82| 1.78 | 1.90 (0.14x10-82) 0 

| | | 


Case II (v, a) Assuming the relations (II-8b), (II-9b), (II-14b) and (II-36b), 


we get 
Gig =alauy Jou= —15, Gig = 1.05 Jou = 0. 


* Tf these conditions are fulfilled, the ambiguity in the correction of electric charge on this 


model is eliminated (cf. reference 4)). 
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Then the results obtained by use of these coupling constants are shown in Table II. 
It is seen that they are not reasonable.* 


Table II 
ee eee 
| | | Up Un | ¢72)p Kry, 
iv | Jou Nia | Joa | (e/2M) (e/2M) (cm?) (cm?) 
Be ese cil. oS SE aa tee een Ne Z 
Mee eet eh Racgaee ce | 1.06 9 | 1.92 | (0. r1sya| (0.1 x 10-18)? 


Thus it seems to us that it is possible to account for all these phenomena 
consistently from the viewpoint of the composite model for the pion, though we 
cannot definitely conclude so because of the approximation used here, and especial- 
ly it is interesting that the results obtained above support the restriction of the 
interaction type proposed by Iso.” Our next task is to consider the reason why 
the composite model can explain the experimental results which can hardly be 
accounted for by the meson theory, but we cannot clarify this problem on the 
stage of the above calculation in spite of its importance. Though we do not con- 
sider the effects of /-particle in this paper, this will also be one of our future 
tasks. 
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A modification is made for the statistical theory of nuclear reactions so as to take account 
of the angular momenta of the nuclear states relevant in the reactions. Since the average 
values of the angular momenta of the compound nuclei formed by different projectiles-at'the 
same excitation energy will be different, various aspects of the decay process will also depend 
on the incident particles. For our purpose it is essential to take the spin dependence of the 
nuclear level density not as (27+1), but (2+1)exp[—J(I+1)/2cT]. In this paper, the energy 
spectra of emitted particles are treated. The average kinetic energy of evaporating neutrons 
from a high spin nucleus becomes higher than twice the nuclear temperature TJ. It is shown 
that the anomalies found in the branching ratios or excitation functions in the heavy ion reactions 
can be explained by the angular momentum effect. The degree of these anomalies depends 
sensitively on the nuclear moment of inertia c#?. 


§ 1. Introduction 


In the region of overlapping compound nuclear levels, it is usually assumed 
that the decay of the compound nucleus is independent of the mode of its formation. 
This independence hypothesis can be stated plausibly in the following semi-classical 
argument.” ‘The incident particle and the constituents of the target nucleus 
interact so strongly with each other that, in a time short compared with the free 
passage time of the particle through the nucleus, the energy is distributed among 
a large number of constituents. Second, since the particles are constantly and 
rapidly exchanging energy, a state of statistical equilibrium is reached before the 
compound state is broken up; and finally, because the decay takes place from ‘a 
statistical distribution, the probabilities of the different break-ups do not depend 
upon the nature of the initial delivery of energy”. ; 

Experiments were made by Ghoshal” and John® to test the independence 
hypothesis directly. Their experiments were designed to determine whether the 
various products of the compound nucleus were produced in the same relative pro- 
portions, when the same compound nucleus was formed at the same excitation 
energy by proton or a@-particle bombardment. It was found that the cross sections 
of a-particle reactions were shifted by 1~2 Mev to higher excitation energy than 
the proton reactions. And it remained unsettled whether this discrepancy is signi- 


ficant or not. 
Since then, the experimental investigation of the compound nucleus processes 
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by accelerated ions heavier than helium has developed and the possibility to check 
up the independence hypothesis has increased. For a given excitation energy, the 
heavy ions bring in much more angular momenta than the nucleons and a-particles. 
Associated with this angular momentum is some rotational kinetic energy, and in 
computing the probability for particle emission in terms of the density of states 
in the residual nucleus, one should subtract from the excitation energy this unavail- 
able rotational energy. Then, it seems reasonable to apply the above-mentioned 
classical argument concerning the independence hypothesis with respect to the in- 
trinsic energy of the nucleus with definite angular momentum. Because the amount 
of the angular momentum deposited in the compound nucleus varies with the nature 
of the projectiles, the various aspects of its decay will do depend on the incident 
particles. 

Indeed, following this line, Ericson and Strutinski,” and Douglas and Mac- 
Donald” have studied the angular distribution of evaporating particles. The classical 
statement that a part of the total excitation energy, I’/2c, is lost in the rotational 
energy, is expressed by taking the spin dependence of the nuclear level density as 
(2I+1)exp[—I([+1)/2cT], where I is the nuclear spin, ch” the moment of inertia 
of the nucleus, and 7 the nuclear temperature. According to the above authors, 
a mode of particle emission is favored in which its orbital angular momentum is 
parallel to the spin of the compound nucleus, making the residual nuclear spin as 
_ low as possible. For this reason, from the compound nucleus with high angular 
momentum, particles come off 90°-symmetrically and with greatest probability for- 
-ward and backward along the incident beam. Recent experiments by Knox et al.” 
indicate that in the bombardments of Ni with 162 Mev O” ions the angular distri- 
butions of a-particles emitted are all predominant forward and backward. This data 
can be considered to support the above calculations. 

In the heavy ion induced reaction which may be regarded as proceeding via 
compound nucleus, curious effects are shown up in other aspects. For example, 
in the reaction Cu®+N“ with mean excitation energy between 40 and 60 Mey, 
Beydon et al.” have found that, while the usual statistical theory agrees well with 
the experiment for the nuclides involving the evaporation of four or more nucleons, 
there is a large experimental excess of the nuclides involving a loss of only two 
or three nucleons. Also, examining various secondaries from the nucleus with about 
40 Mev excitation energy formed by K*+N", Pinajian and Halbert® point out 
that one-particle emissions account for a surprisingly large fraction (14%) of the 
estimated total cross section. 

Pursuing the same kind of argument as Ericson and Strutinski, we shall in- 
quire whether a clue to these phenomena could be found. In §2 and § 3, we 
shall calculate the change caused by the angular momentum effect in the energy 
spectrum of the evaporating neutrons for the case of heavy ion bombardment. In 
the conventional statistical theory, the energy spectrum of neutrons follows the 
classical Maxwell distribution determined by the temperature 7’ of the residual 
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nucleus, and its average kinetic energy is given by 27. Since the probability to 
find high spin states in the residual nucleus is reduced by taking account of the 
spin dependence of density of states correctly, it becomes favorable for particles 
evaporating from a compound state with high spin to carry off larger angular 
momentum (i.e. higher energy) than usual. Then the average number of nucleons 
evaporated may be lowered and branching ratio will be modified. In § 4, under 
certain assumptions, we treat multiple neutron evaporation reaction by heavy ions. 
There, the energy shift as found in Ghoshal’s experiment will also be explained as 
due to the difference between the average angular momenta which are introduced 
by different projectiles into the same compound nucleus. In § 5, discussion of our 
results will be made. 


§2 Theory 


We follow the classical approximation of Ericson and Strutinski.” To begin 
with, the incident, the outgoing particles and the target nucleus are assumed to have 
zero spin. Quantities connected with the incident and outgoing particles are dis- 
tinguished by suffices 1 and 2, respectively. Assuming the independence hypothesis 
for the compound state with spin J, the cross section for the emission of particle 
2 with energy E, in the m direction can be written as 


o(n, F2) cx | dle? G,(n, Ez) : (1) 


Here, o;” is the cross section for the formation of the compound nucleus with 
spin J, 
oP atf2tT Wd) ere C4 


where i, is the wavelength in the incident channel, 7, (J) is the Ith partial wave 
transmission coefficient. The branching ratio G;(n, E:) is given by 


2x 


Cinsie | d¢/2n\ at TU EAL, (3) 


where ¢ is the azimuthal angle of I with respect to the incident beam, ! is the 
angular momentum of the outgoing particle, 7’; is the total width of the compound 
state with spin I. J/',(l, n, E2), the partial width for emission in the n direction 
of particle 2 with E,, 1 from that state, can be expressed in terms of the capture 
cross section of particle 2 with F, —l incident from the —n direction, do,(n, F2), 


as follows: 


> Lr tat Co Bas? 
(Ll, n, Es) FS at : ap : pe es Fs), (4) 


where 


do, (n, E,) =4T,() 0 (nD) dl, (9) 


238 T. Kammuri 


and /% is the reduced mass of the emitted particle, 0(x) is the one-dimensional 0- 
function, p, and p; are the level density of the compound and residual nucleus, respec- 
tively. Denoting the spin of the residual nucleus by j, P, is given by 


p= |e 8U+j-Ddj (6) 
with 
P(p) =o (E;) Ca oe (7) 


Here E, is the energy of the residual nucleus. As to the spin independent factor 


fo(E;), we may assume the form” 
Po (Ey) =a eee? (8) 


in which ~ is a slowly varying function of E, The constant a connects the 
nuclear temperature 7’ and the excitation energy E by the relation E=aT”. a@, and 
a, are defined by 


a= (2cT)™, (9) 


where ch’ is the nuclear moment of inertia in the excited state. According to Lane 
and Thomas,’ the replacement of p(j) by spin independent ~)(E,) in the above 
discussion is essential to the independence of the decay of the compound nucleus from 
its formation. 

Integration of (1), (2) over ¢ and direction of I gives 


foo) 


ah, Baton CoE | 27,(1)/PdI 


0 


x fexplasl?—a,(P+1)] Wn @, EIT: dl (10) 
where 
fails Aine tes (ob) 1 TN oe 
Wn (8, Ba) = 31 (—1)* (48+1) lege! fi (Qiall) Paeeye cn 


If we integrate (10) over the angle 0 between the direction of emission and the inci- 
dent beam the energy spectrum of emitted particles becomes 
o (Ex) =constX p,(E,) | IT,(1)/T',dI 


0 


co 


x expla. l?—a,(P+2)] jo(2ia, ID 1T,(D dl. (12) 


0 


Now we shall assume the sharp cutoff approximation for the transmission co- 
efficient, that is, 
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(i. for [<T, =([24,(E,—B,) R2/W?}? 


T.(1) = 
DT Oo teoet Ps 1 (13) 


where 7iJ,, is that angular momentum which the particle classically can just over- 
come the potential barrier and penetrate to the interior of the nucleus. A similar 
equation holds for T,(Z), by replacing I, by J, =[2/4(E,—B.) R2/h?}?. Here B, is 
the Coulomb barrier, and R; the interaction radius. Inserting the above approxima- 
tion into (12), one can rewrite this in the following form, 


Im, 


o (E,) =const X )(E,) a7*”? \ Cet", E,)dI (14) 
0 


with 
fC, Ex) =20(/a,1) —9(\/a,I+h,)) —9(W/a,I—l,)); (15). 


& 


P(x) =2//a-\e*dy, (16) 


If a; and a, were both zero, o(E£,) would reduce to constant X ((E,) E,, the energy 
spectrum given by the ordinary statistical theory. We define the ratio of (14) to 
this original distribution as R(E). 

In the following, we shall make the assumption that neutron emission is the 
only effective process for de-excitation. Then, the total width I’, becomes 


ei? /TX \ po(E,) a7" (I, Es) dE, (17) 


0 


except for a multiplying constant. 


§3. The energy spectrum of evaporating neutrons 


Now, let us calculate the energy spectra of evaporating neutrons from the com- 
pound nucleus Zn” formed in N“+V® reaction. The excitation energy of Zn” is 
fixed at 60 Mev, then, the maximum angular momentum introduced by N*™* amounts 
to as high as 28/. This example is utilized in the next section. 


3.1. The parameters 

(a) The moment of inertia of the residual nucleus Zn™. Various values are 
suggested for ch*. For instance, using the Fermi gas model, LeCouteur and 
Lang™ derived the value c=6a¢ m’)/z. The mean square value of the magnetic 
quantum number of individual nucleons is given by (m?)~0.146A’" from the se- 
quence of states in the shell model. If a=A/8 Mev is adopted, we find 
c= A®*/90Mev*, which corresponds to a moment of inertia equal to 0.8 times the 
rigid body. value for a nucleus with radius 1.22A"*x107%cm (denoted by Crt’). 
Then, taking into account of the pairing interaction we change the moment of inertia 
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multiplied by the nuclear temperature, c7’, to c'T =cTe~!?, where b=0.4374, J is 
the doubled pairing energy given by (3.36—0.0084A) Mev.” On the other hand, 
the value derived by Newton” including shell effect corresponds to a=A/13 Mev™, 
c=0.45cz for Zn™. Although a has been determined from low energy neutron re- 
action data in these cases, other authors propose considerably different values. In 
view of these uncertainties of a and c, they were left as adjustable parameters. 
The value of cf? based on LeCouteur and Lang, and Newton’s formula are list- 


ed in Table I for two choices of a. 


Table I. Moment of inertia of Zn®4 (in units of cp h?) 


a=A/20 Mev 


a=A/8 Mev 
LeCouteur and Lang!) 0.8 0.32 
Lang and LeCouteur!? 0.34 0.23 
Newton” 0.72 0.29 


(b) The value of a,=(2cT,)~'. Assuming that c of the final nucleus does 
not depend much upon the energy E,, we extract a factor 3 from the expression 
for a, by 


p= (tjen ky) Laos (cpa) (18) 


As is seen from (14), if 7’; is independent of J, the ratio of the energy distribu- 
tions R(E,) depends only on #3, not on c and a separately. If /’,; depends on J, 
we still continue to consider § as a suitable parameter, and compute the energy 
spectra for two values of 3, that is, for 9=0.57, 0.28. The values of c/cp cor- 
responding to these # are shown in Table II for a=A/8, A/20(Mev7*). 


Table II. 
| a=A/8 Mev-1 | a=A/20 Mev-1 
B=0.57 0.8 0.5 
B=0.28 0.4 0.25 


eer 


(c) The interaction radii. R, is taken as 1.5 (A}"+A,"*) x10-“cm, the 
determination of which may be possible by the measurement of the compound 
nucleus formation cross sections by heavy ions. In a somewhat arbitrary manner, 
R, is supposed to be equal to R,. If R, turns out to be smaller than R,, the 
angular momentum of outgoing particle will become smaller, and the angular 
momentum effect will decrease. | 


3.2. Calculation 


In the case of §=0.28, a=A/20 Mev, the calculated energy spectra are 


Compound Nucleus Processes in the Reactions between Complex Nuclei 241 


shown in Fig. 1 for the compound states of Zn™ with definite spin J. This ex- 
hibits the expected displacement of the spectrum towards higher energies for higher 
I. In Fig. 2, the neutron spectrum from Zn having spin ranging from zero to 
28h, calculated by (14) is compared with that based on the conventional statistical 
theory. R(E,) and the ratio of energy spectra to a Maxwell distribution with 
T=4 Mev are plotted in Fig. 3. 


wo 
eee 


bo 


Cross section (arbitrary units) 


0 10 20 30 
Neutron energy (Mev) 


Fig. 1. Energy spectra of first neutrons to be emitted from 
Zn®> with definite spin J calculated for 60 Mev excitation, 
B=0.28, a=A/20 and R,=R,=9.2X 10-4 cm. 


Next, fixing 2 at 0.28, we have changed a to A/8 Mev. From Fig. 3, it is 
seen that R(E,) are not sensitive on a as stated in § 3. 1. (b). a 

Increasing 8 from 0.28 to 0.57 makes the energy dependence of R(E,) insig- 
nificant (Fig. 3). For a=A/8 Mev~", the average kinetic energy of emitted neu- 
trons is 5.1 Mev in the ordinary theory. The present effect gives an increase of 


only about 1 Mev for this when $=0.57. 
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bo 
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0 (Ez) (arbitrary units) 
R(E2) (arbitrary units) 


(lee l Lae 0 
0 4) 10 15 20 25 30 0 5 10 15 20 25 30 
Neutron energy (Mev) Neutron energy (Mev) 

Fig. 2. Energy spectrum of first neutrons Fig. 3. The ratios R(E,) of the new 
to be emitted from V5 (N14, ) Zné4 spectra to that obtained by the ordinary 
reaction calculated for 60 Mey excita- statistical theory as a function of neutron 
tion, B=0.28, and a=A/20. The spec- energy E, calculated for various para- 
trum based on the ordinary statistical meters. (a) B=0.28, a=A/20; (b) B= 
theory is also shown for 60 Mev excita- 0.28, 2a=A/8; (c) B=0biMa=Als. In 
tion, a=A/20 (dashed curve). (d), the ratio of the new spectrum to E, 


exp(—£,/4.0) (E#, in Mev) is plotted 
for B=0.28, a=A/20. 


§4. Excitation function of V(N“, 3n) Zn” as compared 
with Cu” (p, 3n) Zn” 


In a study of the excitation function of V"(N™, 37) Zn” (Zn® compound nucle- 
us), Karamyan et al.” have found that, while this curve is characterized by a 
maximum indicating compound nucleus formation followed by neutron evaporation, 
this is shifted as a whole towards higher excitation energy by approximately 8 Mev 
relative to the Cu”(p, 37) Zn® reaction (Zn® compound nucleus). This is repro-. 
duced in Fig. 4. There are two factors which contribute to this discrepancy : 
First, the strong Coulomb barrier to the incident heavy ion distorts the cross sec-. 
tion curve, cutting down its lower side;:second, as both reactions do not involve 
the same compound nucleus, the differences in neutron binding energies are impor- 
tant. However, even after applying these corrections, there remains an energy 
shift of several Mev unexplained. Under these circumstances, (N™, 32) and 
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(p, 3n) reactions cannot be fitted by the ee = 
Jackson formula with the same value of jet 
nuclear temperature. The evaporation (b) (a) 
model devised by Jackson™ involves the 150 
following assumptions: (1) The neutron 
energy spectrum is given by E,exp 
X (—E,/T), (2) neutron emission occurs 
whenever it is energetically possible, and L 
the competition from other modes of de- - 
excitation can be neglected, (3) the nu- 
clear temperature 7 is independent of 
excitation energy, regarded as a_para- 

meter. coh 


415 


0(mb) 
l 


Now, let us modify the Jackson model 
along the lines presented in the preceding 
sections and consider whether (N“, 372) 
and (p, 37) reactions could be fitted with 

; 30 40 50 60 70 
the same T. For this purpose, we shall Eez Mev) 


make the following two assumptions in Fig. 4. Experimental cross sections of (a) 
, V51(N14, 37) Zn®2 (right hand scale) and 
place of (1) aol) The energy spec: (b) Cu (p, 37) Zn6% (left hand scale) as 
trum of the first neutron emitted has a function of the excitation energy’ of the 
the form of respective compound nucleus (ref. 13)). 


(pE? ae qk, +r) Ey exp (= E./T) > 


approximating the exact spectrum calculated in § 2 and §3. (1)” the spin of the 
residual nucleus decreases so rapidly that. the spectra of the second and third 
neutrons reduce to E,exp (—E,/T). Then one can express (N™, 37) cross 
section as 

o(N", 32) =2(Ri +i)? 1—Bi(Ri+h)/E:) P(E™, 3). (19) 


Here B,(R:+%,) is the Coulomb barrier at the interaction distance (R,+4%;), and 
the probability P(E*, 3) of exactly three neutrons evaporating from the compound 
state with energy E* is given by 


P(E*, 3) ={6pT?[1(05, 5) —I(4,, 7) ]+2qT [I(4s, 4) -1(4,, 6) | 
+7r[I(83, 3)—I(o, 5) ]}/N, (20) 
where 
N=6pT? -£2¢7 7; 
d,=[E*— YY BI/T, %=[E*— Dies BiJ/T, (21) 


I(z, n)=(1/n!) |otertdy. 


0 
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B, is the binding energy of ith neutron 15 r ———_ 
that is emitted. 
We determine T so that the position 
of the maximum of the calculated Cu (p, 
3n) reaction agrees with the experimental 
data. The value chosen is 2.8 Mev, corre- 
sponding roughly to a=A/20 Mev. The 
correction factor (pE,’+qE,+7r) is given by 
approximating the curve of the ratio R( £2) 
in Fig. 3 for a=A/20, 8=0.28 (c=0.25cz), 
up to E,=20 Mev. The results are shown 
in Fig. 5. The peak position of P(E*, 3) Ff 
of (N*™, 37) reaction which lies lower than 
E*=44 Mev in the ordinary Jackson model, 
moves to E*=47 Mev after taking into ac- 
count the angular momentum effect. Finally, 
Lae ae Ate, ye eh ra a 


because of the energy dependence of the 30 40 50 60 70 
Eex( Mey) ; 


ra 


OF 


O(arbitrary units) 


compound nucleus formation cross section, 
the maximum of V"(N"™, 372) excitation func- Fig. 5. Calculated cross sections of (a) 


tion is placed at H*=52 Mev. V(N14, 3n) Zn® and (b) Cu (p, 
3) Zn®3 as a function of the excitation 
§ 5. Discussion and concluding remarks ey fen ae deente uae 

From Fig. 5 it is seen that in spite of 
the strong Coulomb distortion, the upward energy shift of (N", 37) cross section 
can be reproduced by the present model with suitable parameters. The displace- 
ment of the proton and a-particle curves on the energy axis in Ghoshal and John’s 
experiments will also be explained likewise. The energy shift becomes smaller than 
the heavy ion case (several Mev), corresponding to the lower angular momentum 
introduced by a@-particle. It should be noted that the angular-momentum effect 
depends on the moment of inertia of the nucleus in the excited state, and seems 
to bring the significant results only when ch? is much smaller than the rigid body 
value. Whether the interparticle correlation causing this reduction remains the 
same in these high energy regions, should be confirmed from other sides of the 
evaporation process such as angular distribution. 

Now, let us suppose that the evaporated neutrons can carry off only a small 
part of the angular momentum, and the nucleus after evaporation is left in the 
excited state with rather large angular momentum. Then there are two Ways open. 
First, since (the spin of the intermediate nucleus) divided by (cT’ of the fnal 
nucleus) may become large for the last neutron emitted, the angular-momentum 
effect may be largest for it. In this case, it. may be possible to fit the experimental 
energy shift with c larger than that used in the calculation of § 4. Second, even 
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if the nucleus is left with excitation energy higher than the neutron binding energy, 
it cannot decay to low-lying states by neutron emission because of the angular 
momentum conservation, while the successive emission of y-ray will be enhanced. 
For the investigation of the manner in which the initial angular momentum dis- 
sipates itself, and the degree in which ;-ray de-excitation is enhanced, we must 
await further experimental works. 


In this paper, we have considered that, since the extra centrifugal barrier 


caused by high spin suppresses the emission of low energy particles, average kinetic 


energy of evaporated neutrons exceeds 27. This effect is expected to decrease 
average number of nucleons evaporated than the usual statistical theory. On the other 
hand, the inclusion of ;-ray competition to the statistical theory was called forth as an 
alternative attempt for this lowering. That is, Fisher et al.” measured the ratio 
of p emission to 2p emission in the case of 27 Mev nitrogen ion bombardment on 
S*. In their comparison with the statistical theory, two values of the level density 
parameter, a, were employed. The value a=A/10.5 Mev fits the ratio when 
gamma emission is considered, whereas without 7-ray de-excitation, a=2(~A/23) 
Mev™ gives equally good agreement. Although the experiments concerning the 
branching ratios include both the angular-momentum effect and the ;-ray competi- 
tion, only the former appears in the energy shift experiments, otherwise the 7-ray 
competition must depend on the projectiles like that induced by the angular- 
momentum effect. It may be necessary to perform the experiments which single 
out the effect of the 7-ray competition. 

As to the case of charged particle emission, we cannot study in a quantitatively 
correct manner as far as our sharp cutoff approximation for the transmission coef- 


ficient. Moreover, the situation is more complex owing to the fact that the en- 


hancement of the low energy particle emission introduced by the diffuseness of the 
nuclear potential barrier’ must be combined with our viewpoints. 

So far our discussions have rather been concentrated on medium weight nuclei. 
Finally, we have to mention the experiment performed by Tamers and Wolfgang’? 
in the region of light nuclei. For example, they compared the excitation function 
of C#(C¥, np) with Na®(p, np) leading to the same compound nucleus Mg”, 
and pointed out that the former has a maximum in the excitation energy of Mg™ 
lower than the latter. This is just opposite to our viewpoints. However, in the 
elastic scattering of C” by carbon, the existence of unexpected resonances in the 
excited states of Mg’ higher than 24 Mev has been found, but not in the scattering 
of O' by oxygen.” These complex situations may indicate that the above energy 


shift cannot be explained by a simple modification to the conventional statistical 


theory such as ours, but must inyoke the structural study of the colliding nuclei. 

It is a pleasure for me to thank Professor K. Husimi, Professor Y. Yoshizawa, 
Dr. M. Sano and Mr. S. Yamasaki for their kind interest in this work and careful 
reading of the manuscript. The author particularly wishes to thank Dr. R. Nakasima 
for his encouragement and helpful discussions. 
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A T=0 two-nucleon potential is found which, when combined with the 7'=1. potential 
reported previously, can reproduce all experimental neutron-proton data below 300 Mev. The 
triplet even parity potential is not strictly energy independent. The required energy depend- 
ence is, however, very small and confined in the core region. In the triplet even parity 
state, it is found that both linear and quadratic LS potentials are required. The linear LS 
potential is weak and repulsive. The quadratic LS potential is here stronger than that required 
in the J=1 state and it is attractive. The singlet odd parity potential is slightly more repul- 
sive than that of the one-pion-exchange potential. We conclude that all two-nucleon data up 
to 300 Mev can be understood in terms of a potential picture which is consistent with the current 
implications of the pion theory of nuclear forces. 


§1. Introduction 


In a previous paper” we have reported on a T=1 (T'=isospin of the two- 
nucleon system) potential which reproduces all available p-p data up to 310 Mev. 
We have been led to the conclusion that the p-p scattering in the non-relativistic 
region can be understood in terms of an energy independent potential which is not in- 
consistent with the pion theory of nuclear forces. In the present paper we re- 
port on the result of the investigation into the corresponding situation in the n-p 
system below 300 Mev. 

On the basis of the charge independence of nuclear forces, the T=1 (singlet 
even and triplet odd parity) potentials are taken over from I. We are then con- 
cerned in the present paper with the T7=O (triplet even and singlet odd_ parity) 
potentials of the form 


8V + (2) =*VG (2) +°V 2 (2) Sit*V is(z) (L-S) +°V¢ (x) Quy, (1) 
and 
1V- (2) ='"Va(az)4+'Ve (2) On, (2) 


in the same notations as in I. 
The potentials of the form (1) and (2) with Ve=0 have been applied to the 
n-p scattering by Gammel-Thaler (GT)” and Signell-Marshak (SM).” GT have 
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not attempted an energy independent fit. The 7=1 potential of SM is now con- 
sidered inadequate above about 150 Mev.”” 

Watari and Tamagaki®* analysed the m-p scattering below 150 Mev to find 
no evidence of Vzs or Vo. It has now become clear, however, that the 77=1 
static potential alone does not account for the p-p data above 150 Mev. We also 
note that there exists evidence in the 300 Mev n-p data for non-static forces in 


(1) 2 


To be consistent with I we assume the following forms for V; in (1) and (2) : 
triplet even: 

8V & (x) = — (9°/4n) p2(e-*/ x) [1 +°ad (e-*/x) +°bé (e-*/x)*), 

"Vin (a) =— (9°/4x) #(e*/x) 14+ 3/x+3/2’) [1 +%ar (e*/2) +*br (e-?/ a 


°V ts(x) ="Gistet(e */x)*[14 *bis(e*/z) |, 
8Vé (x) =*Gg p(e7*/x) [1+ %a6 (e-?/x) +785 (e-7/2z)’]. 
singlet odd: 
Vg (x) =3 (9°/4m) w(e-*/x) [1 +140 (e-*/x) +%be (e*/2)’], (4) 
Vg (x) ='Ge pr (e*/x) [1 +149 (e-*/x) +1be (e-*/2)’]. 


with g?/4z7=0.08, and a hard core of radius *x)* and *z, for (3) and (4), re- 
spectively. Some relevant discussions on the assumed functional forms of V; are 
found in I. 

As to the consistency with the pion theory of nuclear forces, we expect 
°a7* 0, ive, the *V,*(x) is very nearly that of OPEP at #21. -It is known 
that this condition is indeed required from the deuteron data.* As we shall see 
in § 2 the deuteron data and the behaviour of the triplet D-wave phase shifts com- 
bined give some insight into other parameters in (3). Parameters in (4) will be 
determined purely phenomenologically. 

The available experimental data on the n-p scattering are very much less in 
number and poorer in accuracy than those on the p-p scattering. Consequently, 
there exists no 7-p counter-part of the extensive phase shift analysis of MacGregor 
et al.,” which provided a very convenient starting point of the whole work in I. 
Because of this situation the determination of the T7=0 potential is considerably 
more ambiguous and we can hardly claim the quantitative uniqueness of the po- 
tential described below. It is nevertheless significant that we have been able to 
find an approximately (see below) energy independent potential which reproduces 
the experimental data reasonably well over the whole energy range, and that the 
potential agrees with the pion theoretical implications. 

Another more practical difficulty encountered in the actual attempt to fit the 
data is the following. Once *G;,", °a;* and *%b,* in (3) are specified, the core 
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radius *2)* is uniquely determined by fitting the deuteron binding energy. Thus 
the potential (3) is less flexible than the triplet odd parity potential considered in 
I as far as the scattering is concerned. Such an inflexibility of the potential in 
the core region does affect the result since here we have to deal with the triplet 
S-wave which feels the inner-most interaction. Because of this situation we had 
to introduce an energy dependent hard core radius in (3) in order to attain sat- 
isfactory fit over the whole energy range. We do not consider this a serious 
difficulty since it concerns the region where the potential picture itself is likely 
to lose its significance. Rather, we feel that it is remarkable that the required 
energy dependence is so small. 


§ 2. Non-static forces in the triplet even parity state 


In I the non-static potentials, particularly *Vz3, have been determined mainly 
by studying the triplet P-wave phase shifts at 310 Mev. Although there exists no 
available phase shift solution for the T=O state, the study of the triplet D-wave 
phase shifts at 300 Mev, combined with the deuteron problem, can give useful in- 
formation on the non-static forces in (1). 

Before going into any detail, we point out the following situation. The first 
partial wave affected by the LS potential in the triplet even parity state is the 
D-wave, the impact parameter of which being about 0.9 at 300 Mev. Hence, it 
is at once clear that the Vz; in the T =O state is not so important as in the T=1 
state where the P-wave is the first partial wave affected by the Vzs. There may 
be a strong °V;% at small 2 but its effect is small as far as the -p system below 
300 Mey is concerned.* As we shall see later, this statement holds for the deuteron 
problem as well. Then we expect that the long ranged Vg may play an important 
role in the 7’=0O state.** ; 

GT’s failure to find an energy independent potential to fit the 7-p data up to 
300 Mev is most likely due to this situation. The Bryan type potential, which 
does not include the Vo, is also likely to meet the same difficulty if applied to 


the 7-p scattering. 
We now consider the triplet D-wave phase shifts in conjunction with the ex- 


perimental 7-p total cross section at 300 Mev, 35mb." The *D, phase shift is 
less important in this respect compared with the *D, and *D; phase shifts because 
of the small statistical weight. Also the *D, phase shift is not sensitive to the 
non-static potentials. Therefore, we shall be concerned mainly with the °—, and 


°—D; phase shifts in the following. 


* GT» use the 90 Mev 7-p data to determine the 3V7s5. At 90 Mev the D-wave impact para- 
meter is about 1.7 where 3V}5 is already negligible. Thus we can not take GT’s conclusion on the 
3V rg, seriously. 

** The introduction of 3Vg has been suggested by Feshbach in connection with the apparent 
difficulty concerning the LS interaction moment in the deuteron ground state? Notice also that 
the argument developed here supersedes the one given in reference 7). 
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In the same notations as in I, define 
Nee ee je (ex) U,(x) dx, (5) 


where j, is the spherical Bessel function of order L. Then in the Born approxi- 
mation* (see Eqs. (7) and (8) of I) 


a(D),) = 4o+247—drs—5 do, (6) 
0 (?Ds) = 4o— (4/7) dr + 2475+ 4g. (7) 


Previous calculations® with *V,;4;=*Vo'=0 show that the *V;*(z) must be 
close to that of the OPEP for x21 in ‘order to reproduce the correct deuteron 
data. Such a potential gives the 0(°D,) of at least about 0.8 at 300 Mev making 
the total cross section too large. It is clear from (6) that the large d(°D,) is 
due to the strong negative OPEP type *V;*. It appears, on the other hand, that 
the same phase shift should be at most about 0.5 to be consistent with the observed 
total cross section.” Since the *V;; cannot be very effective as pointed out above, 
the negative *V9* of considerable strength must be present in order to effect the 
large reduction in 0(*D,). Because of the large eigenvalue 5 of Q:, [see (6) ], we 
can indeed expect that the °Vg* will be quite effective in this respect. 

Let us now turn to the 0(°D;). The static potentials adjusted to fit the 
deuteron data predict 0(D;) of at most 0.2 at 300 Mev. From (7) it is seen 
that the same negative *Vg* introduced in order to reduce the d(°D,) will inevi- 
tably increase the 0(°D;) making the total cross section higher. The increase 
should, however, be slightly less in magnitude than the decrease in 0(*D,). Fur- 
ther, from (6) and (7) we expect that a positive *Vzs will counteract the *Vg* 
in 0?@D;) without appreciably affecting the 0(*D,). 

Summarising our findings on the non-static potentials in (1), it appears that 
a negative long ranged *V9* of substantial strength is indispensable. The *V,4 is 
not important but a positive °V;% is likely to be useful. 

Very recently, Hoshizaki and Machida’ have derived the non-static OPEP 
which may be regarded exact except in the core region. According to them the 
non-static OPEP contains the term 


+ (P/4r) (71-72) [ (1-02) L?—Qy|[(1/2)(4/ M+ 3/2+3/2) (e-*/2*)], (8) 


where upper (lower) sign corresponds to the case ofthe ps(pv) coupling. The 
"Vo" found in I has been shown to be consistent with the pv coupling.2™ It is 
interesting to note that the required large reduction in d(*D,) at high energies 
can also be attributed to (8) if the coupling is pseudovector. 

The difference between Q,, and Ly.=(6,-0;)L?—Qy is trivial in the singlet 
state. In the triplet state, however, the choice of Ly. in place of Q,, can make 


* The Born approximation suffices for our qualitative argument developed here. 
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significant difference. If one chooses In°V,* in place of Q1°Vo*, (6) and (7) are 
replaced by 


0 ?Dz) = do+2472—415+114,, (9) 
0? 3) = do— (4/7) Ap+2drs+ 24;. (10) 


Then the positive *V,* can reduce 6(*D,) without increasing the 6(?D;) and hence 
there may be no need for a positive *V4.—Thus our conclusion on the °V; should 
be regarded preliminary. On the other hand, the conclusion that there should be 
a long ranged non-static force which is repulsive in the *D, state seems to be on 
the firm ground. The fact that GT had to reduce the *V>* appreciably above 
150 Mev points to the same effect.” 


§ 3. The deuteron problem 


The deuteron properties resulting from the potentials of the form (3) but 
with *V;s;=*Ve*=0 have been reported previously.® The code has since been 
extended to include both Vz; and Vo, and at present we have tabulated results for 
some 100 combinations of parameters appearing in (3). In Table I we show 
several of them. 


Table I. The deuteron properties. For the specification of the potential see (3) of text, 
8xo*=hard core radius, adjusted to give correct binding energy, in the unit of pion Compton 
wave length 1.42x10-8cm; Q=electric quadrupole moment in 10727cm?; 37,=triplet 
effective range in 10-8 cm; Pp=D-state probability in % ; Ap/Ag=asymptotic D to S wave 
ratio. The contribution to the deuteron magnetic moment from non-static potentials 
considered in this Table is |4|<0.006 nuclear magneton. Relevant experimental values 
are: Q=2.738+0.014, 37,=1.704+0.030, AL=ba— Pp — Un = —9.02231+-0.00012 n. m. 


ene: 8aG |8b6| 8az¢ |8bp| 8Gis | %bis | %GQ 8ag | bg | 32g OF 87 eA nas 
No. 
0 0 |0 a en oe 0: o| 0 | 0.340] 2.88! 1.72| 7.42| 0.02716 
eres SEO r ene: Or | 0 0 0 0 | 0 | 0.315] 2.78) 1.59] 7.94] 0.02729 
Die ty CE Wet ee we er 0 0 0 | 0 | 0.276| 2.66] 1.53] 7.55| 0.02666 
3 | —-8 16 | —03/ 0.1| 0.05956] 4 0 0 | 0 | 0.292! 2.72| 1.54] 8.34] 0.02717 
4 |—8 |6 | —0.3| 0.1/ 0.05956] 4 | —0.005956/ 15] 0 | 0.309] 2.88] 1.55| 9.49] 0.02855 
5 |—s | 4 | —0.4| 0.1/ 0.05956) 4 | —0.007445/12 | 2) 0.275] 2.83) 1.50} 9.89] 0.02856 
6 | —0.5| 0.5| —0.4| 0.2| 0.08934) —4 | —0.007445| 10 | 2 | 0.302] 2.85! 1.67) 7.47| 0.02749 


In Table I, the potential 0 is the pure OPEP with g’/47=0.08. The entries 
1, 2, 3 and 4 show effects of individual forces on the deuteron properties. As expected 
the non-static forces are not very important. The potential 5 with a slightly energy 
dependent hard core radius will be shown in § 4 to be capable of reprodueing the 
n-p data below 300 Mev. We have plotted this potential in Fig. 1. The deuteron 
wave function is shown in Table II. The potential 6 is an example with a nega- 


tives Ves. 
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Fig. 1. Triplet even parity potential defined by (3) 
and (11) in the unit of pion mass. The dashed 
curves represent OPEP with g?/4z=0.08. 
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Fig. 2. Singlet odd parity potential defined by (4) 
and (12) in the unit of pion mass. The dashed 
curve represents the OPEP with g?/4z=0.08. 
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Table I. The deuteron wave function. 
Entries are the radial S and D wave 
functions (multiplied by x) calculated 
using the potential defined by (3) and 
(11) (core radius 82)t=0.275). They 
are normalized to ty (w+ w?) dx= 
0.99689. See Table I for the deuteron 
properties derived from this wave 
function. 


a u(x) | w(x) 
0.3 0.0648 | 0.0474 
0.4 O27 Taa ny, “OL1894 
0.5 0.4161 | 0.2580 
0.6 0.5020 0.2851 
0.7 0.5543 0.2910 
0.8 0.5849 0.2860 
0.9 0.6013 0.2754 
1.0 0.6080 0.2619 
ra 0.6081. | 0.2473 
igs: 0.6036 | 0.2323 
1.3 0.5957 OTT 
1.4 0.5856 0.2033 
15 0.5739 0.1897 
1.6 0.5611 0.1769 
ake 0.5476 | 0.1649 
1.8 0:5336 | 0.1537 
1.9 0.5193 | 0.1432 
2.0 0.5049 0.1335 
Dal 0.4906 | 0.1245 
22 | . 0.4736 0.1162 
oy 0.4623 0.1084 
2.4 0.4484 0.1013 
2.5 0.4348 0.0946 
2.6 0.4215 0.0885 
2.7 0.4085 0.0828 
2.8 0.3959 0.0776 
2.9 | 0.3835 0.0727 
3.0 0.3715, 0.0681 
3.2 0.3484 0.0600 
3.4 0.3267 0.0530 
3.6 0.3062 0.0470 
3.8 0.2869 0.0417 
4.0 0.2688 0.0372 
4.2 0.2519 0.0332 
4.4 0.2359 0.0297 
46 | 0.2210 0.0266 
4.8 0.2070 0.0239 
5.0 0.1989 0.0216 
52 0.1816 0.0194 
5.4 0.1701 0.0176 
5.6 0.1593 0.0159 
5.8 0.1492 0.0144 
6.0 0.1897 0.0131 
6.5 0.1186 0.0104 
7.0 0.1007 0.0083 
7.5 | 0.0854 0.0066 
8.0 | 0.0725 0.0053 
8.5 | 0.0615 0.0043 
9.0 | 0.0522 0.0035 
9.5 0.0443 0.0029 
10.0 | 0.0376 0.0024 
peas Eel rich ei tiie! Nee be oat 
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The D-state probability of 9.9% resulting from the potential 5 of Table I is 
slightly higher than the usually quoted values.” It is still not inconsistent in 
view of large uncertainties in the estimation of this quantity.” 

Wong’ has recently applied the Chew-Mandelstam method to estimate ‘the 
asymptotic ratio of D to S-wave amplitudes. His result, Ay/As=0-029 for 
g’/4x=0.08, is in good agreement with the one predicted by the potential 5. 
His crude estimation of the electric quadrupole moment based on. this ALi Mes 
Q~4xX10™%cm’, seems to be an overestimation. Our [results show that Q can 
be consistent with the experimental value even for this rather large Ap/ As. 


§ 4. The n-p scattering 


We first studied the quantity JP (J= unpolarized differential cross section, 
P=polarization) at 300 Mev.® This quantity is independent of the singlet 
scattering so that we are not disturbed by ambiguities in the singlet odd parity 
potential to start with. The triplet odd parity potential is of course taken over 
from I. 

We have tried some 50 triplet even parity potentials consistent with the 
deuteron data. We have insisted that 
the *V# be close to that of OPEP at 
IP (mb/ster) _ a1. Following the observations 
made in §2, the °Vé was chosen 
to be negative in all of them. About 
one third of the potentials had a 
negative *Vis. 

First of all we found that the 
qualitative features of JP at 300 Mey, 
i. €., a maximum at about 30°, passing 
0 near 80° and reaching a minimum 
at about 120°, can be reproduced — 
without any difficulty. In fact all 
tried triplet even parity potentials, 
combined with the triplet odd parity 
potential found in I, did reproduce 
these qualitative features. In_par- 
ticular, the fit at 9>90° was found, 
quite satisfactory for most of the 
potentials tested. 

In Fig. 3 the curves numbered 
as 4, 5 and 6 are calculated from 
the correspondingly numbered poten- 


0 30 60 90 120 4g 150 180 


Fig. 3. I(@)P(0) at 300 Mev calculated from 
potentials given in Table I (7'=1 phase shifts 
are taken from I). 
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tials in Table I. The most serious discrepancy with the data is seen to be in the 
maximum value of JP near 30°. For the pure OPEP, the potential 0 of Table I, 
the value becomes as high as 3.8mb, which is more than twice the experimental 
value. Both 6(@D,) and 6@D;) had to be made as small as possible to reduce 
IP(30°). The potential 5 of Table I is the best in this respect but JP(30°) is 
still too high. Also for this potential JP becomes negative at too large an angle. 
Experience has shown that the latter situation is due to too large 0(*S;). 

At this point we have given up the idea of a strictly energy independent fit 
as mentioned in §1. In order to reduce the 0(*S,) at 300 Mev we considered a 
slightly energy dependent hard core radius in the potential 5 of Table I. The 
curve 5’ of Fig. 3 is calculated from the potential 5 but with *2,*=0.300 instead 
of 0.275 as required for the correct deuteron binding. This small increase in the 
hard core radius has very little effect on the phase shifts other than 0(*S,), 0(°D,) 
and €,.* Yet, we notice a marked improvement in the fit at 990° and at the 
same time at 630°. Further increase in °2)* and consequently further reduction in 
0(7S;) make IP negative at too small an angle. This feature may be seen in GT 
who give 0(°S,) =—0.258 (the curve marked as GT in Fig. 8). 

Having thus decided on the potential 5 of Table I with an energy dependent 
hard core radius, we proceeded to fit J and P separately at 300 Mev, and also 
other n-p data at lower energies. We simply quote the results. 


Triplet even: 
9 /4t=0.08, °Gis=0.05956, *G¢ = — 0.007445, 
°x¢ =0.275+0.001441/ E (Mev), 
*ag = —8, *b6 =4, ‘af = 0-4, *b7 =0.1, (11) 
FOr gd ag Re beh 
Singlet odd: 
7 /Ax—0.08, 7Go=0; *75=0.30, 
de. == 3 0g== =a 


(12) 


The potentials are plotted in Figs. 1 and 2. The phase shifts are calculated as 
functions of energy and shown in Tables III and IV. I, P and D calculated at 
several energies from these phase shifts are shown in Figs. 4 to 7. Wherever the 
comparison with the experiment is possible, the agreement is reasonable. 

We conclude this section with a few remarks. Firstly, 'Gor = 0 An (12) 
should be interpreted to mean that the present experimental data on the n-p scat- 
tering does not warrant the detailed determination of presumably weak quadratic 
LS potential in the singlet odd parity states. Secondly, we are convinced that 


* At 300 Mev the potential 5 of Table I gives 6(3S))=0.410, 6(3D,)=—0.480 and €,=0.045. 
When 2.5* is increased to 0.300 we have 6(3S,) =0.177, 6(3D,) =—0.528 and €,=0.192. 


Table III. Triplet even parity phase shifts calculated from the potential defined by (3) 
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and (11). Entries are nuclear Blatt-Biedenharn phase shifts in radians. 
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(Mev) pee leet °D, € Ds | Ds | °Gs €. 8G, } Sr, 3J, €; 3J, 

10 | 0.280} 1.732} —0.011 0.031, 0.014} 0.002 | —0.001) 0.664| --- oe 

20 | 0.281| 1.437] —0.035| 0.043] 0.044} 0.008 | —0.006| 0.739] 0.001 | 0.001} —0.000 | 0.490 

30 | 0.283| 1.297) —0.063)| 0.053 | 0.072 0.016 | —0.012} 0.763} 0.003} 0.002 | —0.000 | 0.583 

42 | 0.284; 1.164) —0.095 | 0.058 0.107 | 0.026} —0.022| 0.773] 0.006| 0.004} —0.001)| 0.643 

60 | 0.286 1.008 | A) ea) | 0.066 | 0.155| 0.041] —0.036)| 0.777} 0.011] 0.009| —0.003| 0.694|  -:- 
90 | 0.289} 0.817 | —0.211) 0.080 . 0.220 0.064; —0.058| 0.770} 0.020| 0.017! —0.006| 0.737} 0.001 
130 | 0.291) 0.645 | —0.288 0.093 | 0.285 | 0.091 | —0.082] 0.755 | 0.032) 0.030) —0.011) 0.763) 0.002 
160 | 0.293) 0.535} —0.339| 0.108} 0.323) 0.109} —0.098)| 0.742| 0.039} 0.039} —0.014| 0.773} 0.003 
200 | 0.295} 0.415) —0.399 0.128 | 0.364 | 0.131 | —0,115]| 0.726} 0.047 | 0.050} —0.019| 0.781) 0.004 
250 | 0.298 0.283 | —0.467 | 0.160 | 0.402 | 0.156 | —0.133}| 0.707| 0.055 | 0.064) —0.024| 0.786} 0.005 
300 | 0.300| 0.177 | —0.528 | 0.192 | 0.432 | 0.178| —0.148)| 0.690} 0.060) 0.078) —0.029 | 0.789} 0.005 


Table IV. Singlet odd parity phase shifts calculated from the potential defined by (4) 


and (12). Entries are nuclear Blatt-Biedenharn phase shifts in radians. 
E (Mev) | 1p, 1f, 11, 
10 —0.063 —0.001 
20 —0.117 —0.005 
30 —(0)157 —0.011 —0.001 
42 —0.196 —0.018 —0.003 
60 —0.241 —0.028 —0.004 
90 —0.298 —0.043 —0.009 
130 | —0.354 —0.061 —0,015 
160 | — 0.388 —0.072 —0.019 
200 —0.427 —0.085 —0.025 
250 — 0.468 —0.099 —0.031 
300 —0.503 {h) — 0.037 


some energy dependence must be introduced in the triplet even parity potential. 
The energy dependence must be such that reduces 0(°S;) at high energies. Admittedly 
our calculations are rather limited. We believe, nevertheless, that this conclusion 
is independent of the detailed potential forms. It is an interesting question; whether 
this effect can be accounted for by the non-static forces other than (8). The 
fal remark concerns the parameter D. The measurement of this parameter in 
the p-p scattering at 150 Mev has been of decisive importance particularly in the 
determination of Vzs in the triplet odd parity state.” In the n-p scattering, how- 
ever, D is insensitive to the triplet even parity potential. Even at 300 Mev most 
potentials we have tried in the present work predict very similar angular depend- 
ence of D. Even the GT potential predicts D practically identical to those shown 


Diasoe, oO -90r 
‘ Fig. 4. J(@) at 42, 60, 90 and 300 Mev calculat- 
ed from the phase shifts given in Tables III 
and IV. Y=1 phase shifts are taken from I. 


Experimental points are taken from reference 
14). 


(7130Mev 
a e 156Mev 


Fig. 5. I(@) calculated at 130, 160 and 200 Mey 

from the phase shifts of Tables III and IV. 

* T=1 phase shifts are taken from I. Experi- 
mental points are taken from reference 14). 
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Fig. 6. P(@) at 42, 90, 160 and 300 Mev calculated 


from the phase shifts of Tables HI and IV. T=1 
phase shifts are taken from I. 
points are taken from references 14) and 18). 


Experimental 


“120g 150 

Fig. 7. D(@) at 90, 160 and 300 Mey calculated 
from the phase shifts given in Tables III and 
IV. Y=1 phase shifts are taken from I. 
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in Fig. 7. It is also slowly varying 
function of energy (see Fig. 7). Thus 
the measurement of D in the n-p scatter- 
ing is not likely to provide very useful 
information regarding nuclear forces in 
the triplet even parity state. 
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§ 5. Conclusions 


We have shown that the 7=0 two-nucleon potential defined by (3), (4), (11) 
and (12) can reproduce the experimental 7-p data below 300 Mev reasonably well 
when combined with the T'=1 potential found in I. The triplet even parity po- 
tential is not strictly ‘energy independent. The required energy dependence is, 
however, very small and confined in the core region. This may be an indication 
for the non-static potentials of other types than those considered in the present 
work, 

One of the important findings in recent development of the pion theory of 
nuclear forces is that the non-static part of the potential is likely to- depend on 
the type of pion-nucleon coupling,”™ pseudoscalar or pseudovector. Our con- 
clusion on the non-static effect in the singlet even parity state drawn in I has 
already proved to be useful in the attempt to distinguish between the two cou- 
plings.” The suppression of the *D, phase shift at high energies, which we 
found necessary to account for the small total cross section at 300 Mev, is also 
suggestive in this respect as discussed in § 2. Obviously, however, such an. im- 
portant question as the type of pion-nucleon coupling requires further works. In 
particular, the non-static potentials of the type other than those considered in the 
present work have to be studied. We also note that our choice of Qy in place of 
the pion theoretical L,, [see § 2] makes our conclusion on the *Vz§ inconclusive 
when it comes to the comparison with the pion theory. 

Combining our findings in the present paper with those of I, we conclude 
that there exists a potential picture which is compatible with all experimental 
two-nucleon data below 300 Mey, and that the potential is not inconsistent with 
the current pion theoretical implications. Our results on the non-static potentials 
in I and the present paper are incomplete in many ways. They are nevertheless 
highly suggestive in several respects and certainly justify further careful investi- 
gations into this subject. 
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The charge exchange collision in nucleon-deuteron is investigated by using the two-nucleon 
scattering phase shifts, in order to supplement some information regarding the two-nucleon 
interaction with the singlet isotopic spin state, and also to study a source of the partially 
polarized neutron beam which is very useful to investigate the interaction between the neutron 
and a certain nucleus. The differential cross section, polarization and triple scattering para- 
meters of the nucleon ejected in the charge exchange nucleon-deuteron collision are calculated 
by using the Gammel-Thaler and Signell-Marshak phase shifts. The energy distribution of 
the ejected nucleon is calculated by means of the cross section of magnetic dipole photo- 
disintegration of the deuteron, instead of the explicit use of the wave functions of the di- 
neutron (or di-proton) and the deuteron to evaluate the nuclear matrix ‘element. The 
polarization and triple scattering parameter of the nucleon quasi-elastically ejected from the 
nucleus, say, Cl2, in the charge exchange collision and of the nucleon caused: by the free 
n(p, n)p- and p(n, p)n-processes are calculated for comparison. 


§ 1. Introduction 


Recently the information regarding the nucleon-nucleon interactions has been 
greatly increased in the analyses of experimental data for the two-nucleon scattering 
at high energies. In the framework of the impulse approximation, the interactions 
between the high energy nucleon and the nucleus, and between two nucleons in 
the nucleus can be understood on the basis of the information on the two-nucleon 
system.” This makes possible to calculate the differential cross sections and polar- 
izations of nucleons scattered from nuclei by using sets of the two-nucleon scat- 
tering phase shifts. By comparing the calculated results with the experimental 
data for every set of the phase shifts, one can reject some of the sets of the phase 
shifts. On the same lines, in the present paper we consider the spin dependent 
interaction between two nucleons from somewhat different point of view from the 
free two-nucleon scattering. The information regarding the two-nucleon system is 
supplemented by the investigation on the spin dependent interaction. - The investigation 
igs that of the high energy nucleon ejected in the high energy charge exchange 
nucleon-deuteron collision. 

The investigation on the collision gives a certain way to study the spin depend- 
ence of the nucleon forces between two nucleons. ‘This comes from the fact that 


* The present paper is partly reported in ref. 1). 
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the differential cross section of the nucleon ejected in the charge exchange nucleon- 
deuteron collision gives some information on the spin dependent nuclear forces 
which is not obtained by the cross section of the free two-nucleon scattering. Chew” 
applied the impulse approximation to the neutron-deuteron collision and parametri- 
cally introduced the ratio of singlet and triplet amplitudes of proton-neutron scat- 
tering, instead’ of the ratio of the amplitude of the ejected proton when the final 
di-neutron is left in the singlet spin state to the one when the final di-neutron is 
in the triplet spin state. Then he reproduced the experimental cross section for 
the ejected proton and showed that the differential cross section of the ejected proton 
is explained by the parameter chosen suitably. A similar consideration was given 
by Lapidus.” However, when the phase shifts of the two-nucleon scattering are 
obtained, the ratio of the amplitude of the ejected proton when the final di-neutron 
is left in the singlet to the one when the di-neutron is in the triplet spin state is 
automatically fixed by the set of the nuclear phase shifts. 

We present the expressions for the polarization and triple scattering parameters 
for the nucleon ejected in the charge exchange nucleon-deuteron collision. And we 
show how these expressions are connected with the nucleon quasi-elastically scattered 
from the nucleus, say, C’, in the charge exchange collision within the framework 
of the impulse approximation, or with the free nucleon-nucleon scattering, and how 
the measurements of the nucleon-deuteron collision supplement the information on 
the nucleon-nucleon interaction with the isotopic spin singlet state (T=0). 

In the succeeding sections we restrict ourselves to the neutron for the incident 
nucleon to avoid the complexity due to the Coulomb interaction. However, the 
results given in the present paper can equally be applied to the neutron ejected in 


the proton-deuteron collision, except for the Coulomb interaction between two 
protons. 


§ 2. Differential cross section 


In high energy neutron-deuteron collision, there are two main groups of the 
protons: A group at low energy resulting from the neutron-neutron and ordinary 
neutron-proton collisions (favoring small momentum transfers) which break up the 
deuteron, and a group of the high energy protons which results from the neutron- 
proton exchange collisions. The low energy group will roughly be isotropic, since 
the momentum distribution of the nucleons in the deuteron is isotropic, but the 
high energy proton group will be confined to the forward direction as well as in 
the scattering of the neutron by the proton. Thus, the two groups of the protons 
are distinguished experimentally. 

Since the high energy proton results from the neutron-proton exchange collision, 
we may use the ¢-matrix to describe the interaction between the incident neutron 
and the proton in the deuteron. In order to make clear the spin states of the 


interacting two nucleons, we adopt the two-nucleon scattering spin matrix, which 


contains the singlet and triplet projection operators, S and T', defined by” 


On the Charge Exchange Collision in Nucleon-Deuteron 261 


t=BS+C(o,+-0,) 0+ | Nein) (o,7t) +> G{ (orp) (orp) + (ok) (o:B)} 


i = = 
+1 (oR) (ok) — (op) (op) |. 2-1) 
where 
(ae eS k= tees =a Sy hS< 
|k; X k,| |k,—k;| - 


where k; and k, are momenta of the incident and scattered nucleon in center of 
mass system, respectively. The suffix 1 denotes the incident neutron and ¢ the 
proton in the deuteron, in the present case. 

The incident neutron, say, 1, interacts with the proton in the deuteron, say, 3. 
After the collision, the incident neutron and the neutron in the deuteron, say, 2, 
are left in the singlet or triplet spin states and the high energy proton is ejected. 
Then, the transition matrix is given by 


— pga (A Pn) ¥ 2) $:(8) | Vial) #28) (2-2) 
where @(23) and ¥(12) are the wave functions of the deuteron and di-neutron, 
respectively, and P,, is the exchange operator for two like nucleons. 

The scattering matrix coefficients, B, C, N, G and H, actually depend on 
three variables, ¢, p’?+¢=(2m/h)(E+ E’),q-p=(m/h)(E’—E) where q=k,—ki, 
p=k,+k, and E and E’ are the energy of the incident and scattered nucleons. p 
is equal to p/|p| only on the energy shell where q:-p=0 and p*+q’ is proportional 
to the energy. As the dependence of these coefficients on the energy is weak com- 
pared with their variation with gq’, only the dependence on g’ will be considered. 

Then, if one approximates V,; by ¢13 0(r1—rs), the transition matrix is given by 


T =((1— Py) ¥ (12) $ (8) | tal¢ A) 2 (23) ), ‘ (2-3) 


or 
T =(¥ (12) (3) | (1— Pu) tal Q) 9 (23) ). (2-4)* 


After some algebraic calculations for three-body spin wave functions, the dif- 


ferential cross section is given, in the laboratory system,** by 


* The formulas reported in the previous note? are derived from this transition matrix, 
Setting Bys, Cog, etc., by By, Cys, etc., in the previous note, one obtains the same equations derived 
in the present paper. : 

** In the present paper we assume the pure S-state deuteron wave function. This approxima- 
tion introduces very little error, roughly estimated at about 1%. Because for small k,+k,, the 
D-wave part of @(23) neglected in the present paper contributes mainly through the D-state part 
of ¥(12), and for larger k,+h., it contributes more through the S-wave of ¥(12). In both cases 


the overlap integral is small. 
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do (0) atts {| Malt + |M|2-+ (\M?-+ |Mgl?-+ | Ml? + Mal) | Lil? 


+ [2 C+ Malt M+ Ll) | i 
= (ee 241M, 4 (| Ma|?-+ |Ma|2-+ | M2 + [Mal?) | a" Lit 
ib 2 / 2 / 2 2 8 8 dk, 9 
— [2 daa lMer+iMt+ |Me) [stz)| Sede, (2-5) 
3 (27) 
where 
I= | 48 (12) * eka (23) dr, (2-6) 


while ¢ and s indicate the triplet and singlet spin states of the di-neutron, and hk, 
and k, are momenta of the two neutrons in the di-neutron, respectively, and ky is 
the momentum conjugate to the relative coordinate of neutrons in the di-neutron, 
and 2 is the direction associated with the momentum of the ejected proton ky,. 
M,, M., M;, M, and M; are given as follows, 


M= 7 (-B+N+6), M=C (2-7) 


M=~-(G—-N+B+2H), M=—-(G-N+B-2H), 


My=— Onesaaey 


Here, the coefficients of the scattering spin matrix for the nucleon ejected in the 
charge exchange collision is given by 


1 + y 
B=-1 (2,2), C=+(G-c), N=4_ (iN), 
2 2 2 
G=+ (G—G), H== (-H 
Sawer 0) > Rags 1— dy). (2-8) 


t 


The matrix z4;=¢7-, 1s meant to be the matrix for the neutron-neutron scattering, 
or the proton-proton scattering without electro-magnetic effects. The coefficients of 
the matrix ¢, are B, C,, Ni, G, and H,. The quantities By, C,, No G, and H, 
. contain the contributions of the neutron-proton interaction with 7'=0. 


If one approximates /(12) by the plane wave and integrates by kj, approxi- 
mately, one obtains 


ee (9) na=4 cos[(Y1+ Y:) — (Yr— Yu) FQ], Cae 


where Ore and Y, are coefficients of ||? and |J%|? in Eq. (2-5), respectively. 
F(q) is the interference factor, which is given by the Fourier transform of square 
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of the deuteron wave function.” g is the momentum transfer of the incident nucleon 
to the ejected nucleon in the laboratory system. 
By using the equation 


Oca ee ee 
cos ( Y + 49) dQ UB ese (2 10) 


Eq. (2-9) is rewritten as . 
io (Ona 


do - 
ya () nw=[1—KeF (q) | al 


do 
dQ 


x 


(rey —— (2211) 


Pete ee 2th 15 
. Get, ( : ) 


While do(@),,/dQ2 is the 


G. T. (90 Mev) 


cross section for the free 0 ape rd = Bras 
two-nucleon scattering hav- 

ing the charge exchange ; Fig. 1. The differential cross section of the proton ejected 
n (p, n) p-; or pa, Pp) n- in the neutron-deuteron collision at 90 Mev. The curve is 
processes, hich tis equiva- calculated by the use of the Gammel-Thaler phase shifts at 
lent to the cross section Dai 

for the neutron-proton scattering at do), 

backward direction. If the two- oe: (ab) 

nucleon scattering phase shifts are 10} , 


determined by analyses of the complete 
experimental data of the two-nucleon 
scattering, the value of Kg is uniquely 
fixed by the set of the nuclear phase 
shifts. Ag may be used to reject some 
sets of the nuclear phase shifts if 
one compares the results with the 


experimental data.” 


For nucleon ejected at forward 
G. T.(310 Mev) 


direction, one obtains 
do f 8 (2-13) ea 10° mee 
rR ) nd yeas = 29 


Fig. 2. The differential cross section of the 
since F(q) =1 Here, it is important nucleon ejected in the charge exchange nucleon- 


hat the triplet state interac- deuteron collision at 310 Mev. The final two 
poenowe sine Spa ge like nucleons are left in the singlet spin state. 


tion between two neutrons in the The curve is calculated by using the Gammel- 
di-neutron is certainly sufficiently weak Thaler phase shifts. 


264 Y. Sakamoto 


but the singlet interaction in the S-state is by no means weak. However, at large 
angles where the proton moves so slowly that one of the neutrons has a good chance 
to capture it or at least perturb it strongly, one does not specify the spin state of 
the di-neutron. On the other hand, for very small angle scattering, one may specify 
the spin state of the di-neutron with the relative S-state of low momentum fy. 
In this case, the cross section for very small scattering angles is given, in the 


laboratory system, by 


a (8) na=4 cos Ys (|Lil? + i" Ta). (2-14) 


Now, the differential cross section of the nucleon, say, neutron, scattered elasti- 
cally from the deuteron is given, in the laboratory system,” by 


Fo sau =A OTS OD" het + ih (Ir + lal + lee + lah) |S@, 


Iie 


dl 9(2+cosé) 
(2-15) 
where 
a=! (B+N+G), 7=C, (2-16) 
oa (G_N—B_—2f), = (G-N-B+2H), @=-(N-B-6), 
while 


B= 3B,+By), Ca BCG+O); N=—- (N+), 


SD | 


H=— (GHA bs Ge Cre). (2-17) 


S(q) is the sticking factor defined by” 
FP (-L)=s@. (2-18) 


Here it should be noted that the coefficients of |J5|? in Eq. (2-5) are very similar to 


the ones of S(q) in Eq. (2-15). However, the signs of B contained in Eq. (4-16) 


are opposite to the ones of B in Eq. (2-7). If one replaces B (or —B) in Eq. 
(2-15) by —B (or B), puts terms associated with the neutron scattered by the 
neutron in the deuteron equal to zero, and exchanges the signs of coefficients of 
spin matrix associated with T’=0, one obtains the coefficients of |J5|? in Eq. (2-5) 


§ 3. Polarization 


Some information about the two-nucleon scattering with T=0 is obtained by 
the investigation on the polarization and triple scattering parameters of the 
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nucleon ejected in the charge exchange collision. 
The polarized cross section of the nucleon ejected in the charge exchange 


nucleon-deuteron collision is given, after some algebraic calculations, in the labor- 
atory system, by 


P(0) do (0) = 14 Be Bs (an+ = i Ms) Ti)’ + 2M" : VARA 


a 


—{2M* (M+ Ms) Dit I~ 2M" a M. it 13h dky, d0 
i = a. ago 12 21 ak be z 5 412 21 SS MEP (3 . 1) 


When one approximates the di-neutron by the plane wave and integrates by ky, 
one obtains 


d 
P (9) ae (@) na A cos@[(5,+ 2») ae 4 (5,— 5.) F(q)], (3-2) 
where 4}, and }, are coefficients of |L5|? and |Zi5|/> in Eq. (3-1), respectively. 
Now, the polarized cross section for the free two-nucleon scattering having the 


charge exchange, 7(p, 2) p- or p(n, p)n-processes, is given by 
PO) np (O),,=4 cos6(5,+ Ds), (3-3) 


where P(@),, is the same as the polarization of the nucleon quasi-elastically ejected 
from the nucleus, say, C’, in the charge exchange collision within the framework 
of the impulse approximation. 

Substituting Eq. (3-3) into Eq. (3-2), one obtains 
do 


PO) 4 @na=[1—KeF (g) | PO) ny 22 (0) (3-4) 


where 
Oi— Pra 
Ras ESPs 3.5 
ae 3) 


For the nucleon ejected at very small angular region in the charge exchange 
collision, where the deuterons are bombarded with sharp beams and the final di- 
neutron is left in the relative S-state of low momentum kk, one obtains 


P() ae (0) na=4 cosd+ by (|L3|?-+ Li" Li). (3-6) 
““Te19 


In this case the polarization is given by 
P(0)=5/Far. (3-7) 


On the other hand, the polarized cross section of the nucleon, say, neutron, 
elastically scattered from the deuteron is expressed as follows,” 
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7S. M. (300 Mev) 


io) - - (8) mayer heh Vv 
\ / 
eA (O74 CosU es / 
-9(2+cos8) iy 
0.1} / 
x Re ee (a = 3) | S(q). ia eae G. T. (310 Mev) 
(3-8) eee G. T.(310 Mev) 


- 
- 
Pe 
——— 


It is also noted that the 
coefficients of S(q) in Eq. (3-8) 
are very similar to the one of 
[Tis|? 3 in Eq. (3-1), and the signs 
of B in a, 9 and; are opposite 
to the ones of B in M,, M; and 7 


—> Brat 


7" 
S. M. (300 Mev) 


Ms. Fig. 3. Polarizations of the nucleon ejected in the 
charge exchange nucleon-deuteron collision, when the 

§ 4. Triple scattering final two like nucleons are left in the singlet spin 
parameters state. Solid and dashed curves indicate the polari- 

zation of the nucleon ejected in the charge exchange 

The triple scattering param- nucleon-deuteron and the one of the nucleon ejected 


eters defined by Wolfenstein” in the quasi-elastic charge exchange nucleon-nucleus 
Pe i nate q collision within the framework of the impulse ap- 
are the depolarization D(@), an proximation, respectively. (G. T. at 310 Mev, and S. 


Ftd) wh(O) AO). andi k'(@) M. at 300 Mey.) 
which describe the rotation of 
the direction of the polarization. If the incident beam of the nucleon is polarized, the 
triple scattering parameters of the nucleon ejected in the charge exchange nucleon- 
deuteron collision are obtained. The quantities D(@), A(@), R(#), A’(@) and R’(A) for 
the ejected nucleon furnish supplementary information on the two-nucleon scattering 
matrix with 7’=0 in excess of that supplied by the measurement of P(@). 

The triple scattering parameters for the nucleon ejected in the charge exchange 
nucleon-deuteron collision are given, in the laboratory system, as follows: 


D(0)do(0) =4 a fe al 


{Ys +Y,) hit hi es a do, (4-1) 


2) * 


ROda@)=44 el ( ~Y, sind + (¥;+Y5) cos6} |Zi5|2 


+ {—S, sin# + (S,+$;) cos6} |I3|?—[{—Y, sin6 + (¥;+Ys) cos@ ia* Tat 


~ 125, sind4 (eS, G68) 1i* 8] aes dQ, (4-2) 
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k 
A(@) do (@) =! fg | {ry cos 4 — (Yi +Y;) sin @} |Ta3|? 


+ {—S, cos@— (S,+$,) sin 4} |i2|"—[{—Y. cosO— (¥,+Y;) sin 6} 1,3* Li 


—{S:cos— (S,+5,) sind} ne" Z4}] 4 = do, (4-3) 


R' (0) do (8) =4 Fr alae cosO-+ (Y,-+Y,) sind} ||? 
+ {S, eed es sin 9} | T13|7—[ {Y. cos6+ (Y,+Y,) sin6} 13* Li 


— {S, cosd-+ (S,-+,) sind} Tit “| esi tabe (4-4) 


A! (8) do (8) =441| {-y, sind + (¥:+Y,) cos6} | Lil? 


é 


+ {—S, siné+ (S,4S,) cos9} |h3|/?>—[{—Y. sind+ (¥,+Y,) cos} h* It 


BIE 6 ai 04 (5) 456.) 2080} nt 1s]|-4 Sar 22, (4-5) 
where 
Y:=|M,|?+ = IM [| Malt+ (Mal MIt+ (Me), 
By nee (M;—M,), Ys=2 = |M, |, 
’ | 
Nar 25 Mal", s=2[|M,|’ += [Mal (4-6) 
and 


$= [Ma|*———[1Ma/*+ |Me|2+ |Mil?-+ |Ml?], 
$,=2 ImM* (M;—™)), $,=22-|Mal* 
|M,|?, $= 2 (Mal? ‘ (4-7) 


If one approximates the di-neutron by the plane wave and integrates by ky», one 
obtains, in the laboratory system, 


DO) 8B) u=[1— Kr F@1DO Fh Ve ee (4-8) 
R(8) SO na=[1— KrF (g)|RO) m- (9) np» (4-9) 


AO) = Ona=[1— —K,F(q)]A@) x Doe (4-10) 


ant” tee . 
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R' (0) 2 =[1-Ky F@IR Om 2 Onn (4-11) 
dQ 
Ala) © 7 PO ma=[1— —Ky4 F(q) A!) wp sb ps (4-12) 
alee 
re ANG Ya A515) (4-13) 
CLAY EN OSES 
K _ {(—Y.+S:) sind + (¥i:+Ys—S:i—Ss) cos 9} : (4-14) 
*£(=Y,—$s) sind + (Yr +Ys+ $:+$:) cos} 
K = {CHV t $2) cos0-+ (—Yi— Ys +S: + Ss) sind} (4-15) 
© hd (YS) 0080 + (Vie Yo Seo Ss) SE) 
Pe {(¥2— $2) cos8+ (¥:+-Y,—S:—S,) sinG} (4-16) 
{(Ya+$2) cosO+ (Y:+Y,+$:4+$,) sind} ’ 
K, _ {(—Y2+S,) sind + (Yi: +Y.—S$i—S,) cos} (4-17) 
Al x > 


{(—Y,—S,) sind+ eer aes cosG} 


while D() np» R(9) np, ACA) np» R’ (A) np and A’ (9) », are the depolarization and triple 
scattering parameters of the nucleon ejected quasi-elastically from the nucleus, say, 
C”, in the charge exchange collision within the framework of the impulse approxi- 
mation. 


Specifying the relative S-state of low momentum k, for the di-neutron, one 
obtains 


D6) a O)na=4 cos 6 (S,+ $5) | |L3|? + 1,3* Ist], (4-18) 
Io 

R(0) (8) na=4 cosd {—S, sind + ($,+$,) cos} [|L3|?+L3* Li], (4-19) 
Kee 

A(@) (9) na=4 cosé {—S, cos#— (S;+ S$) sin9} [|13/?-+i* Lt], (4-20) 


Kya 


R' (8) a (F) na=4 cos {S, cos#+ (S:+S,) sing [|f3/?+L3* bt], (4-21) 
Key 


A’) 


< Ayers —S, sin + (S,+$,) cos6} [| fi3|?-+ hi* Li]. (4-22)* 
ket 


§5. Energy distribution of the ejected nucleon 


In this section we investigate the energy distribution of the nucleon ejected in 


* Tn the course of the calculation for the triple scattering parameters, the author was informed 
that Phillips! derived D(0) and A’(0) in the approximate forms moré than Eqs. (4-18) and (4-22) 
atl 6=0°, 
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the charge exchange nucleon-deuteron collision. 
The energy distribution of the ejected nucleon is given by 


2 k 2 1 : 2 
daa 4x (1) dey | dQ\T . (5-1) 


The transition matrix T is approximated as 


T ~ tis (1— Py) | dr Fy, (12) B (23) et Ort a7 (5+2) 


” 


while ,. is the direction associated with kj. Since the total momentum of the 
di-neutron is very small at the present case, one may put 


k, +k, = 0. (5-3) 


When ¥;7,,,(12) in Eq. (5-2) is separated to ¥;,, and ¥j,,, x,,.is orthogonal to 
the ground state # The integral 


p 


\ Pi (2) O(r) dr (5-4) 


is the same as the one that occurs in the photo-magnetic disintegration of the 
deuteron, and the one in the radiative capture of the proton by the neutron at the S- 
state. Then, Eq. (5-1) is approximated as 


ie ees 
3x7 ky 


Meanwhile, the cross section for the magnetic dipole photodisintegration of 
11) 


dh, Ya) | Pi, (7) Or) arf. (6-5) 


the deuteron is given by 


2 y 

Om =—— (Hp)? HY & | (wry (ry ar, (5-6) 
lic ioe eS : 

and the cross section for the radiative capture of the proton by the neutron, which 


is the inverse process of the dipole magnetic photodisintegration of the deuteron, 


is given by” 


et 5 hy fe. 5.7 
nnd (2) (on 7 
where 

E=hy-E,, 


while E, is the binding energy of the deuteron and fv is the energy of photon. . 

Gluckstern-Bethe” have used the effective range method to calculate the nuclear 
matrix element in Eq. (5-4). In the present paper, we do not attempt to estimate. 
the nuclear matrix element explicitly. We replace the matrix element by the ex- 
perimental data of the cross section for the magnetic dipole photodisintegration 
of the deuteron, or of the cross section for the proton radiatively captured by the 
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neutron in the S-state. For instance, substituting Eq. (5-6) in Eq. (5-1), one 
obtains 


da 24 HY (14,— py) 2 (BE) ME. (5-8) 
va ky e hv 

Then, the energy distribution of the ejected nucleon can be calculated without 

any special information referring to the wave function of the di-neutron, when 

%, is fixed by the two-nucleon scattering phase shifts and oor , is measured 

experimentally. 


§ 6. Relations between the ejected nucleon 
and the two-nucleon scattering 


In this section, we show some examples of how the information on the two- 
nucleon interactions is obtained by the nucleon ejécted in the charge exchange 
nucleon-deuteron collision. 

2% the equation 


1 
Cilia 


a +2/G?+—|NP+2-|HP-+—-|G—NB, (6-1) 


one obtains, from Eq. (2-9), 


<6 )ne=[ 1-2 FG ) | (x0) 
See * T ged 2 
= cosi[ReN (G—-N-B) —|H'- |B+G-NP|F@), (6-2) 


which becomes for 6=0° 


SA = 2 * (X_N BY) aes 
dQ aN GD 3 [Ren (G—N— B).— |H| <-|B+G-Mr', 


(6-3) 


where do(z—0)/dQ is the cross section of the free neutron-proton scattering at 
backward direction, that is, do(z—0)/d2=do (0) ,,/d2. Since the experimental 
value of the ratio of do/d2,q to do/d2,, is 1/5 at 380 Mev,™ one obtains from 
Eq. (6-3) 


1 do 
5 dQy» 


=ReN*(G=N—B) —|H})—_ |B+G—NP, (6-4) 


for the free proton-neutron scattering at 380 Mev. 
Using the equation 


P() Ly elie ee @ Dm=2 ReN*C, (6-5) 


one obtains 
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do e 
P(@) ‘-ier ) w=[1— 7 F@| P(@) ee (A) »—— cosd|Re (G—B)* C]. 


dL 
(6-6) 
The coefficients of |Ji{|? in Eq. (2-5) is rewritten as 
1 
= UM Ma + LMI + LV) 
d EPS Snes nl se Aon = ete RNS chon WS ee pe ee ee 
=" | a (2-0) —|7?—Re(a*d-+a*é+a*P+B")+ RELI", 
(6-7) 
where 
a= (B+N+6), 7=C, j= (G-N-B-2H), 
= J (G= N=B=2H), p= N= BC) (6-8) 


The right-hand side of Eq. (6-7) is easily connected with the correlation parameters” 


for the free neutron-proton scattering at backward direction: 


I “do: 


are Oe = ~Ox* __ Sox sae ’ 
J Ee C= Re (@e*— 30), (6-10) 
1 d Sey var 

Zr oie p= Re (a@0* — BE*). (6-11) 


The polarization and triple scattering parameters of the nucleon ejected in the 
charge exchange nucleon-deuteron collision give a certain information on the in- 
teraction of the two nucleon system with 7’'=0, in similar manner as the cross 
section of the ejected nucleon above mentioned. 


§7. Results and discussion 


In this section, some values for the nucleon ejected in the charge exchange 


collision are calculated by the use of the Gammel-Thaler™ and Signell-Marshak 
15) 


phase shifts. 

If one uses the sharp energy beam of the nucleons to measure the charge ex- 
change nucleon-deuteron collision and specifies the final spin state of two like 
nucleons with the relative S-state of low momentum, one can obtain from these 
experiments more information on the two-nucleon scattering with T=0. When 
the final two like nucleons are left in the singlet spin state, the behavior of the 


ejected nucleon is very different from the one of the nucleon ejected in the charge — 
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exchange quasi-elastic scattering or the one of the free two-nucleon scattering. 
Then, we show the results for the nucleon ejected in the charge exchange nucleon- 
deuteron collision when the final two like nucleons are left in the singlet spin 
state. The polarization and triple scattering parameters of the nucleon ejected in 
the charge exchange nucleon-deuteron collision do not depend on the wave functions 
of the deuteron and two like nucleons, when one specifies the final two like nucleons 
left in the singlet spin state. They depend on the wave function of the deuteron 
through the interference factor, f(g), when the deuterons are bombarded with the 
broad energy beam of the nucleons. The interference factor depends on the momentum 
transfer of the ejected nucleon. 

Fig. 1 shows the differential cross section of the proton ejected in the neutron- 


deuteron collision at 90 Mev. The neutron beam in the Berkeley experiment has 
an energy width of about 30 Mev, so that we approximate the final di-neutron by 
the plane wave, that is, we use Eq. (2-9) to reproduce the experimental data. To 
calculate the interference factor, we use the Hulthén wave function for the deuteron. 
If the experiment is done by the use of the sharp energy beam of the neutron, it 
is expected that the final di-neutron is specified in the singlet spin state for the 
proton ejected in very small angles. 
Fig. 2 shows the differential cross 
section of the ejected proton for 0.57 
the di-neutron left in the singlet 
spin state. The curve in Fig. 2 


D(@) 
\ 


is very’ similar to the neutron ne 
scattered by the free proton in aie oNg 
backward direction. ARNT Batts se : <> Bs 
Dzhelepov et al.’ measured zn od 
the ratio of the cross section of the SS ar 
\ 


nucleon. ejected forward in the 
charge exchange nucleon-deuteron 
collision to the one of the free 
neutron-proton scattering in back- 
ward direction. The measured 
ratio is 0.20+0.035 at 380 Mev. 
The ratios calculated by the use 
of the Gammel-Thaler phase shifts 
at 310 Mev and Signell-Marshak Fig. 4. The depolarization of the nucleon ejected in 


; he charge exchange leoa-d isi 
aa ee oh t g ge nucleoa-deuteron collision, 
Pp at 300 Mev are 0.43 when the final two like nucleons are left in the 


‘ ~>~S, M.(300 Mev) 
Sos! 
N 

SS = 23 62 al (310 Mev) 


-S. M. (300 Mey) 
G. T.(310 Mev) 


and 0.45, respectively: We do singlet spin state. Solid and dashed curves indicate 
not conclude which set of the the depolarization of the nucleon ejected in the - 
nuclear phase shifts reproduces the charge exchange nucleon-deuteron and the one of 


the nucleon ejected in the quasi-elastic charge ex- 
change nucleon-nucleus collision within the frame- 
work of the impulse approximation, respectively. 


experimental ratio better than the 
other, since the concerning energy 
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is different from each other. 
The ratio estimated by using 
the Klein phase shifts at 330 
Mev™ is close to unity. This 
is in strong contradiction with 
the experimental ratio. This 
discrepancy is probably due to 
the fact that Klein’s analysis 
which underestimates the role 
of states with J=2 agrees 
badly with the experimental 
data on neutron-proton scatter- 
ing in the angular region close 
to 180°. 

Fig. 3 contains the polari- 
zation of the ejected nucleon 
for the final di-neutron left in 
the singlet spin state. The 
polarization of the nucleon 
quasi-elastically ejected from 
the nucleus in the charge ex- 
change collision, p(C”, C?+ 
p)n, which is calculated within 
the framework of the impulse 
approximation, is shown in 
Fig. 3 for comparison.” The 
polarization of the nucleon 
ejected in the quasi-elastic scat- 
tering, p(C”, C"+p)n, is the 
same as that of the neutron in 
the free two-nucleon scattering, 
p(n, p)n. The curves G. T. 
and S.M. stand for the results 
calculated by the use of the 
Gammel-Thaler phase _ shifts 
at 310 Mev and _ the Signell- 
Marshak phase shifts at 300 
Mey, respectively. The sign of 
the polarization of the nucleon 
ejected in the charge exchange 


collision, when two like nucleons are left in the singlet spin state, is opposite to 


R@) 
\ 
1.0} 


GxT. (310 Mey) 
S. M. (300 Mey) 


> Gia 


—0.5+ 
Fig. 5. R(@) of the nucleon ejected in the charge ex- 


change nucleon-deuteron collision. Solid and. dashed | 
curves correspond to the ones of Fig. 4. 


A@) 


ast 


- Bab 


G. T. (310 Mev) 


—0.5 


S. M. (300 Mev) 


Fig. 6. A(@) of the nucleon ejected in the charge ex- 
change nucleon-deuteron collision. Solid and dashed 
curves correspond to the ones of Fig. 4. 


that of the nucleon ejected in the charge exchange quasi-elastic collision. 
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Figs. 4, 5, 6, 7 and 8 show RO 
the angular variations of the 
depolarization and triple scatter- 
ing parameters of the nucleon 
ejected in the charge exchange 


nucleon-deuteron collision, when 


0.55 


the final two like nucleons are Sit eee - ; 
left in the singlet spin state, : a eae Sane SOD Mew 

7 « he Wiev 
and those of the nucleon ejected S. M.(300 Mev) 


in the charge exchange quasi- 
elastic scattering within the 
framework of the impulse ap- 
proximation, respectively. _os 

Fig. 9 shows the energy 
distribution of the nucleon 
ejected forward in the charge ex- 
change nucleon-deuteron  colli- 


G. T. (310 Mev) 


Fig. 7. R’(6) of the nucleon ejected in the charge ex- 
change nucleon-deuteron collision. Solid and dashed 
curves correspond to the ones of Fig. 4. 


sion. Instead of an _ explicit A'@) 
estimation for the nuclear matrix t 
element given in Eq. (5-4), we ost 


use the experimental data for the 
magnetic dipole photodisintegra- 
tion of the deuteron’ to calcu- 


late the energy distribution of eee 
the ejected nucleon. ae 
According to Chew-Wick,™ : 10 su ie 
the impulse approximation intro- pee a 
duces errors of order a/(kR)’, cae Ee 


where a is the two-body scatter- 
ing amplitude (here meaning 
some average), & is the relative -035} 
wave number of the incident 
nucleon and R is the average 


‘ F k S. M. (300 Mev) 
nucleon separation distance in D5? ns eee a 
the deuteron (~3.2X 107" cm). G. T. G10 Mev) 
This quantity is less than 3% 


at 300 Mev. These authors also 


state that the multiple scattering aa 8. i of seh ake, ejected in the charge ex- 
correction may be of order 1% change nucleon-deuteron collision. Solid and dashed 


curves correspond to the ones of Fig. 4. 
at 300 Mev. The accuracy of 


substituting a mean value for 4, in Eq. (2-3) depends on how smoothly 4, varies 
with the energy of the incident nucleon. A rough estimation gives an error from 


‘\s. M. (300 Mev) 


‘SG. T.310 Mev) 


SOF 
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this cause of about 1% at 300 Mev in forward scattering angle. 


§ 8. Concluding remarks 


The high energy nucleon ejected in the charge exchange nucleon-deuteron collision 
as well as the nucleon quasi-elastically ejected from nucleus, say, C”, in the charge 
exchange collision supplement the information on the two-nucleon scattering with 
T=0. That is, even if one restricts oneself to the cross section of the nucleon 
ejected in the charge exchange nucleon-deuteron collision, one obtains the information 
on the two-nucleon scattering which is not obtained by the free two-nucleon scat- 
tering. When the polarization and triple scattering parameters of the ejected nucleon 
are measured, the information would be greatly increased. 

The sharp peak in the energy distribution of the neutron ejected in the proton- 
deuteron collision could be used in practice to obtain very nearly monochromatic 
beams of neutrons, which is very useful Gd 
to investigate the interaction between two  4@2dE 
neutrons, and between neutrons and a cer- mb/Mev (lab) 
tain nucleus. For this purpose, the proton 7” 
of given energy EF is permitted to fall on 
a deuteron. Then, in the forward direc- 
tion, neutron will be emitted whose energy 4; 
is slightly below E—E,. Fig. 9 shows 
that the width of the energy distribution is 
only 1 Mev at forward direction. It is 
expected that the width would not be ap- 1° 
preciably increased if the ejected neutron 
up to 10° angle with the incident proton 
beam is included.’” The neutron ejected 


in @ at about 300 Mev is partially polarized : 
about P(@)=—0.40 (rad). 

If the coefficients of the scattering 
spin matrix are reasonably parametrized on 0 300 305 3107 E@ 
the basis of the complete two-nucleon E (Energy of the ejected nucleon in Mev) — 
scattering experiment, the investigation of Fig. 9. Energy distribution of the nucleon 
the energy distribution of the nucleon ejected in the charge exchange nucleon- 


: ; deuteron collision in the forward direction. 
ejected in the charge exchange nucleon- 


The curve is calculated by the use of the 
deuteron collision furnishes a certain way Carmel Thales piace shittecnt @UOnIe 
to study the magnetic dipole photo- 

disintegration of the deuteron and the proton radiatively captured by the neutron in 
the S-state. Furthermore, the nuclear matrix element, Eq. (5-4), gives the informa- 


tion on the effective range of the di-neutron in the virtual resonance state. 
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When the nucleon-nucleon scattering phase shifts are completely determined by 
the analysis of the experimental data, the formulas given in the present paper give 
a test for the impulse approximation applied to the rearrangement collision or the 
inelastic scattering. 

The author would like to thank Prof. M. Kobayasi for his hospitality and 
encouragement. He is grateful to Mr. T. Takemiya for comfortable discussions. 
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New Analyses of Anomalous Imaginary Part 
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Depariment of Physics, University of Tokyo, Tokyo 
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Using a new method of analytic continuation and the knowledge of parameter integration, 
anomalous imaginary part is written explicitly with the absorptive part (concerning ¢) of 
matrix element which connects initial or final state and intermediate one. The meaning of 
intermediate state is more clarified. 

In the case of z-meson deuteron scattering, all the singularities are determined. It is 
confirmed that these singularities agree with those obtained by performing the direct para- 
meter integration of fourth order diagram. . 


§ 1. Introduction 


The analytic properties of scattering amplitude or vertex function have been 
discussed from various points of view.”~° 

Their behaviour is restricted by the fundamental notions of current field theory, 
for instance, Lorentz invariance, microscopic causality and spectral condition. 

To obtain the physical quantity more restriction for singularity should. be 
added. 

In this point of view, we must in the first place investigate the restriction for 
the most peculiar one, anomalous threshold,”~’” which invalidates the usual ex- 
pression conceived from the unitarity condition. 

In this article we first carry out, in §3, the analytic continuation of imaginary 
part expressed by the unitarity condition in the physical region deforming the path 
of angle integration in the intermediate state. Then we compare the expression 
thus obtained with the parameter representation analysed in § 2, and determine the 
anomalous imaginary part. 

With some assumptions, general expression for physical scattering amplitude 
is obtained in § 4. 

The formula (28) in § 4 means that anomalous threshold occurs when the 
matrix element which connects initial or final state and intermediate state become 
singular for too small positive value of ¢ (or u) (see $3 for the notation). To 
determine its existence, the knowledge of external and intermediate masses and the 
minimum ¢ (or w) singularity is sufficient. Moreover, its explicit form is also 
obtainable if we know the above-mentioned matrix elements. 

It modifies the unitarity condition when s is less than some value that is larger 
than normal threshold. The modified part is the anomalous imaginary part and is 
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simultaneously the absorptive part of external mass variable. Its level is that of 
bound particle, but it may not necessarily correspond to real bound particle. 

$5 concerns with the problem of z-D scattering. All the singularities are 
obtained. They agree with those obtained by the fourth order perturbation cal- 
culation which is done in § 6. Especially the curve singularity is of interest, because 
it may give rather large contribution to the total integral of absorptive part. 

We neglect spins and isospins throughout in this note. 


§ 2. Method of finding the singularities in perturbation theory 


For a particular diagram of perturbation theory, we can perform momentum 
integration according to the Feynmann method. We get a scalar function, whose 
variables are scalar products of external momenta. It includes parameter integration. 

Singularities concerning with some scalar variable appear at the point where 
the function that decides the end point or curve, etc., of the range of parameter 
integration is not analytic with this scalar variable. 

Practically we can get every singularity (hereafter we only consider the 
singularity of the absorptive part) by using the method of Landau and Nakanishi,” 
not restricting to the minimum singularity. 

We show some examples of simple diagram. 


1. Vertex functioh with two external ends on the mass shell 


The notation for momenta, masses and parameters is shown in Fig. 1. Other 
definitions are 


PM, PP=My; (P,+ Pr)*=s, 


De ane 2 2 
ms + m,— M, m+me—s m?+m;—M;? 
3a a ey ie 5 eae Te ) 
2m3 Mz 2711 Mg 24 M3 


Dig Pi as q=Vv q, Pit p.=9, 
A,=Q*?— m7, A,=(Pi+ P,—Q)*?—m?, As;=(P,—O)*—m3, (1) 


nee s *=s(mi +m; +M; '+M;" = 2m") + (my —m,") (M?— —M,’) ' 
Vv {s? —25 (m+ m2?) + (me —m,2)7} {s? —2s5(M? + M,?) + - (M— M2) i: 


0 Ee! (Pr—Q))*? + pr+q+ Ms. 
2pi.4q 


(2) 


(with the condition A,;=A,=0). 
de Case 1) sis yea 0 


There is only one singular point at s= (s+)? where A,, A., and a, are 
ZeTO. 


1. 


range of a,’s integration. 
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P\+ Pz a 
‘lee P, K P» P, 


(mo, a2) 


(my, @1) (m2, Q2) (m, a) 


P,+ P.—OQ ; K 


(ma, a9) 


Prt PK 


P, P> Pi—K 
(ms, 3) 4 (m4, ats) ‘ 
Fig. 1 Fig. 2 


Case 2)  yis-+ Yn <0 


For the s-value smaller than (72,+,)°, the point a 


treme value with a; is given by A,=A,=0, a,;=0 has vanished. 


the range of a, vanishes. 


Zz 


When s becomes s, given by (3), 


my + m2 — Sa 


27115 


=13 Ya—V (1— yk) (1— yaa) 5 


Scattering diagram with four external ends on the mass shell 


The notation is shown in Fig. 2. Other definitions are 
Pe=M? G=1, 2, 3, 4), 
Si (P,4+ P,)’, =(h= Py, “= (P,— P;)’, 


Pit pi=9, Wav: k=V FP, Pi=V pr, etc., 


mée+ma—Min ; 5 me+m?—M? 
Py G=1, a) 3), Vai 3 > 
2; Mi+1 271474 


A,=K?—my7, A,= (K— P,)?—m.”, A,= (P,+ P,—K)?—mz, 
A,=(P,—K)?—m/, 


Vit 


(3) 


mv aeee leas (Py— Ko)? +pr+k +mé 
oo) 
2pik 
(with the condition A,=A;=0) 
ve s *—s(my +m?+M/’+Me =2mz) + (my —m:;") (Mi — =M)) a 

V {s°—2s (mrt ms?) + (my —ms)*} {s°—2s (Mr + M2) + (M?— M?2)?} 

St epeee (Pa—Ko) 24 py +k? + m2" 
J/= 


2pok 
(with the condition A,=A;=0) 


s—s(m2+me+Mi+ Ms’ =-2,') ++ (my — M2 2) (M,*— — M,’) 


7 (25 (met me) + (me —me)?} {s?—2s (Ma + Ms) + (a — Ms)" 


ui) 


=0 is excluded from the 
This means a portion of the absorptive part whose ex- 


This corresponds to A;=A,=A;=0 and s minimum. 


ee hac lk Sn sl 
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oe ok fo) 7 Bi ea ia 
2pi pr 
s° ——a Si (VM? +M,° + M;’ ai M? ee 2t) a (M?’ ee M?) (M? Ep M;’) ive hs 


V/ {s*—2s (M+ M2) + (M?— Me)*} {s?— 2s (M+ My’) + (My — Me } 


We assume ¢ to be less than ta, which is the minimum line singularity” with 
respect. to ¢t. Only when y+ 323+ au+ ya iS negative, we assume ¢<‘Zgs in cases 
1)e to 3) vand %3t=t4 incase A): 

t, is defined by (8). 


2." Case 1.) Mai + Yaa > 0, Yio+ M23 > 0 
There is only one normal threshold, i.e. (9771+ 723)”. 
2. Case 2) Yai + 34 > 0, 12+ Vos < 0 


When s becomes smaller than (72:-+23)*, the range of a, is larger than zero. 
The vanishing extreme value with a; is A, =A;=0 and a,=a,=0. 

When s is equal to sg. (which is the anomalous threshold obtained when one 
puts a, zero; similarly we define s,, for case 3) putting a@, zero), the range of 
a, vanishes. 

2. Case 3) Yat Ysa <0, Vi2+ M23 <0 

We further assume for simplicity sq:> a2 and definé sz; by (5), 

21— 22 23 =V (1 - (z,’) oe: aaa (23) *) (5) 
(A,=A,=0), 


then the following inequality holds : 
- Sai Sas < (711+ ms) *. (6) 


When s becomes smaller than (72;+ 773)”, the point (a,=a@,=0) vanishes. At 
the point s=s; the absorptive part whose extreme value with a; is given by A,= 
A,= A;=A,=0 vanishes, this gives curve singularity in the sense of Eden,” but 
in such energy region as in 2. Case 3), no investigation has ever been done. 

When s is smaller than s,s, the range of @, a, is divided into two disconnected 
parts. They vanish each at sq: and sg. See also Fig. 3 to Fig. 7. 


2. Case 4)  yyot ost Yor t Var <0 
bi lel aes Sek 
The minimum singularity is 
&1 = 24! 25’ —V/ (1— (z2')*) = (z3')9) , (7) 


and given by A,=A,=A,;=A,=0, s minimum.” 
Definition of 7, is 
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The range of a, a, is shown in Fig. 8 


WH 
(0, 1) : 
Q2 Qo 
(0, 0) (1, 0) 
Fig. 3 Fig. 4 
s>(m, +m)? (m,+ms3)? >s>Sq 
2. Case 2) 
Xs 
Q2 
Fig. 7 
Se SPS 
2. Case 3) 


a a, 
a a2 
Fig. 5 Fig. 6 

(mm, +13)®>S>Sa,., Sax>S>Say 

2. Case 3) 2. Case 3) 
ay 

a2 

Fig. 8 

2. Case 4) 


281 


(8) 


§ 3. Extension of the unitarity condition to the unphysical region of s 


1. Case 2) 


From the analyses of the parameter integral we know that singular points are 
only s= (+m)? and s=sa, so Im /" must be analytically continued with s to 


the point (721+ 72)’. 


But when s varies from (M,+™,)? to (7+ m2)’, z,/ varies from —70 to 


jco and becomes zero only once. 


Therefore we must deform the path of integration (9) lest the sritepeanel should 
9 and 10 show the deformation. 


be singular. 


Figs. 


Imz 


(M+ ™2) >S$ >So 


s= (M,+M.,)’ 
In ’= — - i neers ak lo al 
me 6Art s Ps SOLD sf Sp ee 


Imz 
So >s> (m-+me)? 


(9) 


In case 1) 2/40 and the 
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point z2/ does not cross the path of integration so we can use the form (9) for 


all s> (-+m,)’. 
So> S= (m+ m,)’, Zo (so) =0, 


1 

g° fern 2 
EE niggas Mie 4 |e 
An Vv Spi \ 29 <9 % 29 £2 


—1 


(9’) 


Further we can fix the correspondence of two terms to the two singularities. 
s=s, is the minimum point where A,=A,=A;=0. Therefore s, corresponds to 
the vanishing of the second term of (9’). Similarly s=(m,+m.)* is the point 
where the first term of (9’) vanishes. We call hereafter the second term anomalous 
imaginary part, and the first term, normal one. 

We can interpret the normal term from its form as the extension of that which 
was defined in the physical region from unitarity, and was considered as arising 
from the two particle real intermediate state. 

We can regard J” as the boundary value of P,’ (or P;*) ; the anomalous term 
is its absorptive part. 

It has become clear that this intermediate state is composed of two particles 
on the mass shell and its level is that of bound particle. 

But there is no base to assert any real bound particle exists, because it must 
suffice more difficult conditions, for instance, the Bethe-Salpeter equation. 

We can only interpret the correspondence of particle level as arising from 


bound structure.” ~ 


These interpretations can be applied to the case of general scattering. 


2. Case 1) 
gy’ Fo dod 
rere eet 
12827 V/s Pre Pio Pr ie (Z.—22') (@s— 23)” OY 
Z=212%.—V (1—z,p) (= 25)) “COS, (11) 
5 (m+msy)?. 
Da GaSe 2) aes Sy 
g* as : dod 
Im A= eae \ | zs 
12827 )/ 5 Pre Pio Pr ee (z.—2,') (z3—23') : U2) 
So is given by 
0 (13) 


So> S= (m+ ms)’, 
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sarees gree 
1282777 s Pie Pio Pi yes, (%,— 22!) (%3— 29") 


Ske teed ap 


(1+ m3)? > s= Say 


Im A= 


2x 


4 
128%" y/ Ss Pre Pro Pi TAOS tees 


=279'/ (1282 s pre Poti KB ), (15) 
K= (21— 27! 23/)?— (1— (22')) (1— (29')”). (16) 
pease Jo) e's max {(1/,+ M,)’, (M+ M3)*} 


an dé dz, 
Im A= — 
oes 1282 He Pre Pro Pi | ) (232, ) (z3—2) oF 
ae ee a 
je! 525. 21— X2 Xs 18 
eee ay : i — 2) 24! ae) oy 


Equation (18) is given by Mandelstam." 
We must deform the path of integration if necessary. (There is some arbi- 
trariness, but hereafter we fix the path of cos¢ and deform z, only.) ‘ 


The deformation of 2,’s. path is shown 
by Fig. 11. 

As the curves A,=0 and A,=0 coin- 
cides at one value of cosd=cos ¢, we 
must write 


i) s> (m+ ms)’, fice i= 
Rez ; 
Colas Sp) Bee 
cos = <= = > (1 9) 
$9 > 8 > (m-+ma)? ie V er no (z2') *) Cl (ze!) 2), 
Qe 1 
g* [ | \ do dz, 
UR 128 ae S Pie Pio P1 fe (%.—22') (z3—2zs) 


c pas, 2 fi dbdés 
+| | (z,—22') (zs—23') yal (z.—22') (z3—2s) 
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-24 | Cie |: oe 


C,, C, and C, mean the circle (its radius tending to zero) which encloses 
each the point A,=0, A,=0 and A,=A,=0. 

The fourth term must vanish at s=s,3, the second and the third terms vanish at 
S=Sa, and sm. The first term vanishes at s= (7+ m;)°. The results of explicit 
evaluation are 


Qe 
db dt tee a 
\| _—20') (23—Z9) VK @ ) 
Qe 
a | db dz (22 
woes (z_— 2’) (z3—23') 


shh pee ee) 


§ 4. Extension to the general scattering amplitude 


We consider and treat the two-body scattering matrix element A,, as pertur- 
bationally constructed. The variable s is limited to be positive. Picking up one 
of the two-body intermediate states with its masses 721;, 77%2;, We can write 


iL 
(P?2—mx) (P?— ms) 


; Aco (s, t) = ee )! 


X Aino (s, fe i ei Py?) d* P,d* P,0 (P+ P.— Pre— Pre) + Ai. (24) 


| Agi(ss £5 Peaks) 


P,, and P:, are the 4-momenta of initial particles and we define P;, and P., as those 
of outgoing ones. 


t= (Pe P,)*, wu’ = (Py— Pr)’, 
p= (Fae Py be Ee ed ee 
Si (Pie+ Pe) = (25) 


Bo (Pie— Pv)’, 
ha (Pre— Pro)? 


A‘ is the term which does not contain any such two-body intermediate state. 
For AZ, and Aj, etc., the absorptive part with s is defined in the Physical 
region, we further assume the following expansion 
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od 2 2 a 
RE yy, | Sets BB 


Aun= / / 
ie) (2' —u) 


to! (8) do! (8) 


duis’, (26) 


and similar relation for A,,,. 
The quantities a%,, aj. may be complex. Rewriting (24) with (26), and taking 
the absorptive part, we obtain | 


AbA go (s, t) ve \\\Fe. ise Dr et} nu", Uy’) { Aba Giro} 


(Qn)* 


il 
x d' P. a P. ) + Lot =a 
(Py? — mii) (P? — mz) ; 29( Pi + P,— Pre— Pre) 


+ 1 i \\\ (pee QAito Ab\iF 1 
(27) (P?— mi) (P= mz) 


x d! P,d' P,O(P,+ Py— Py — Px) | 4 AbAl,, (27) 
re b dt) ai *s dup). dug” ae duy ai 
(f —t/) (= 7,") (u! — ug!) (el! — asl") (a! — uy’) "= 42") 


dt,’ duj!’ 
(0!) (ul! 1d" 

We can explicitly integrate the second term of (27), because when s, ¢ and 
u are in the physical region, P;? and P,’ equal my, and mx respectively.” 

Performing the integration by the same method as in perturbation theory in 
the physical region putting intermediate masses on the mass shell, we get parameter 
representation, which well defines the absorptive part in the unphysical region. 

The other two terms are considered to correspond to the other intermediate 
states. 

Comparing with the unitarity expression of AbA,, in the physical region, we 
finally obtain 


; ad* P,d* P,3 (Pit P:— Pie Pa) | 
3 (Ss, ae Ab U F 1 2 1 2 1 2 
Ab Aco(s; ¥) ~ \j) | | (27) * (P2— mi) (P2 — mai) 


% ak (5, to's to) Qto(S, tho» to’) 


L 
+ ys [eG M7) bj.(s, M;) AW os yg A POPP | 


+ AbA‘(s, 2). (28) 
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The first term is calculable if we have sufficient knowledge about a, and Qi. 
For the direct term the pair ¢)’ and 7%) or a! and a’ corresponds to mm, and 7 
in Fig. 2. For the cross term the pair ¢)’ and a’ or wo’ and t)’ also corresponds 
to m, and m, if we interchange ¢ and w. 

The second term gives pole at s=M,’. 

The third term which arises from many-particle intermediate state is also 
calculable in principle. But in practice they very often have only normal threshold, 
because their total mass is comparatively large. 

From the formula (28) we can decide whether anomalous threshold exists or 
not. For instance, in case of z-meson-nucleon scattering or nucleon-nucleon 
scattering, if minimum of #’, etc., is positive, thresholds are normal. 


§ 5. Practical application to the problem of z-meson deuteron scattering 


It is enough to consider only those absorptive parts which arise from two- 
nucleon intermediate state. 

Other many-particle intermediate states, for instance, z-meson and deuteron or 
two nucleons and one meson give only normal singularities because their total 
masses are as large as the threshold of physical region.” 

Absorptive part arising from two-nucleon intermediate state is related to the 
scattering amplitude of z-meson and deuteron to two nucleons. Minimum 74)’ or 
up iS my’, single pole, and the branch point is at fo’ (or 2!) = (my+m,)*—0,> 
my (0,=0.001 X 2m’, 0,=0.85xX 2m). The value 0, is fixed by the same method 
as the following proof for 0,. This branch point (and of course larger ¢)’) does 
not matter with the anomalous singularities. 

Thus a line singularity and two curve singularities are obtained from the in- 
tegration of the momenta of intermediate two-nucleon state. 

Other s-singularities occur from a,;, etc. They are decided from analysing 
the amplitude of z-meson and deuteron to two nucleons. We obtain, besides normal 
singularities, only one anomalous line singularity 472y?-—0, which agrees with the 
above one. 

Proof : 


We now take the /-th order scattering amplitude A, of t and D to 2N in 


the perturbational sense, and write (7 and nm mean the order of amplitudes, 7+ D 
to 2N and 2N to 2N respectively), 


AbA= > II (axp,2N) m (a2y,2v) » Ab \F- rt: 


d* P,d* P,d(P,+ P,— P,.— Pr) 
(P?— my?) (P;? =m") 


xX 


L+AbAY. (29) 


Ab A/’ which does not contain two-nucleon absorptive part is normal. We can 
neglect this term. 
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From the integration of intermediate state of the first term, we again obtain 
two line singularities, s=4m,? and 4my?—0,. 

If (a¥n2n)m OF (ay,2y)n 18 singular with s, we may further analyse the m-th 
(or n-th) order matrix element. In fact (ayy), does not give anomalous singu- 
larity, and the analysis of (a*p.v)m is quite the same as above. So it is sufficient 
to analyse with the lowest 7 at which the amplitude is singular with s. This also 
gives the same line singularity. 


§ 6. Calculation of the absorptive part of scattering diagram 
by parameter integration 


We restrict external masses M and y, which correspond to deuteron and z- 
meson, and internal masses 72y=m. The diagram is shown in Fig. 12. We first 
transform the ordinary parameters @; to (a,€,7) by (80), 


a,=(1—a) (1-7), 


Ws ae5 
On (ha) q> 
a,=a(1—§). (30) 


By the usual method we obtain 


14 
im A=Im| 2, | ad — a dad dt | hee 
gf ((( ddft) : 
as | \| FTO. .a(1—a) dad? dy, (32) 
f=m'—a(1—a) 1-4) M’*—a(1—a) 9? 
—@&(1—§)t— (1—a)’7(1—7)s. (33) 
We assume ¢<0, and perform the integration of 7. 
sre 
Im A= I \( adaat-2_(/ 2), (34) 
4d=((1—a)st+a(v?—M?’))’ 
—4s(m?—a(1—a) M’?—@§ (1—*)?). (35) 


The range of a and €’s integration is restricted by 
(Nastya Ore 1 
4—4se> 0. (36) 
Case 1) 2(M?4+/2) >s24m’* 
O<f <1, OXa<a, d4(a) =0. (37) 


Pee Snee 


Seen eat 


Sg ee Ss 
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sic gt dé-2/ sVs—4m’ 
Rea 8x hese: 24 M?)?—4(s—4m)((s+ M? + 2?—4sM? + 4s€(1—6)2) 
* V/s(s—4m’) {2 2i tan 22 — 48) | (38) 
salah = _ 48) a—28 
a=st(s—4m’), 
B=m's?—2sm?(M?+ f°) +.M? s+ (M?— -*)?m’. 
Case 2) 4m? >s= Sas 
The range of a and &’s integration is (shown in Fig. 13) 
dy aS dy Vc b 
4 (a) = d(a’) =0. (39) 
I pale AS ts{ sf AD) aes 
etc Br eee | (4sM?— 4sé (1—6) t— (s+ M?— 2) )*? 
eee? fas @)= (40) 
~ 8x dé ) ao 
Wesene) 15555, S > Sqi=— Sas 
The range of ¢ differs from Case 2), which is 
OStseo ands Cee ats 
ae VV G-4m? —4€)st{(s—4m —4e)ts—4D} (41) 
Ee 2st(s—4m?—4e) 
D=m 9—2(M?74+ 72) n? st MP st (MA- YP 
ot € (Sie NE ee ee) (42) 
c= 1 
eis aE tae fas Pokal Paes fe 
aR Cy re |\4##9@ + Jae} = f lg) Sa-96 & | 


Ey 


=o'/4/ —t{st(s—4m’) —4s* m2? + 85m? (M24 2) —4M? 2 s— 4m? (M?— 2)7} 


SY) 4/32nV/ s peti K. 


Curve singularities are shown an Figs. 14 and 15. Fig. 15 corresponds 
diagram of Fig. 16. 


M 
520) (1, 1) 


> Niof, 
a3, m J 


(43) 


to the 
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Qo, m 


Ss a, m Q3, Mm 


Fig. 14 Fig. 15 Fig. 16 
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Non-Adiabatic Effects on the Bound 
States of the p-Mesonic 
Proton-Deuteron System* 


Hajime Narumi 


Science and Engineering Research 
Institute, Doshisha University 


and 
Shigeru Matsuo 


Yukawa Laboratory, Institute for 
Chemical Research 
University Kyoto 


November 2, 1960 


In catalytic nuclear fusion reaction 
processes by #--mesons at liquid hydro- 
gen temperature, as already pointed 
out,’-” the existence of the bound 
states of the --mesonic proton-deuteron 
system plays an important role. Apart 
from the practical problem, it is a pur- 
pose of our research note to reveal the 
reality of the bound states of the present 
system by the perturbational treatment 
from the non-adiabatic point of view 
due to the largeness of the meson mass 
compared with the electron mass. 

From this standpoint, the total Hamil- 
tonian of a three-particle system com- 


* Read at the annual meeting of the Physical 
Society of Japan (1957). 


posed of a muon and two nuclei with 
mass M, and M, can be expressed as 
follows in #-mesic atom units: 
in ES Srey ae U(a, RE 1> Ho) 


9 


1 
Se Ul Oe ee aris 
f MMi 


Ly 


>< bes (= —iL,| sind (< -iL.) 
sind \ 0d 00 


2) 


= : (2 —iLgsind iL, cosd ) | 


sind \d¢ 
Tee 7, a 
dar ecm raat ts (1) 


where Cartesian coordinates (a, ?, 7) 
of a light particle are referred to the 
coordinate system fixed on the two heavy 
particles with equilibrium internuclear 
distance 7%, and «=j1/(M,+M,), 
B= (M+ ™,2)*/M,Ms,  4=4+Ko, «el 
being the displacement coordinates from 
the equilibrium position. U™ is « term 
of the Coulomb interaction between light 
and heavy particles. Besides, 4.,, and 
4dyyz represent Laplacians with respect 
to coordinates of a light particle and 
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the center of mass of the total system, 
respectively. Further the polar angles 
@ and ¢ are referred to the direction of 
the internuclear axis; L,, Lg and L, 
mean components of total orbital 
angular momentum referred to this 
heavy-particle coordinate-system. 

Now if the wave function of the total 
system can be written 


P=, (a, 2; jas Xo» ahs Zo; Not KC) 
X Tuo (C) Pyor (9, b, Yo) Xuin(X, Y, Z), 
(2) 
where X,, Yo, Z are the center of mass 
coordinates of heavy particles only, 4, v 
and r being light particle state, vib- 
rational, and rotational quantum num- 
bers, respectively, the wave function of 
a light particle satisfies the following 
wave equation : 


| 2 saa + Ue 700) + Ul, 


=(WP+ MAWL)$.  @) 
Then the wave equation with respect to 
the heavy particles is given by 


: sige 
, gees 


+ Wet, (4a) 
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x ||| FeO (Lat Lal eq) dads dy (4b) 


+0 ||. @) {2 dacn| 


X$,() da dp dy | 

1 2p 0 } 1: DUP eo 
+48 {— Bal OS aL ‘2 28 Broa 

9: No ac} & 2 No ¢ OC 
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+x} Le | ol Si 

2 He - sin? 00 00 

1 0 ; a 
+ : 4 Je © nor Li 
2(M,+M,+1) XYZ BVT por Akin 


en (i= Ww”) Cw P wor Lins 


where A is the quantum number of the 
component of the orbital angular mo- 
mentum of a light particle along the 
internuclear axis, and U,, (4b) and 
Unnn (4c) represent non-adiabatic and 
anharmonic terms, respectively. 

The contribution from 3;«'W, to 
energy levels is given by the expression 
reduced from the Hylleraas formula” 
the muonic system, while the non-adia- 
batic term Uy, can be calculated by 
using the James function” 


,=c. exp(—d4) +e." exp (—d/) 
(5) 
for a meson, where A= (71+ 12) /9 and 
y=(m—12)/4 (Q=Yot KC, qo= 2.00f¢.a.u.) 


Table I. Eigenvalues (in ev) for various bound states 


v=o, | (PP) p | (pd), | (dd), 

J=0 2742 (2771) 2886 (2878) 2948 (2986), 2840* (2845) 
Jt 2571 (2623) 2742 (2754) 2853 (2887) 

S=2 2706 (2746) 


* This state corresponds only to v=1 @=0). 


4 
3 
aa 
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represent elliptic coordinates, and @ and 
c,(i=1, 2) are variational parameters. 
This wave function can give the eigen- 
values which is very close to the values 
obtained by Bates et al.’ by variating 
0 and c, as functions of ¢. 

In this way we get the vibrational 
energy levels in the approximation up 
to the order of «'®, and also rotational 
levels by taking into account the change 
of moment of inertia due to the vibration 
and non-rigidity of the nuclear system. 
As the results, energy level structures of 
f-mesic systems are shown in the 
table in comparison with the values 
in parentheses calculated by  varia- 
tional treatments.” All other re- 
sults”-” are not so accurate as to be 
able to compare with ours. 


1) L. W. Alvarez et al., Phys. Rev. 105 (1957), 
1127. 

2) J. D. Jackson, Phys. Rev. 106 (1957), 330. 

3) C. Hayashi et al., Prog. Theor. Phys. 17 
(1957), 615. 

4) T. H.R. Skyrme, Phil. Mag. 2 (1957), 910. 

5) H. Marschall und T. Schmidt, Zeits. f. Phys. 
150 (1958), 293. 

6) V. B. Belyaev et al., P-447, Joint Institute 
for Nuclear Research, Dubna (1959). 

7) Ta-You Wu et al., Nuclear Phys. 16 (1960), 
432. 

8) E. A. Hylleraas, Zeits. f. Phys, 71 (1931), 
739. 

9) H.M. James, J. Chem. Phys. 3 (1935), 9. 

10) D. R. Bates et al., Phil. Trans. Roy. Soc. 
246 (1953), 215. 

11) E. R. Cohen et al. Phys, Rey. 110 (1958), 
1471; 119 (1960), 384, 397, 


Excited State in A-z System and 
K~-p Collision 


Shigeo Minami 


Department of Physics, Osaka City 
University, Osaka 


November 11, 1960 


It seems that the existence of an ex- 
cited state A* in A-z system* has 
recently been established by measure- 
ment of both z* and z” momentum 
spectra in the reaction K~ + p>/’+2* 
+z7 at 1.15 Bev/c and that the mass 
of A* is of about (1370~1380) Mev.” 
Then the other K~-meson reactions will 
be affected by the existence of A*. Since 
the mass of A* is nearly equal to the 
energy of 1430 Mev which corresponds 
to the lowest energy of K~-p scattering, 
it may be expected that the A* plays an 
important role in K~-f collision at low 
energy. 

According to the experimental re- 
sults,” the values of o(K~-p) in low 
energy region are much larger than 
those of o(K*-p). Then we are inclined 
to regard the largeness of (K~-p) as 
an effect of A*. But it is pointed out 
in this note that such an interpretation 
as this may not be appropriate. If the 
A* is mainly responsible to the large 
cross section for K~-p collision and if 
there is no other excited state, the iso- 
topic spin J=1 state must play the 
most important role. We denote the 
reaction amplitudes for isotopic spin 
I=0 and [=1 states in K~+po34a2 


* We use the notation A* in order to discrimi- 
nate this excited state in dA-z system from an 
excited state J* in J-z system. 
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as Ay and A, respectively, and the 
reaction amplitude for J=1 state in 
K-+p 24+ as Aj’, then the magni- 
tude of |A,’| should of course be much 
larger than that of |A)| and should not 
be smaller than that of |A,|, because 
the A* is an excited state in /-7 system. 


|AY|>|Aol, |AY]2/Ail. = @) 


Cross sections for K~-p collision are 
expressed as follows: 


o(K~+ p> 2*+2*) = (1/2) | Ail? 
+ (1/3) | Aol’, 
o(K~+ p> 2°4+2°) = (1/6) | Aol’, 
and o(K~+ p> A°+2°) = (1/2) | Ay’. 
(2) 


Now it must be noted that the experi- 
mental results® for the absorption of 
K~— by proton are 


Be eS hee alfa. 2: (3) 


Considering these results* together with 
those of (1) and (2), we may say that 
the large cross section for K ~-p collision 
at low energy may not be regarded as 
an effect due to the existence of /*. 
It is said from recent experimental 
data for K~+He! reaction that there 
may also exist an excited state Onin 
¥-2 system and that the mass of 2* is 
of about 1440 Mev.** With regard to 
reliability for this experimental result 
we have not any information. But, if 
this is confirmed, the mass difference 


* If these results are modified remarkably, 
our conclusion may turn out to be invalid. 

#* We heard from Dr. S. Iwao that such 
results have been obtained by preliminary ex- 
periment at Syracuse. 


between 2* and A* is nearly equal to 
that between ¥ and A. Moreover the 
excitation energies both of 2* and of 
A* are about 120 Mev and are approxi- 
mately equal to that of the well-known 
(3/2, 3/2)-state N* in z-N_ system. 
This may be regarded as one of favor- 
able results for the Global symmetry. 
As will be discussed below, however, 
such an interpretation as this may not 
necessarily be correct. If 2* and A* 
correspond to N* in z-N system, spin 
of those particles must be equal to 3/2. 
The mass of 3* corresponds nearly to 
the total energy of Thomson Limit for 
K--p scattering. If the 2* is respon- 
sible to the largeness of o(K~-p) in 
low energy region, spin of X* must be 
equal to 1/2 because the angular distri- 
butions both for K~-p scattering and 
for K~-p reactions at low energy are 
isotropic.” Therefore the existence of 
x* may not necessarily be regarded as 
an evidence of Global symmetry if 3* 
plays the most important role in K~-p 
collision at low energy.* 

In order to re-examine the existence 
of A*-state and to determine the value 
of its spin we want to have the reliable 
experimental data for a + pron+n- 
+K* reaction at high energy. The 
momentum spectrum of K* in this 
reaction ought to have a strong peak 
in the total center-of-mass system. And 
the angular distribution of z~ in the 
A-x system will give us some knowledge 
about spin of A*. 


* If y* has no part in the largeness of 
«(K--p) at low energy, the assumption of 
Global symmetry is not inconsistent with the 
experimental results. 
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1) M: L. Good, 10th Rochester Conference on 
High Energy Physics (1960). 

2) M. F. Kaplon, CERN Conference on High 
Energy Nuclear Physics (1958). 

3) L.W. Alvarez, H. Bradner, P. Falk-Vairant, 
J. D. Gow, A. H. Rosenfeld, F. T. Solmitz 
and R. D. Tripp, Nuovo Cimento 5 (1957), 
1026. 


The Effect of Pion-Pion Interaction 
to the Pion-Nucleon Small 
P-Wave Phase Shifts 


Kin-ichi Ishida 


Research Institute for Fundamental 
Physics, Kyoto University, K:yoto* 


November 15, 1960 


Chew, Goldberger, Low and Nambu 
(CGLN)” have neglected the effect of 
pion-pion interaction in their dispersion- 
theoretic treatment of the pion-nucleon 
scattering.” However, recently, Bow- 
cock, Cottingham and Lurie have shown 
that the effect of pion-pion P-wave in- 
teraction well explains the relative P- 
wave phase shifts, ay,—@, @3—@.”"” 
The author and his co-worker have 
shown that the effect of pion-pion S- 
wave interaction can explain the be- 
havior of @,; which becomes positive at 
intermediate energy.” These have not 
been explained within the CGLN theory. 
In this letter, we will show that the 
contributions from S- and P-wave pion- 
pion interactions can well explain the 
behavior of all the small P-wave phase 


* Leave from the Faculty of Liberal Arts and 
Science, Yamagata University, Yamagata. 


shifts. 
contribute to the pion-nucleon scattering 
amplitudes A‘ and B‘* in the CGLN’s 
representation by the amount of dA“ 
and 6B“, which are written as*’”’” 


A= AM (8) > JAW cc = A x(p)? 
0oB=0 and 0B a ha es (1) 


The pion-pion interaction will 


where the subscripts z-7(s) and 2-7 (p) 
represent the S- and P-wave pion-pion 
respectively. Following 
the procedure of CGLN, one can write 
the contributions to the P-wave pion- 


nucleon phase shifts, in the low energy 


interactions, 


limit, as 

0 (a3/¢°) =a+2¢, 
0 (a:/q°) =a— (b+ €), 

0(au/q’) =at+2(b+e), 


0) (a33/q°) SS, 


oan 3 1 AG 

== Av )/ 48, es 
3 141/M «/ (2) 
ik 

b= °oM Bro em/4t, 

ne 1 (AL Boa) 


3 1+1/M Az 


where the superscript ’ represents the 
derivative with respect to t(==— 4x’) at 
t=0. Now, CGLN’s expressions for 
the small P-wave phase shifts predict 
that 

ap =a? =~ —0.04¢, af? ~—0.11¢', 


(3) 
for f°=0.08 in the static approximation. 


Then, if we choose a, b and € in (2) 
as 


aX0.05, b2=0.025, «0, (4) 


the pion-pion contributions change the 
small P-wave phase shifts of CGLN (3) 
for 
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A@3= +0.01 9°, ay, —0.015 qs 
ay, =~ —0.01 4°. (5) 


These are all consistent with Chiu- 


Lomon’s analysis of the experiments, 
which shows 


a@3=+0.016q*, ax=—0.016 4%, 
@y=—0.014¢. ® (6) 


Here, it will be worthwhile to stress that 
the very small € is also the theoretical 
consequence. Really, we have derived 
that the € becomes zero when one uses 
the static approximation on the course 
of the calculation of the pion-pion 
effect.” As has been made by Bowcock 
et al., the relative phase shifts a,,—az,, 
@3—Q, can be explained by the con- 
tribution from P-wave pion-pion inter- 
action, but the phase shifts themselves 
will not be explained without a coming 
from S-wave pion-pion interaction. Es- 
pecially, the positive a3, at least, in the 
intermediate energy will be well ex- 
plained by introducing a, then, from 
(2), the other phase shifts become con- 
sistent with the experiment. 

We then have tested, without the 
static approximation but leaving the 
assumption of the 3-3 state dominance 
in the dispersion integrals, whether the 
CGLN’s relations may be consistent 
with the experiment (7) at low energy 
limit or not, when the pion-pion inter- 
action is neglected. The conclusion is 
following: The CGLN’s relations which 
describe /ASe—fisi2, Side Sm and 
f2—fise become in the order named 
more inconsistent with the experiment. 
This is seen from the calculations of the 
coupling constant /? by using these rela- 
tions. The obtained f? are in the order 


0.068, 0.060, 0.140 and 0.215, respec- 
tively. Only the first one which essen- 
tially comes from the dispersion relation 
of B“ is close to the usual f?=0.08, 
which is consistent with 0B“=0 in 
(1)? -On ‘using (70.068, the “a,.0 
and € in (2) are calculated so as to be 
consistent with the experiment as 


a=0.048, b=0.022, 
€ = 0.003 (+ 0.01). (7) 


These are close to (4), thus our pre- 
vious conclusion will not be changed. 
Bowcock et al. have obtained 50.03 
and €=—0.007 which are consistent 
with (7). 

The contribution to a; from the 
mainly S-wave pion-pion interaction 
might exist from (2). Really, if one 
would neglect this contribution, the 
coupling constant f’=0.10 would be 
necessary in order to be consistent with 
the experimental @,; at low energy limit. 

Finally, we mention that the similar 
calculation with the use of the data 
reported at 1958 Annual International 
Conference on High Energy Physics at 
CERN gives 


a=0.028+ 0.015, b=0.041+ 0.027, 
€=—0.014+ 0.02 and f?=0.072 + 0.01. 


The author wishes to thank Prof. 
I. Sato and Prof. A. Takahashi for 
their kind interest. 
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Validity of the Integral 
Representations for the Vertex 
Part in PerturbationTheory 


Noboru Nakanishi 


Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 


November 17, 1960 


Deser, Gilbert and Sudarshan,” and 
Ida” independently derived an integral 
representation for the vertex part asa 
function of two mass variables. But, 
recently, Oehme, Araki and Symanzik,” 
and Minguzzi and Streater® have pointed 
out that Dyson’s integral representation 
for the vacuum expectation value of a 
double commutator” is not correct in 
therefore the Deser-Gilbert- 
Sudarshan-Ida integral representation is 
not justified since their derivations are 
based on the above Dyson’ integral re- 
presentation. In the present note, we 
shall point out that the DGSI integral 
representation is valid in every order 
of perturbation theory. 

We denote the three external lines of 
the vertex part by A, B and C, and 
the corresponding mass variables by 
s, t and uw. We set wz on the mass 
shell «=M’*. Then the DGSI integral 


general, 


representation is written as 


g(z, @) 
a—zs— (1—2z)t—i€ 
(1) 
On the other hand, when all particles 
are scalar, the general term of pertur- 
bation theory is given by the following 
parametric integral :° 


Mg(s, t) 


da 


s 

s 

™ 

WH 

I 
en 

a 
ow 8 


with 
N 
Vs di zime—stmttysu). (3) 


Here, m,; is an internal mass, and U 
and 7, are non-negative definite®*” 


functions of parameters z;. We mul- 
tiply (2) by 


1 o 
1=|dz-8 (2-2) | da 
‘ Ait, fe 


>) me —7]3u 


x0 (a— . 


i+ ) 4 

and N—2n-—1 times integrate by parts 

with respect to a after V is rewritten 

in terms of z and a. We can thus 

see that Mg(s, t) can be represented as 
recy 

Mg(s, t) = |\ dz | da 


0 


Paz, a) 
Sy Ra (1—s)i—ié () 


provided that convergence condition is 
satisfied. 


Now, the most important problem is 
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the restriction for the carrier of Gz, a). 
We denote the lowest thresholds of the 
self-energies of three external particles 
A, B and C by My, Mg and Mo, re- 
spectively. My, M, and Me satisfy 
the triangle inequalities if we require 
the stability conditions. Then we can 
rigorously prove, by using the method 
presented in our previous work,” that 


x am — {c’m,+ (1—c)?4,+73} 

x M2>0, (6) 
where c is an arbitrary constant but 
must satisfy 

Mi/Me=c>1—Ms/Me. - (7) 
Therefore, from (4) and (6) with 
u=M? <M’, we obtain 

a=>l[cC2z+(1—c)’?(—2)|Me. (8) 


The right-hand side of (8) becomes the 
maximum at either c=M,/Me or c= 
1—M;/Mz in the domain (7). We 
thus obtain as the carrier of ¢%¢(z, @) 
that 


a= Max[M7z+ (Me—M,)’ (1-2), 
(Mo— Mgz)’?z+ Mz’ (1—z) J, (9)* 
which exactly coincides with the carrier 
derived by DGS and Ida. 

Finally, we remark that the following 
integral representation for the vertex 
part as a function of three mass varia- 


bles. likewise holds in every order of 
perturbation theory : 


Mg(s, es u) 


alt 


0 


eo 


d0— Viz) dudade, { da 


0 


re 


* This carrier is realized already in the 
non-trivial lowest order, hence no further im- 
provement is possible, 


x Pal21, Za, Zs, &) (10) 
OS 215 Sal 25 — te 
with 
a => Max[M,?z,+ M72, 


+ (Mi— Msp)’z:, 

M,? 21+ (My— Mo)? 22+Me'2s, 

(Mz3— Mo)? 21+ Mz 22+ Me 25. 
(11) 


Detailed account will be reported in 
a Supplement of this journal. 
The author is indebted to Dr. H. 


Araki for a helpful suggestion in the 
proof of (6). 
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Motion of a Charged Particle 
in a Static Magnetic Field with 
Axial Symmetry* 


Haruo Obayashi 


Physical Institute 
Nagoya University, Nagoya 


December 6, 1960 


The motion of charged particles in a 


* The essential points of this work have been 
read at the Physical Society Meetings in April 
and October, 1960, by S. Fukui, S. Hayakawa, 
H. Nishimura and H. Obayashi as part of their 
experimental work with a mirror device. 
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given electromagnetic field has been in- 
vestigated concerning various problems, 
such as the behavior of cosmic-ray parti- 
cles, particle orbits in magnetic machines 
for fusion or acceleration devices. In 
many cases the investigation is due to 
enormous numerical calculations, so that 
the characteristic features of the problem 
are not too clear. Here we intend to 
see how the characteristic behavior of 
the particle is derived from the general 
dynamical treatment. Asa simple and 
useful case we consider a particle in an 
axially symmetric static magnetic field. 

In a cylindrical coordinate system 
(r, 6, z) with the axis as z direction, 
the magnetic field H=(H,, 0, H,) is 
expressed with a vector potential 
PE ONG) 10) == (0, 72h rue) 0) aids 
H=rot A= (—r'0¢/dz, 0,;.r7'0¢/Or). 
Here $(7, z) is a flux function with 
which the equation for a magnetic line 
of force is written ¢=const. 

The motion of a particle with charge 
Ze and mass m is described by the 


Hamiltonian as 
Hac[mMie+aZ+ (l/r?) 
X {t—— (Ze/c) ob}? +2,}”, (1) 


where 7,,7,, and 7, are canonical 
momenta conjugate to 7, 0, and gz. 

In our problem the particle motion 
should be expected to consist of three 
characteristic parts :” (i) rapid gyration 
in the plane normal to H, (ii) longi- 
tudinal and rather fast drift along H, 
and (iii) perpendicular and slow drift 
around the axis. Therefore we transform 
the variables to more suitable ones. 
Now because of the non-existence of 
external current, our magnetic field has 


a potential function s(7r, 2) such as 
Vs=H. The set of variables (¢, 9, s) 
makes an orthogonal coordinate system 
as well as (r, 0, z), and is suitable for 
the discrimination of (ii) from (i) and 
(iii). To make further discrimination 
between (i) and (iii), we introduce a 
canonical transformation 

(1730; 2; Rp Sep, ,)—>(Q, Q2, Q3; Pi, Pa P3), 
which is similar to Gardner’s.” The 
new variables are expressed as 


P,= (¢/Ze) /rH”) (@,H.—7,H,), 
Q\= (Ze/c) $—Ps, 

P,= (c/Ze) (1/H") (a, H,+7,H,), 
OQ, = Zee); (2) 
Q;=6—P,, 


Ps=7o, 

the Hamiltonian becomes 

He =cl m+ (Q,/r)? 

ue (Ze/e)? (rHP,)? +{Ze/c)* GPs) q" 
(3) 


As 36 does not contain QO; because 
of axial symmetry, we have an angular 
momentum integral, P;=L, in addition 
to an obvious constant of motion, the 
magnitude of total momentum f, accord- 
ing to the absence of electric field. 

In (3) there still remains the coupl- 
ed. motion’ in (OQ, P,) “and 402-7.) 
But if we confine ourselves to those re- 
gions near the axis which are of prac- 
tical interest in problems of mirror 
devices, etc., the motion can be separat- 
ed. In a current-free space an axially 
symmetric field as a solution of the 
Maxwell equation is given in power 
series of r. 


g=r'h(z)/2—r'h" (z) /16+---, 
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s=\h(e)de—r'h!(@)/44, (4) 
H=h(z) +r {h'(z)? 
Poh yh (CY 7Bh (2) f- 


where A(z) denotes the field distribu- 
tion on the axis. If we take the lowest 
order approximation, 7” H=2¢=2(c/ 
Ze) (Q, + Ps) =2(c/Ze) (Q:+ L) and 
H=h=H(Q,). Thus (3) reduces to 


See O; 
Seen, ORD Race 
p= HO» | 30,41) 


+2(Qi+1) Pit 
+(4) HOQ)PH. © 


As variables (Q,, P:) appear only in 
the first bracket, we can separate it with 
a separation constant A. 


Qi On Pe =A 46 
one (LAY acca (6) 


pa 22710, a+ (= 2) (HQ) Ps. 


(7) 
With the aid of the Hamilton-Jacobi 
equations which separately hold for two 
sets of the variables, the orbit of the 
particle is obtained : 


Q,= A+ A" (A+2L)"? 


x sin| | de ai (z) 


x{P- -An@\” “+c]. ® 


QO, oscillates about A, and this corre- 
sponds to the gyration (i), while Q, 
gives the longitudinal motion (ii) and 
QO, (iii). Putting h(z) as quadratic 
form, we can compare our method with 


the results by Solovjev® who has solv- 
ed the drift equations. 

Now in our scheme the adiabatic in- 
variants can be obtained straightfor- 
wardly. From (6) and (7) respectively 
we have 


§PidQ=2A, 


J r.do.n2{{p—a ne} ae, 


zy 


(9) 
where A(z) is assumed to have the 
turning points at z, and z,. These are 


the well-known invariants concerning 
the gyration and the longitudinal mo- 
tions respectively.” 

The author wishes to express his 
thanks to Professor S. Hayakawa for 
suggesting and discussing the problem. 
He is also indebted to Professor S. 
Fukui and Mr. H. Nishimura who are 
now working with a mirror field of the 
geometrical conditions satisfying (4). 
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Very High Energy Nuclear Reactions 
and Alpha-Particle Model 


Hiroichi Hasegawa* and Kensai Ito** 


*Department of Physics and 
Chemistry, Gakushuin 
University, Tokyo 
** Department of Physics 
Rikkyo University, Tokyo 


December 8, 1960 


When a heavy primary cosmic-ray 
particle interacts with emulsion nuclei, 
the incident nucleus does not always 
break up completely. Rather, the heavy 
fragments or the a-particles often re- 
main. This suggests that at very high 
energies (a few Gev per nucleon) the 
light nuclei behave as if they had some 
substructure. In the case of incident 
carbon or oxygen nuclei which are 
regarded as 4n-nuclei, the appearance 
of high energy a-particles is more pre- 
dominant. 

We suppose that the alpha-particle 
model of the carbon and _ oxygen 
nuclei can explain this phenomenon. 
The incident nucleus will be stripped 
off one or more constituent alpha- 
particles during the collision, and the 
remainder will hit the target nucleus 
giving rise to pion production. A 
simple geometrical consideration gives 
us the probabilities Pon for stripping 
n alpha particles from an _ incident 
nucleus. 

The fractional volume v of the in- 
cident nucleus, which hits ‘the target 
will determine , the number of emer- 
gent a-particles. In the case of in- 
cident carbon, for 12=v>2/3 no a- 


particles appear, for 2/32v>1/3, one 
a-particle emerges and for 130590, 
two a-particles emerge. The fractional 
volume v depends on the impact para- 
meter p. Denoting the values of ~ by 
o, and , for which v=2/3 and 1/3 
respectively, we obtain P(0) ~z,’, and 
P(1) ~2(p.?— 7). ~Because of the trans- 
parency of the nucleus for glancing 
collisions, the maximum impact para- 
meter ?,, for which the collisions occur 
is not r(carbon) + r(target) but (carbon) 
+ r(target)—24R, where r=1.45 107” 
< A’? em, (A, the mass number) and 4R 
is taken to be 0.85X107% cm.” Then 
we obtain P(2) ~7 (Pn, — 2°). The pre- 
sent model cannot be applied to the 
C-3a@ reaction which may be due to the 
Coulomb interaction with the target. 
Similar calculation is also possible for 
incident oxygen. 

We shall confine ourselves to the case 
of heavy target nuclei in emulsion. 
Neglecting the curvature of the surface 
of a target nucleus in order to simplify 
the calculation, we get the relative 
values for P(n), which are shown in 
the: Table. 

In the Table the experimental values 
of P(m) are also given, and we deduced 
their values from the existing data?~* 
as follows. The elements contained in 
emulsion are classified into 3 groups, 
i.e. heavy group (Ag and Br), light 
group (C, N, O) and hydrogen group. 
For each group the collision probability 
P is proportional to the product of the 
collision cross section « and the number 
density N of the target nuclei. The 
cross sections for collisions with the 
heavy and light groups are calculated 
by the semi-empirical formula C= App e 
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Incident no @ 


la 2a 3a 


nucleus emission emission emission emission 
e . calculated 50 30 20 — 
experimental 60 26 uu a 
ms calculated 39 21 25 15 
experimental 53 24 16 7 


of Bradt and Peters.” For hydrogen 
collisions the cross section is taken to 
be the geometrical one of the incident 
nucleus, i.e. c=7(1.45X 107-¥ A")? cm’, 
Then we get Prheavy: Prigne: Paryarogen= 
57:28:15 for incident carbon, and 
55:29:16 for incident oxygen. Out 
of 259 events for incident carbon avail- 
able from the data, 97 events have 
N,=8, 98 events have 72N,22, and 
64 events have N,=0 or 1. Considering 
that all the events having N,=8 are 
collisions with heavy target nuclei and 
that the events due to the collisions 
with the hydrogen nuclei have N,=0 
or 1 and using the above figures, we 
estimated the total number of events 
due to collisions with heavy target 
nuclei. . 

In spite of our crude assumptions the 
agreement between the calculated and 
experimental values is fairly good. 
Therefore it seems reasonable to con- 
sider that alpha-particle model of 47- 
nuclei holds in the very high energy 
regions and that fast @-particle emission 
occurs in stripping reactions. 

Finally, we shall mention the order 
of magnitude of the energy of the events 
concerned here. The geomagnetic cut- 
off energy at the locations where the 
emulsions were exposed is 1—1.5 Gev 


per nucleon. Of course the above- 


mentioned model will not hold for 
the extremely high energy events. In 
order to exclude them from the experi- 
mental data, we choose for our analysis 
only those events in which the number 
of produced charged pions per absorbed 
nucleon does not exceed one. Con- 
sidering the high energy machine data 
and the energy spectrum of heavy pri- 
maries, the average energy of the events 
concerned is about 2-3 Gev per nucleon. 

The authors would like to express 
their sincere thanks to Prof. S. Naka- 
gawa for his continual encouragement. 
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On the G,/Gy Ratio in -Decay. I 
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Previously we investigated the Gi/Gy 


ae se 
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ratio in )-decay from the standpoint of 
the composite model for the pion” 
showed that it was possible to improve 
the result obtained by the meson theory 
G,/Gy<1 if we considered the con- 
tributions from the lowest order 
process. However, it is necessary 
to take into account the contributions 
from the second order process at least 
in order to reproduce the experimental 
value G4/Gy=1.25 or to compare the 
result on this model with one from the 
meson theory. Therefore here we calcu- 
late them and study the possibility of 
explaining this phenomenon on the basis 


and 


of the composite model. 


The following calculation and approx- 
imation are same as those used in the 
previous paper.” At first if we rec- 
ognize that the weak V-A interaction 
has the universality and the vector 
coupling constant is not affected by the 
renormalization on the assumption of 
the conserved current,” we may calcu- 
late the G,/G,° ratio instead of the 
G,/G, ratio where Gy,4 and Gy,,4° are 
the observed and bare coupling constants 
respectively. The fundamental inter- 
action Hamiltonians are given by 


Voc Pr. (G,° +G,° oO) 3 art | 
(er ae ») +H.C. (1) 
V2 


Hu= 2 GOrep) GOrY) 
& t=1 ]\f? 


HS or PO) COM, Tae 


where. O,=1 O,=77, 
1 
O, —— O/2i ce Ty Ta Vy ia 


Op=7s 
and the diagrams contributing to the 
G,/G,° ratio are illustrated in Fig. 1. 


Ou= 1767 


Ava V V 


ON O ZN eS 


Vv Vv Vv Vv 

QO 

RG Se eee 

el a os wi ee 
Fig. 1 


As the coupling constants were already 
determined,” hence the effective pion- 


Table I 
rT 
G4/G 49-1 
Np Jop Nis Jos it Jot = 
cut off M | cut off 1.7 M 
2.18 —38.15 2.18 —38.15 —9.17 —2.82 0.01 | 0.24 
a ae | eee 
Table II \ 
rr 
G4/G49-1 
Iw : Jov Na 9oa 
cut off 0.78 M cut off M 
Th) —15 a5 0 0.25 Ts 


SS 
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nucleon interaction, the anomalous 


magnetic moment and the charge distri- 
’ bution of the nucleon were consistent 
with the experiments, we use them and 
obtain the calculation values in the 
following Table I (s,z, p) and Table 
II (v, a). The ambiguity in the correc- 
tion of electric charge® is eliminated in 
Case I (s, t, p) because 91,=91, and 
Gop=—Gi. but in’ Case II (v, a) “we 
do not consider it. 

Thus it seems to us that it is possible 
to explain the G,/G, ratio from the 
that we 
for the other phenomena consistently 
if we cut off the momentum integral 
adequately. 


same viewpoint accounted 


Previously we studied the pion-nucleon 
interaction on the composite model” 
where the Fermi coupling type was 
only pseudoscalar and the result obtain- 
ed there was equivalent to the meson 
theory. Now if we adopt only pseudo- 
scalar coupling, the G,/G,° ratio is less 
than 1 like the meson theory. 
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On Hugenholtz-Pines’ Theory about Ground State Energy of 
Interacting Bosons 


Setsuo MISAWA 


Prog. Theor. Phys. 24 (1960), 1224 


After publication of this article, we have learned from Dr. K. Sawada that #N’(No, ») must be - 
added to Eq. (3-16) (being Ep’ not Eg) in order to obtain Ey and then Hugenholtz-Pines’ method 


gives correct result. 
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Unified Gravitational and Electromagnetic Waves 


P. C. VAIDYA 


Department of Mathematics, Gujarat University, Ahmedabad-9, India 
(Received September 8, 1960) 


Starting with a very general form of the nonsymmetric tensor g;,, expressed in a coordinate 
system suitably chosen to obtain wave solutions, a scheme is developed to derive rigorous 
solutions of the field equations of Einstein which describe the flow of unified gravitational 
and electromagnetic radiation. Several such solutions are derived giving waves with two 
dimensional symmetry. It is found that solutions describing gravitational and electromagnetic 
waves obtained in the general theory of relativity with the help of an energy momentum 
tensor, can be derived in exactly the same form from the geometrical theory of the unified 
law of inertia enunciated by Hlavaty. 


§ 1. Introduction 


The geometrical structure of Einstein’s unified field theory has been presented 
by Hlavaty” in a well ordered form. But the physical structure of the theory is 
not properly understood as yet. In spite of numerous efforts, mathematical solu- 
tions: of the field equations are yet to be found which will gain recognized physical 
interpretation. The only known solutions of the equations with a plausible 
physical interpretation are (1) the spherically symmetric static solutions worked 
out by Papapetrou” Wyman,” Bonner®; and (2) the plane wave solutions of 
Hlavaty,” Takeno.” The spherically symmetric solution has failed to give a simple 
model of either a point charge or a point mass particle (distinct from Schwarz- 
schild’s model of general relativity). 

An effort was made to generalize the spherically symmetric solutions of 
Papapetrou, for the case of a nonstatic radiating mass. But it was found that 
though spherically symmetric gravitational field of a radiating star can be describ- 
ed by the field equations of general relativity, no such solutions are permitted in. 
the scheme of the unified field theory (Vaidya). 

In the present paper an attempt is made to obtain general solutions of the 
second type giving propagation of gravitational and electromagnetic waves in the 
scheme of the unified field theory. Throughout the paper we shall use the notations. 


of Hlavaty.” 
§2. The nonsymmetric gj, field 


We write 
Jap =hap a Rap 


7 


306 P. C. Vaidya 


where hee irae, Rag —Ree- 


Since electromagnetic as well as gravitational waves are propagated in directions 
lying along the null cone, we shall search for solutions of the field equations which 
give the ky, field being propagated along the null cones of the corresponding hag 
field. Now whenever a metric field permits the existence of a family of null 
surfaces in the field, (as in the case of wave propagation of a skew field along 
null cones), coordinates can be so chosen that hy, Aw, Ais, Aes vanish and hyA~0 
(Vaidya and Pandya®). This is done by stipulating that the null vector v* 
giving the direction of the propagation of the skew field have, in the new 
coordinates, the components (v', 0, 0,0). Again orienting the dz’ and the dz* 
directions in a proper manner one can take hy.,=hs33. Thus we choose coordinates 
in such a way that hag takes the form 


OF 0" Oa 
Ob at On ed 

“3 2-1 
Bo he 


‘One can form the tensor h*” by the relation hz,h”“*=0," and then use these two 
tensors for raising and lowering of suffices. 

We now turn to the skew tensor field kyg. Since known electromagnetic 
wave fields can be characterised by a skew tensor which belongs to the class HI 
of Hlavaty we take the kug field to be class III, i.e. we take it to be what Synge” 
calls a null field. Then 


det |kae|=0, hugh =0. (2-2) 


Since in the coordinate system which we have chosen the direction of propagation 
of the kup field is given by the null vector (v', 0, 0, 0), we must have 


Ryu=k»3=0. (2-3) 
The two equations (2-2) can now be satisfied by simply taking 
Ry=kig=0. 


Thus in the problem at hand we are taking the ky, field to be of the form 


0 one Oo es 0) 
= 1-0 sa as Ona 7 
kag ee 0 0 0 p 2 P 4) 
0 —-q-p 0 
The final form of the nonsymmetric gz, for our problem becomes 
0 0 0 a 
Lagbal B 0 itgq 
a AG py aay 
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the various components being functions of the four variables Esai Baris sire ta 6 

Our experience with similar problems in the scheme of the general theory 
of relativity points to one simplifying assumption. The Schwarzschild’s exterior 
solution, the solution for a radiating star (Vaidya™), the field of axially symmetric 
radiation flow, (Vaidya and Pandya®), and the field of gravitational radiation flow 
(Vaidya and Pandya”), all when expressed in terms of hag Of the form (2-1) 
require that a=1. Therefore in the present investigation we shall be working 
under the simplifying assumption 


Iu=IJn=a=1. 


§ 3. The field equations 


The field equations of Einstein’s unified field theory are 


OD + xe Gep =! nae = 0; (3-1) 

SE ORES Maha (3-2) 

epee align td ntl pat Onl ey gl ap (3-3) 
Boe =. (3-4) 

eee (): (3-5) 


For solutions belonging to the class III, Hlavaty” has suggested the replacement 
of the 4 equations (3-5) by the equations 


D,O“=U2,H?, - (3-6) 
Defining *g** by the relation 
Inu J” =0," (3-7) 
and writing the skew part of *g*° as *k**, one can write Eq. (3-2) in the form 
(Hlavaty”) 


9 (pee y/ 9) =0. (3-8) 
02% 
We take the Yap field as 
0 0 0 ut 
i GAs. Ot eae ay 


Then g=det |9,|—=—B’ so that ,/—g=B. The four equations (3-8) can be im- 
mediately handled. They give 


prix=9, qi=9, Goat p3=9. (3-10) 


Here and in the rest of the paper we adopt the convention that suffices attached 


Cea, le ese 


pe dirs as 


i oe = 


ag 


eee ey 


- 


PS re POR A A eae Tee 


aye tee 
at i, 


ee ae tp eee Pats 


Re Po as 


Ai ye 
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to functional symbols following a comma denote the derivatives of the functions: 
with respect to the corresponding variables, e.g. G2= 09/92", Piw=F p/0x70z", etc. 

We shall now solve the algebraic equation (3-1) for the 64 connections /’.. 
Instead of using the general algebraic solution developed by Hlavaty, we find it 
more convenient to replace (3-1) by the two equations, 


Jas) Pb) = — Yaw FS Ieene t Ia, F Ie tert ese! tea» (3-11) 
i 1 1 : 
I (as) Lainie Teen. — 5 Feet, — Ievir,n — Weis lw) — Its! “wn - (3-12) 


a a a 


For the present form (3-9) of Yas we have found that if we use (3-11) and 


(3-12) to evaluate the 64 connections in a particular order, on no occasion have we 
ever to solve even two equations together and therefore as far as the present work 
is concerned (3-11) and (3-12) serve the purpose of explicit solutions of the 
algebraic equation (3-1). 

Of the 64 connections, the 28 connections I’ nt or /’,,“ are particularly simple 
in form, the surviving ones being 


eee, Ay ae p= (a — Sa) ph eiey we a € 
Pay = 9 (= BRB! Pas = 9 2 BRB)’ Payn=L 2B” 
Pay = aliens (A+) = (P+ q7)B1 
» 4B 2B? : 
‘ B Mg’ 
Teg= (a+ up) St — CTEEP (3-13) 
oe la oe 
3 B 
[gy tan I as a 


Before proceeding further with calculations of the remaining 36 connections, we 


shall take Eq. (3-3). We are now ina position to calculate Ry. We find that. 
the equation, fa 


Rnu=0, 
gives the following simple differential equation for B, 
Bu poe il By Ai) nD 
ae ( = 0 or (O/B) u=0, (3-14) 


the general solution of which is 
B= (ax! +8)", 


a and § being functions of the other three variables x’, x*, 2‘. Two simple 


Unified Gravitational and Electromagnetic Waves 309 


‘cases are immediately suggested. They are case TBS 9 Grew, a4) 3s case rls 
B= (a')’ a(x’, 2°, x*). The second case can be easily recognized as leading to 
solutions with spherical and rotational symmetry while the first case will give us 


solutions with plane or two-dimensional symmetry. In this paper we are dealing 
with case I only. 


§4. Field equations in case I 


In this case we have taken B,;=0. The connections (3-13) are much simpler 
now. They become [’us'=(1/2)4n, pes (dete) ae: 


2 2 
‘ph ae See ATE) 1 Sees Gqt+Hp).1 ele An eye ase 
Se 2 Gates Saas BB 


‘These give 
ee = 0. (4 ; 2) 


In order to calculate R,, and Ri, we need to calculate only Mys', Iss! and Iys'. 
We find that all these three connections vanish. One then easily calculates R,, 
and R,; to obtain 


u 
Reg Rep di, Ry=Ra=—*— fn (4-3) 
Ru» =0 requires 4u=0, 4u=0. (4-4) 


These equations are of the same form as Eq. (3-14) for ;/B. Thus consistent with 
the symmetry imposed on our solution by our assumption for the form of the 
function ;/B, we shall take in this case 


AAG ees) I ne) 
Most of the connections (4-1) now vanish and we have at this stage 


a | 1 
(OU eae owe ean iy) 
2 


as the only surviving component of /’,” and this enables us to calculate R,, with- 
out any knowledge of the remaining connections. We find that Ray = (1/2) 9,1 so 
that Ras =0 gives y:=0. In order to get the simplest possible solution consistent 
with our assumption characterising this case I, we shall choose y=y(2", x*, x‘). 
We have thus completed the first stage of solution. The results are: (1) All the 
functional symbols occurring in the matrix (3-9) of Jag are functions of 2°, 2°, x* 
only.«.(2). Then 'Jy*=0: and Ru= R= Ra=Ry=Ra=Ru=Ra=0. 

We now take the second stage of solution where we work out /’,,“, /’;“ and 
Ry, Rss, Rs3. 32 components of the type I’ae” where @ or § is 2 or 3 are yet to 
be evaluated. Of these 12 are of the type I'm’, Mn’, Mu‘, Is’, i=1, 2, 3. We do 
not need to know their values in order to get Rx», R3; and R.3. Of the remain- 
ing 20 components the surviving ones are 


ES ages CDR ar Pe 


oes 


eT Te ena ee tit eS 


mt hs Ge 
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if mt Bo» Bs 1 B Z ri= B mite Ba it B 4 
Moti Top Hl oR nD he Ramen B Py Ma mae 
ye Bs gure B3 r2= Bs as BB; 
22 Py omar > 33 ) 33 > 
2B 2B 2B 2B 
(4-5) 
B 3 B 
B B il Il 
Be Sea Re ee Pie et be 
We are now ready to calculate Ry, Rs3,"Ro:3. We find that 
me toe B29 sii Bs ) B33 a 1 ( Bs ) : 
Hee ey silere Sa Cee ore 
Rx = R»=0. (4-7) 


The field equations Rig), =0 now give us 


(log B) 22+ (log B) |33=0. 


One could take B as expressed in terms of the general solution of this. 
Laplace’s equation ; but for our present purposes we shall choose B= B(2*), so that. 
B,=B,,=B,;=0. The three-index symbols in (4-5) are much simplified and we 


have 


Peas Betis P3=—— Bit ta, 


(4:8) 
‘gues 
Peay == As Ba), Pin=>- (qa—,)- 


This completes the second stage in the solution of the field equations. We 
have worked out 48 components of the connection and found only 4 surviving 


components given in (4:8) above. We now work out the last 16 components. 
They are found to be 


AB 4 


me ey He olbed L 7) ie 9,2 P 
(24) oR OB (fo 3) 5 tei es a OB (qst+Pp,2), 


B 
Peaqg=—A _ — (a+ Pa) +444 ne 7 i (H2—As), 


(24) 


B Tia? es 
Tees ieee alte) Piss 43 Paget Pa 
OE OB a aoe a DB wupehinon vache te Cae 


B j 1 
Les ened ive y pei kal Ps q 
0) il ee ee (0 Ma) Ege Oo: (Pats), 


Tiss ——— Ps was A : — Bis are Ma ie 
[34] L OB (p2 + Qa) TP ap oB OB (A fo), 
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poenge 1 x : 
Arar (s—fe2), Psa=s ey (Pata), Py =e, Cen= e 
ea) Aa __ 29g, P 
jr 2B SE B a At, B? (Q3+ Ppa); 
gr ys Lys 2pp, q 
VG OB oie B B + — B (Qst+p.), 
P=—-pPa—+y,, Pa=o. (49) 


Finally then, (4-8) and (4-9) give the 19 surviving components of the connection 
Pas". The surviving components of the tensor R,, are the following : 


il : : 
Rey= OB (A,33— 423) 5 Rw= (422—A 32), 
1 1 ; . 
Ru=— °B (y,22+ Y,33) aise Oat Ha) a5 (Hada) + St 
if ( os} g ( 2d,29 7, 33 @ ; qd. 3 
+)" 4 m4 4s 4 (d2)'4 (22)") (4-10) 
art 13 BEN q q q 
2p iS ee ee P22 +( Pi. y+( Ps ))+ 2pq ( G32 4 P23 Sr. ge) : 
BEN oP p p p BENE p pq 


all 
Roo = oR (22+ 433), Resa] arr (p,2+ P33). 


The restrictions that we have imposed on the components (3-9) of Jug are 


Jagi=0, B2=B;:=0, pstq2=0. (4-11), 


§ 5. Wave solutions of the field equations 


We shall solve the remaining field equations viz. 
UN) =A), Rev, 31=9, (E) 
Rous) a= 0, Dy Qv= Use fe brite (H) 
and obtain several particular solutions describing propagation of unified waves. 
It can be seen from (4-10) and (4-11) that the field equations (E) or (H) 
present rather easy differential equations and therefore quite a large number of 


mathematical solutions will be available. We are giving below some solutions. 
which lead to a better understanding of the physical nature of the field theory. 


Solution I: 
p=cosa, g=sine, a=a(z"). (5-1) 


B=y=1, 14=p=0. 
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We then find that R,,.)=0, Rrwi=0, H*°=0, Q”*=0 so that the equations (E) or 
(H) are satisfied. This is the plane wave solution described by Hlavaty.” Since 
hes are Galilean there is no gravitational field described by this solution. 


Solution II: 
p=cosa, g=sind, a=a(z") 


B=1, y=14+f(2’, 2’, 2°), fatf2s=0 
A=p=0. 


Once again R,,=0, H*°=0, Q”=0 so that both (E) and (H) are satisfied. This 
solution has the same ky, field as the solution I and therefore describes the pro- 
pagation of plane electromagnetic waves. But these plane waves are now associat- 
ed with a gravitational field. One can verify that the curvature tensor H,,3“ of 
the gravitational field is nonzero. As a matter of fact, this field has a metric 
recorded earlier (Vaidya and Pandya’). There it is shown that this metric satis- 
fies the conditions recently formulated by Pirani” for propagation of gravita- 
tional waves. ‘The unified field theory associates these gravitational waves with 


(5-2) 


plane electromagnetic waves. Thus with gag given by 


0 0 0 8 
wa tal) 1 0) sing 
eee 0 0 1 cos a@ LoL 
1 —sin@..—cosa —(1+/) 


a=a(x*), f=f( 2", x, 2) such that fiautfs=0, 
we have a very simple rigorous solution giving propagation of unified waves. 


Solution III: This is an immediate generalization of the above solution. We do 
not put 4 and v as zero but choose them as two conjugate functions of 2? and 2° 


As—fH2=0, AstHs=0, AotAs3=0, 2+ 33=0. 
B, y, p, g have the same form as in solution II. 

These three solutions satisfy both the equations (E) and (H). As a matter 
of fact, in these solutions Ryg=H.zg and so they give a linear superposition of 
gravitational and electromagnetic waves without any unifying interaction between 
them. Many more solutions of this type can be readily derived. The existence 
of such solutions in the scheme of the unified field theory clearly suggests that 
sources emitting electromagnetic waves which ultimately become plane waves at 


Jjarge distances, also emit gravitational waves and that in the regions in which 


‘the electromagnetic waves become plane, the gravitational waves become cylindrical 
of the type given in the above solutions. 


We shall now give a solution exhibitting the unified interaction of electro- 
magnetic and gravitational waves. 
Solution IV : 
q=0, p=p(2’, x’) 
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Bat, yet, 
with 


faccfamae (t+ (22) 


so that 
(f.2tFf23),3=9. 


We then have R,ag,=0. It can be verified that Hlavaty’s equation D,Q*”’ = Uj Hee 
is identically satisfied, while Einstein’s equation R;,,,,;=0 puts a restriction on 
the function p: Pyo22=0. 


§ 6. Conclusions 


The above solution IV can be compared with a similar wave solution in 
general relativity. In the general theory of relativity, we have a symmetrical 
tensor hag as the metric tensor and then the 3-index symbols {%;} are defined as 


the Christoffel symbols 
1 
{is} =F hast hina haga): 
With these symbols the contracted curvature tensor Hyg is obtained. The field 
equations of general relativity state that 


Re ; on ET (6-1) 


where Tz, is a tensor of energy and momentum specified by the physical con- 
dition of the gravitating system. Thus the left-hand member of (6-1) is a tensor 
derived from the geometry of the space-time specified by the metric tensor hag 
while the right-hand member is a purely hypothetical tensor to be approximated 
from the physical nature of the gravitating matter. This disparity in the nature 
of the members on both sides was very much criticised by Einstein’? himself 
and one could compare the geometrical left-hand member with a pillar of marble 
while the physical right-hand member of (6-1) with a pillar of straw. One of 
ing a unified field theory was to replace this pillar 
derive the physical nature of gravitating 
matter from geometrical consideration. In solution IV above we have a concrete 
illustration of how a gravitational situation described in general relativity by 
a certain physical energy tensor T’a¢ can be described in identical terms by the 


geometrical nonsymmetric tensor Jag. 
Taking the energy-momentum tensor 
of the form 


the many reasons for produc 
of straw bya pillar of marble, i.e. to 


for an electromagnetic field F',, to be 


T pa —FyaF + 9¢ Fes F%, 


a OO ee Mee ee I SR eg ete See ae: pee ays Ce ee 
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Vaidya and Pandya” have obtained certain wave solutions of the field equations 
(6-1) of general relativity. In the present paper we have our solution IV which 
is derived from the non-symmetric tensor gg which is completely a tensor of a 
geometric nature. And this geometric solution IV with p=p(2’, x") unspecified, 
describes the same gravitational situation as described by the geometrico-physical 
solution of Vaidya and Pandya referred to above. But with p=p(2’, x*) unspeci- 
fied, our solution IV satisfies field equations (H) and not (E). Thus we have 
found that certain wave solutions describing gravitational and electromagnetic 
waves obtained in the general theory of relativity with the help of an energy- 
momentum tensor can be derived in exactly the same form from the geometrical 
theory of the unified law of inertia enunciated by Hlavaty. 
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The quantum statistical mechanical propagator which has been introduced by Matsubara 
is calculated by using the free electron eigenfunction in a magnetic field. This form of the 
propagator seems to be appropriate for the treatment of the oscillatory behaviours of magnetic 
properties of the intéracting electron gas. As a tentative application of this method, the effect 
of the Coulomb interaction between electrons on the de Haas-van Alphen effect is discussed. 


§ 1. Introduction 


In recent years, remarkable advances have been brought about in the theory 
of many-body problems. Among various investigators, Matsubara” has introduced 
a method from the quantum statistical mechanical viewpoint, in which similar 
techniques as in the theory of field reveal their powers. In his theory and other 
theories that have appeared since then, the plane wave functions are mostly used 
in the actual calculations. For the investigation of the electron gas under strong 
magnetic field, however, the plane wave expansion is inconvenient as 1s well 
known. To avoid this difficulty, we want to propose in this paper the use of 
the eigenfunction of an electron in a uniform magnetic field for the construction 
of the statistical mechanical propagator which plays the principal role in the 
method of Matsubara. The summation which are required in the calculation of 
this propagator can be performed by a technique analogous to that of Sondheimer 
and Wilson?* in their treatment of free electron gas in a magnetic field. In our 
results, the propagator is decomposed into three parts which will show their roles 
in the actual calculations rather clearly. Asa tentative application of our results, 
the effect of Coulomb interaction between electrons on the de Haas-van Alphen 
effect of electron gas—oscillatory behaviours of the diamagnetic susceptibility—is 
calculated. To the first approximation in the energy, it is shown that the new 
oscillatory terms due to the interaction has different magnetic field dependence 
in its amplitude and also different phase constant of the oscillation from those 
of the free electron theory or of the modified theory by Dingle.” 


§2. Calculation of statistical mechanical propagator 


The propagator S(z’, x) which plays important roles in the expansion tech- 


* Hereafter we mention this reference as S.W. 
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nique mentioned above is defined as 


Sa’, 2) =D (En) ur (2 )u* (were beck 


= \(V (G0 ta eee ee 


/ 


(2-1) 


where x stands for x, ¢ in which x is the space coordinate of the electron and ¢ 
is the fourth variable corresponding to the inverse temperature 1/«T, w,(x) is the 
eigenfunction of the eigenvalue &,, f(&.) =(1+exp f(€,—£))~’, where rfeN AS & 
and « is Boltzmann constant and ¢ is the chemical potential of the electron under 
consideration. 

The grand partition function = of the interacting electron gas can be given 
in the following form. as has been discussed by several authors.”*” 


E= 5, exp (¢S(f) pe) (2-2) 
5y= 11 (1+exp [3 (€—€,) J) (2-3) 


B B R 

£S(p) ee del aa. | char! [26 1(arycts") 36 1(ny En!) We (24) 

See te 0 0 

where 5, is the grand partition function for the free electron gas and ¢(S(j9) >, 
represents the effect of the interparticle interaction ~“ (2-2!) 

The analysis of the statistical average of the well-known P-product in (2-4) 
has been given by Matsubara” and by Bloch et de Dominicis” in a form named 
the connected diagram expansion. 


«S() = LS(, G); 


where G means the type of the connected diagram and S (8, G) the contribution 
from the diagram G. The first term*of this expansion is given by 


B B 
Kaw — 5 [del de'see’ x) S(2, xz‘) v(2, 2’) (Eur re 
Sei 0 


where S(x’, x) is the statistical mechanical propagator defined in (2-1). 

Now our task is the evaluation of the summation in (2-1), where the free 
electron eigenfunction in a magnetic field is introduced as complete set {2;,(%) >. 
For the time being, spin magnetic moment of the electron is disregarded. For 
our complete set {u,(x)}, the summation 


K(o, x!, %) =e" uy, (x) u,* (x) 


which is in fact the density matrix of our system under the assumption of the 
Boltzmann statistics, has been evaluated by S. W. Their result can be written as 


* We use the notation which is used in the paper by Hubbard.® 
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3/2 ‘i 
K(oe, x’, x) = (2E : leks exp| — + ia" (a's) (v'—») | 


eo sinh( (4 ti1c) 
x exp (—& —BL (He) J (2-6) 
(oe 
L(a)=coth z—1/z, (2-7) 
=eH hie: Coit ke fom, p= on(eN anv), 
CHEF TG AL, R?=|x! —x|?= (2! —2)?4+ (y'—y)? + (2’— 2)’, (28) 
B=k 07/400; C=(2'—z)?+0'—y)’, 


where #, is the Bohr magneton and m is the effective mass of the electron. The 
constant magnetic field is assumed in the z-direction. 


The propagator S(z’, x) can be obtained from this K(o, x’, x) with the aid | 


of Laplace transformation by a similar procedure to that of S. W. For the case 
(a) t>zt’, we have 


S(8, tT, x; a) =S(2’, x) = DS (Ee) eu; (x’) ut: (x), t=t'—t 


c+tio 


= I : [ ds ye? (5) K(t, x’, x) 
271 J r 


c—iwo 


if Of 9 
=(7@) dé (2-9) 


0 
where ¢(s) has the following relation to f (€), 
FO= ( ods, > 0 (2-10) 
271, sy 
and 7(&) is defined by 
7) = 5 [ KG+s, «',2) 


Lae; 
c—io 


és 
AE ES IED) 
=) 


In obtaining the final expression in (2:9), we have utilized the well-known con- 
volution theorem in the Laplace transformation as in S. W. Accordingly, the 
main problem reduces to the evaluation of 7(€). We obtain 


7(6, 7, x’, x) = —e(x', x) T(E, t,x,’ x) (2-12) 
"2 be 
etal») = (28%)"exp(—iat(a'ta)Q/-») 18) 
I'(&, t, x’, x) ee | Mdc - 
ont Bahco 
M= ae fo Hie exp (co--© — BL (14) Ho) ) (2-14) 
(o—7) 0°? sinh (% Ho) T 
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where we have changed the integration variable s to o=s+t. (cf. Fig. 1 and 
eric. 2) 


S-plane o-plane 


Weieg, Aly Hig. 2. 


The function M has singularities at o=r, c=0, and «=o, which are defined by 
fHo,=rai(r=+1, £2,-::). By the application of the Cauchy theorem on the 
contour given in Fig. 3, it is shown that J’ is equivalent to the sum of integrals 
along the contour given in Fig. 4. 


P(é,7,%',x) =Pyt + T_,) (2-15) 


=| Mado. 


201 be 

Gi) Evaluation of I, 

The exact evaluation of this integral 
seems to be very difficult. To investi- 
gate the dependence in the magnetic 
field, however, it will be convenient 
to divide up this integral into several 
parts, one which is independent of 
magnetic field and others which vanish 
with H. Changing integration variable 
o to u=&0, we obtain 


o-plane 


(a) 


Fig. 4, 
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Py=ee" I, D) ELC, 7) CC, 7)), (2-16) 
~ il aye A : 
“ff es D —— | u—Diju ie 
( ) Qni yu &t ie” ae 
= 1 au 1 
y¢ = == u—D/Uu —BL (nu) i 
( ”) Q71 are ile” te 1), ee 
eee il GIR SIN ory aes) nu 
Ge nn) = \ Uw i '/ —1) —BL (nw) = 
D ri Jy u— Er ae sinh (yz) is ; C2) 
FOS OSS) I ber Ske) Gy BE (2-20) 
i (ct, D) is independent of H and can be given in the form 
= s 5 1/2\ »+3/2 } (& 1/2 
FoD=Z erly rnlaal’)"> 
(t, D) 2 ) LR\E x+a/2| Ro . (2-21) 
J.(2) =( : y | edu (2-22) 
le / Qni J ub*” 


where J,(x) is the Bessel function. L and C vanish as H becomes zero. 
Gi) Evaluation of I’, 
Changing the variable « to t=o—o, we obtain 


| 1 1 1 
" 2ni J (o, +2) 1? o,+¢—7 sinh (4H (0, +2) 
xexp| (0-41) ——C— — BL (mH (2, +0) ae (2-23) 
Or a 


We can also divide up this integrand into two parts, one which does not contain 
Hand the other which vanishes with H. Since this [, already has H as its 
factor, we retain only those parts of the integrand which does not vanish with 
H. Considering 9,=r7i/foH and the properties of sinh, we get 


r,= (ET)? $=) exp {(= ees ae z)| 


(rx)*? MH ra 4 
—ér 1/2 
ie i Ja bap Sees (2-24) 
dng eatte Go 
17 


A=ke (2! —2z)?/460. 
Similarly we obtain also 


= 3/2 (—1)" ~i (= ') HA ao: 3 ) 
P_,= (4H) ayne| i i Eee a i a)| 


e ér E 1/2 
ae eis") (2:25) 
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Combining these two, we have 


(Ce 0 is yeas 
=) 3/2 
PP =2(H™(hyo(-=) ) "5 (MF 
Tat r 
o {si n( rié 4 foHA x = (HE cos ("= re 4 boHA _ a 
i rT 4 7 fo H as 
(2-26) 
For the case 
(b) t<z’, (t>0).we must start with 
Sia 2) =f = 1) ale a aes 
= DS (E,) the (a) tay, (©) ep Kia mw ye) (2-27) 
Proceeding in a similar way to that in the case (a), we obtain 
Ete X= DC +d Se) (2-28) 


corresponding to (2-15). The second term is exactly the same as that of (2-15). 
I’ is different from 7 in (2-15) in the point that a pole at o=7 is enclosed 
in the contour of integration as shown in Fig. 5(a). Splitting this contour as 
in Fig. 5(b), we obtain 


ri=t_( Mde+R, (2-29) 
271 / 
where R, is a residue at the poleo=zt. This residue can be given immediately as 
1 fy Hz ae 
Re 0 e Cir BIN pon): 2.30 
9/2 sinh ( {4 Ht) ( ) 


The contribution of R, to S(2’, x) exactly cancels K(c, x’, x) in (2-27), hence 
we obtain 


0 


S(a’, 2) =e(s', ») | (—2F) r+ Or, +9) de (2-31) 


for both cases 7SO. 


(a) (b) 
Fig. 5. 
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Now we want to arrange our result in the following form. 


S(2', 2) = 8% (25 x) +8 (2%, xz) +S (2, x) (2-32) 
Cee ee (—2F Jerre F¢e, D)dé (2-33) 


SC, 2) =e(x’, x) 


0 8/9 Ser 7p Be 
(-5h)ene (L(z, 9) +C(z, 4))dé — (2-34) 


Se? (a2) =e(a, x) 


(—22) ner + Pas, (2-35) 


oo —— 38 Oc 8 S38 


The evaluation of the integral over € can be done easily by using the properties. 
of the Fermi-Dirac function f(€). 

S™(z’, xz) has almost the same characters as the free electron propagator 
based on the plane waves. S”(z’, x) vanishes with H. S®(2z’, x) shows the 
oscillatory behaviours as a function of 1/H. At first sight, these forms seem to 
be very complicated but in the actual calculations suitable simplifications will be 
rather easily introduced. 


§ 3. Effect of Coulomb interaction on orbital diamagnetism of electron 


As an application of our propagator S(2’, 2) obtained in the previous section, 
we now take up the effect of the Coulomb interaction on the orbital diamagnetism. 
of the electron gas. Since the monumental work by Landau” on the diamagnetism. 
of the free electron gas, the effect of the Coulomb interaction on this diamagnetism 
have recently been discussed by Schafroth,® Wentzel,” Dresselhaus” and Kanazawa 
and Matsudaira” Among them, Kanazawa and Matsudaira have made a detailed 
calculation concerning the effect of the Coulomb interaction on the so-called Landau 
diamagnetism—the constant part of the diamagnetic susceptibility—, and have 
given the result up to the correlation of the interaction. Dresselhaus has obtained 
the expression for the exchange energy in a strong magnetic field and discussed 
the effect of the exchange interaction on the de Haas-van Alphen oscillation. 
Here we also want to treat the effect of the interaction on the de Haas-van Alphen 
effect to the order of exchange effect. Our results, we think, might give clearer 
insight in these problems. 

As is well known, the propagator S(z’, x) is represented by the electron 
line 2—— x’ in the diagram shown in (2-5). Now corresponding to our 
Givision’ of S(z, 2) inte S” (2, z),.S” (2, x), and S®(2', x), we decompose 
the electron line—we want to represent it here by *—’#—2’ to show that the 
electron is quantized in the magnetic field—, into three parts as shown in Fig. 6. 
Consequently, various new diagrams will appear from one original diagram as 


shown, for example, in Fig. 7. 
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Fig. 6. 


Fig. 7. 


From the diagram (1) in the right-hand side in Fig. 7, we get a contribution 
to the free energy which corresponds to the exchange interaction and also a part 
of the free energy shift which originates from the shift in ¢ due to magnetic field 


and makes some contribution to the modification of the Landau diamagnetism. 


The diagram (4) gives also a contribution to the modification of Landau dia- 


- magnetism. But if we expand it in terms of H, divergence difficulties will 


appear. To obtain a definite result, we must take account of the higher order 
diagrams such as ring diagrams. Since the problem concerning the higher order 
correction to the Landau diamagnetism has been treated in detail by Kanazawa 
and Matsudaira with the method of Green function, we do not treat it here. 
The diagram which we want to take up here is (5) which will give a contri- 


bution to the modification of the de Haas-van Alphen term. The lowest order 


terms in H which come from this diagram (5) do not show any divergence in 
contrast to the terms from the diagram (4). The reason of this non-divergence is 
the presence of cosine and sine factors in these terms. Owing to their presence, the 
lowest order terms in H in the contribution from (5) to the magnetic suscepti- 
bility have similar characters as the exchange energy in the electron gas and they 
give non-divergent result, whereas the terms from (4) have similar characters as 
the exchange energy contribution to the specific heat and give divergent results. 
The contributions from the diagram (2), (3) and (6) give higher order terms 
ined. 
Evaluations of the contributions from the diagram (5). 


Starting from the expression given in (2-5), we can immediately arrive at 
the following form for the contribution from the diagram (5) : 
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—28{ dx | dv'S(P, 0, x!, x) SB, 0,%,x/)v(x—x)  (B-1) 
v(x! —x) =e?/|x’—x| 


where the spin summation is taken into account. 
S% (8, 0, x’, x) and S®(8, 0, x’, x) can be given in an explicit form as 


RE Oxon) mela ae 2 (- Sy) dn (z0R( <)") + OCP /t) 
ey 


k)R 
: (3-2) 
5(3, 0, x", x) =e(a’, x) |(—2) rr, 4 rade 
=e (x, x) 2(Mo HH) ya (KT /oH) Jo(ho (C/C0)*”) 
=, (—1)” sin (r2t/) H+ HA/ra— / A) (3-3) 


x 
og RY sinh (r72°«T /)H) 


For the evaluation of the integral over € in S®(x’, x) we cannot use Sommerfeld’s 


technique, and the same direct integration as in the S. W.’s theory is performed 
Then we have for (3-1) 


to give these temperature dependence. 
—e*(2am[h*)* (4/2) (MoH)? ((2/Ro) (Co/C) )°? V 

(— 1)” ra KT / jo H \ are, ay, E.R 1/2 

xd) ri? sinh (r7«T/f) H) por Ja boRC/E0)") 
HHA . % 


TT 4 


x Jobo p(C/Co)™) sin ( ieee 
Po 
= =—sael2 qt? (C/torw (4 H/€o) 3/2 e?(2am/h’)® Vee kg 
rm «T / fy | de Ju) | ae Jo/ = 2) 


(=))" 
x3 r? sinh (ra°«T/ fH) 3 Ge te 
: C MH a . 
x n ( - =) (3-4) 
BORE Sune heer 


where in the last expression we have used the spherical polar coordinate. 
Now we use the formulas in the statistical mechanics to obtain the magnetic 


moment M of our system.* 


F=Nt—xT log &, (F: Helmholtz free energy) 


N= g log &, 


Or 


> 


M=«T (2 tse 3) (3-5) 


pia 


and for the magnetic susceptibility z 


* We take up only oscillatory part here. 
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1=M/H. (3-6) 
Retaining the lowest order term in H, and T, we get 
Oooh (3-7) 
(= OE Ca Ts ae Vo" ko” 
Noun ee Sate Q(p) 


rar? sinh (ra7KT / fH) ee 
=N(f5'/Co) (27) i (Co/ Lo Lye Ce 


(=)! ora eT /tyH (3-8) 
x2 7? sinh (rm «T / (pH) QC) 

Af Me bbe rat “hata a6 

Q(p) =cos(7 ae =) c(p) sin (7 ey ) St), (3-9) 


@ ee cos (p22) 
ees ( de Jy (aya | Ra (3-10) 
S(p) a Sin. (Gas 2): 


p= H/Axe, Cen = (3/47) é° Ro. 


This can be compared to the free electron value 


eT [ty H 
1° = —NU4i/¢0) (8/21) (Col MoH YD” sinh (ra? ne 


(3-11) 


; EAE a 
x sin ( — ). 


fo Ss 
If we go to the limiting value at 0°K and take the term of r=1, we obtain 
XO =N (f0'/C0) (3/27) (Cof MoH)? sin (20o/f4oH—72/4) 
= (m/m) "74-2 X 7.673 X 107? X H™ sin (ato/pyH—2/4) (3-12) 
r= (3/47)*" (Va/No)*? (1/a)), a=h*/e* mo 
and 
1? = — N( py" /Co) (22)? (Co/ Mold) *” (Een/Co) O(po) 
= +vr,*X 2.757 X10°X HQ (4,) (3-13) 
Po= Mo H/AnCo. 
In these last expressions, the ratio of the effective mass of the electron and the 
true electronic mass mm, is important in the interpretation of the de Haas-van 
Alphen effect of real metallic electron. It is to be noted here that this ratio has 
disappeared from the 0°K form of 7%” in (3-13). As may be seen from the 
results in (3-12) and (3-13), the comparison of the free electron term 2 and 


the newly appearing term %” is a very delicate problem because the presence of 
the factor m,/m might drasticaly alter the magnitude of ¥® and the behaviour 
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Fig. 8. 


of the function S(p), and C(p) with H is very complicated. We have nume- 
rically examined the behaviour of these functions for small » as shown in Fig. 8. 
Considering these behaviours, we may conclude that for fairly large values of 1/H, 
the contribution from S(p.) term in Q(p)) can be neglected and C() may be 
replaced by a constant value C(0)=,/2/z. Then we have 


yD ee mC 3 
i hyphae) FACE sin ee A i (3-14) 
So, if in some metals this ¥” term might surpass the free electron term 7%, 
there might be a possibility to observe the oscillation of % which has different 
field dependence in its amplitude and a different phase constant from those pre- 
dicted by free electron theory or by modified theory by Dingle.” 

But, of course, it will be dangerous to draw definite conclusions merely from 
these results, because the correlation effect* will have the same or larger effect 
and the phase constant might suffer drastic changes. Here we shall be contented 
with the proposition that there are some possibility that the different oscillatory 
behaviours of % from those predicted by the free electron theory which have been 
observed in some metals! can be interpreted in terms of the Coulomb interaction 


between electrons. 


§ 4. Conclusions 


The form of the statistical mechanical propagator which has been derived in 


this paper will be useful, we think, also for the treatment of the effect of the 


interelectronic interaction on the other behaviours of electron gas, such as transport 
process in a strong magnetic field. Although the form in (2-32) will seem very 
complicated at first sight, suitable simplification will be rather easily introduced 


by actual applications. 


* Some approximate estimation of the correlation effect may be made by assuming “ screened 
Coulomb potential” ¢e~@"/r. The introduction of screened Coulomb potential does not cause any 
essential change in the discussion given above, apart from the change of C(0) to 

C(a) =C(0) (1— (a/2)2log (a/2)?— atan™ (2/a) + (a/2)2log (1+ (a@/2)?)), 
e.g. C(0, 0.6) =0.45C(0) and C(01) =0.29C(0). 
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A detailed investigation is given of the ultrasonic attenuation governed by dynamical 
properties of conduction electrons. It is pointed out that the ultrasonic attenuation arises 
from the same mechanism that is also responsible for the attenuation of collective oscillations 
in a conduction electron system, known as Landau’s attenuation in some case. Applying the 
electro-magnetic dispersion relations in metals to the problem in hand, the attenuation con- 
stants are derived, and at the same time, the effects of conduction electrons on sound velocities. 
are investigated. Some discussions are given of the relation between the results obtained 
and those of Pippard. Then the parallelism of the present phenomenon with the anomalous 
skin effect is pointed out and the attenuation constants are derived for the case where the 
energy of a conduction electron is an arbitrary function of the wave vector. As a by-product, 
the most general expression for Landau’s diamagnetic susceptibility is derived with some 


applications. 


§1. Introduction 


Ultrasonics has for the last few years been noticed as a useful experimental 
tool in solid physics.” In the first place, it enables us to investigate the character 
of an interaction between a sound wave and other system (such as conduction 
electron, magnetization, etc.) as a function of the frequency of the sound wave. 
In other words, it offers us a knowledge about a dispersion of the interaction. 
In the second place, it realizes a new phenomenon, a sort of a resonance, often 
referred to later as a “spatial resonance”, which is characterized by the non- 
uniformity of the electric field generated by a sound wave, and which is, there- 
fore, absent in the ordinary resonance phenomena where uniform electro-magnetic 


fields are used.” 


For a particle moving in the non-uniform field, the phase of the field changes. 


in two ways. One is due to the proper vibration of the sound wave with a given 


frequency, and the other to the Doppler effect. We define as usual that a mo- 


tion of a particle is coherent or incoherent according as the field has a non- 


vanishin 


motion. 
a dominant factor in determining the phase change; namely, the phase change is 


determined in the main by the motion of a conduction electron through the non- 
uniform field which may be considered to be fixed in time com 


g or vanishing effect on the particle when averaged along the path of its. 
However, for most conduction electrons in metals, the Doppler effect is. 


pared with the 


& 
g 
oa 
» 
¥ 
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rapidness of the motion. Therefore, the coherence of the motion in this case is 
not asked for in connection with the variation of the field in time, as is the case, 
for example, in the cyclotron resonance, but it is asked for in connection with 
the variation in space. In this sense, it may be called a “spatial coherence ”. 

Through the spatial coherence between dynamical motions of some perturbed 
units and the non-uniform electric field, ultrasonics offers also interesting infor- 
mation about the dynamical properties of the perturbed system. The experimental 
condition for the “spatial resonance” is more easily realizable than it would be 
if the resonance were of the ordinary nature. 

In the present article, our interest_is centred in ultrasonic dispersions and 
attenuations determined by the last-mentioned spatial coherence between conduc- 
tion electrons and sound waves. For the illustration, we take up an example 
which is already known as having such a nature and which has an intimate rela- 
tion with the present phenomenon. This is Landau’s attenuation of plasma oscil- 
lations in a non-degenerate free electron gas.” Actually,.any attenuation known 
so far in collective oscillations of the electro-magnetic origin may be called 
Landau’s attenuation, for they arise from the same mechanism as in Landau’s case 
except when a quantum effect described later plays an essential role. 

Landau’s work is rather mathematical in nature, and the origin of the at- 
tenuation is also mathematically clear. He solved the Boltzmann equation coupled 
with Maxwell’s equations and obtained from the requirement of a self-consistency 
a dispersion relation for the waves of longitudinal electric field (the plasma oscil- 


lations) possible in a non-degenerate free electron gas of infinite dimension. The 
attenuation arose from a pole in’complex p-plane: 


ptikv=0, 
where « is the wave vector of the electric field and v is the velocity of an electron. 


Since 7p signifies a frequency in Landau’s notation, the above equation is rewrit- 
ten as 


w—kv=0, (1-1) 
where w may be considered to be the frequency of the electric field. As is easily 
seen, —«v represents a frequency shift due to the Doppler effect, so that w—x«v 
represents the frequency of the electric field which an electron running with 
velocity v feels. (1-1) then implies that the attenuation is determined only by 
those electrons for which the perturbing field happens to be steady as a result of 
the Doppler effect. It is obvious that those for which (1-1) does not hold do 
not participate the attenuation, for their velocity-changes due to the electric field 
are found to be out of phase with the field, so that they gain no energy on the 
average. Those satisfying (1-1) do not continue to be accelerated steadily,* 


* In addition to the steady acceleration, there ( ion i 
Ks occurs also a steady deceleration in the electron 
system. However, the fact that a wave propagates in a specified direction destroys the time reversal 
symmetry of the system, and it never happens that the acceleration and the deceleration cancel each 


other to give rise to no attenuation. We may use the description as if there were the steady accele- 
Ci ] 
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because they are accelerated to change their velocities and (1-1) ceases to be valid 
for changed velocities. Thus a finite attenuation is present even in the absence 
of a collision. The mechanism for the attenuation is not limited to the longitu- 
dinal waves™. 

From the above argument, we can say that the non-uniformity of the field 
casts a spot light on a particular group of electrons satisfying (1-1). The same 
can be said also in a more realistic case where electrons have more complex 
dynamical properties. The artificial variation of the frequency as well as of the 
wave vector of the field would make it possible to analyze in detail the dynamical 
properties. This is just the case in the ultrasonic attenuation, both w and « being 
now easily controllable. If the electric field in the above argument is taken to 
be that generated by sound waves, we can proceed with the same argument as 
above. It will be clear that there exists a finite ultrasonic attenuation due to 
conduction electrons of infinite mean free time. 

For degenerate conduction electrons in metals, we have, instead of (1-1), 


UV, cosd=u, » CIEZ) 


where v, is a Fermi. velocity, while w is the sound velocity and @ is the angle 
between the propagation direction of the sound wave and the Fermi velocity. 
Since v)/u=10? in metals, 0 is nearly z/2. Therefore one can say that the at- 
tenuation is determined only by those electrons whose velocities are perpendicular 
to the propagation direction. The situation strongly resembles that of the anoma- 
lous skin effect.” It is expected, therefore, that there exists an intimate relation 
between the ultrasonic attenuation and the surface resistance, a quantity indicating 
a magnitude of power loss of the microwave cast on a surface of a metallic speci- 
men, It is also expected that we can determine the Fermi surface of a metal 
with ultrasonics just as Pippard could of copper with microwave.” 
The quantum mechanical counterpart of (1-1) is the energy conservation : 


Ex— Ens, tho=0, (1-3) 


where E, is the energy of an electron with wave vector k. Ina free electron 


case, (1-3) is reduced to 


w(1—L’n’) —vn=0, (1-4) 
where 
Piece 
2mw 


L is a quantity having the dimension of length and indicates a quantum effect. 
If the quantum effect is negligible (this is the case when w<10" in metals), (1-4) 


* Prof. S. Nakajima kindly pointed out to the author that such an interpretation can be seen 
also from Bohm and Gross’s work: Phys. Rev. 75 (1949), 1864. 
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coincides with (1-1), and the use of the Boltzmann equation is justified. 

The first three sections of the present article are the preliminaries for the 
later sections. In § 2, some physical quantities are defined. §3 is devoted to the 
determination of electro-magnetic fields in a deformable medium in the presence 
of sound waves. The content there is partly the same as those of some previous 
authors’ works, especially that of Noziéres and Pines.” In § 4, the results of § 3 
are applied to a degenerate free electron case. In § 5, the simplest hydrodynami- 
cal description which is originally due to Steinberg” is made on the motions of 
sound waves in a medium, and the propagation equations for them are obtained. 
In § 6, our program is performed by the use of the Boltzmann equation comparing 
the results with those of Pippard.® In § 7, detailed investigation is given of the 
parallelism between the present phenomenon and the anomalous skin effect men- 
tioned above. In Appendix I, diamagnetic susceptibility of conduction electrons 
is derived with two simple applications. In appendix II, a brief discussion is 
given on the collective oscillations possible in a free electron system of infinite 
dimension and Landau’s attenuations are derived by our formulation. 


§ 2. Definitions 


Suppose, in a medium of a perfect crystal, distributions of test charge p° (x, £) 
and test current j°(x,, 2) with, for the time being, prescribed space-time depend- 
ence satisfying the continuity equation 


, 0 
div p+ p'=0, 2. 
Sod Neha (2-1) 


where the space derivative is performed with respect to xp. 

The medium is affected by these test sources giving rise to resultant charge 
and current densities which we denote by (x, 2) and j(x, 2) respectively. Let 
the scalar and the vector potentials be denoted by ¢(m, 2) and A(x, t) respec- 
tively, which are determined by solving the Poisson equations 


Li¢=—4zpe (2-2a) 
and 
o4=- (2-2b) 


together with the Lorentz condition 
; Ib wie) 
divA+— ——4=0. . 
Cor ? fogs 


The electro-magnetic fields E(x), t) and B(x», t) in the medium are given by 


bp) 
E=-— grad 6—— ——A, ; 
d mae Y (2 4a) 
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and 
B=rotA. (2-4b) 
If we put 
p= +e (2-5a) 
and 
j=S ty: (2-5b) 


then ¢' (x), 2) and j’(x , 2) mean respectively the induced charge and current dis- 
tributions also satisfying the continuity equation 


Sep. beg) he 
div j' +—°=0. : 
a Naas (2-6) 


Hereafter, the Fourier components X(«, w) of an arbitrary space-time func- 
tion X(x,; 2) will be introduced through the transformation 


Kenji x (Rew yen eo. (2:7) 


We will also use an expression like X(«, ¢) which is the transformation of X (x, 2) 
in the space coordinates only. 


§ 3. Electro-magnetic dispersions 


The density matrix of our system, a function of time f(Z), is determined by 
the equation of motion together with the initial condition that the system had 
been in thermal equilibrium in the absence of a perturbation which was introduced 
adiabatically at z=—©o. The solution in a matrix element is” 


(m| f(2) 2) =fo(En) Oman t<m| filt) |np +o (3-1) 
where 


(m| fa) n= { fo(En) —fo(Em) }<m|H'(w) |720)Dam aye" (3-2) 


with 


Ans 

= —it0(E,—Ent+hw). 3-3 

Siem RG RENE TSEC : 2 oe 
(P means to take the principal value.) 


fo(E,) is the equilibrium distribution function, and E, is the eigen-value in the 
eigen-state |7) of the unperturbed Hamiltonian which is assumed in this section to 


have the periodicity of the crystal. H'(w) is a Fourier component of the per-— 


turbation H’(Z) : 
H' (t) =H’ (oe (3-4) 


wre oe: 


> 7. 
wr ee? ae Lee 


ont 


a 


ny 
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with the property 


H’(—«) =H'(w)* (*means the conjugate complex). 


In the present case, 


H’ (t) zz! é pe ee pe A, («, w) ei! ed (k, w) Poa 


~, ©L2QN1C 
= >1{—4,(«) A, (mW, w) +05(«) 6 (He, w) fe" (3-5) 
with 
0y(«) = —ee"™, 
(3-6) 
0, (x) — bee {p,e"" +e" p,} : 
2c 


and where electron charge is taken to be —e. The repeated indices are the sum- 


mation convention. 
To be calculated are the charge and current densities which are respectively 


the statistical averages of the operators 


— 8 (x—x,) = 13, («) ef \ 


and | (3-7) 
4 Gem) = D8, (u) o£ A, (w, w) ef", | 
Cc = mc Loh) / 
Namely, 
( (Xo, t) = 330" (x, .@) hor eT rt (2), Oe—x,)*, 
> (3-8) 


Je So 1) = Dj. (we, @) eh =Tr { f(t), 7, (x — 40) }, 


where the system is assumed for simplicity to have a unit volume. 
After elementary manipulations, we obtain the linear responses : 


0’ (x, w) = — iho (E,) {¢2|0o(—«) |) m6, (1) |) Dam (w) 
+ (n|0, (4) |< m|d(—#) |21)Dam* (— cw) } A, (4, @) 
+ 3) fo(En) {|¢2|4o(—#) |7)|*Dam (w) 
+ |{m|0q (He) |72)|?Dam* (— wo) } 6 (x, o), (3 -9a) 


and 


ae (x, w) -|- ne" ow Fo(En) {(n|0,(—x) |) (m0, () |2)Dam (w) 


mc 


+(nl6, (x) |m><m|d, (—x) in)Dan* (—o)} |. yy 
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+2ifo (E,,) {(2\0,,(—«) |X mo (He) |72)Dam Cw) 
+ (n\0o(«) |m>< md, (—#) \2)Dam* (— ov) } 6 («, @). (3-9b) 


In the expression of the current, 7 denotes the electron density. It is shown that 
the relations (3-9a,b) are gauge invariant and the continuity equation (2-6) 
holds between o’ and j'.* In the simplest case where the system is isotropic, 
these are reduced to 


O' (Kk, w) = —1(e-2) re, w) O(K, ), (3-10) 
K G 
15 $(«, @) =—d(«, 0) Arie, ©) (3-11) 
Cc 
and } ; 


0 (x, «), (Sate 


Jie, 0) = 
(a KC 


where ¢ and J mean the transverse and the longitudinal components respectively, 


and 


I’ (1e, ©) = —S. fo(En) {|<71\80(—#) |m)|"Dam (o) 
4+ |\(n|do(e) |)|*Dan* (— 0) }; (3-12) 


(E,) {|{n|0,(—«) \m)|?Dam (w) 


A(k, w) = 


+ |¢n|0,(1e) |270)|’Dam* (—) - (3-13) 


In this reduction, some sum-rule type identities together with (2-3) are empl 
In the forms of (3-10) and (3-11), the gauge invariance is obvious. 
Now, the Poisson equations (2-2) are written as 


(« -—£) (14+ )) eae Be aaa =) Ge 


and 


(v- + 42d («, w) A, («, w) Se, (K, w). (3-14b) ‘ 
c c 


It is seen that 
'*(«, wo) =C(—*, —w) 


and 


* Accordingly, diffusion as well as ohmic current is automatically included in our j‘(K,w). See 


ref. 9). 
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Tie (Kk, w) =d(—k, —w), 


so that /’ and das space-time functions are real as it should be” From (3-9b), 
the most general expression for Landau’s diamagnetic susceptibility can be derived. 
f This will be done in Appendix I. 


§ 4. Calculations in a degenerate free electron case 


a When E,, consists only of the kinetic energy of free electrons, and when they 
| are degenerate, /"(«, w) and J(«, w) are easily calculated. The results are writ- 
ten down. 

[1] The longitudinal case 


4nl' (1, «) =4'| 1 {FG.) +FU-)} +27 (4-1) 
} 
where 
F(z) perp BA) log i H 
z 1l—z 
pee ee ee, l 4-2 
A ge Daigo -_ 
j=, 
2Ro / 
and 
q =4ze'n(C). (4-3) 


In these expressions, kp, vo and 2(€) are respectively the Fermi wave number, 
the Fermi velocity and the state density at the Fermi level €. gq? is the screening 
constant appearing in the Thomas-Fermi model. F(x) has the following expan- 


sion : 
3 5 
Pe ei for z<1, 


F(x) = : (4-4) 
2( SEM sh eat | 
tale ape MM sys segs tah Se 


+), for x>1. 


7 is a function defined by 
720), when “,. > Tcands}i4/ S41; 
ae when-/,>]-and Sau) <e1. (4-5) 


a ee when 2, <1 and aati 
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~where 
r= 4") (4-6) 
are 5 eee Ne 
[2] The transverse case 
4nd (e, «) =4/|1- 3 {GG.) +GG-)} —nig |, (4-7) 
where 
3 | 1 @ 10 
G =—{(1—2z")? log| ——. —22°+— 4-8 
() =3{-2') od El al 2+) (4-8) 
-and 
ge =4z ne?/mce’. (4-9) 


gé is the screening factor appearing in the simplest theory of the superconductivity. 
‘G(a) has the following expansion : 


Loa for z<1,. 
ar ers for z>1. 
52 352° 
7 is a function defined by 
7=0, when 4, >1 and |4_|>1, ; 
=F, when 4,.>1 and |42|<1, (4-11) 


=7-—7+, when A, <1 anid {AL <i 


- where 


i= 55 a1" (4-12) 


y+ or 7 is nothing but the quantum mechanical expression of Landau’s attenuation 
mentioned in §1. In Fig. 1, the functions 7 and 7 are plotted schematically against 
x. In the figure, «,* and «* are defined by : 


Ky (VY ( o/€) (4-13) 
tat =hy 1tV1—(ho/é)). oe 
‘There is no attenuation in the shaded regions. The critical values K,* are es- 
sentially the same as those of Ferrell,” with the difference that o in Ferrell’s 
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case is a function of «* (see Appendix II), 
so that «,* must be solved. The ultrasonic 
attenuation arises from the region III of case 
B. 


In Appendix II, a brief discussion is 
given of the collective oscillations in a free 
electron system of infinite dimension. 


§ 5. Ultrasonic dispersions and 


attenuations > : 
'Ko x 
In this section, p’ (x, 2) and j’(x», z) are 7-—N+ 
taken to be generated by sound waves in a 
Case B, €>hw 


medium. The linear hydrodynamical equation 
Fig. 1. Schematic representation of 


of motion for a sound wave is functions y-and 7. 
Oth. re) 
PUG RAID ES a CR tyes aa Ps (6-1) 
(4 Ot Ox, 


where M is the mass of an ion core (positively charged),* and T,, (x, ¢) is the 

pressure tensor arising from that part of interactions between ion cores which is 

not described in the continuity model. It is assumed that there is one electron 

per one ion core. The first term on the right side is the volume force exerted 

on the positive charges and E(x, 7¢) in it is given by (2-4a) together with 

(3-14a). The effect of the magnetic field, B(x», 2), is shown to be non-linear. 
For simplicity, we assume the simplest form of Hook’s law: 


Te (Ky @) hae) Noa a (Kk, w) ) 
K 
Ane. (Kk, w) a | (u;°) chy (k, w) | (5 es 2) 
awe, ae | (us)? ) \ j2Ce, @) 


where z-direction is taken to be the propagation direction of the sound wave, and 
uw and wu,’ are parameters in respective directions having the dimension of velocity. 
In the Fourier components, (5-1) is rewritten as follows. 
[1] The longitudinal case 
Replacing j,’(«, w) by p°(«, w) by the use of (2-1), we have 
M . 2 . 
OTS een =ne\ 1? A, Peveries w)} 
Cote is 
—*M(ut)*0 (x, «), 
e 
or from (2-3) and (3-14a) 


* The positive charges are also considered to be smeared out. M/e is the factor which converts 
the current density into the momentum density. ; 
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2 2 
v0 (1, =} Arne K ae i 0 
é 4 M_ «+4nrI'(k, w) Ta DEE 0 


whence follows the dispersion relation 


2 


K 
M #+427I'(k, w) 


2 
WO =W,y 


+ (2e;’) "x", (5 3a). 


where w, is the electron plasma frequency. 
[2] The transverse case 
The equation of motion is 


Ve ; Ke? 
— ij,’ («, w) =ne A, («, 0) —“~—M (u;) 42 (x, «), 
e G ew 


or from (3-14b) 


[__ Ane’ wo 


2-0 . 
K, coe 
wife (@, 0) =| Mec? *— (w*/c*) + 42 d(x, «) 


=: (C79) “| Fis (x, o) > 


whence follows the dispersion relation 


2 2m Op /C 0) 2,2 
oe + é 5-3b 
“ z M #—(a'/c) +474 («, w) Cay 


For a given w, the dispersion relations are solved approximately. Using the: 
expansion formulae (4-1) and (4-7) for «<1, we have 


An P(e, w) =92(1+2i —2-) (5- 4a) 
2KUo 
and 
2 
Az A (Kk, w) =a? /3( Lad — a sa . (5- 4b) 
KU APL KUO) 


Since |J,.| are much less than unity for practical values of «, the last expressions. 
of (4-5) and (4-11) have been employed. From (5-3a,b) and (5-4a,b), we. 
finally get: the sound velocities (adiabatic velocities) 


0) 2 m 2|” 
uy = | Gu’) = oe | ? (5-5a). 
dae IOs (5 a ws lien (5 -5b) 
Bp ac [area 3 gn (ur)? ar 


and the attenuation constants - 


a, — ZMVow ; (5 A 6a): 
12Mu; 
foe 2Mv yw é (5-6b) 


t 


32 Mu; Oe 
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wv 


The conditions for (5:5a) and (5-6a) are 


(( K fe K )< (@) ZT, (5-7a) 

Nn 2k KVo 

which are satished in metals when w<10", and those for (5-5b) and (5-6b) are 

(Ck eae © 21, (5-7b) 

CE 2ko KV9 

which are satisfied when w<10°. 

In case 
K wo B\i 

Ee <( ) (5-8) 
2ky KU dt 

-~we have 


2 
(@) 


2/,,0\2 7-1/2 
ong eS 


(5-9) 
_ 3t m qu’ 


8 M wu 


t 


a, decreases aS w increases. We cannot expect a similar behaviour in the 
longitudinal case, for inequalities corresponding to (5-8) do not hold for practical 
values of g, and other parameters. (Note that g,°>10’q,.) The second inequality 
in (5-8) is the condition for the polarization of the electrons to be negligible 
(see (3-11)): 

SEALY (5-10) 
K 
‘The quantity on the left side signifies the extent to which the transverse sound 
wave is affected by the electrons. As w increases, « increases, while 4(«, w) is 
kept nearly constant for a considerably wide range of w. It follows, therefore, 
that sound waves with frequencies high enough propagate almost unaffectedly by 
electrons. 

If there is any connection between our results and those of Pippard, it is 
expected that this must be with Pippard’s case in which «/>1 and wt>1, where 
t and /(=w,t) are respectively the mean free time and the mean free path of the 
Fermi electrons, because in our treatment these have been assumed to be infinite. 
However, contrary to this expectation (5-6a, b) coincide with Pippard’s formulae® 
claimed by himself to be applicable to the case in which «cl/>1 but wr<1.* 

In the next section our calculations will be repeated with the use of the 
Boltzmann equation. As was pointed out in § 1, its use is conditioned by 


* At present the case wt>1 is far from being realized. 
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(Le)*<1, 


which holds practically in our problem.* 

Judging from the results of the next section together with the fact that 
Pippard’s formulae in question are in agreement with experiments in their ap- 
plicable regions supposed, it may be concluded that the condition for a collision 
to be negligible is not wz>1 (note that it holds «Sw in metals) as we have 
first considered, but it is «/>1 irrespectively of the value of wr. This is in 
support of our statement in §1 that the attenuation in this case is due to the 


spatial resonance of a group of electrons with the non-uniform electric field. 


generated by sound waves. Moreover, the condition «/>1 is more easily realiz- 
able than wt>1. 


§6. The Boltzmann equation method 


The existing concept is that if the thermal contact between the electron 
system and the surroundings (the interaction systems) in the medium is strong, 
the electron system will always be nearly in local thermal equilibrium under the 


electro-magnetic fields due to sound waves. This concept is displayed in the. 


Boltzmann equation method by putting the collision term in a form 


_fO-fO, (6-1) 


& 


where f,(z) is the local equilibrium distribution, f(z) is the actual distribution 
and < denotes a collision time. What sort of a collision is responsible for setting 
up the local equilibrium is not a priori obvious. However, the experimentally 
observed parallelism between the attenuation and the electric resistance is sug- 
gestive enough to show that collisions causing the electric resistance are also of 
such a nature as f(¢) approaches directly or indirectly to f.(¢) in consequence.** 

Now in this method, the program is straightforward. The solution of the 
Boltzmann equation enables us to calculate p‘(«, w) and j’(#, w), hence I’(«, w) 
and 4(«, w) successively, and (5-3a,b) then give the desired formulae. The basic 


equation is 


FE 4 (£(), Ho} + {fy H'} = FOLEY, 


where H, is the kinetic energy of a free electron, and H'(t) is the perturbation 
given by (3-5). The curly brackets are the Poisson brackets. In the Fourier 


components, it is rewritten as 


* Through a private communication with Pippard, the author is recently informed of the fact 
that in his.new paper: Proc. Roy. Soc. 257 (1960), 165, he extended his mothod to the case in 
which wrS>1, and obtained the results which are essentially the same as those of the present article. 

** Strictly speaking, f,(¢) should be conjectured from this fact! 


; ; 
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(—iw-+inv)f(«, wv) —i(Kev) {—ed (x, ) te (A(k, w) - sii fe 
_ f(«, wo) —fel®, o) (6-2) 
where v is the velocity of a free electron. For to, we have 
P = | Z 
f(t, o) =— (ae —i0 (w— Kv) (xv) ed (Kk, @) 
wW— KD 
+£(A(e, 0) 2) | Se (6-3) 
After simple calculations along our program, we obtain for w/v <1* 
AI" (kK, w) =4'{1— ” log ee Ley ese I: (6- 4a) 
2KV KUp— 2KVo 


AtA(«, w) Sgi\= |e y+32 (1- aay log | oto | (6 - 4b) 


KU9 AKU KU9 KUjy— W 


“a 


oe ( ( 0) )) 
BEE Gs pny Ee 
abe aro KU9 
For w/xkv,)>1, the imaginary terms vanish. 
Comparison of (6-4a, b) with (5-4a, b) shows that both results are the same 


up to the terms of order of (w/«vo)*, so that we have the same dispersion rela- 
tions up to this order. Note that the condition for (6-3) is 


«l>1, (6-5) 


as is verified easily. 

Now, it is shown that a simply extrapolative application of Pippard’s method 
to the case of a very long t seems unjustifiable. Pippard’s original calculations 
were based on the assumption that regardless of the values of +, the attenuation 
at a time ¢ is determined by dv’ (t) =v’ (t) —v,’(t), where v’(t) is a velocity dis- 
tribution of the electron system deformed by sound waves, and v,’(¢) is the local 
equilibrium one under the same deformation. This leads to the following. If 
the electron system is supposed to be in local equilibrium at an instant, then 
sound waves lose no energy at least at that instant, because, as is involved in 
the assumption, there occurs no net energy transfer from the electron system to 
the interaction systems. 

Indeed, this assumption may be justified when < is short enough, for the at- 
tenuation in this case is determined by the way of energy transfer mentioned 
above. However, the local equilibrium becomes a redundant concept as 7 tends 


* Some authors overlooked A(x, w)-dependent term in (3+7). This makes the legitimacy of 
their results doubtful. 
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to be infinite, because the attenuation is now determined by dynamical properties 
of the electron system independently of collision mechanisms. That is to say, it 
participates now only with those electrons for which the perturbing fields happen 
to be steady as a result of the Doppler effect. So long as v is larger than % 
or #,, which is the case in metals, such electrons always exist and are accelerated 
steadily by the field even when the electron system happens to be in local equi- 
librium. Thus we may conclude that the above assumption is unjustifiable in the 
case of a very long mean free time.* 

In case «l<1, f.(t) is an essential quantity. We have tried some calcula- 
tions assuming various forms of f,(¢). To begin with, Pippard’s assumption of 
the collision drag® led to some difficulties in our program. For instance, we 
found that it led to a distribution which seems inconsistent in that charge and 
current densities calculated are not gauge invariant, nor they satisfy the continuity 
equation. Other forms of f.(¢) assumed contained likewise more or less difficulties, 
though we could reach some formulae closely resembling those of Pippard after 
some unconvincing procedures.** . 

Although Pippard’s formulae for «/<1 experience experimenta! confirmation, 
they need some revisions from a theoretical standpoint, which will lead us neces- 
sarily to the substantial problems of irreversible processes. To be calculated is, 
for instance, 


o 


I(x, w= de [errs (= x)e,. 0, (a) pe, (6-6) 
1 “ 
where 


(X)=Tr{ fo), X} (6-7) 


with f)(H,) denoting the equilibrium distribution of a system with Hamiltonian 
H,, and the square bracket means a commutator. If necessary, all the variables 
are understood to be second quantized. It is easy to see that (6-6) reduces to 
(3-12) in the simplest case (a suitable convergence factor is involved in a). 
Our interest is how to reduce (6-6) when, for instance, the electron-thermal- 
phonon interaction or an impurity potential is included in A. 


§ 7. Connection with anomalous skin effect 


In the general case where the energy of a conduction electron is an arbitrary 
function of the wave vector k, (6-3) gives 


AnI’ (kK, w) =| q?—Antietw 2s oe -0(w—kv) h Ci sta) 
- OE), 


* See, however, the footnote of p. 13. . 
** Yet, Pippard’s results should be noticeable, because his results agree fairly well with experi- 


ment even quantitatively.” In this respect, his intuition overwhelms our foolish carefulness. 
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and 
2 
Ard, (#, wo) =— Ani” wy Se, (w— kv) (7-1b) 
Co OE, 
(ft, v=2, y) 
where 
1 “OF; 
aie ? 7 c 2, 
Up h Ok, ( ) 


and the sum is taken over the k-space. By writing (7-1a, b), we have neglected 
some terms of order of w/v or w/t. The real parts of /’ and 4 are influenced 
only to a negligible amount by the detailed structure of E;. This is a very 
fortunate fact, because this enables us to analize the Fermi surface with the at- 
tenuation experiment even though sound velocities have anisotropies caused from. 
some other origins. 

Application of a simple solid geometry gives 


Of h \ e sin Ods 
= O(w—kKD) = 3 Va 
Pa NEES CS se? 
Cc 
2 fo y 1 (9E/9k ; i 
= . —KDvD) = z ? Ods. ft -3b 
pgm On) ah | tered as 


Cc 


Fig. 2a Fig. 2b 


The integration is carried out along the path (not necessarily a simple, closed 


one) on the Fermi surface having the property that it holds at any point of the 
path that 


cos 8 =—° 


7-4 
; akan : 
where # is the angle between z-direction (the propagation direction) and the 
normal at that point. In the integrand, p is the radius of curvature and 0 denotes. 
an angle between z-direction and a line element ds. These are illustrated in 
Fig. 2. Fig. 2b is the magnification of a sphere element (the shaded part) of 


Fig. 2a. It is a simple geometrical problem to see that the integrand of (7 -3b) 
is identical with 
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ev dy (7-5) 


in Pippard’s notation.”* Without losing the generality, we can take x- and y- 
directions to be the principal axes of tensor 4,,(«,w). Then we have 


ho p sin Ods 
AnT’ (x, w) = it ; \ i 7-6 
8 Fen) lel | ered Ex ee 
and 
Ard, (, w) = —ig?— ee in @ ds. 7-6b 
w(K, w) 1g mnie) ‘eradE,? p sin s | ( ) 
(U=2, y.) 


Assuming again for simplicity that m° and wu,’ in (5-2) are isotropic, we 
obtain from (5-3a, b) 


2791/2 
u=| (uy +2E (22) 7", (7-7a) 
u | t ang 
Up=Ut's | (7-7b) 
and 

mhew, ¢ eosin Ods 
te P : 7 -8a) 
te etd |grad E;,|? : 

Cc 
=i 

(a,),=2@nh | CE/Ph)o sin Ods |, (7-8b) 

Mu? |grad E;,|? 

Cc 


The validity conditions for (7-7a, b) and (7-8a, b) are the same as before, 
that is, (5-7a, b) and (6-5) with due interpretation of k) and w. 
From (7-8b), we obtain an important formula 


2rinhin _( (OE/0k.) 5 sin Ods, (7-9) 
Mu? (a,) P Y |grad E;,|" 
or 
27'nlhw [ 1b 1 |- \ . r 
Ae =|psin Ods, (7-9) 
Mu? CAF (a;) y " 


which should be compared with the surface resistance in the anomalous skin effect. 
The general expression for the surface impedance can be derived by Nakajima’s 
technique.” Suppose that an electromagnetic field with a given frequency propa- 
gates in z-direction with the electric field vector in z-direction (one of the prin- 


* Note that our p differs from Pippard’s p in the dimension. 
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cipal axes) and that the medium is divided into two parts in such a way that 


the region z>0 is occupied by a metal and the region z<O is empty. Assump- 
tion of a specular boundary scattering leads to the equation 


ae A; (z, )) > 
z=0 


2 — 2 4nd e, w) [Ac (x, 0) =2( 5. 


whence follows the surface impedance Z,(w) 


i) 


Bey =f, ( 2; oo A,(z; w)) 


OO ey =4a(—4 


z=0 


87tiw 1 
= = ‘ 7-10 
C ms Ke —(w'/c’)+ 42d (kK, w) ( ) 


where R,(w) and X,(w) are the surface resistance and reactance respectively, and 


are real quantities. 


Neglecting w’/c’? in the denominator and putting 
Az A(x, w) ee (7-11) 
|X| 
where g is defined by identifying (7-11) with (7-6b), the summation of (7-10) 


can be carried out by a contour integration to give 


Z,,(w) = ee ((1///3) =) 
c g 


= Or 


ae V3p (« | AC oe (OE/Oks)” 9 sin ds. (7-12) 


87 Mog, ) |grad E;,\* 
From (7-9) and (7-12), we get 
(a) » =| ee i: 
(aye R,' (@) : 


where (@,’), and R,’(w) are the quantities which the system would have if the 
conduction electrons were supposed to be free electrons. (a;°), is given by (5-6a) 
while . 


(7216) 


Rie) = Meee 7-44) 


ne*c* 
Assumption of a diffuse surface scattering, on the other hand, replaces the 


right side of (7-13) by™® 
l R,(o) if 
any (w) , 


where 
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R,” (w) = een (7-15) 


ne’c* 
The conditions for (7-14) and (7-15) are: 


ete hp (7-16a) 


JVo 


for the asymptotic formula (7-11) to be applicable, 


g wo 
~_€—_., 7-16b 
2ky =U 


for the classical description (the use of the Boltzmann equation) to be valid, and 
gl>1, (7-16c) 


for scattering effects to be negligible. Neglect of the displacement current is 
justified by (7-16a). Since g isa quantity of order of (qw/wv)*”, it is ~10* in 
metals for w=10", so that (7-16a, b) are fulfilled. 

It is now clear that the measurement of the attenuation anisotropies enables 
us to analize the Fermi surface just as that of the surface resistance does. The 
anisotropies of x,’ or u;’, if present, do not give rise to any serious difficulties in 
the analysis unless there exist anisotropies in the attenuation itself caused from 
other mechanisms than what we have been considering. The apprehension for 
such undesirable excess anisotropies will be a great drawback in the experiment 
with ultrasonics which is absent in the anomalous skin effect ‘case, but we have 
one advantage over the previous experiment in the fact that the surface treatment 
of a specimen will not have to be so severe this time. ; 

It is-desirable to derive a mathematical method which reduces experimental 
data of the attenuation anisotropy directly to a Fermi surface. This is the inverse 
transformation to (7-8a) or (7-9). Such a transformation is known in other 


case. 


§ 8. Summary and discussions 


The hydrodynamical equations of motion coupled with Maxwell’s equations 
give the propagation equations for sound waves in a medium : 


Ne NC ARRAY Pas cee ei PAY 8-1a): 

w =W, AP PEE ee) + (um), (8- 1a) 

2/2 
Coles 2 Mm wp /C a 0) 242, 8-1b 
a ee M «—(a'/c’)+ 424 (kK, w) eRe 
with 
P(x, w) = —z (a erga 0) (—«) ef 7 tHotl®) Oo («) |), (8 -2a) 
1 


0 
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oo 


A(k, 0s) aL 4 = \at ek [etHotlad, (— Kk) e(-tHotl”) 9, (x) 5 (8 - 2b) 
mC 1 


where H, is the total Hamiltonian of the medium, and where the isotropy of the 
medium and dispersion-freedom of um" and «;’ are assumed. When a degenerate 
free electron system is the medium, and when quantum effects are negligible (the 
condition for this is (7-16b)), (8-1a, b) lead to the attenuation constants (5-6a, b) 
agreeing with Pippard’s results with corrected restrictive condition (6:5). 

In case where interactions are included in Hj, our formulation is of no prac- 
tical use at present, for we have no prescription how to treat interaction terms 
in (8-2a,b). Careless use of a damping theoretical method, for instance, will be 
likely to lead us to an error. 

It is interesting to note that, when zw,’ in (8-1la) or uw,’ in (8-1b) is put to 
zero, we have dispersion relations for the collective oscillations in a system of 
heavy free positive charges the interaction between which is screened by light 
electrons. If the screening effect (/’(«, w)) were to be removed, (8-la) would 
give a plasma oscillation, but the screening changes it into a sound wave type 
oscillation. This is already known.” Similar behaviour is not observed in the 
transverse case, the screening being weak this time. The weakness of the screen- 
ing is also the reason why the attenuation of a transverse sound wave is of 
the same order as that of a longitudinal one, though the original interaction with 
the electrons is weaker in the transverse case. 

The argument in the last paragraph puts forth a question that one might 
have to examine the effects of transverse lattice vibrations on the electric resist- 
ance. Although there can be no direct effects as is generally recognized, there 
can be effects through the induction force as is just the case in the ultrasonic 
attenuation. 

In this question, an important problem will be the screening due to conduc- 
tion electrons. The author investigated it in another connection.” The results 
of §3 of the present article also will be the solution in a sense. Our inference 
is then that if the screening is determined dynamically («/>1), and if |2.| difined 
by (4-2) are much less than unity, the screening is negligible,* so that trans- 
verse lattice vibrations would have some effects on the electric resistance which 


* An objection seems possible as follows. Every charged particle in metals has its own cor- 
relation hole around it, as a result of which the interaction between any such particles is strongly 
screened. Hence a motion of the particle does not necessarily mean an electric current, because it is 
' followed by the hole. However, the objection is incorrect, otherwize, it leads, first of all, to the 
absurdity that motions of conduction electrons in metals do not give rise to any effects on the out- 
side (as would be the case in a superconductor), each electron being accompanied by the correla- 
tion hole of Bohm-Pines.1” Indeed, the hole screens the static interaction, but not the effect of the 
motion of the particle (the electric current), for the same hole does not always localize around it, 


The screening of the electric current arises from other mechanism which we have investigated in 
detail in § 3 or in ref, 16). 
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might be comparable with those of longitudinal ones. In case where the collision 
drag effect might determine the screening, as is expected to be the case when 
kKl<1, we cannot say anything definite. Anyhow, further investigations are re- 
quired. 

Finally, one conjecture is given of what happens if the medium becomes a 
superconducting state. In this state, we can put 


4nd («, w) ~qe (8-3) 


in the lowest approximation.” (We are not in a position to discuss the imaginary 
part of 4(«,w).) Then we get from (5-3a) the sound velocity 


! 0 ee hae 
Uy =U nae, 3 (8-4) 


and comparison of this with (5-5b) gives 


eee MPL |1- 16 {1+ Fl ( WV )t I (8-5) 
Ut 2M 327 BN g.(us)* 

The quantity on the right side is of order 10~° for a typical superconductor- 
Thus it is possible in principle that the difference in the screening of electro- 
magnetic interactions in the normal and the superconducting states yields also 
the difference in sound velocities. 

The author wishes to express his sincere thanks to Prof. Z. Mikura and other 
members of a group of solid state physics in Tohoku University for stimulating 
discussions, and to Dr. T. Kamigaki for discussing the present experimental situa- 


tion of the phenomenon. 


Appendix I 
Landaws diamagnetism 


When w=0 and ¢(«, w) =0, (3-9b) is simplified to 


15 Ce, 0) =—T s(n) A, (es 0); (AI-1) 
Cc 
where 
As (n|8,,(—x) |m)m9, (e) |) 
7, (e) =" 8, + Df) | ee 
(n\d, (4) |m)<m|d,(—«) |2) fee 
+ oan | (AL-2) 


Let the induced magnetization be denoted by M‘(x,), which is connected with 
j (%) by the relation 
1 j#(,) =rot M" (x0). (AL-3) 
C 
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The magnetic susceptibility tensor X(«) is defined by the algebraic equation 


M,' («) =%,.(«) B, («) (AI: 4) 
or from (2-4b), (AI-l)and (AI-3), 
T(«) =«KXX(«) Xk, (AI-5) 
whose solution is* 
X (we) = HEM) Xe (AI-6) 


There exists an ambiguity in the solution, for we can add to X(«#) any tensor 


' X'(«) having the property that «xX/(«) and/or X’(«) X« vanish. For «#0, 


the ambiguity is suppressed by the requirements: div M(x.) =0 and div B(«,) =0. 
However, they remain for «=0. It follows, therefore, that once a direction of 
«x is fixed, some components of X(0) cannot be determined. In order to obtain 
a full expression of X(0), we must perform the calculations of T(«#) at least 
three times changing the directions of «’s. The diamagnetic susceptibility in a 
uniform magnetic field is 


Mee lia X (oe me De (AI-7) 
For a free electron system, taking «# in z-direction, (4-1) gives 
U1 0 4 \ 
T (e220 venti eed | e 
\4 4 4) 
with 
2 i 2 
Penta) ( ) 
mc \2ky: te? 


being Landau’s susceptibility.” The components marked with 4 in T(«) are 
undetermined by the above reasoning. The results when « is taken to be x- and 
y-direction are obvious, and these three results supplement each other to give 


X=71 (AI-9) 


- with I a unit matrix. 


| In a model case where the energy of an electron is an arbitrary function of 
the wave vector, E(k), while the wave functions are the plane waves, we must 
reformulate our basic formulae based on the Hamiltonian E (p+ (e/c) A). We 
obtain after all (AI-1) with the first term of (AI-2) replaced by 


* For example, («x x(k) ) ay = KyAzy (i) = Keka, i) « 
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e FE, 
Rc r Fo t) Bp Db, 


and 0,(«) there defined by 


8, (n) = 2 1 Et ete OE (p) | 
2c \ Op, OP, 
where fp =a y and e= (0, 0,4): 

After elementary but lengthy calculations, we get 


his (xk) — e pays Of OE). ORR omy Oe OE), | 
12chHF OE, | Ak,ak, Ok2 k,Ok, Ohh, 
ene : OE. 
TR oi FO ab ke (AI-10) 
whence 
pera. ee ig ape | as ee 
YT 120W EF LOE, \Ok,0k, O82  Akdk, Pk,Okz 
OE, 
Zi aE ae Ih 
=e 10 DF ak Dke (AI 11) 
Fine aed [ Of ee 0° Er, 4 3° Ex )' 
7 20H EL OE, | 0k? Ok? \dk,Ak: 
OE, 
3 eee | AI-12 
+ 3fo Dk,k,Bke ( ) 


The other components can be obtained by obvious permutations of the suffices. 
The first two terms in curly brackets of (AI-12) were derived by Peierls, Wilson 
and other authors, and the last term by Hebborn and Sondheimer.” (AI-7) is 
a generalization of Schafroth’s method.” 


Appendix II 
Collective oscillations in an electron sytem 
If we define a four-dimensional current vector J by 
a PB ay heh me peal 
ij=2 ( jo» Ja» Ja Js) = (ip,—j), 
c c “s 


and similarly a vector potential A by 
A= (Ao, A, A, As) = (id, A), 


then (3-9a, b) are collected into a single algebraic equation 


‘ 


h(n; w) =Ky(«, 0) Aye, «), (AIL-1) 
G: 


EE er NO eee 
SS ae ET EAE ee ee TaN” 
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where 
K;, (e, o) = — 7 Ons — Difo (E,,) {(n|0,(—#) |) m9; (#) |72)Dam (o) 


+ (nd, (1) |m)><m|d;(—«) |2)Dam™* (—@) } (AII-2) 
with 
O(«) = (id,(«), S(«)). 
Greek indices run from 0 to 3, while Latin indices from 1 to 3.* 
Poisson equations are written as 


: ; 
(2-4) A; («, w) = —42Ki,; (, wv) Ay (#, @) aeaees (Kk, w). 
c c 


The necessary condition that there exist non-vanishing solutions of A(«, w) in 
the absence of J°(«, w) is 


2 
det | «x — ra + 42Ki,(«, w)| =0, (AII- 3) 


which is nothing but the dispersion relation for the collective oscillations in the 
medium, or, what amounts to the same, for the propagation of an electromagnetic 
wave in the medium.” In the isotropic case, (AII-3) is divided into two equa- 
tions, which are from (3-14a, b) : 


«+ 4rI"(«, w) =0, (AII- 4) 


for the longitudinal oscillation, and 
2 
ip = + 47d(«, w) =0, (AII-5) 
c 


for the transverse one, each of which contains two equations, for /’(#, w) and 
4d(«, w) are complex. 


For degenerate free electrons, the real part of (AII-4) is reduced to 


2 4 
or) =or1+5(") er aled +L +t, (AII-6) 
: U L 


* In the notation of § 6, 


> ne? 1 ; : 
Kyj(«, 0) = a ane dt eot( [eltHot/® §,(—n) e-tHot/, 6;(x)]>. 
0 


Sum-rules are 
“\k do=—*\ Kyo(x,0)d a 
6 on(k, w) dw= = po(k,@) O= in ged 
oi MS 


and 


1 foo} ioe} 
| Keo, w)do=— |" {Kyu («, w) — 6 | do=0. 
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and that of (AII-5) to 


2 2 
wo (Kk) =o, + (e— e e+ (9 2g) t+ mes, (AII-7) 
p 


both for small «’s. L is a parameter having the dimension of length and _ indi- 
cating a quantum effect : 


[ee eee (AII-8) 


2M» 


The imaginary parts of (AII-4 and 5) yield the inequalities : 
eK, OPCS iy 5 (AII-9) 


where 


et =h(,/142e@) +1). (AIL-10) 


(AII-9) is the requirement that « should belong to the region I of Fig. 1, where 
there is no attenuation at all (see also reference 11)). 

When the medium is not isotropic, there is a coupling between the longi- 
tudinal and transverse oscillations. One can say, for instance, that an excited 
plasma of a frequency in the medium radiates an electromagnetic wave of the 
same frequency, or that an incident electromagnetic wave attenuates in the medium 
by exciting not only the transverse oscillations, but also the plasmas. When the 
coupling is too strong, the collective modes have not so simple structure as to 
be called “longitudinal ” or “transverse” even approximately. 

For non-degenerate free electrons, elementary calculations give 


LS (Me eS 
y [ < == | — \ ds : = 
Be ON Talat (HE) (HIF) 


oy 1. sinh(L’o/a’a,) exp —l (( o)'+ Lx)‘ |, (AII-11a) 


a (anit) ° L/ a 2(ax)? \\o, 
and 
Bg he 2 ele Gh) ee Oe) PEG; 1) 
Ar A(K, w) = 2 | 7—\ae (it F) (wt 2) 
ey cee! sinh(L’?w/a’v,) —1l (2 a 4 | AIL-11b 
ne (ak) Whos exp | 2 (ak)? ( =) (Le) ) »( ) 
in which a is the well-known Debye length : 
7 ZEN (AIL-12) 
Arne” 
and 
Dee ated (2)+2 2 (AII-13). 
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For axe<1 and L<a, we get from (AII-4) and (AII-5). the dispersion relations 


wt =oy4| {1+ (ae)*+ | 


—2i{,/% os exp (—2(wa)’) +t] (AII- 14a) 


wr=ceéto,| {1 (ax)*—2 (ax)*— al 


) 


—2i{,/ 2 Bs explode) +o} ] (AII-14b) 


The first imaginary term in «, is Landau’s attenuation (Eq. (17) of ref. 3)). The 
propagation of a light in an ionosphere is governed by (AII-14b). 


Note added in proof: A Russian paper has come to the author’s notice: A. B. Migdal, J. E. T. P- 
34 (1958), 1438, in which (5-3a) is obtained with the use of the Green function method. 
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The Non-leptonic Decays of Hyperons 


Ziro MAKI and Yoshio OHNUKI 
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The non-leptonic decays of hyperons are investigated based on the Sakata model and the 
V-A theory of weak interactions. The A-decay and the 3-decay are treated in a unified way. 
In the latter case, a possibility of interpreting the experimental evidences is given provided. 
that the structure of Y-hyperon satisfies some suitable conditions. 


§ 1. Introduction and summary 


In this article, we shall discuss the non-leptonic decays of hyperons on the 
basis of the Sakata model.” The starting points of our approach are as follows: 
(1) The assumption of (extended) universal V-A interaction” 

According to the Sakata model, the proton (P), the neutron (N) and the 
lambda (A) are regarded to be the basic fields of the strongly interacting particles 
from which the other mesons and hyperons should be constructed. In this model, 
the extended form of universal V-A coupling of weak interaction including strange. 
particles is rather uniquely determined by introducing the so-called “ strangeness- 
violating current ” (Pv, A), where v,=7,(1+7s). The non-leptonic weak processes 
of strange particles are then induced by the Hamiltonian :” 


H,=f: (Nv, P) (Pv, A) : +herm. conj. (1) 


where f is the Fermi coupling constant ~1X10-* erg cm’. 


\ 
It should be remarked that thus extended Hamiltonian (1) satisfies the sym- 


metry property of weak interactions which was first pointed out by Gamba, 
Marshak and Okubo (G.M.O.).” In fact, according to G.M.O., (1) is to be 
regarded as the counter part of the /-e decay interaction and necessary to exist. 
in nature. Sakata, Nakagawa and the present authors” have proposed a unified 
model of elementary particles in which the basic particles of the Sakata model 
(P, N and A) themselves are further considered to be some kind of compound 


systems composed of v, e~ and pf and a new sort of matter B* respectively. 


This model also supports the G. M. O.-symmetry. 

(2) The lowest configuration approximation is used for the composite particles. 
In dealing with the non-leptonic decays of strange particles, we are inevitably 

confronted with a complexity of treating the two- or many-body composite systems. 

It is doubtful whether or not the structure of such a system is to be determined 
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as a quantum mechanical system. In spite of this difficulty, we assume that the 
wave functions representing the composite particles are not at all meaningless 
and that, in Fock and Tamm-Dancoff’s sense, the lowest configuration amplitudes 
for these particles play a dominant role. This approximation will be formulated 
in the subsequent sections in a covariant form. We shall not, however, discuss 
the strong interaction dynamics in any explicit way, although it plays a vital role 
for the Sakata model. 


(3) Finally, we shall neglect the effective two-fermion interaction such as 
A(AN) which will enter our problem through the virtual processes in- 
dicated, for example, by the diagram Fig. 1. 
The origin of this effect is essentially the same as 

that of the self-energy divergence and the physical 

reality of such a transition is more or less doubtful. 

This point of view may be contrasted with that of 

Oneda and others,” for they supposed that the above- 

mentioned interaction should be predominant in the 

strangeness violating weak processes and the value of this coupling was estimated 
to be A~107° m’?.* It is worthwhile to notice here that the introduction of two- 
body interaction is not preferable in the pionic decay of 3-hyperons in so far as 


Pig wis 


this interaction is a dominant one.” 

Starting from these assumptions, we shall treat in the next section (§ 2) the 
pionic decay of A-hyperons. It will be seen that the results obtained are essen- 
tially equivalent with those of the theory developed by Okubo, Marshak and 
Sudarshan (O. M.S.).” . §3 is devoted to the discussion for the ¥-decays and a 
possible way of explaining the experimental information is given under certain 
conditions imposed on the structure of the composite 3-hyperons. The non- 
leptonic decay of & is also discussed. According to our theory, it is found that 
the decay rate of the mode Z~-—+A-+2z7 is twice that of the mode =°3/A+47°. 

Not discussed are the K-meson decays. It seems to us that the straight- 
foward application of our method will fail to account for the fast decay of K,° 
into two pions, whereas the other modes of kaon decays might be well explained.” 


§2. The non-leptonic decay of A 


The general definition for the S-matrix elements of weak processes is given, 
in the lowest order perturbation for weak interaction, as 


Sy=i (27) *0 (P!— P")¢ f; out |H,,(0) |; in), (2-1) 


where the state |i;in) (or | f; out)>) means the initial (or final) state with 
outgoing (or incoming) wave boundary condition. P* (or P%) is the energy- 


* m denotes the mass of nucleons. Throughout this paper we use the natural unit: fi—c=—al 
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momentum eigenvalue belonging to the state |2) (or | f)). H,,(0) is the weak 
interaction Hamiltonian density at the origin. 


We will now start our discussion with the matrix element of the decay mode 
A>P+2-: 


Wig ==OT as trout ld. (0) |). (2-2) 


Then, 9t,~ can be easily transformed as follows :” 


1/2 \ 1/2 
M- Sa m ( uM) (ZeZi) | dtad*yerPs9 ap) 


Po Pao 
X (702+ m) (770,—M) Gi (2, 0, y)u( pa), (2-3) 
where 
Gy (a, 0, y) =(27|T [P(z) (Nv, P) (Pv, A(0)) A(y) | 2). (2-4) 


In these expressions, p and p, denote the 4-momenta of the nucleon and the / 
respectively, MZ the mass of A, |z~) and |2) are the one-pion and the vacuum 
state, «(p) is the Dirac wave function of the nucleon (or A) normalized as 
u(p)u(p) =u*(p)ysu(p) =1, finally Zp and Z, represent the renormalization 
factors of propagators for the proton and the / respectively. 

As is well-known, G,(z, 0, y) is nothing but the Bethe-Salpeter amplitude for 
the pion. We then rewrite this amplitude by the sum of the Feynman-amplitudes 
which is defined through the N-product of field operators.* Neglecting all higher 
order configurations of the Feynman-amplitude, we have an approximate expression 


100 G76 
G,(z, 0, y) ={2|T P(x) (Pv, A(0)) A(y) )|2)<27|T [Nv PO) JQ). (2-5) 


This corresponds to the diagram Fig. 2.** If we 
omit the vertex-part correction, we obtain the oe 
matrix element in the form: 


re oe 2 (A) Peer AUER moe P 
: ve (2-6) Fig. 2. 
with 
G,- (0) =(a-|T [ P(x) Ny) ]|2) |2nyao- (2-7) 


For simplicity, we put f~gy~9s. (Yr and g4 are the observed vector and axial 


* The T-product of the Heisenberg operators is decomposed into the sum of N-products and 
vacuum functions by the formula: 1 
T(AB::-Z) =N(AB:-Z) +3)(2|T(AB::-K)|Q)N(L-:-Z). 
The sum is to be taken over all possible decompositions. 
*& As was mentioned in §1, we have discarded the diagram including the effective two-body 
interaction of the form (AN). 
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vector interaction constants.) The second factor in (2-6) may be evaluated by 
the method of Goldberger and Treiman,” and from the experimental decay rate 


of z>y+y it reads 
fTr[v.@,- (0) = (—A be (—0.13) \/ 2 Gmga/27°, (2-8) 
4ko 


where G?/4t~14 is the renormalized Yukawa interaction constant and &, is the 


four-momenta of z~. 
In the same way, the matrix element for the process A-»N+7° can be 


evaluated under the same approximations to give 


P 1/2/ N\12 2% 
Ma =(*) in) f Uind,Ua) ey Tele Fe0(0)] (2-9) 

with 
$ (0) =+_(2"| T[P(x) Ply) —N (2) N(y) 2 en yao (2-10) 


vs 
(2-6) and (2-9) are essentially the ‘‘ Born approximation” discussed in detail 
by O. M.S. 


§ 3. The decay of S-hyperons 


Let us now turn to the ¥-decays. The three pionic modes 
(a) S*>N+a* 
(b) S*>3P+7° 
(eles NEE 
are now fairly well investigated by several experiments.”? The up-down asym- 
metry of pion in each decay mode has been measured: a*P~0.02+0.07, a® Px 
0.70 + 0.30, a P~0.02+0.05 in which P is the average value of polarization of 


parent hyperons, and the decay rates (a): (b) : (c) is found to be nearly equal 
EO ae | Secon 


Decay mode (a) 
The matrix element for this process M,* “is 


Wess” Sah eM A ) —1/2 (24) 4 d‘xd‘yu(p) aL eer ey ( fa) ie : 
, Po Woke 7% rm 
x (Gs &, xX, 0), (3-1) 


where 
Gz" (y, x, 0) =(2\T[¢(y) N(x) (Nv, P) (P2,A(0)) JE"). (3-2) 
Here k is the momentum of the pion ¢ (of mass /#) and Z, means the renormal- 


ization constant of pion propagator. Gy;* may be approximated along the similar 
way to the A’s case and we obtain: 
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G;* (y, 2, 0) =< 2|T [¢Q)N(2) P(0))|2) vy xt 
X(Q\TLAWNv, P(0)) |S), (8-3) 


from which the matrix element Qt;* is expressed y+ 
as Rigs 3: 


Mix f(a, N; out |P(0)|2)v,¢ 2|T[A(Nv, P(0)) ||5* >. (3-4) 


This corresponds to the diagram in Fig. 3. When we suppose the spin of the 
»-hyperons to be 1/2, the second factor in (3-4) generally takes the form: 


7. L@(M”) +3(M") 75] us (pz) (3-5) 


where ps is the energy-momentum of the Y (of mass M’) and us is a properly 
normalized spinor. At first sight, it is inconsistent to neglect the contribution of 
(AN)-transition since Fig. 3 contains a similar two-fermion transition like (ex es 

We should remark, however, that this objection may fail, since the » and 
the A are not regarded as the members of the same hyperonic multiplet but as 
the particles of quite different structures, according to the present composite 
model. The first factor of (3-4) is the pion-nucleon interaction. If we suppose 
that the pion interacts mainly through the P-wave to the nucleon as has been 
well established in low energy meso-dynamics, the non-relativistic version for MW ;* 
is (in the rest system of +) 


— 1 1 ar OAD 
Met wfZ4/ 2G -( \[1— ( ye] 
Pe TEND 2 \M'—m 
4(a(M”) —8(M")) . o-k 3.6 
x MW’ Un x Us. (3-6) 
It is evident from (3-6) that the P-wave character of emitted pion is preserved 
irrespective of the relative parity of + to the nucleon. 


Mode (c) 
In a similar way, the corresponding function G,~ for this mode is evaluated 


to be 


Gy = (O|T [e* (y) (Nv, P)]|2)<2|TIN(2) (P@) A) 2°), (3-7) 
and the matrix element Nts~ is 
Ms =f Tr[v.F.- (0) ]KM|Pr,.10)|5>). (3-8) 
(See Fig. 4.) 


The second factor in (3-8) is determined, in 
principle, when we know the wave function for 
the composite -particles. We here, however, 
introduce an assumption on the structure of %. 
Namely, we suppose that there occurs no spin-flip 


transition between 3” and N. | Then we can write 


ee N 
Fig. 4. 


i. ee oe 


bee 7 
ae 
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(N|Pv, A(0) |27) XC (A7r.uz)» (3-9) 


where ¢ is a constant to be determined later. The meaning of this assumption 
is clarified as follows. Suppose that the 3, say 2, is essentially a bound state 
of N and K--meson, then the weak transition from ¥~ to N may be caused via 
the transition (z°|Pv,A(0)|K~)>. If the K~-meson is pseudo-scalar, this matrix 
element is equivalent to (z°|P7,A(0)|K~) and thus the relation (3-9) can be 


reproduced. Another way of interpreting (3-9) is to treat-S as a 3-body bound 


state of static baryons. The configuration of Y~ is represented in general as 
S- ca,N(PA)+a,0N(Po A), (3-10) 


provided that all the constituent particles are bound in the S-states. The first 
term is the singlet spin state of P and A, whereas the second corresponds to the 
spin-triplet state. If we assume that a,>a,, then the relation (3-9) is again 
satisfied . Under the assumption (3-9), the pion is emitted in the S-state relative 
to the nucleon. The matrix element then, in the rest system for 3, takes the 


form : 


a Rk = ALINE p= 
Nee aye Ce ee 3-11 
NFS (—018)// FC TE (aus) (3-11) 
Mode (b) 
We are now in a position to discuss the mode (b). By using the results 
of preceding investigations, it is easy to see that the matrix element J, for this 
mode can be expressed as 


MN: = Nt.” == Di 
with 
MV F(a", P; out| PO) |2>v,¢2| TPO) (We, A(0))]| 5* , | (8-12) 


Me? ~ ee Tr[v.G,.0(0) ]< P| Nv, A(0) |2*). 


2 


The first factor in MN; is apparently 1/;/2 times of (3-4). Therefore, if the 
decay rate of (a) and (b) is equal, then we have (a) : Ub) se) Se ea 
accordance with experiments. In terms of the experimental branching ratio (a): 
(c)=1: 1, we obtain the second condition for the structure of ¥ particles, that 
is, we find the relation 


|a—8| ~6X10-*¢m? (3-13) 


by using the ratio |M,|?/|Ms*|?~1. Further, by comparing Ws” with Wty-, we 
obtain the value |¢|?~1 from the experimental ratio.* As is seen in (3-42), 
is a superposition of P- and S-wave amplitude of equal magnitude with respect 
to the emitted pions. The large asymmetry parameter (|a@°|>0.7) is a natural 


* More precisely, we have 0.95<|¢|<1.4, taking the experimental errors into account. 
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consequence of our discussion, although the sign of a cannot be determined. 

Thus we have described here a possible way of explaining the non-leptonic 
decay of ¥ on the basis of the composite model and the extended V-A interaction 
(1). The validity of the assumptions made on the structure of » should be 
further investigated from a wider point of view. In this respect, it would be 
interesting to discuss the decay of 5-hyperons. Two modes are possible in this. 
case : 


Solar. 
>A + n°, 


The straightfoward application of our method gives a decay amplitude of the 
similar structure to that of the mode }-+N-+z:7-. In place of the matrix element 
{N|Pv, A|S~>, there appear the following expressions for each process : 


(A|Pv, A\E-) 
and 
(A\Nv, A|&°). 


Since these two matrix elements have equal magnitudes, we can expect that the decay 
rate of the former process is twice that of the latter. This is the same result 
as the case of |4J|—1/2 rule. In contrast to the case of 3”-decay, it is not clear 
whether one can introduce an assumption on the structure of & such as (3-9) 
owing to the Pauli principle operating on the constituent /-particles. Therefore, 
we may rather expect, in general, an asymmetric distribution of emitted pions. 


§ 4. Discussions 


In concluding our discussion, we here give a few remarks. 

(1) The treatment of ¥-decay developed in the preceding section is the one 
which may be regarded as a direct generalization of the method used in the case 
of A-decays. There is, however, another method of treating this problem in which 
the ¥ is supposed to be a bound state of a A and a pion. In this method the 
weak interaction Hamiltonian is replaced by the effective A>N+ decay interaction 
which was determined in the second section (§ 2), and. the lowest configuration 
approximation is made for the amplitude of ¥. In this method, too, several con- 
ditions have to be imposed upon the structure of ¥-hyperons in order to reproduce 
the experimentally established features of this process. 

The arguments proceed essentially in the same way as those of the recent 
work of Barshay and Schwartz.” We shall not develope the detailed descussions 
here. at 
(2) The condition (3-9) seems somewhat contradicting with the full- 


symmetry hypothesis” developed by Ikeda, Ogawa and one of the present anthors 


CY GO) (1.O.0:)? Namely, under the I.O.O. symmetry the value of the ratio 


ae 
_—" 
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a,/a, in (3-10) will be 3 or —1. In the former case the asymmetry parameter 
a is 3/5 and the latter gives —1. Therefore, if the polarization of the produced 
S- is verified to be large, the I.O.O. symmetry and the present treatment are 


— 


not consistent in each other. This point should be further investigated carefully 
from both the theoretical and experimental sides. 

(3) We have not taken into account the possible inequality of the values 
of the coupling constant f in (1) to those of the other group (ordinary beta- 
interactions or y-capture processes) of V-A couplings.” The apparent slowness 
of the leptonic decay of hyperons is left as an open question to be explained by 
future investigations. 
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On the basis of the Lorentz invariance, local commutativity and mass spectral conditions, 
it is shown that the absorptive part of the vertex function A(z, 22,02) has the integral 
representation in the form 


A(2, 2%, 67) = | dmydm,dge (co, My, My, m3) AP (21, Za, 6%; My, Me, Ms) , 


provided that z, and z, are real negative, where A? is that of the lowest order perturbation 
theory and m, is the mass of the virtual particle. The vanishing region of the weight func- 
tion y is determined by the mass spectral conditions. As an immediate consequence of this 
representation, the usual proof of the dispersion relation of the vertex function is given. If 
we add the information derivable from the perturbation theory to this representation, we can 
say that the dispersion relation always holds and the threshold is not lower than the lowest 
threshold of the vertex function in the lowest order perturbation theory which satisfies the 
mass spectral condition. It seems to us that J ost’s example has not this integral representation. 
Finally it is conjectured that the non-vanishing region of the weight function is narrowed by | 
introducing the conservation of the nucleon number. 


§ 1. Introduction and main results 


During the last few years, many efforts have been devoted to the explora- 
tion of the general properties of the vertex function, the scattering amplitude, 
and so on. There are two ways for the exploration. One of them is the way 
based on the axioms, that is, the Lorentz invariance, local commutativity, mass 
spectral conditions and asymptotic condition. The other is the one based on the 
perturbation theory. Of course the former is excellent than the latter. Sometimes | 
we are obliged to use the perturbation theory. However, as is well known,” so 
far as we explore the analytic properties of the vertex function by the former 
we cannot obtain such a large analyticity domain as we can get by the 
large domain found in the perturbation theory may be 
f the very special interaction used there. There is also 
he consequence of the expansion used. Therefore it 
between above mentioned two ways. The result of 
an answer to this desire. We shall confine ourselves — 


way, 
perturbation theory. The 
merely the consequence 0 
the possibility that this is t 
4s desirable to find the relation 
this paper is, in some sense, 
to the vertex function. 

The vertex function F(z1, 2» 2s) 18 defined by” 


{ 
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F[R?, ke’, (Ait he)" |= |derde, exp i(kit1 + ky %2)G(a1, £2), (1) 


where G(x, 2) =—9(—21){0|9(—22)[LC(0), B(2,)], A(21) | 
+6(2,—2,)[C(0), [A(21), B(x) J]|0>. (2) 
Here, A(x), B(x) and C(2) are current operators. The spectral conditions are 


{0|A|z>=0 unless p,’>a’, 


{0|B|n>=0 unless p,’> 0° (3) 
and <0|C|n>=0 unless p,’>c’. 
If z, and z, are real and negative, we can write the following dispersion relation” 
i o 
F(21, So, 3) =—{ do” ates =e ) ? (4) 
1 o'— 25 


assuming that F(z,, 2, 23) is sufficiently bounded for z;>00. In the region of 
interest, that is, for z, and z, real negative, the absorptive part is given by” 


ks 


ALE Aueas eet) Jaa de ay exp i ye 
2 ON 


x O(y¥)<O|[C(—2z), [A(y/2), B(—y/2) ]]10). (5) 
The main result of this paper is that the absorptive part defined by (5) can 
be represented in the form 


A(21, 2, o”) =| dimdmdmse(o, M1, Ma, M3) A? (21, Za, 0 5 M1, M2, Ms) (6) 


_ provided z, and z, are real negative. A?(z,, 22, 0° ; m, m2, ms) is the absorptive 
part of the vertex function F(z, 2, 23 ; 1, %., ms) in the lowest order perturba- 
tion theory given by Fig. 1, that is, 


: 1 
ECS ura Sy Ieee tia) =n" | dadgady 0(1—a—f—y) 


0 


X (amy + Smee + rms — 2187 — za —z,a8). (7) 
2 The vanishing region of the weight function ¢ is deter- 
mined by the spectral conditions (3) and the property of 
ERD 3 
¢=0 unless M0, 1,20, 72320, mt+mXo, (8) 
‘ a , M+ ms3—a, Ms3+m—=b. 
Fig. 1. Sometimes it is convenient to rewrite as 


y=0 unless m0, m2=20, m+ mXo, (8’) 


m3—= Max (0, a—m2, b—m). 
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It should be noted that there is no restriction like m,+2.2c. The proof of the 
representation (6) will be made in § 3. 


§ 2. Discussions 


The difference between the absorptive part of the vertex function in the 
lowest order perturbation theory and that of the general theory appears only in 
the o dependence of the weight function ¢g. As will be seen in Appendix B, 
A” for m,+,<o can be analytically continued to any real values of z, and zz 
except for 21> (2.+3)*, %<(mi—ms)? Or 21<(im,—ms)*, 2%> (m+ms)?, and 
A” for c=m,+m, is analytic except for ,2,+.2.= (71+ mz) (m1 2.+ m3). 
Therefore, A? for m,+m,<c gives no unfavourable influence to the validity 
of the dispersion relation, and if, for all F?’s for m,+m.=c, mst 6 and 
M+ M3—a, the dispersion relation with normal threshold holds, the dispersion 
relation (4) is correct, provided z,;<a@* and z,.<6°. When the anomalous threshold 
appears for some of F” for m+ .=c,. mstmb and m,+m;=a, the proof of 
the dispersion relation is difficult, because the analytic properties of the weight 
function ¢ in the neighbourhood of the real axis as a function of o is unknown. 
In the perturbation theory there will be no singularity and we can say that in 
the perturbation theory the dispersion relation always holds. Hence the threshold 


is not lower than the lowest threshold of F” given by Karplus, Sommerfield and 


Wichmann.” 

For arbitrary weight function ¢ which satisfies (8), F(21, 22. 23) does not 
always satisfy the analytic properties discussed by Kallén and Wightman” (KW). It 
is easy to construct an example which contradicts this analytic properties. Further, 
it seems to us that the absorptive part of the functions of three variables which 
satisfy the analytic properties of KW have not always the representation in the 
form (6). Jost’s example” of the vertex function, which satisfies the analytic 


properties of KW, is 
FY (21, 2a 23) =[(1 +a?—21m7)*?+ (1 +@?—2.m™*)'? 
+(1+a?—2ym™)'"— Bi]. (9) 
The conditions on the parameters are a>0, 2>0, 7>0, 9>2a and 1t+a’?—(8+7)? 
+0. The absorptive part of F” is 
Al (21 2y 02) = (0'm—a?—1)"[{(1+a°@—2z1m 
+(1 4+ at—z,m)'"—B—i7}? +0°%m a1)". (10) 


ma 


Therefore, if ?=0?m’—a’®—1, A’ is singular at 

(1+a?—2z,m~)? 4 (1+a?—2zm~)?=8. (11> 
This singularity is not disconnected from the real axis, even though the value of 
o? changes by the infinitesimal imaginary value. It should be noted that the 
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existence of the singularity at (11) is important for showing that FY! (m’?, m’, 23) 
contradicts the dispersion relation of the usual form. On the other hand, as will 
be seen in Appendix B, if stability conditions hold, all singular points of A” in 
(2, 22) plane are disconnected from the real axis by the value of o changing by 
the infinitesimal imaginary value. The analytic properties of A” are obviously 
different from those of A”. Accordingly it seems that Jost’s example has not the 
representation in the form (6), although we cannot conclude, because the weight 
function ¢@ is not defined at the complex value of o”. It is desirable to find the 
general properties of the functions of three variables which satisfy the analyticity 
of KW and have the representation in the form (6). However, this problem 
remains unsolved (see Notes added in proof). 

The representation (6) is, as will be seen in the next section, derived by 
applying Dyson’s representation” to the causal commutator in the right-hand side 
of (5). The weight function g and the integral variables 72;, 7. and m3 are es- 
sentially those of Dyson’s one. The vanishing region of the weight function ¢ 
exactly agrees with the corresponding region of Dyson’s one. Therefore, if it is 


true that we can prove the dispersion relation with normal threshold of the 


nucleon form factor and the absorptive part for z:=2.=my is given by (5) by 
introducing the conservation of the nucleon number, we can expect that the non- 
vanishing region of the weight function of Dyson’s representation of the com- 
mutator in the right-hand side of (5) is narrowed by introducing the conserva- 
tion of the nucleon number. 

The representation (6) may be the special example of the general feature of 
the local field theory. For example, the absorptive part of the scattering ampli- 


tude may be written by the integral representation like (6) (see Notes added 
in proof). 


§ 3. Proof 


In this section, we shall prove the integral representation (6). We shall 
choose a special Lorentz frame such that k,+h,=(c,0),o>0. Because of «> 0, 
the first term in the commutator in (5) gives no contribution, hence we have 


AG be, 0°) = C91 dy exp| 4k) y 9) 


x (O|LA(y/2), B(—y/2) ||n<n|C(0) |0)8 (hi +ke— pn). (12) 


For the commutator in the right-hand side of (12), we shall use Dyson’s repre- 
sentation :” 


e 


(21) “| dy exp igy0|[A(y/2), B(—y/2)]|n)0(y) 


=| dul dest (x, u, o)[«’— (q—u)?]7, (13) 
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where ¢ vanishes except for 
\zo| + |u| <o/2, «> ko (14) 
with ko= Max {0, a—[(¢/2+m)?—-w]}”, b—[(¢/2—uw)*?—u"}""}. (15) 
Insert the representation (13) into (12) and introduce, as a new weight 


function, the result of the summation over |”) with p,=(o, 0). Then we obtain 
a representation” 


A ke Be o)= Spl Ls uo ju}, a”) 
( ) | \¢ 1 — (q—u)? > (16) 


where g=(ki—k,)/2. The non-vanishing region of the new weight function 7% is 
exactly the same as that of ¢. The new weight function % has no dependence 
on the direction of the vector u. Performing the angle integration in (16), we 
get 


Alki, b2, 0°) =2|d\u\|dus\det(e, um lu oa 
= q 
— (G—UM)’ +g +u'+2\q||ul : (17) 
k= (qo—u) +g +u’—2\q\ |u| 
In order to rewrite (17) as (6), we shall calculate the absorptive part A” 
of the vertex function F” given by (7). From (7), we obtain 


x log 


1 


Fate! (21, 229 o 3 M14, Ma, Ms) =| dadgdyd(1—a—8—7) 


0 
x O(ame+ im, tyme — 2/97 —2ya— 7a) (18) 
for real negative z, and z,. From (18), we have 


4(o—m,— mz) X+Y"? 


A? (21, 22, F 3 M1, Me, Ms) ry (en ee oD] log y_ yin’ 
where X=2me+o?— (zit z.t mi’ +m:’) — (1-22) (my — my) /o Si ees, 
and Y=i (21, 2 0 )ACmy, my’, 07) /o* 
with the definition Ma, y, z2=H=eP+y +2? —2(ayt yztz2z), - (20) 


provided that z, and z, are real negative. A special example (21=22, m= my). of = 
(19) is (13) in Oehme’s paper.” The derivation (19) from (18) will be outlined i 
in Appendix A. mie ore 

Now q and q’ in (17) may be taken as complex. They are given in terms 
of the covariant variables z,=h, z=he, 7=(kitk)’ by 


d= (21-22) / (20) | (21) 


and P=1(2y 2 07)/(20)’. 


4 
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We introduce the new variable m,, m, and ms; instead of wm, |u| and «x: 


m=[(¢/2—m)’?—w P”, 
my=((o/2+um)?—w}?, ms=«K: | 
uy= (m2—m,’) / (20), 
u'=)1(m’, m2, o°) / (20)’. 

As is easily seen, (14), (15), (17), (19), (21) and (22) are sufficient to complete 


the proof of the integral representation (6) and the non-vanishing region (8) of 
the weight function. 


Appendix A 
Derivation of A” 


The derivation of (19) from (18) is elementary. However, we shall outline 
this derivation here, since (19) is one of the most important equation in this 
paper. From (18), we have 

1 t 
A? =|at\ a9 do? — Bt) 8 +C(2)], (23) 
0 0 
where t=a+, B(t) =ot+ (1—f) (21-22) +my—m.”, and C(t) =tm~+(1—2) mm? 
—(1—2z)tz,. Recalling 2,<0, z,.<0 and o>2,+m,, we can easily see that if 


(0° + 21—22)t>21—22+ m1 — my, \ 
| 


(0 +2,—2,)t> Zy— 2, +m," — mz, ( (24) 
[B(t) P—40°C(t) > 0 and 1>2¢>0, ) 


o 8’ — B(t)P+C(t)=0 has two root between =z and $8=0, and if (24) does 
not hold, o73?—B(t)3+C(z)=0 has no root between =z and §=0. Therefore, 


' we get 


Ar=a\ dt {[B(t)P—40°C¢2)} 7”, 7 (25) 


where the region of the integration is given by (24). From (24), the region of 
the integration is 1>¢>%, where ¢ is the larger root of [B(z) P—40°C(t) =0. 
So we have 


A?=(E)-" log Et FTE E+ 2F+G) PO 
E+ F—[E(E+2F-HG)}? 


where FE, F and G are defined by [B(t) P—40°C(t) =E?+2Ft+G. Substituting 
the concrete expressions of H, F and G, we get (19). 


(26) 
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Appendix B 
Analyticity of A” 
From (19), we see that A” is singular if and only if 
myrte + mete + (oe? — my —m,*) tite +ms'A(m7,m,, 0) =0, (27) 
where th=2:—me—ms and tz=z,.—mr— m3. 
The condition (27) can be rewritten as 
2m~{ty= — (0? — m2 — me) t+ [A(z m2, ms’) AC, ms", 07) P?. (28) 


Therefore, if o>2-+m., the necessary condition for A” having the singularity 
in real 2, is 22> (7,-+m3)? or %2<(m,—ms)?. Further, in this case, if 4 and & 
are real and 4,f,>0, A” has no singularity. Considering the symmetry for suffix 
1 and 2, we come to the conclusion that, if o> 2+, the necessary condition 
for A® having the singularity in real z, and z, is 21> (m+ ms)*, Z4< (m1— Ms)” 
Or 21<(M,—mMs)*, %2> (1+ ms)’. 

When o=271,-+,, (27) becomes 


MZ Moo= (9M + M2) (MM + M3") (29) 


Hence, if myzit mes < (m+ m2) (mym.+m), F® has no anomalous threshold.” 
When the value of o? changes by the infinitesimal imaginary value, in order 
that the singular point of A” in (21, 22) complex plane is not disconnected from 


the real axis, 
Lito + 2m (o? — my — mz") =0 (30) 
and (27) must hold simultaneously. From (27) and (30), we have 
i= + (°—my—my)m;/m, t= F2mMyMs 
or 4,= F2m ms, te=+ (o?— me — mz) m3/ me. 


“Therefore, if stability conditions hold (21 < (72+ ms)’, Z2<(mst+m,)’), all singular 
points in (21, 22) plane are disconnected from the real axis by the value of o 
changing by the infinitesimal imginary value. 


Notes added in proof: 


A) Recently G. Konisi and the present author? have found the more elegant method of the proof of 
the integral representation (6). This method can be applied also for the absorptive parts of 
scattering amplitudes, in which cases, however, such a simple connection with the perturbation 
‘theory is not obtained as is the case of the vertex function. ; ; 

‘B) Without changing the value o2; it has been shown that, the absorptive part of Jost’s example 
does not satisfy an analytic property derivable from the integral representation (6). Hence we 
can conclude that Jost’s example contradicts the local commutativity. The details will be pub- 
lished in the near future. aa 

‘C) Using the integral representation (6), we have proved that, if one of z,s is real negative, the 
vertex function F(z, 22, 23) satisfy the double dispersion representation. When 2; is real nega- 


K. Yamamoto 


tive, the thresholds of this double dispersion representation are 42 for z2 and c® for z3. The 
details will be published in the near future. 
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A soluble example in field theory with Fermi interaction is proposed. The two fermion 
fields N and WN are interacting as N+N~—N+WN. It is shown that the limit of Machida’s. 
soluble model in which the probability amplitude for a bare meson identically vanishes. 
coincides with our model with the separable form factors. 

This model with general form factors and another model are discussed. 


§ 1. Introduction 


It has been expected sometimes that the limit of meson theory in which the 
probability amplitudes for bare mesons identically vanish may coincide with 
the Fermi-Yang-Sakata’s composite model. Such an expectation may give a pos- 
sibility to test meson theory and the composite model in the high-energy experi- 
ments. However, the composite model has the different structure from meson 
theory, and therefore it is doubtful whether such an expectation may be allowed. 
It is the purpose of this work to obtain some clues for such a limit of meson 
theory and its connection with the composite model. 

We propose a soluble example in field theory with Fermi interaction. Cor- 
responding to this model, we adopt the Machida model,” where one neutral meson 
x and the neutral fermion (nucleon) pair N and WN interacting in the following 
scheme (shown in Fig 1) are treated: 


rz N+N. at) 


Now let us consider the limit of the Machida model in which the probability 
amplitude for a bare meson identically vanishes. Then it is seen that a soluble 
field theory with Fermi interaction allowing only the following process (shown 
in Fig. 2) is obtained: 


NAN NEN: (1-2) 


In § 2, this soluble composite model which has the separable form factor for 
the interaction is discussed. In § 3, § 4 and § 5, it is shown that our model gives 


the identical results for the N-N bound state (the physical meson state) and the 


N-N scattering as the Machida model in the limit of zero probability amplitude 
for bare mesons. In § 6, the form factors for the interaction (1-2) are generally 


discussed. 


a 
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In Appendix A, another model which corresponds to Goldstein’s model is 


discussed. ae 
In Appendix B, the meson propagator and the charge renormalization factor 


Zz is calculated. 
~~ ooo a a> SS a Se 
Hig Fig. 2. 


§ 2. Hamiltonian and discrete eigenstate 


Let us consider the Fermi interaction between two fermion (nucleon) fields 
N and N. The Hamiltonian is 


H=H,+H’, (2-1) 
where 
Hy= 3 E(p) (A,'A,+By' By), (2-2) 
Pp 
H’=—) 2'"G(p, gq, &) Az! Bet p Beg Ag- (2-3) 
pak 


-E(p) is the bare energy of N and N for momentum p. Aj, and A, are the 


creation and annihilation operators for N, respectively. Bi and B, are the similar 
operators for N. These operators obey the usual anticommutation relations. 
G(p, gq, k) is the form factor for the interaction. For the simplest case G(p, g, k) 
is identified with the coupling constant G, 2 is the normalization volume. 

We consider a discrete stationary state. A meson state as a discrete eigenstate 


is given by 


lar x DFA Rs iQ) Ag Beg\| vac): (2-4) 


|vac) represents the free-particle vacuum and also the physical vacuum. Introducing 
the energy eigenvalue , of a meson state with momentum &, we obtain 


H|2,)=a,\7;), (2-5) 


from which the integral equation for f,(k, g) is derived: 


[E(q) + E(k—q) —O% | f.(k, @ — a BGG, OP e eed) er ae 
In particular, when the form factor is separable as 
G(p, q, k) =4Gu™ (p, k)v (gq, &), (G>0), (2-7) 


(2-6) is easily solved. The factor 7 which is either +1 or —1 will be deter- 
mined in such a way that the state |z,) is stable. v™ (p, k) and v(p, &) are 


complex conjugate to each other, because of the hermitian property of the Hamil- 
tonian. In the case* 


* In the center-of-mass system k=0, this condition is equivalent to the assumption for the 
existence of a solution in one partial wave state. The general case is discussed in § 6. 
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pee vq, b) fa (RQ) <0, 
qd 
we get 
Le. Xs 2” |[E(q@) +E (kR—gq)—o) "Gq, ¢, &) =0, (2-8) 


which determines the energy eigenvalue of the meson. From the stability of the 
meson, we find 


al: (2-9) 
Thus (2-7) is rewritten as 
G(p,.q, k) =Gu(p, k)v* q, &), (2-7a) 


where v(p, k) =v (p, k), and the simplest case G(p, g, k) =G is contained in 
the separable form factor. 
The present model provides the conservation law for fermion (nucleon) number : 


O= Y'A,'A,— IB, By: (2-10) 
P P 


§ 3. The Machida model 


Now we turn to study the Machida model. The Hamiltonian is 
H=H,+ fi, (3-1) 


where 
Se a E(p) (A,' A,+B,'B,) + pa Op Ce Ces (332) 
Pp 


Ei=¢ >: (22a ,) ie [v* (p, k) ce Bie glia 180 (p, k) A,' Betp Cr : (3- 3) a 
pk 


@, is the bare energy of meson. The field operators for meson c,* and c, obey 
the usual commutation relation. w(p, &) is the form factor for the interaction. 
A physical meson state with energy , and momentum k is given by 


|7, > = Ns (R) [cx' + x 2? £(k, g) Aq Buig||vac), (3-4) 


which satisfies the same equation as (2-5), where H is replaced by (3-1). Thus’ 
we obtain 


Op —O, + J (20g) Fag y 2-7 o* (q, A)fa(k, DM =9;, (3-5) 
[E(q) t+E(R—-@ —Ol folk, D +9 Zax)? vq, k) =0. (3-6) 


Eliminating f,(f, qg) from (3-5) and (3-6), we get the following eigenvalue equa- 
tion for @: 
Op—Ge— GF (20x) 7D) D0, 2 v* (g, HLE@ +ER—@ —@,\7=0. (3-7) 
qd 


* g is the unrenormalized coupling constant. 
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Ms(k) in (3-4) is the normalization factor given by 
[Ms (2) J? =14+9? (2e,) 7 >) 2 v(q, k) v* (q, 2) [E(qg) +E(k—q) —@% J]. (3-8) 


qd 


In the Machida model, we perform the following limiting process : 
g >, 
poo, | (3-9)* 
g/P>9, 
where #= lim «w, is the bare mass for meson. g is finite. It is clear that the 
limiting alde of g/a, in the limit (3-9) is g. Then the probability amplitude 


for bare meson in a physical meson state Stz3(k) vanishes. 
The eigenvalue equation for @, is converted to 


ee mm (2.2) v(q, k) v* (gq, &)LE(@) +E(k—-g) —@]"=0, (3-10) 


which is just identified with (2-8). The corresponding form factor for the Fermi 
interaction is 


Cane Tv(p, b)v*(q, &)- (3-11) 


Thus it is verified that the Machida model in the limit (3-9) coincides with our 
model proposed in § 2 with the form factor (2-7) or (2-7a), without loss_ of 
generality. 


§ 4. Coupling constant renormalization 


“e 


In the Machida model, the renormalized coupling “ constant” g, is defined 


by 
G25". (4-1) 


Z; is calculated in Appendix B. With the aid of (4-1), (B-11) and (3-6) we 
obtain 


N(R) Fak,  =—GJov(q, k) (20) *?(E(q) + E(k—g) —@,]7. (4-2) 
Multiplying both sides of (3-8) by [2;(&) }? and using (4-1) and (B-11), we get 
[Ma(A) P=1—922 226,) * D2 v(q, Bv* (gq, H[E@ +Ek—-Q —G)*. (4:3) 

Now we introduce 9, max as follows: 


[9 man]? = (2.00,) + x vq, k)v*(q, k)[E(q) +E(k—-g) —@,]", (4-4) 


* In the Machida model, the physical mass for meson % and the renormalized coupling constant 
9c are the functions of the bare mass for meson » and the unrenormalized coupling constant g. We 
consider 7% and g, as finite throughout our discussions. This assumption contains no inconsistency, 
as will be discussed in the author’s forthcoming paper. This procedure has already been discussed 
by B. Jouvet, Nuovo Cimento 5 (CISA, Al, 
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then (4-3) is rewritten as 


[Ms&) P=1—- 97/9 man (4-5) 
Because of [%3(%) 0, we can conclude 
GeO man: (4-6) 
In the limit (3-9), we get from (4-4) 
lim a, ~"[Ns (2) ]P =F x (22) vq, k)v*(q, [EQ +E(k—-g) —G,J7 
=f Of Fo maz - 
Using (B-11) and (4-1), the limiting value of g, in the limit (3-9) is given by 
lim Je=Jeo mas - (4-7) 


From (4-7), it is shown that our model proposed in §2 with the form factor 
(2-7) is contained in the Machida model. 


The Hamiltonian is rewritten by the renormalized field operator 


Cebit) letces (4-8) 
which satisfies the condition , 
Kvacle, |z,)=1. : f (4-9) 
Thus 
ees SD E(p) (A, A, +By'B,) + GL) Pee ey | 
az ma Bay, [Ns (R) Pex" ei’ (4-10) 
i bat Je (220,)-""[v* (p, k) ce Bu-p Apt 0(p, k) Ay' Buty cy’); | yar. 


where 
OW, = Op — Wz (4-11) 
§ 5. Seattering state 


We consider first the N-N scattering in our model in §2. The scattering 
state is represented by 


IN+N; k, g= oe Oe ih, (k, Pp) A,' By1,|vac) + , (R) \z.), (5-1) 


which satisfies the Schrodinger equation 


H\|N+N; k, Q=[E(@ +E (k—@) JIN+N; 2, a. (5 +2) 
Using the expression for H and the orthogonality 
| (w,|N+N; k, g=0, (5-3) 


we obtain the integral equation 
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[E(p) +E(k—p) —E(@) —E(k-@) fu, D) 
— LNG, pi, B +[H—-E@ —EC-D elk, Pfs PY} als PY =O: 
(5-4) 
(2-6) is easily solved in the case (2-7). f,(k, p) has the form 
fuk, p) =C(A) GY? u(p, /[E(p) +ER—p) —G1)"; (5-5) 
where C(k) is determined by the normalization condition and is given by 
[CWH=CD Lv(p, Hot (p, DIE) +ER-p) GT. 6-6) 
Thus after several calculations, the solution of (5-4) is obtained as follows : 


¢a(k, p) =9(, 9 
— {[E(p) + E(R—p) —E@ —Ek—@ —ie}"—[E(p) + E(R—p) —@ J} 


x 2" Gu(p, k)v*(q, [—14+GDk, OD}, (5-7) 

where 
Dk, Q = a Qu (p, k)vu* (p, E[E(p) +E (R—p) —E(q) —E (k—-@ —i€]”. 
(5-8) 


From (5-7) the scattering phase shift is easily calculated. 

In the Machida model, the N-N scattering state is represented by the same 
equation as (5-1) and satisfies (5-2), where H is replaced by (3-1). The inte- 
gral equations for ¢,(k, p) and ¢,(k) are 


[E(p) +E Rap) —E(q) —E(k=q) |¢,(k, p) 


+[@,—E (q) —E(k=@) ]bq(k) Ns (Falk, p) =0, (5-9) 
[o,—E (gq) —E(k—q) ]bq(k) Ns (R) 
+9 (2a)? YO v*(p!, bak, p') =0. (5-10) 


Using the orthogonality condition (5-3) , we obtain 
$a(k, p) =9(q, p) 
— LE (p) + E(R—p) —E(q) —E(k—q) —ie}*—-[E(p) + E(R—p) —@, 73 
X Jo (20,4) v(p, k) ys Q*v* (p', ALE (p!) +E(k—p’) — ax) "a (k; p’)- 
| (5-11) 


(5-11) is easily solved and the solution coincides with Machida’s result. Using 
(3-10) and (4-4), the solution for (5-11) is written as 


balk, p)=8(q, p) ? 
— {[E(p) + E(k—p) —E(q) —E(k—q) —ie}"—[E(p) + E(k— p) —@,]} 
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X Je" (20, 2) v(p, k)v*(q, k)[E(g) + E(k—g) — GJ 
x {1 ay CAE Say +9, (20,) “[E(q) +E(k—q) — a] "Dk, q) 
+ (9e'/ 9°) (eo —@) [E (gq) + E(R—G) —G,]7} 71. (5-15) 


In the limit (3-9), (5-12) is identified with (5- 7), where Gis replaced by 9?/2. 
Thus the Machida model and our model give the same result for the N-N 
scattering process in the limit (3-9). 


§ 6. Form factors in Fermi interaction 


We have considered our example in § 2 only for the separable form factor 
(2-7). In this section the form factor in general case is investigated. Now we 
can assume 


Co, @ = LGhvlp, vig b), (6-1) 


where 7;(c=1, 2, ---m) are either +1 or —1 and all v, (p, k) are linearly independ- 
ent. From (2-6) we obtain the coupled homogeneous linear equations 


PH {03—Gy; pa 2" E(q) + E(k—q) —@]*u.(q, bk) v7* (gq, k)} F(R) =0, (6-2) 
where 
F,(k) = x 20" (ay FAR; q)- (6-3) 


Assuming that F;(2) does not all vanish, the determinant constructed by the coef- 
ficients of F,(k) (c=1, 2, ---m) in (6-2) is equal to zero, i.e. 


|0.;—Gye oe 2" E(q) +E(k—q) —a,)*u.(q, k)v;*(q; k)||=0. (6-4) 


It is clear that the eigenvalues of (6-4) @, are real, because of the hermitian 
property of the kernel G(, gq, k). 

Now it is shown that our model with the form factor (6-1) corresponds to 
the model (the mixed meson theory), where N and N interact with » kinds of 
mesons. In this mixed meson theory, the Hamiltonian is given by 


H=H,+H,, (6-5) 
Hy= ¥) E(p) (Ay! Ay + By! By) + 3} 32 owed cw, | (6-6) 
Hy= 329. D (204) [ve (py b) cut! Beep Ap + V0 Ps #) Ap! Bubp cui]: 
ros (6-7) 
Physical meson states satisfy the energy eigenvalue equations 
Hilzi,) =GH\ta). (2=1, 2,7). (6-8) 


The eigenstates can be written as 
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(Su) 
~ 
(ey) 


ene Sah) Gy Dade fa ee Aj Byiq||vac>. (6-9) 
iD) q 


From (6-8) and (6-9), we obtain ° 


Oxi — Oe + Ji (Zi) ag a ie v:*(q, k) fa(R, q) =0, (6: 
q 
eh 


(Wx; — Oni) &; (R) + 9;(20%;) hs 2 le ye (q, k) fai CR, Q) =0, Geet); (6 
qd 


[E(q) +E(k—q) — wl folk, D+9:0:(g, R) (20x) rhe 


+ P9129 R) (2aey) ay (k) =0, (i, J=1, 2,---). (6 
(6-11) and ok are reduced to the following coupled linear equation : 
FY (k)=T © (k) ey (k) FS) (R), (6 
where 
FO (k)= x 27 05" (a, kh) fa(R» D> (6 
D5 (2) = — 92am) YR (gq, k) 07" (q, k)LE(qg) + E(k—-@) — on); 
q A 
Api (R) = G51 (eg — Ome) * (2g) 
x pm Qu" (qk) vy (q, REQ +E(k—-@ —on]”. (6 


Thus we get 
Falk; g) = ui(q; Rk) (2a4:) ci LE(q) te Ek) == ibs ln 


10) 


-12) 


-13) 


-14) 


-15) 


-16) 


+ 21 95 (ous — Ors) Tee k) (2053) i [E(q) + E(k—q) —oy| FY (Rk). 
FAC 7) 


(6-17) 
From (6-10) and (6-17), we obtain 
oO Ge(Zers) 27 T2 (B) +. G(s) HS) AY (k) FY (R) =0. (6-18) 
In the limit 
J, ©, 
Seo. (6719) 
9:/ 149; 


where 4;= WR it is easily shown that (6-18) coincides with (6-4), where 


k>0 
G is replaced by g?/2. 


In the above discussion we have investigated for finite 7. Now what hap- 
pens in the limit zc ? In this case, the N-N bound states are, in general, 
infinitely possible. Then our model cannot be reduced to meson theory. Espe- 


cially if we can put 
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G(p, q, k) =V(p—4), (6-20) 


(2-6) is rewitten as 
[E(q) +E(k—q) —ax|f.(k, g) — LL*V ad fk 7) =0, (6-21) 


which corresponds to the model that N and N are bound to each other by the 
appropriate static potential (the Fermi-Yang model). 


§ 7. Discussion 


In our model, the N-N-N bound state and meson-nucleon scattering are pos- 
sible, where we cannot obtain the explicit solutions. Similarly, in the Machida 
model, the meson-nucleon bound state and scattering are possible (see Fig. 3). 
It is easily seen that the integral equation for these bound and scattering states 
in the Machida model is reduced to that in our model with the form factor 
(2-7a), where G is replaced by (1/2)9°. Therefore these circumstances for the 
correspondence of our model and the Machida model seem to be established in 
the other possible processes. 

Thus, the problems to be investigated are 
(i) whether the limiting process (3-9), which made the 
probability amplitude for a bare meson state Z; vanish in the \ 
Machida model, also derive Z,;=0 in pseudoscalar meson Figs 3 
theory or not, and 
(ii) whether the theory with Fermi interaction which is equivalent to the Z,=0 
pseudoscalar meson theory may be constructed or not, if (i) is possible. 
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Appendix A 


Another soluble example in field theory with Fermi interactions is suggested 
from the Lee model? modified by Goldstein® in the limit that the probability am- 
plitudes for bare 9-particle identically vanish. The Hamiltonian between four 
neutral fermion fields V, N, Z% and 7 is 


A= A", (A-1) 
~where 


Ey= ) Ey(p) ap" Apt D Ey(p) bp! bp +. 7 Ex(P) CAS Ay Be Balen) 
P Pp P 


Hli=zD)) 2G’ (p,a, BRYA, Bui» Bie Ay; (A -3) 
pak 


LE Ne Oe ee AD ey Tee CR ie 


Sa os, 


ENR RSs ee 


nS eS Sal ae ee ee a ee | ee ep ed Pe ie et ae 
SES ere Fe eee . 
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H"= 3) 2G" (p,q, ) (Ag Bei gbp dy + 2p Op—t Beg Aa) - (A-4) 
pak 


Ey(p), Ey(p) and Ex(p) are the bare energy of V, N and 7, Z% for the momen- 

tum p, respectively. ap’, @p; bp', bp; Aq’, Aq and B,', B, are the field operators 

of V, N, 7 and 7, respectively, and obey the usual anticommutation relations. 
There are two discrete eigenstates of H in the separable form factors for 


G’(p, g, k) and G’ (p, q, k) : 


Op = S12" Gy Ad Beawacy (A-5) 
q 
and 
[V.»=N(p)[ay'+ 2) 2 fr (ps &, D Ad’ Beda bpts]|vac), (A-6) 
Pd 
which satisfy the eigenvalue equations : 
F1|0,,)=a,|6,) (A-7) 
and = 
; A V,)=Ey(p) [Vp (A-8) 
The Goldstein model is given by the Hamiltonian as follows : 
H=H,+A,+ fA, (A-9) 
Eh = 2s Ey(p) ap! ap + x Ey(p) by! bp + do Ou CK Ce di By q) (Ag Ag+ Pe thas 
(A-10) 
M= pe (22a,)~"[v1* (p, Rk) ay Opn Ce +O (p, kh) cy! bp nr ap], (A-11)* 
F,= 9. 2 (220,)~“""[v.* (p, k) cu! Be-p Ap + V2(p; RA; Be gee (A-12)* 


The physical 6-particle and V-particle states are given by 
|9.9=MNs(R) [ee' + DY) Q- fe(k, g) A’ Bet g]|vac) (A-13) 
and . 
IF) =Ma(p)lay'+ DOPAC, Bex byl 
- ye Qfa(b3 ky Q) Ag’ Buia bp! ||vac), CAS TA) 
which satisfy (A-7) and (A-8), respectively, where H are replaced by (A-9). 


In the Goldstein model, we perform the limiting process 
Jy ma 00, 
Yo red 00, 


L/L, 


1 ces | (A-15) 
nnd 


* g, and g, are the unrenormalized coupling constants, 
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as in §3. Then the probability amplitudes for bare @-particles, i.e. Jt;(k) defined 
by (A-13) and ¥,(p) defined by (A-14), vanish and the same results as our 
model with Fermi interactions (A-1)—(A-4) with separable form factors are ob- 
tained except the physical mass of V-particle. These circumstances are due to 


the fact that one of the self-energy contributions shown in jh 


Fig. 4 does not vanish in the limit (A-15). 

In the Goldstein model, the vertex function /’ is identical- igen ae 
ly equal to 1 as in the Lee model. It has been shown that wee 
the vertex function [’(p,, p.) in the usual quantum field ie 
theory (i.e. in which no abnormal states exist) has to satisfy a condition that it 
vanishes for large momenta.) The Goldstein model as well as the Lee model 
does not satisfy this condition. The above mentioned incomplete correspondence 


between our model and Goldstein’s model seems to be due to such a special 
character of the models. 


Appendix B 


The meson propagator in the Machida model can be written as 
Ap(x, x!) =(vac|T (p(x), $(x')) |vac) (B-1) 


in the Heisenberg representation. In the Schrédinger representation, the field 
operator 6(x) is represented as* 


(2) = (22)-*? \ dk (Qe)? (cee "+ cx’ e**). (B-2) 


Using the well-known relation between Schrédinger and Heisenberg representa- 
tions, we get 


Ap (x, x’) =(vac|d (x) eA 6 (x!) |vac) for t>2' 
=vac|d@ (2’) e "9 6 (x) |vac) for PE Bae 


where 


b(x) =$ (x) +9 (2), (B-4) 


e™ (2x) =© (27) “| de 204) cy entre, 
(B-5) 
$° (x) = (20) 72 \ dk(20,) 7? cye™*. 


It is easily seen that dy’ (x, x’) is expressed as a function of x—x’ and t—t’.- 
The Fourier transform of (B-3) is 


co 


4, (k, wo) = \ dee" | dr Ag! (x, xe? 


=i(2u,) 7 {[o—o.— i. (@) +ie]3—[ot+a,+ /h(—o) te <> (B-6) 


* In Apprendix B, @ is taken to be infinite. 


kt a ee eee 
i ee 
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= 
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where t==¢—7', r=x—x’' and | 
IT,,(@) =9'(2n)*| da\v(a, k) |? (20,4) [wo E(q) —E(k—q) 4-76 ges dD 


4,' (k, w) has poles at w=a,4+/1,(w) and —~w=a,+1i,(—w). Denoting such o- 


values by o=@, and w=—©,, we obtain 
Op=Ox+ IT, (ox); (B-8) 
which coincides with (3-7). Thus (B-6) is rewritten as 
Ae! (Ke, @) =# 2 [Ba(B) PAC a!) + Fen) "| PS ey 
1 ; 
Sates keene ae I pees 
The coupling constant renormalization factor Z, is defined by” 
Z,=|idr (k, @) (Gy —w’) |or-s,2- (B-10) 
Using (B-9), (B-10) and (3-8), we obtain 
Yee Ds [1- EDO | =“ @rP. (B-11) 
Ox Ow wale x Wx 


Note added in proof: After sending this manuscript, I saw the similar work by J. C. Houard 
and B. Jouvet, Nuovo Cimento 18(1960) 466, where the Lee model and its corresponding model are 
treated. 
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We point out certain basic relations between the phase shifts and the energy spectrum 
which we illustrate in simple examples. And several applications of these relations are 
considered: A determinant form for the S-matrix is found; m-body forces in the static 
pair-coupling theory are evaluated; some properties of the g-derivative of the phase shift 
are discussed and a covariant method for the construction of nuclear force is proposed. 


§ 1. Introduction 


The purpose of this paper is to point out certain basic relations concerning 
the phase shift and the energy spectrum which follow from the formalism pre- . 
viously given by the present author,” which will hereafter be referred to as I, 
and to give some discussions about their application. 

In quantum mechanical model in which the potential.is spherically symmetric, 
if the system is enclosed by a spherical rigid wall, the levels become discrete and, 
as will be easily seen, the phase shift 7(#) and the energy shift 4E of each level 
are connected by the relation 


JE=— (1/R) (dE/dk)9(E), (1-1) 
where E is the energy of the level, & is the radial component of the momentum 


variable and R is the radius of the wall. Meanwhile for the energy eigenvalue 
of a non-degenerate discrete level 


dE/dg=d/dg 4E=(€H"), (1-2) 
where g is the coupling constant and 
 =dH/dg, (1-3) 


H being the total Hamiltonian. Combining (1-1) and (1-2), one gets a relation 
between the phase shift and the potential, 


d/d9 Yns= —R(dE/dk) “(LH Y), (1-4) 


where / is normalized to unity. 

The above reasoning holds only when the potential is spherically symmetric. 
A formal discussion on the relation as (1-4) was given by S. Okubo.” A general 
and rigorous discussion in field theory was given in I, according to which we 


have for two-body elastic scattering 
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and for a general case 
31 d/dg qua = (1/2) 0 (E=0) k*(8) Sj [Pe P, Dal, (1-6) 


where the subscript 7, which specifies the diagonal elements of the S-matrix, is 
summed over all states belonging in an eigen-space of a set of constants of 
motion such as the total angular momentum, the eigenvalues of which shall be 
denoted by 7; state vectors are normalized by 


(Paz P nar) =Onn k(E)O(E—E’), (1-7) 


and D, is the quantity introduced in I which relates to the generating operators 
with respect to the variation of g. Under the assumption of the asymptotic con- 
dition (see I and also ref. 3)) 


De | de 36 (=), (1-8) 
which is, however, not rigorous when there are bound states. Under (1-8), (1-5) 


becomes 
Bf dg Qnn= —Tk(E) (Par Enz). (13) 


We shall again take the case of a spherically symmetric potential which is 
enclosed by a spherical rigid wall and consider a partial wave component. The 
number of levels involved in a given energy region is dependent on the energy 
dependence of the energy shift of these levels. It will be easily seen that the 
number N(E)dE of levels involved between E and E+dE is decreased by .an 
amount proportional to the gradient of JE: 


N(E) dE= (1—9(4E) /OE) N.(E) dE, 


or 
4N(E)=N(E) —N (EE) =—N(E)9(4E) /OE, (1-10) 


where N(E) is the level density and N)(E£) =N(E) |g-0. While N(E) and N,(E) 
tend to infinity in the limit Roo, 4E tends to zero in this limit, thus JN(E) 
remains finite. Substituting from 


N,(E) = (1/2) R(dE/dk)~, (1-11) 


and from (1-1) into (1-10) one obtains 


* The tactor 6-1(E=0) is understood as cancelling the factor 6(E—E’) contained in 
(Une Dy Vner) where D, commutes with H. In the following the factors such as 6-1(E=0) which 
always appear multiplied with an energy conserving matrix element have a similar meaning. 
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AN(E) = (1/n) 7/9E. , (1-12) * 


As an illustration, in a simple model of § 2, we shall explicitly construct JN(E) 
and directly examine the relation (1-12). Also from this special example we are 
suggested a method for calculating the S-matrix in the general potential case, 
which may be called “the determinant method” (see § 2 and App. III). 

In field theory the increment 4Njz,z, in the number of levels belonging to 
the eigenvalue 7 and to the energy region #,<E<FE, is defined by (see §5 of I) 


d/dg AN jz, 2,=d/ dg Sp| Piz, x, |; CL=18) 
where Pjz,z, is the projection operator such that 


Y:tor 7 =7 and Bb, SE <F, 
P3n, 2, Page = = Loe fete, : (1:14) 
0 for any other case. 
Levinson’s theorem was proved in I by substituting A=P, into the equation ex- 
pressing the invariance of spur: 


d/dg Sp|A|=Sp|dA/dg], (1-15) 
and on account of 
d/dg P,;=0, (1-16) 


which represents the quantum mechanical counter-part of the adiabatic invariance 
of the volume of the phase space in classical theory. 

Also, if one puts A=P,X in (1-15), one easily obtains the following relation, 

d?/dg E® =—(1/z) \ dE St d?/d9? qian, (1) 

0 \ 
where E” is the energy of the bound state belonging to the eigen-space denoted 
by 7. (1-17) will be examined directly in the square well potential (see App. II). 
In field theory (1-17) can be integrated, yielding 

JE? =~ (1/2) | ae ae (1-18) 

0 » 

As an application of the basic relations of this section we shall in § 3 and 
App. IV consider the static pair-coupling theory of a general type. It is shown | 
there that an identity holds between the self energy of the sources and the phase 
shifts of mesons scattered by the sources. In § 5 we shall give a covariant method 


for the construction of the nuclear potential in field theory. 
In § 4 an equation for the derivative of the phase shift which follows from 


* It will be interesting to note here that 07/0E is equal to the time delay ofthe scattered 
wave packet in the time dependent treatment.*) 
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(1-5) is given. In App. I a rule concerning the differentiation with respect to 


g under the asymptotic condition is given. 


§2. Energy spectrum in the potential scattering 


In order to illustrate the basic relation (1-12) between the energy spectrum 
and the phase shift, we shall first consider the simple example of the scattering 
by a potential of factorable type: 


(r|V|[r’) =gu(r) v7’), (2-1) 


where v(r) is assumed to be a scalar function depending only on rv. The levels 
become discrete and are decomposed into partial waves if we enclose the system 
in a spherical rigid wall of radius R. Let us consider only the S-waves. If o 
and E, are the free and the real energies and ¢;(r) and ¢;(r) are the free and 
the real radial wave functions respectively, of the /-th normal mode, the eigen- 
value equation for the /-th normal mode is 


(ov —E,) din +90 a vii Pin=O0, (2-2) 
where 
Pin= (gud), wu=(hv). (2-3) 
The energy eigenvalue E, may be determined by the secular equation 
det] 3,j-+ 92 2_| <0, (2-4) 
Wy —E 


Or one can make use of the equation 


U1V4" 

4,(2) =1+9 >} —*_ =0, (2-5) 
tT w,—E 

which is obtained by dividing the both sides of (2-2) by w,—E, multiplying 

vy and then summing over /’. The change in the level density 


AN(E) =N(E) —M(E) 


is evaluated according to Wentzel” as follows. Since 4,(E) has zero points at 
E=E, and poles at E=w, 


d/dE log 4,(E) 


has poles of residue 1 at E=E, and poles of —1 at 
E=w,. Therefore the contour integral of this func- 
tion along the contour C (see Fig. 1) in the complex 
E plane equals the difference between the numbers of 
interacting and free levels involved in the energy region 
limited by E and E+dE. Thus 
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AN(E)daE = (1/273) \dE d/dE loz 4(E) 


E+dE 


= (1/271) \ dE d/dE log (4* (E) /4(E)) = (1/21) [d/dE log (4* (E) /A(E)) )dE, - 


or 
AN(E) = (1/2n) d/dE log (4* (E)/4(E)), (2-6) 
where 

ME) =4 (E428), (2-7) 


€ being infinitesimal and positive. Meanwhile, as will be easily obtained, the 
S-matrix S(£) for this model is 


Pa aiid ee ZG G NW Cr OE) ee (2-8) 
Therefore comparing (2-6) with (2-8) one obtains 
AN(E) = (1/2) d/dE7(E). (2-9) 


Thus in this model (1-12) has been really confirmed. 

The above result suggests an expectation that the form (2-8) for S(E) will 
hold also in the general case of a potential not necessarily of factorable type, if 
4,(E) is replaced by 


Vin 


> 2-10 
Oy—E ( ) 


AE) =det|dntg 
| 
where /=(Eja) is a set of variables which are sufficient to specify the state: 
vectors and 


Vin= (dv Voy) ’ (2 7 11) 


because in the above discussion leading to (2-6) one can replace 4,(E) by that 
defined by (2-10), therefore, if the relation (2-9) is generally valid, one will be 
led to (2-8). This expectation is really confirmed in App. HI. We understand 
here that in the limit R->co (2-10) is formally defined by the expansion of the 


determinant, 


4(E)=149 2 +9 ds Vin Vu ncaa (2-12) 


1 Es (oy —E) (a, —E) 


§ 3. Self energy of sources in the static pair theory 


In the static pair theory of simple types it was shown by K. Sawada” that 
there is a certain relation between the self-energy of a source and the phase shifts. 
of scattered mesons. ‘This relation was made use of, without proof, by K. Hasegawa 
and the present author” to evaluate the interaction energy of two sources. It will 
be shown in App. IV that this relation holds generally in the pair theory. In this. 
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section we shall first present the relation in question and then as an illustration 


consider the case of three sources. 
Consider first the case in which the neutral scalar mesons interact with a 


source through the direct pair coupling : 


seb er (3-1) 
H=G/2) Jere) +(Ve)?+Pe'(r)), (3-2) 
H.=(9/2) (fdtro() v(r)) (3-3) 


where v(r) is assumed to be a real scalar function depending only on r. In 
this case the meson field can explicitly be decomposed into normal modes by 
enclosing the system in a spherical rigid wall, so that the total Hamiltonian be- 
comes (see App. IV) 


H= (1/2) 0) Ex(aai + aj a), (3-4) 


where a, is an operator which annihilate a real quantum of the /-th normal mode. 
The minimum energy state (meson vacuum) ¥Y, is defined by 


a, Fy =0. (3-5) 
Thus the self energy of the source is given by 
4E= (PH Po) — (®) HM) = (1/2) x (E,—a@i), (3-6) 


where @, is the free vacuum, and w,/2 and E,/2 are the zero point energies of the 
l-th normal mode of the free and the interacting field respectively. On account 
of (1-1) each £,—«a is proportional to the phase shift 7, of the /-th normal mode. 
Therefore one obtains 
4E=— (1/2n) | do tim); (3-7) 
0 
where (/, m) denotes each spherical harmonics. 

The above discussion decomposing the fiéld into normal modes is not valid 
when the interaction is not spherically symmetric as is not so in the case of two 
sources. It will, however, be shown that the relation (3-7) still holds in general 
(see App. IV). Consider the general case in which the meson field may have 
components such as the iso-spinor components, the number of sources may be 
arbitrary and the interaction Hamiltonian is given by 


Fh= (9/2) ¥ (\d*reu(r)al ))(\d* rer) gar), (3-8) 


where a denotes, for example, the isO-spinor components, 7 denotes the number 
of the each source and v;(r) may be an operator defined on the isO-space and 
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may at the same time include the gradient coupling. For these cases (3-7) will 
be verified in App. IV. The integrand of the right-hand side will be evaluated 
(see App. IV), yielding 


DX 7m (w) = (1/2i) log (4* (w) /A(e)), | (3-9) 
where 
A(w) =det|d,+9 \ d*k'v;,(k’) (w’ —a@—i€)— v} (k’) |, (3-10) 


this determinant consisting also of the iso-spinor matrix elements. Therefore one 


‘generally obtains for the self energy of the sources 


| 4E= (1/477) | de log (4* (w) AGS (3-11) 


As an illustration let us repneitics the interaction energy of three sources interac- 


‘ting with the neutral scalar meson field through direct pair coupling. For this case — ome 


u(r) =v(r—ri), u(k) =exp(kr,) v(k), (3-12) 
hence (3-10) becomes 


| 1+un U2 U3 ; 
A(@w) =| tn 1+t ts |, (3-13) 
| U31 U39 1+ uss 


where 


Uy=I \ d°k'v,(k’) (wo! — wif) 0;* (k’) 


=9| dX exp (ik’ rj) (w’—w—i€) |v (k’) |?, (3- 14) 
Ty=Ti—7y} - (3-15) 

We see that 4E is decomposed into 
4E=3 dE sey t+ V (ri) + V (78) + V(r) + U (ria, 723, Tar)» (3-16) 


where 
AE was= (1/4ni) \ do logl A+ut) /(1+ a) | (3-17) 


is the self energy of a source,”’” 


V(r) = /4zi) | do log (4%, (w) /da,2(w)) 0 for rao, (3-18) 


0 


= 7 
is the interaction energy between sources 1 and 2,” and 
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w 
e.2) 
fe.) 


o 


U (ris, 1235 31) = (1/477) | do log (4G, 2,5) (@) / Aqa,2,3) (@) ); (3-19) 


0 


P+twy tee 
A.,2) (wo) = |? 
U1 1+ Up, | 


4(w) a +un) Oe 29) el a Usa) ; (3- 21) 
Aa,2) () A 2,3) (w) A¢s,1) (w) 


If the source 1 is carried off far from the other two: 


Aaa,2,3) (w) = 


1125 1137 CO, 


then 
Usa, Us. —> 0, 
hence 
Aa,» > (1+un) (1+us), den (1+us3) +a); 
A(w) > (1+ 27) Jee,3) 5 
and 


A a,2,3) (w) = 1; log 41,2,3) (w) —>0. 


Therefore U(rz, 723, 731) does not vanish only when the three sources are all at 
finite distances from each other. Thus U(r, 723, 731) is just the three-body part 
of the interaction. The generalization of this result to the other cases is straight- 
forward. 


§ 4. Derivative of the phase shift 


We shall in this section obtain some information about the derivative of the 
phase shift which follow from (1-5) under the asymptotic condition. As an ex- 


ample, consider the case of the pion-nucleon scattering. The in-state Vj is 
normalized by 


(PL prin Fp.) =0 (p’— p) 0(k’—k), 


and in the center of mass system V = i" —const X pe» Where q is the relative 
momentum and n=q/|q|, is normalized by 


(Par Pg) =9 (q'—q) =k(E)O(E'—E) d(n'—n). 


When an inelastic process does not occur, d7,/dg is given, on account of (1-5), 
by a term in the partial wave expansion of 


(Pit, D, PE), 
or of 


out T) 
(Pon D; Pon) > 
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or of the average 
{P81 Dy P tn) + (FB, DB et) } /2. 
For these quantities we see that (see App. V), excepting a trivial factor, 


(P31. Dy Ei) = —i \ dx’ dx \exp (—ik! x! +ikx) +exp(—ik' x+ikz')} 


—-o 


xX (LP [26,(2'), H, (x) ]¥,) 0 (2'—2) — | dy || a! da fexp(—ill 2! +ikx) 


—o 


+exp(—zk'x+ikz’)} (F » [[H6 Cy), Hi, (x’)], H,(x))¥,)9(y—2') 9 (2'—2), 


(4-1) 

where 
H,(2)=(-O'-+) 9@) =-i\ a'r @), 6, a], (4-2) 
i: \ d°r'[H6 (x), G(r’, x0) ]. (4-3) 

Also 


(Foti, D, Fee 


is transformed into a form similar to (4-1). 

In the right-hand side of (4-1), the 1-st and the 2-nd terms are the retarded 
and the advanced propagator respectively. Also the 3-rd and the 4-th terms are 
such quantities,- since in these terms 


A(z) = | dy), H,(@) 8-2) 


is a Heisenberg operator : 


A(a+a) = | dy[%(y), H,(e+@) ]0(y—2—<) 


—-o 


é | dy[26 (+a), H, (x+a)]0(y—2) 


=exp(—iPa) A(x) exp(iPa). (4-4) 


8) ,9) 


‘These propagators have certain analyticities. Thus the matrix element 


(PD) 


equals the sum of a part which has the analyticity analogous to the relativistic 
scattering matrix 7’ and a part which has the analyticity analogous to T'. The 
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situation is similar to the fact that in a potential scattering, if S(w) is a partial 


wave S-matrix, 
dy (w) /dg= (1/21 S (w)) dS () /ay 


has a cut at the cut of S(w) and has poles at poles and zero points of S() 
(note that a zero point of S(w) is a pole of S*()), the residues of these two: 
kinds of poles being dw/dg and —dw/dg respectively. Thus d7() /dg has the 
combined singularities corresponding to those of S(w) and corresponding to those 
of S*(@). 

We further have the following relation (see App. V) 


Ge, ae) ae (Ut, D: Pps 


=All da! dx\exp (—ik' x! +ika) |d/dg APH, (2) H,@)] 


_ PCH, (2') H, (2) ]} ¥) + \\ Hv ee peak ot ae 
V., {H, (x') D, H, (x) + H, (2) D,H, (2’)} ¥,); (4-5) 


where P is the time ordering and P™ is the reversed time ordering operator 

respectively. The 1-st plus 2-nd term is a term of the principal part type and 

the 3-rd and the 4-th terms are terms of the type of the energy conserving part. 
Taking a partial wave component of (4-5), one has 


Ann / dg = (1/4) d/d9 (Tnzt+T it) — (1/2) T ta(dynz/dg) Tnx, (4-6) 
where 
1D ne =Snz— 1 =exp (2iqng) —1=2i exp (ignz) Sin 2px. (4-7) 
(4:6) equals the identity 
Ann[ dg = (1/2) d/dg sin 24n2—2 sin? nz (dynz/ dg). (4-8) 


If the perturbation approach is valid, one will be able to solve (4-5), in which 


the 3-rd and the 4-th terms are of the higher orders by iteration. On account of 


(4-8) one sees that 


na (1/2) sin 27nz in the 1-st approximation, 
and (4-9) 
Qnu= (1/2) sin24ne—sin*yng-Sin2yag in the 2-nd approximation, 
and so forth. 
In the proper perturbation expansion, as is seen from (4-5), 
—(1/2) singa» 
begins by a term of the 6-th order, therefore the 1-st approximation of (4-9) is 
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exact in the 4-th order perturbation. When %nz iS not so small compared with 
unity this iteration procedure and, therefore, the perturbation approach is not good. 


§5. On the construction of potential 


In this section we shall obtain a method of constructing the nuclear potential 
in field theory by the help of the basic equation of §1. We first consider the 
adiabatic case and then the non-adiabatic cases. 

In the adiabatic limit the potential V may be regarded as the energy eigen- 


value of the minimum energy state of the meson field interacting with two static 
nucleon sources. Hence from (1-2) one has 


dV/dg=(¥X), (5-1) 


where ¥ is the minimum energy state. V is a function of the distance between 
two nucleons. ¥ is given by 


P= U(0, ¥F 00) Z1? @, (5-2) 


where @ is the free minimum energy state (see App. 1). (Hereafter Z will be © 


abbreviated.) Hence 


dV /dg=(2n0(E=0)]7 \ dz (EH (=) ¥) 


-o 


=[-1| dz(@U(¥ ©, 2) 6 (2) U(e, #00) 0). (5-3)* 


—co 


On account of the hermiticity, we put 


ao 


dV/dg=[---]* (1/2) | a-@{P[U(, — co) ™ (zr) ] 


+P[U(c, — 00) 26™(z) }} @) 
=[---}? G/2) d/dg{(@U(@, —20)®) —(@U(— 2, 0) @)}. 
Therefore 
— V=[-- J G/2) {(@U(@, — ©) 0) —(@U(—@, «)9)}. (5-4) 


We can apply the Feynman-Dyson method of calculation to the right-hand side | 


of (5-4). 

Let us next consider the non-adiabatic case. The potential can be defined as 
an equivalent potential which gives the same scattering matrix elements as the 
nucleon-nucleon part of the field theoretical S-matrix. We shall in the following 


* For the factor [22d0(E=0)]71, see the footnote on p. 382. 
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use small letters for quantities concerning the potential scattering. Then our con- 


dition is written either by 
Su=Su; (5-5) 
or by 
[Ynxlpoc= [Ine |pictas (5-6) 


where [ Jpor and [ Jyea mean the quantities which are calculated in the potential 
scattering and in the field theory respectively. In place of (5-6) we may consider: 


[dynz/ A |pot = (dynz/ 9 | fiera > (5 S ip) 


which is required for all gy. Suppose in the following that the nucleons are Bose 
particles. On account of the identity (4-6) we have 


(27a /A9 lpor= — 20k (E) \\ dn dn! u,* (n’) {(1/4) d/dgf (p'|t|p) 


+ (p'|t'|p) |— (1/2) (p'|t (dy /dg) t'|p) } n(n), (5-8) 
where 
(p'|t|p) = (dy vt), (5-9) 


and the last term of the right-hand side is defined by 
—2ak" (E) (p'\t dn/dg)t!|p) = Li un (1) [tne (dinz/ a9) tn |ux(n). (8-10) 
Meanwhile, if one neglects inelastic processes, 
dna | dg=— (1/2) k™(E)[8(P,=0) 1 | dnd wk (n') (1/2) { Ping Dy U8») 
+ (Poxinat Dy Ving) } ten (M2), (5-11) 
where the variables in the right-hand side are those in the center of mass system: 
Pi=—P=p, Pi =—pi =p’. 
Further from (4-5) we have 
2a [8 (P,=0) 7 (1/2) { Parag Dy Pin mn) + (LP nu Dy F o,) } 
= (1/2) d/dg{(p'|T |p) + (p'|T" |p) }.— (p'|T (dy/dg) T* |p) 
ip AT (any gy eT \ cress) (5-12) 


where excepting a trivial factor T’ is defined by. 


— 2218 (p,'—p,) (p'\T |p) =—i | | dx\' dx, exp(—ipy' x +ip: x) 


eer 


x Ce Pp LH, (2x1') Ey (21) | ve) == \ \ \| AX, dx, aa dx, 
X exp (—ipy’ xy! —ipy! xo! + ips t1+ ips x2) O'S/d@ (ay') 09 (2y') 09 (ay) OG (ay) .” 
(5-13) 
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and, T(dy/dg)T* and {T (dy/dg)T' } eos are defined by 
— 220 (p,'— p,) (p'|T (dy/dg)T" | p) 
= || dns dan exp (ip! my! +1p.21) Poy Hy (21) Dy H, (2) By); 
— 228 (p,'—p,) (pl|{T (dy/dg)T" } eros |P) 
= || daa! dan exp (ipl! a! + ipa) Epy H, (2) Dy He (a!) Py.) 


(5-14) 


Therefore in order that (5-11) holds it is sufficient that 


(1/2) d/dg {(p'\t|p) + (p'le" |p)} — (p'|t (dy /dg)t' |p) 
= (1/2) d/dg{(p'|T |p) + (p'IT' |p)} — (p'|T (da /dg) T" |p) 
— (p'|{T (dy /dg)T" } cross|P) (5-15) 
is satisfied on the energy shell. _ 

We will for the potential v admit also the spacially non-local ones. If it is 
represented by v(r’, r) in the co-ordinate space and by v(p’, p) in the momentum 
space, it reduces to the conventional one when 

u(r’, r) =d(r'—r)v(r), v(p’, p) =v(p'—p). (5-16) 
2 can be determined from the identity (see App. VI) 
Ort ra x tro (Ey— Eq—i€) 7 tint — x tra (Ey— Eg +i€) “tho 
==41/2) (tat tha) — (1/2) a tro{ (E;— Eq +7€) *+ (E1— Eq—7&)™} tha, 
(5-17) 
if z represents the correct scattering matrix, viz. 


_t=T on the energy shell, (5-18) 
and further satisfies the correct orthonormalization condition : 


ty—tyaot ms tia { (E;—En—i€) * + (Eg— Er— 1€) ™} tar=0. (5-19) 


The condition (5-18) can not be extended off the energy shell, because the re- 
Jativistic T-matrix does not generally satisfy (5-19). Meanwhile suppose that ¢ 
is defined from (5-15) which has been extended also off the energy shell, in which 
the value of J’ off the energy shell is considered as being defined simply by sub- 
stituting the off-energy shell values for the variables in the right-hand side of 
(5-13). T(dy/dg)T' and {T (dy/dg)T* } cross also are defined by the expressions 
which are obtained by performing the further reductions” on the annihilation 
and creation operators in the right-hand sides of (5-14). If we have dropped 
the 2-nd terms from the both sides of (5-15) which coincide with each other on 
the energy shell and are of the higher order (see § 4), (5-15) will determine 
not t itself but only the real part ¢,= (¢+¢"')/2. Therefore (5-15) does not con- 


FS vl 


bb ta FD Wg Sie AP ay 
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tradict with orthonormalization condition which will be satisfied by choosing the 
imaginary part t;= (1/22) (t—z') so as to satisfy (5-19). Thus the potential can 
be determined from (5-15), (5-17) and (5-19). 

As an illustration let us determine this potential in the perturbation expansion. 
The expansion of #, begins by a 2-nd order term, that of ¢, which is determined 
successively by (5-19) begins by a 4-th order term and, as having been seen in 
the previous section, the 3-rd and the 4-th terms of (5-15) begin by 6-th 
order terms. Therefore : 

[2-nd order] From (5-15) and (5-17) we have 


U2 1 wes (5-20) 


where TJ’), means the real part of the 2-nd order term of T. 
[4-th order] From (5-15) 


t= TF air L wes 
and from (5-17) 
Vm—t,1m— (1/2) os: tym {LE p— Eat i€) esis (E,— Ea—i€) ai L(2) m1» 


hence 
v= (T aye + Teor) rr (1/2) 3 Teme, rw (Er Et i€) + (Er Ex— 18) 7} Ty, a- 
(5-21) 
Since, as will be easily seen, 
Im|T @ |=0, 
Im|T ya) =2 3) T 108 Ea— En) Tar, 
(5-12) can also be written as follows, 
va=T @utT wn (1/2) me Tm 
x {(Er— Eat i€) 7+ (Er— Ent 1€) Tear, (5-22) 


which essentially coincides with the 4-th order potential by the contact trans- 
formation.” 
Appendix I 
A rule for the 9-differentiation consistent with the normalization 


The connection of the formalism of the previous paper with the Feynman- 
Dyson S-matrix (see App. II of I) was not correct regarding the normalization 
of state vectors.* In this Appendix we present a rule under the asymptotic con- 


* That is, a’(k)’s obtained there are not supplied with the normalization factor. 
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dition for the differentiation with respect to g which is consistent with the nor- 
malization. We confine ourselves to the case of no bound state. 
Under the asymptotic condition the infinitesimal variation operators D,”’”? 


which are defined by 


dfdg.e 7 =e 2 n= out) ; (AI-1) 
are given by 
—c0 (+) 
DB Sieh nes | dz H(z), (AI-2) 
0 


where we should regard the observed mass m to be independent of g and the 
mechanical mass 2, to be dependent on g(see App. II of I). For the trans- 
formation function of the interaction representation it holds that 
t 
d/dg U(0, t) =i\de% (=) U(0, 2). (AI-3) 
0 
However, we can not put, combining (AI-2) and (AI-3), for the solution of 
(A 1-1) 
PT =U(0, —~)@,, 
because the unitarity of U(0,¢) is not preserved in the limit <> -o. In the 
renormalization theory S-matrix elements are given by 


I Il Zi°Z7"(O,U(o, —o)D;), 


aeT jel 
where Z,’s are the normalization constants, therefore the unitarity is satisfied by 
ZPU(co, —co)Z*” rather than by U(co, —o) itself, where 


Z0;= I Z, Pr. (AI- 4) 
qe 
Accordingly we can under the asymptotic condition assume the rules 
v"—U(0, —0)Z*?O,, (AI-5) 
U(0, —«©)ZU(—o, 0) =1, (AI -6) 
d/dg {U(0, — 00) Z™} =2 \ dz I (7) U(O, Aiea) Ze (AI-7) 


0 


(AI-5) is consistent with Gell-Mann and Low.” 


Appendix II 


Bound state and the phase shifts in the case of the square well potential 


In the following the relation (1-16) between the energy of the bound state 


and the phase shifts is directly ascertained in the case of the square well potential.” 
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The radial wave equation for the S-wave is 
d’G/dr'+[o— V(r) |G(r) =0, (AII-1) 


where V(r)/2m is the potential and w/2m is the energy eigenvalue. For the 
square well potential 
= «for 7 <2, 
Vie (AII-2) 
0 {Ote 7. >a. 
We shall consider the case in which only one bound state exists: 
I/O < Ve aan: (AII-3) 


The wave function for the bound state is given by 


A sinkyr TOL 7d; 
G(ry = (AII- 4) 
; Bexp(—xr) for r>a, 
k= O4= —W, hy =) Ga; (AII-5) 
where « is determined by 
(1/k)) tankya=— (1/k). (AIL -6) 
The wave function of the continuous level is given by 
C, sink’ r {OR .tuca, 
Gage (AII-7) 
sin(kr+7(k)) for r>a, 
P=o, k?2=wAAyV, (AII-8) 
where the phase shift 7(k) is determined by 
(1/k’) tan k’a=(1/k) tan(ka+7 (k)). (AII-9) 


‘These wave functions satisfy the completeness relation 
G(r) G(r) + (2/z) Jaa.) CACC Oy (AII-10) 
, ; 
Now put 
—1 for r<a 


V(r) =Vov(r), vr)= 


(AII-11) 
OFF ory sas 


and regard V to be a variable parameter. Then from (A II-4)—(AII-9) we get 
the relations 


da,/dV = (k/V) («+ Va) / (1+ Ka) 


foo} 


=] (BVOn ep aerayoe | ar Cie, (AII-12) 


0 
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dy (k) /dV.= (aC? /2k) {1— (1/2ak) sin 2k’ a} 


co 


== (1/8 \drGer)v). (AIL 13) 
Further from (A II-10) 
d/dV4\ drG(r) 0) + (2/z) jak) drGe@o@)} =0, (AII-14) 


Substituting (A II-12) and (AII-13) in (AII-14) one obtains 


dw dV? + (2/2) | dk-kd*y (b) /dV*=0, 
0 
or 


d? w,/dV?=— (1/2) | dod*y (k) /dV?. (AII-15) 


0 
It will be interesting finally to compare the above relation with a relation 
which follows from the analyticity of the S-matrix element S(o). 
S(w) =exp {277 (w) } 
=exp(—2ika) {1+i(k/k’) tank’ a}/{1 —i(k/k') tank’a} (AII-16) 


has the analyticity such that S(w)exp(2ika) (a@>a) is analytic on the upper half 
of the complex &-plane except at the point of infinity, from which one obtains | 


(1/2) dw,/dV —i S) Res {dy/dV —[dy/dV |v=0} o=«, 
=— (1/2) | do{dg(w)/dV—[dg(o) (AV roe}, (AIL 17) 
0 
where w=, .are zero points of S(w). The situation is similar to the fact that 
from the analyticity of dy(w)/dw one obtains not Levinson’s theorem but a re- 
lation between the number of bound states and the number of poles and zeros of 


S(w). 
Appendix III 


Determinant form for the S-matrix 


In this Appendix the relation expected in § 2 for a general type potential 
S(E) =a*(E)/4(E) (AIII-1) 
is verified. We have in § 2 considered the spherically symmetric potential, but 


the result is generalizable also to the spherically non-symmetric case, for which 
(A III-1). is modified to 


Pp ee By a ee ee 
ary va ibe 
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2iSpl4 (E) |=log (4*(E)/A(E)), (AIII- 2) 


where the spur and the determinat 4(E) are defined on an eigen-space of a set 


I of constants of motion. 
The elements of the determinant J(~) are 


: Ain=Onmt (w,—E—i7€) 72 Vin=[1+ (H,— E—i€) ae Vitae (AIII- 3) 


If the cofactor of @,, is Ai», then 


& ba an Awr=4(E) Onn, (AIII- 4) 
s therefore 
Ayn = 4(E)(1+ (Hy — E-1€).7 V dar. (AIII-5) 
Meanwhile 
a/dg log (4* (E)/4(E)) = (1/4* (E)) d/dga* (E) — (1/4(E)) d/dg 4(E), 
(AIII -6) 


d/dg A(E) = 3} (dain/ dg) Aw 
= A(E) Sp[ (H,— E—i8) 7 (dV/dg) (1+ (H)— E—i8) 7 VV] 
= 4(E) Sp([1+ (H,.—E—i€) * V) (A) — E—i€) *dV/dg] 
=4(E) Sp| (H—E-—ié) *dV/dg], (AIII-7) 
d/dg 4* (E) =4* (E) Sp| (H—E—i&) *dV/dg]. (AIII-8) 
Therefore 
(1/4* (E)) d/dg a* (E) — (1/4(E)) d/dg A(E) = —2zi Sp|0(H—E) dV/dq], 
on account of (1-6) (/=(E, n)=(jaE), 7 denotes the eigen-space), 
= 21 2, d/dg Hjax. (AIII-9) 
Therefore from (A III-6) one obtains 
2% 2 Yjaz=log (4* (E)/A(E)). ~ (AIII-10) 


& 


Appendix IV 
The static pair-coupling theory 


We shall first consider the neutral meson field which interacts with a spheric- 
ally symmetric static source (with its center at the origin) through the direct 
pair coupling (see §3). The equation of motion for the meson field g(x) becomes 
(z= (r, t)) 

(-O' +4") ¢(2) =—g90(r) ¢(2). (AIV-1) 


If the interacting system is enclosed by a spherical rigid wall which has its center 


ee far eee yo A Ne oe 
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at the origin, the meson field can be decomposed into the partial waves and into 
the normal modes, 


Q (x) ae ym as (Og) (2@1mn) Pal {dimn rome Pimn (r) exp (— 1W1mnt) 


+ dhant —* Pian (7) XP (ZOrmnt) } > (AIV -2) 


where Y,, are the spherical harmonics, 1 denotes each normal mode, wm, is its 
energy, Gimn is the annihilation operator for the real quantum of each normal 
mode : 


[aimn> Birmn = Pur mm Onn » (AIV -3) 
cand Yimn(r) satisfy 
d? Gunn (vr) [dr? + [wimn—9v(r) —L(L+1) r~) Yim (r) =9. (AIV -4) 
Substituting (AIV-2), we obtain for the total Hamiltonian 


H= (1/2) pm Otmn {dimn Dnt Aimn Banh . (AIV 5) 


‘Such a decomposition is not possible when the source is not spherically symmetric. 

We shall next consider the general case in which the number of sources, the 
type of meson field and the type of coupling except that it is of pair type are 
‘arbitrary, so that 


H= (1/2) Da rGl)+ Ce) +H eer), (AIV-6) 


= (0/2) DE (fair galr)o' 19) (fdr! 1) $4), 
(AIV -7) 


where a denotes the components of the meson field such as the iso-spinor com- 
ponents, 7 denotes the number of each of these sources and v(r—r,) may generally 
represents an operator on the iso-space and may at the same time include the 
gradient coupling. The equation of motion becomes 


(—O +) ¢2(2) =—-9 Liv! ry) \atr!o(r—19) gar’). (AIV-8) 
a 
O4(x) can be decomposed as follows, 


Ca(x) = pa \ d®k(2a,) {ae (k) Pea (r) exp (—iw,zt) + aly (k) Pitea (Fr) EXP (tox t)} 
(AIV -9) 


(hereafter we use the matrix notation: Pra= {fnew BY, Citys 


Shere 
[aa(k), as (k’) |=6.,0(k—k’), (AIV -10) 
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and 
C4) dnale) =9 Dvir) fd*r' oe! —1) bale’) =| 47 V 0 1) Ge). 
(AIV -11) 
The minimum energy state % is defined by 
ai) Xo=S, (AIV -12) 
and the one meson in-state is given by 
Prra= Aa (Kk) Po, (AIV -13) 


provided that ¢«(r) satisfy the outgoing boundary condition. The outgoing wave © 
solutions of (AIV-11) are 
Pra(T) =Pra(r) + V?>+R+1€)*9 Dv! 7-14) \d%r'vG'—r) ¢ra(r’), 
(AIV -14) 
where 
PP? +’) bra=0. (AIV -15) 


Multiplying v(@r—r,) on the both sides of (AIV-14) and integrating over r, 
we get 


(vw Pra) a (v; Pra) aa do Uiy (k) (v; Pica) 3 (AIV -16) 
where 
(Ufa) =| d*rve—r) brat), 
| (iba) = | Prv@—r) Gra(), | (AIV -17) 
Urs (R) =9| d*ro(r—r) (V?+R+78)*v' (r—r;) | 
If we put 


A; (k) = OF —Uuiz (k) > 
4(k) =det| 4,;(k) |, 


(where 0;;, w:; and 4;;, which are the elements concerning the i-th and the j-th 
sources, may at the same time be certain matrices in the iso-space and the deter- 
minat shall be understood as consisting of the elements of these matrices,) and 
if the cofactor of 4,,(k) is A,(k) which satisfies 


x 4 (k) Ar; (Rk) = A(R) 0435 (AIV -18) 
then the solution of (AIV-16) for (x; Pra) 18 
(Ui Pra) = (1/4 (R)) x Ais () (0; Gra) - (AIV -19) 
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From (AIV-14) and (AIV-19) we obtain for the S-matrix 
(ka|S|k' 8) =0 (k—’) 04,—2ni90 (w—w’) (1/4(k)) pa (vibra)! Aiy(R) (vy Pura) - 
(ATV -20) 
The unitarity of S is represented by 
—2ak* (dw/dk) “9 D) \dn (Una) (0) Pua)? +iAy/4—iAt,/4*=0, (n=k/|kl). 


(AIV -21) 
For the energy E of the minimum energy state Y, 


dE/ dg = (",dH,/dg ¥%). 
(A IV-7), (AIV-9) and (AIV-17) being substituted, it becomes 
dE/dg= (¥.dH,/dg Fy) = (1/2) pa | d°k (en) "(Ui Pra)! (WiPra)- (AIV -22) 


Meanwhile by virtue of the identity (1-9) which is applied to the scattering 
represented by (A IV-11) one has the relation for the phase shifts: 


do dpnn/ dg = — (H/2) kX) Yn dV AE brs) 


Pp 


=— (z/2) k pm \ dn (Pra dV /dg Pra) 


== (2/2) DY | dr (vidhna)" (ouPua): 
Therefore it follows that 
dE/dg=— (1/22) | a (b/en) Xo btaa/ dg. (AIV -23) 


Further from (AIV-21) one has the relation 


e 


LY dim /dg = — 2/2) YX \ dn (oitna)" (erPna) 
= — (1/29) 3 {éAy/4—iAl/ 4}, (AIV-24) 


where }! in the right-hand side represents also the spur on the iso-spinor space. 


One apes further 
d/dg log (d*/d) = (1/4) da*/dg— (1/4) dd/dg, 
dd/dy= ¥) ddyy/dg Ax, 
dA,,/dg = — duy/dg=— (1/9) uiy= 1/9) (4%) 


hence 


dd/dg= (1/9) x (4ij— 81) An = (1/9) pa (04— Ai) - 
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Therefore 


d/dg log (4*/4) = (1/9) (Au/4—Al,/4*). (AIV - 25) 


Comparing (AIV-24) with (AIV-25), one obtains 
> dyn/ dg = (1/21) d/dg log (4*/ 4). (AIV -26) 


For the case of a spherically symmetric potential we have from (AIV-26) for 
each partial wave 
dn,/dg= (1/21) d/dg log (4*/4), (AIV - 27) 
or 
SE) ty ACE a (AIV - 28) 
The principal results of this Appendix are (AIV-23) and (AIV-26). 


Appendix V 


The relations (4-1) and (4-5) for ( a Dey. etc., are obtained by ap- 
plying the usual technique which transposes the in- or out-annihilation and creation 
operators from right to left or from left to right and by the help of the following 
relations : 

Pi Dy P oe) = Dp Z"* U(co, 0) \ dz (t) UO, —~) Z"?,,) 


—co 


co 


tC AL \ dtU(—o, 7) Ib (2) U(r, —w0) ZO), (AV-1) 


co 


@yZ? P>[U(— om, 2) O, (ax) ]26™ (2) PLU, — 0) On(as)]Z"79,) 


= yy Os (22) 26 (2) On(2) Py), (AV-2) 
Dy ZU (— 0, 2) 06 (2) PLU (2, — 00) O, (ar) O. (a) 12") 
= (Py (2) PLO.) Onley) Py), i (AV-3) 


O(t) A) O'(e') +0!) AO) —AW PLO) O'(@)] 
—P>[O(z) O'(e')]A@ =—[[A@, O(@)], O' (7) 6-1) 6 (2-7) 
—[[AQ@, O'(@')], O@ ]0(@=7) 0 (7-2), (AV-4) 
O(t) A(t) O' (2) +O’ (7!) A(t) O(t) —PiA@O@O™Ce)| 
—P>[A@0@)0'(@)]=— {[A@, O@)], 0'@)] 
+[[A®, O'@)], O@)}} (8-7) 0-7) 40(e'—2) O(e—Y}, 
(AV-5) 
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co 
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d/ dq (¥ y P[Ox (ts) Ox (ts) |¥,) =—i | de (¥ yy P[Oy (ty) Ox (ts) 26 (2) ]¥,) 


—-o 


+ (PF { P| dO,/dg (t1) Oz (t2) | PLO; (4) dO,/ dq (t2) J} ¥p) - 


Appendix VI 


The equation 


Pr = drt (€r—ho t+ t€) TC vg? 


is rewritten as follows, 


bir = {1— (€r—ho + iE) * v} * Gr= {1+ (€r-A+ iE)“ v} br. 


Taking the scalar product with ¢; v, one obtains 


or 


(A VI 


(drvP7') = (b1067) + (b1v (€r—h+ i€) * vd) 


Var— ta — a tom (€r— €m+1€) * thr. 
-3) must be slightly modified when there is a bound state. 
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The lower and upper bounds of the high energy limit of pion-nucleon forward scattering 
amplitudes are investigated. The former is studied using available experimental data and 
found that at least one subtraction is necessary in the dispersion relations. The latter can 
be determined under an additional requirement that the forward amplitude has no zero in 
the complex energy plane. Some discussions are given to the problems on the high-energy 
behaviours in quantum field theories. 


§1. Introduction 


It has been conjectured that the total cross section for the pion-nucleon scat- 
tering approaches a constant value and does not damp so rapidly at high energy 
limit. This conjecture comes from the experimental facts which show that at very 
high energies the cross section keeps a constant value, about 30mb.” The disper- 
sion relations for pion-nucleon forward scattering amplitudes given by Goldberger” 
are derived from this supposition. However, no theoretical foundation which ex- 
cludes the possibility of damping of cross section at high energy limit or excludes 
the validity of unsubtracted dispersion relations has been given except the work of 
Arnowitt and Feldman.” 

In this paper we will show using available experimental data that at least one 
subtraction is necessary in the dispersion relations for pion-nucleon forward scat- 
tering amplitudes irrespective of the detailed structures of interactions. This is the 
same result as obtained by Arnowitt and Feldman who showed this, under the as- 
sumption of the existence of /¢* term in the interaction Lagrangian, by construct- 
ing unsubtracted dispersion relation in the form derived by Goldberger and finally 
by leading to the inconsistency. However, their method seems to be incomplete 
and inconclusive. This point will be discussed in § 4. In the same section, some 
words shall be added to the work of Kallén® on the magnitudes of the renor- 
malization constants. 

For the determination of the upper bound of high energy limit of total cross 
section, a method was proposed in the previous paper.” This method is based 
upon an assumption of uniqueness of the “solutions” of the dispersion relations, 
or equivalently, of the absence of zeros of the pion-nucleon forward scattering 
amplitudes in their complex energy planes. In I, the arguments have been given 
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‘on a model of the scattermg of a neutral pion by a neutral scalar nucleon” in 
which there were some mistakes. In this paper, we will determine the upper 
bound of high energy limit of the total cross section for the scattering of z+ mesons 
by proton by means of the same method as I and correct the conclusions drawn there. 


§2. Lower bound of high energy limit of pion-nucleon 
scattering amplitude* 


The forward scattering amplitude in which a pion with isotopic spin index 
is scattered into the one with isotopic spin index @ is written as 


Tsp () =SegT® (0) +2 [Fas FelT® (Wo). (1) 


Denoting T..(w) the forward scattering amplitude for the coherent scattering of 
-‘t* mesons by-protons, the following relations hold 


T (o) =2(T_(w) +. (@)}, 
(2) 
T” (@) =5Ir- (w) —T.(@)]. 


If it is assumed that 77 and T® satisfy the unsubtracted dispersion relations, 
we shall have for T” (w) 


eel ay gt ee tos pt EM 3 
ReT” (a) ai dw ae ee Sa POT A (3) 


Here, ImnT™(w) is related to the total z*cross section, 7, (w), by the optical 
theorem : 


Iml”’ (w) = k [o_(w) +o, ()], 
8a 
(4) 
k=V0—f. 
Putting w=y in Eq. (3) we have 
: Li? ONES 
ReT” (4) =75|,4 [o-(w) +, (o) ]—47- (5) 


Writing ReT® (#4) =1/2[D_ (v) +D.(4)], Ds(w) the real parts of Ti(w), Eq. 
(5) becomes . 


* After submitting this paper for publication, a paper by H. Chew (H. Chew, Nuovo Cimento 
17 (1960), 619) has appeared. He has obtained independently the same conclusion by the method 
same with that in this section. 
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2 
1 {"dilo(@) +2, (@)]=4[D-() +D. O14 6) 
Az” Jo 2 M 
We will check the validity of this equation by substituting the experimental re- 
sults for o,, D, and using the value of coupling constant f’ determined from the 
analyses of low energy pion phenomena.* 

First we note that the left-hand side of Eq. (6) is positively definite and con- 
sequently for some finite pion momentum / the following inequality holds : 


1] D_@ +D.())+ FS EY dtle(w) +. (0). (7) 


On checking this inequality, we shall proceed in the following manner : 

For D.(/2), which are expressed in terms of the S-wave scattering lengths a 
and a;, we adopt the result obtained by Orear” from the low-energy phase shift 
analysis. Orear’s result is that a,=+0.16 and a,=—0.11. Thus, D, (4) =—0.17, 
Dit) = £000, 

For f?, the pion-nucleon coupling constant, we use the value f?=0.08". 

For the right-hand side of Eq. (7), it is sufficient for the present discussion 
to take A=1.9 Bev. The right-hand side of Eq. (7) is just the area under the 
curve of [o_(w) +o,(@)]|/2 plotted versus k, so we can underestimate the in- 
tegral of Eq. (7) replacing [o_(w) +o, (@) |/2 by a constant value 20mb. 

In this way, evaluating the both sides of Eq. (7) we have 

—0.01 107% cm for left-hand side, 
+0.98 x 107% cm for right-hand side. 


These values do not satisfy the inequality (7) even if considerable errors exist 
in the experimental results. Namely, the dispersion relation in unsubtracted form, 
Eq. (3), contradicts the present experimental results. Therefore we should per- 
form at least one subtraction in the dispersion relation for T (w). 

The same discussion as above, however, cannot be applied to the dispersion 
relation for T®(w) because Im T® (w) is not positively definite and the inequality 
such as Eq. (7) cannot be proved. Thus for T(w), there is the possibility of 
the existence of the unsubtracted dispersion relation. 


(8) 


§ 3. Upper bound of high energy limit of pion-nucleon 
scattering amplitude 


It was shown in I that the high energy limit of T’(w) can be determined if 
the pion-nucleon forward scattering amplitude has no zero on the complex energy 
plane. There, we had a conclusion that T’(w) cannot increase like w? or more 
rapidly as |w|->0o, but this conclusion was incorrect and we will show now in 


* Essentially the same discussions in the case of the scattering of photons by free electrons 
have been made by Goldberger.» 
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this section that T’(w) cannot increase like w or more rapidly as |w|—>©, that is, 
we obtain more stringent restriction on the increase of T(w) at high energy. In 
the following discussions, we shall assume that T'(w) cannot increase more rapid- 
ly than some polynomial of w, w, as |w|>. 

Defining k(w) by the following relation : 


Chats ee 
>0T' (w+7€) 


this quantity is positively definite ; in fact 


k(w) =Im lim for real o, (9) 


. Im T™ (@) 
[Re T® (w) P+[Im T® (a) P 


k(w) = 


see Wiercs kho_(w) +o, (a) | S09. 
[Re T® (w) P+[Im T® (a) P 


Therefore, if T'™(w) increases like w or more rapidly when w tends to infinity, 
the following integral exists :* 


a dw =-~_| dz aie eet (10) 
wo —Oz id (z—wzs)T™ (z) 

Pp c . 

Here, w, is the position of bound state 
poles of T (z),@2=+ (2/2M), and 
the contour C in the right-hand side 
are shown in Fig. 1. In deriving this 
equation we used the symmetrical pro- 
perties of ReT’ ®(y) and ImT® (a) 
for real w; RET? (—o) =ReT™ (), 
Im TT” (—o) =—ImT® @). 

Therefore, the integral of the right- 
hand side of Eq. (10) gives zero if T(z) 
has no zero in the whole plane, because 
T(z) has poles at z=wz. Thus we 
Fig. 1. Integral contour C in Eq. (10). shall obtain 


(ee =o, for n=l. 
w —Oz ie 
B 


; CLD ae Mie Zt 
* Eq. (11) of L jonon ‘rey y? is not correct since aes is identically zero. It 
c 


ns be corrected as Eq. (10) in this paper. 


f 
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This integral is positively definite and it can be concluded that T" (w) cannot 
increase like w or more rapidly as |w|—«. This result imposes more stringent 
restriction on the upper bound of high energy limit of the total cross section 
than that obtained by Symanzik.” 

There is no proof in the relativistic field theory that the scattering ampli- 
tudes or propagators have no zeros on their complex planes; however, this prob- 
lem has been solved for some specialized model, namely the Dyson model.” It 
can be proved that there is no zero if the unstable particles (with respect to the 
strong interactions) do not exist. The Lee model”? in which no unstable particle 
exists has no zero, and the Dyson model in which arbitrary number of unstable 
particles exist has zeros. Therefore, if we apply this interpretation for realistic 
theory too, the assumption that there is no zero in the pion-nucleon forward 
amplitude is equivalent to the statement that there is no unstable particle capable 
to decay into mesons and baryons through the strong interactions. 

From the discussions of this section, it follows that it is sufficient to perform 
one subtraction in the dispersion relation for J (w). On the contrary any 
conclusion on the subtraction in the dispersion relation cannot be drawn for JT (w) 
because for this quantity we cannot construct the positively definite quantity such 
as Eq.(9). But the total cross sections o,(w) should damp since Im 7 (w) = 
(k/87) (c,(w@) +o_(w)) cannot increase like w or more rapidly as wo, and 
it can be also concluded that Im 7’? (w) cannot increase like w or more rapidly 
when w tends to infinity. 


§ 4. Dispersion relations and high energy limits 


I) Arnowitt and Feldman” used the technique of derivation by Goldberger” 
and obtained the following dispersion relation under the assumption that Im T™ (w) 
damps, 


oo 


2 2 1 a, 
Re T® (w) CPAs (Re TOC) wee) Peet \ dw'w"ImT™ (a) Ochi 
“yr (4) ) Tw (wo? —*) (cw! — p?) ( ) 


Here, we dropped the bound state term which is unessential for our discussions. 
aC represents a constant term which originates from the Ag‘ term in the inter- 
action Lagrangian. 

Arnowitt and Feldman assumed that 4 is not zero and insisted Eq. (11) is 
inconsistent, that is, the assumed existence (o(w) dw < © is incorrect.* However, 
if we tend w to infinity in Eq. (11), we shall obtain 


ao 
* In their paper?) Arnowitt and Feldman insisted | dws (w) >oo, but this cannot necessarily be 


concluded, for the dispersion relation in the unsubtracted form can be derived only under the 
assumption that both ReT’®(w) and ImT®(w) should damp. This is because we apply Cauchy’s 
theorem and suppress the contributions on the large circle at infinity for the derivation of dispersion 
relations. However, we cannot exclude a possibility that ReT'®(w) increases at infinity. 
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Re T™ (co) =i. (12)* 


Namely, Re T™(w) does not damp at infinity as far as 20. Therefore, in deriv- 
ing the dispersion relation for T®(w) we must supply one more denominator in 
order to secure the convergence of Cauchy’s integral at infinity. This forces us 
to perform one subtraction in constructing the dispersion relation and consequent- 
ly the AC. term disappears from the relation, thus any contradiction cannot be 
found. Just at this point their arguments are incomplete and inconclusive. 

II) Next, we wish to remark Kallén’s proof® that at least one renormaliza-. 
tion constant is infinite. Kallén’s proof consists in that the unrenormalized cur- 
rent operator between vacuum and one pair states approaches the Born approximation 
at very high energies when all the renormalization constants are finite, or in other 
words, 


dp (k) >Z, Ap (k), 
SS ZS), for —RP’> oo. (13) 
UR, 


Here, 4’y, S’y and I’, are renormalized photon propagator, electron propagator 
and proper vertex part, respectively. Whether J", really satisfies Eq. (13) is 
now an open question,” and here we will discuss the validity of Eq. (13). 

It is very difficult to check Eq. (13) for /’,, but it will be reasonable to infer 
the high energy behaviour of J’, from the one of J’, because Kallén’s Eq. (13) 
requires for both J’, and 4’, that they approach the Born approximation limits. 
Namely, if the Born approximation is not valid for d4’», it is very plausible that 
the same is true for I’,. 

It is the imaginary parts that define the renormalization constants; for ex- 
ample, the charge renormalization constant Z;* is defined as follows :” 

Z,+=——(Im A'(k) d(—B). (14) 
E 0 

Namely the finite renormalization constant Z;* can be obtained if Im d’, 
rapidly damps. However, this does not necessarily mean that Re 4’, also strongly 
damps. It may be even possible that Re 4’, increases at infinity while Im A's 
amps. 

When this case happens, we must write down the spectral representation for 
d', as follows :” 


oo 


. 2 2) n—1 a (7*) d® 
A'p(B) =e + RICH) + (H) er canpines : 


(15) 


* This can be obtained by comparing Eq. (11) and the one subtracted dispersion relation 
which certainly exists if Eq. (11) exists. 
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The case n=1 in this expression corresponds to the spectral representation deriv- 
ed by Kallén and by Lehmann. 
Making —# approach oo in Eq. (15), we obtain 


d' p(k) oe [a+ [> (2) di |=Z." p(k) for mw=1; 
ae : 


d'p(B) > BY" Ca ees) for n=2. 
be =! 


In the case 22, we cannot obtain Eq. (13) because the acto] Ct [722 
in general, are not ensured to vanish. ao 

Eq. (13) physically implies the possible disappearance of the effects of clouds 
from unrenormalized quantities at high energy limit, but as seen above, there can 
be the possibility of the existence of the effects of clouds for propagators even if 
their imaginary parts do strongly damp. From this we infer'that the same holds. 
for I’,, that is, the effects of clouds do not disappear from Z,~‘/”, and Eq. (13) 


does not hold for/’, even if the divergences do not exist in the theory. 
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General treatment of nuclear many-body problem will be given in terms of Green 
functions and the correlation property of nucleus will be exhibited by correlation factor. 
Effective interaction certifying the independent particle motion is introduced and proved to 
identify with Brueckner’s K-matrix. And on the basis of this point, applying the method of 
the particle-hole pair to the system, a collective mode will be derived and the effective 
interaction contributing to collective motion will be studied. It will also be shown that this 
effective interaction has the property very different from electron plasma case. 


§ 1. Introduction 


In nuclear many-body problem, it is well known that the Hartree-Fock method 
may not be applied as it is, in the case of deriving the independent particle 
motion suggested from the shell model. This is because that the interparticle 
interaction has very singular part such as hard-core. Under the singular inter- 
action for high-momentum part such as hard-core, Brueckner et al. succeeded in 
deriving the independent particle motion in terms of their K-matrix defined for 
two-particle state in the nucleus.” In the more detailed problem, in which low- 
momentum transfer plays an important role, i.e. collective motion, it may be con- 
sidered as reasonable to take this results into account. So, in the case of 
considering the residual interaction, which is recently called in question, Brue- 
ckner’s state is removed from the whole system at first and the remaining terms 
are considered as “residual interaction”. If there is the so-called B-C-S state 
considered in the theory of super-fluidity in nucleus, this treatment may be un- 
reasonable as it is. Here we assume that there is not such state, but if exists 
in nucleus, it seems to be able to treat, for example, in the Bogoliubov trans- 


formation firstly. 

After such transformation it may be expected ‘for the original interaction to 
suffer a drastic change. In the K-matrix method, it is known that long-range 
part of the interaction may not be altered but short-range part, i.e. hard core, 
is screened perfectly.” For long-range part of the interaction, the method of the 
particle-hole pair, considered by Sawada et al.” in electron plasma and applied by 
S. Takagi? for nuclear collective motion, may effect in some kind of screening of 
It seems that the so-called “ quadrupole-quadrupole interaction fs 


the interaction. 
t of L=2 in the Legendre expansion of the original 


may not be simply the par 


Se ae he, ee eee tn ae ie 
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short-range force, but the rather long-range force formed by some kind of trans- 
formation. This situation will be considered in a later section (§ 6). Recently 
K. Sawada showed an interesting treatment of many-body system.” By the 
equation 


Relee ? x] =oX+ Y; 


the excitation mode X of many-body system and the excitation energy w are 
defined respectively, and the remaining term Y (the coupling term between mode 
X and the other) is rewritten in terms of K-matrix. Here, the particular dyna- 
mical mode is not defined from the begining but we will formulate in terms of 
the Green function generally® and make the behaviour of nuclear correlation 
clear. And we consider the treatment not only of the independent particle motion 
but of the other dynamical mode on the basis of independent particle motion. 


§ 2. Formulation in terms of Green function 


2-1. Energy of the system 
Total Hamiltonian of the system is given as follows,* 


ja eee Jax Nivy (X) Ve (X)} 


2m 


+-9| dXdX!-0(\X—X"|) Nig" (KF OPHOP(X}, (2-1) 


where N denotes the symbol of normal product and ¢*(¢) is the field operator 
representing the particle creation (annihillation) and satisfies the anti-commutation 
rule. Only to simplify the situation the two-body interaction v is assumed to be 


central and not to have spin and isotopic spin dependence. Denote the ground 


state of nucleus with A nucleons as |A) and its energy as Ey, then 
As is well known, differentiating both sides of the above with respect to the 


coupling constant g and integrating, we may obtain 


g 


E,=E®+ | dg'/9!-<A\H!A), (2-2) 


0 
where H’ represents the second term in the right-hand side of Eq. (2:1) and 
E, represents the energy of non-interacting system with A-nucleons, that is, 
E®=(3/5) AE, (2-3) 
where, Ep is Fermi energy. . 


* We abopt the natural unit A=c=1. 
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(A|H'|A) = 9'| dXaX’o(|X—X') CAIN" (XCOPY COPOOHAD. 
(2-4) 
Here, we define the Green function of N-fermions as follows, 
Gp (10a: 3 Dy/*-+ Ly!) =i CAT (h(a) f (20) +P (an) O* (an!) O* (arr) } |AD, 
(2-5) 


where, 7’ shows the chronological ordering symbol and x represents the coordinate _ 
vector with four components (X, 7). Then we obtain 


(A|H’|Ay=2 gf (i) | dX dX’ v(\X—X') limG,(Xz, X'2; X72, Xr). (2:6) 
th ty 


ce 
We then obtain the total energy in terms of Eqs. (2-2), (2-4) and (2-6) as 
e d / af p 
E,=E2+\—7 (— i)? 9 |dXaX'0(\X—X"|) limG, (Xr, X's Xe, X’?). 
¢ thy ty 


0 


(2-7) 
2-2. Wave function of single particle 
The equation of motion of field operator ¢(x) is 


i? p(x) =" (x) +g\ax'o(iX-X DN" (Xt) (Xt) P(a)}. (2-8) 
Ot 2m 


Using the Green function defined by Eq. (2:5), we get 


(-i2+ p )Gtes 2!) +ig | dX" v(\X" —X|)G(X"s x; Xt, 2’) 


tee L Ii 
=0'(x—2’). (2-9) 
Bort 2 
Gila; 2) =0 2D Pn(£) On*(2'); (2-10) 
where, 
Gn (x) = Al p(x) |An), (2312) 
and 
Gn( £2) =On(X)e", (242) 


where, %,(x) represents the wave function of a single particle and |A,) is eigen- 
state of ¢(x) with eigenvalue E,—E,. Integrate Eq. (2-10) on X’ multiplied 
,(X't'), we get 


\aX'Gi(es Xe) 9X2) =1 Deal) | en* (X) pa(XAK 2 8erhO", 


In order to drop the oscillating term, the right-hand side may be averaged in 


AIA M. Yasuno 


etl 


terms of the operator (1/|¢’|) ‘| de (for t/>—o).” Thus 
lim \ ax’ G(x; X't!) Pa (Xt) =iga(z) \ |Pa(X") PAX”. 


Normalizing ¢, as follows, 
| [ga(X) PdX"=1, 


Then we obtain the equation of motion in integral form as follows, 
e 


lim \ dX’ Gy(x; X't’)¢,(X't') =i, (2). (2-13) 


tlh>—o 


Rewriting the above to wave equation, we operate (—7-0/dt+ p’/2m) to Eq. (2-13), 
we obtain from Eq. (2-9) as follows, 


7 


fe) On (f= P Oa(x) + lim g| dX’ dX" v(X""—X)) 


t 2m 
XG AX ek Ee SO es (2-14) 


2-3. Structure of Green function 


From the above formulation, we see that the second order Green function 


plays a crucial role. The second order Green function may be decomposed as 
follows,” ‘ 


G, (ee; oR oe) ant OR Cake 2’) G, (ts5 22') —G® (21; a/) G, (a; 2) 
— i| 1 (Ss <1) G ) (i 25 &) G;(€2,.6" . x! cy =) dé ae. (2 ~ 15) 
where 
I(x, x') =guv(|X—X’|) d(t—-7’), (2-16) 


and G(x; 2’) satisfies the following equation, 


> i 0 / 
ae, P (x: cae ae 
( 1 4 + = GCG (a; 2!) =O" (2—2') 


Here, we will introduce the “ correlation factor” defined by the following equation, 
GO er == Caran 
Gi (ey, 2) =O eae ye (2°17) 
Ga 2 5 1! 2!) = Cyr 5 21!) Ci (20; ax!) — Carr; 2p!) C\(ara ; 27’) 


sis Ci(a21 Xo 5 Di as 


Substituting the above equation to Eq. (2-15), we will obtain the integral equation 
for the correlation factor to satisfy. Firstly, we get for C, as 
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Oe SC, (ne oo —i| 1, &) Ca) 


Se Cees a VCE rE — GE 521) Cr oe ean ON Caan ou M (2-18) 
In the above, as pointed out by Ch’un, the usual Hartree-Fock equation will be 
given at once if C, term is neglected. But this may not be allowed if the in- 
teraction is singular since the first order term diverges. Then, in order to obtain 
C, we will use the binary approximation,—it is the approximation in which C;, is 
neglected in the expansion of G, in terms of correlation factor—and correct the 
vertex I to @ to renormalize the self-energy in C).* Thus we get the equation 
‘satisfied by C, in closed form, 
Cy (21 Xo ; 21 2x) = — i| G (&, 8) Ci(aa 3 €) 
(Saar an ts) CEs E+ Cy(a08" 3 xr 2) CLE 3 ©) 
—C,(5&" > ay Xy') Ci (22 ; e+ Cy (EF x2 sy &") CE" > 21’) 
— CE ay 3 21 ECE! 5 a9!) + Ca (and! 5 ol F) Ca Es 2x’) 
Us (x2 ; te S:) Ci (E pe Ne CE > X2') C, (22 ; a) (ONG: pat) 
4 C2105 = xy) G (22 3 Eby Gy a ; a) \dé de’: @ -19) 


Representing graphically the four important terms in the right-hand side of Eq. 
(2-19), we get Fig. 1. 


(a) (b) (c), 


(d) 


Bigs i Graphical representation contributing to C,. @P denotes the correlation 
factor C, and----represents interaction & 


‘Other terms are the exchange terms, and so on. Diagrams are studied one by 
one in the following sections. 


§ 3. Independent particle motion 


As seen from Fig. 1 the graph which plays a dominant role is (a) when 
the interaction has a singular part, such as hard-core. In (a) almost the whole 
particles may participate even if the Pauli principle is taken into account since 


* In this case may not always depend only on two-particle coordinates but moreover on 
_2,. However, we here assume the interaction ¢ to be local, that is, eon(xt). 


rt Fs ey td, 


OSes Me ee PN ae ee 


EY ey ee ey nt Pe ee ee ee ae leans ON ae RN 
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the high momentum transfer is unrestricted. In the graphs (b) and (c) having 
the hole line,* however, the low momentum transfer may become important** 
because of the Pauli principle, and the particles being the neighbourhood of surface 
will mainly participate. Therefore, it may be a good approximation in order to 
obtain C, from Eq. (2-19), that Eq. (2-19) will be solved neglecting the con- 
tributions (b) and (c). As will be seen later, this may be the Brueckner term 


and the total energy be given. 
Closing the integral equation for C, in the above approximation and writing 


an approximate solution of C, as C,'”’, then 
Ceo ii a5; 8 Xy') = o (§, &’) C, Gi €) Ci (2 ; =) 
x Rens (ee4 5 x,’ 2X2) + (Ch ( = 2X) G (é/ 5 2X, ) Le Gc, ce : ay G (F 3 ay') |\dF d=". 
(3-1) 


Here we introduce K-matrix defined as 


re 


(ONCE Coe Sater Aiea o) =i Ci(ai; y) C2; y') K (yy 5 22’) 
X[Ci(2 3 2) Ci "3 ae) = Cie; 2) C2"; a) ]dydy'dze dz", — (3-2) 
Substituting the above in Eq. (3-1), we get the integral equation for K as follows, 
K (21213 21 2) = 9 (x, 23) 0(2,—21')8(2,—27) 
2 \ diaz". (ens aa ICA: EVO, ay SI RCo. (3-3) 
This equation is identical with Eq. (12) of reference 6). We do not discuss the 
structure of this K in detail, but it may be easy to lead the equivalence to 
Brueckner’s K-matrix in terms of Fourier transform of Eq. (3-3). 


Next, we will obtain the total energy and the single particle wave function 
using this C,"”. From Eqs. (2-17) and (3-2), we get 


Gy (41225 21' Xa!) = Cy (ay 5 ary’) Crate 3 2a!) — Ci (arn; 2x’) Ci(23; 21’) 
+i) Cas Clas WK Oy! 22") 
X(Ci(z 5 a1’) Ci (2! 5 ro!) —Ci(z 5 2) Ci(2! ; ay’) ]dy dy! dz dz’. 
Then, 
| dXaX'.go(IX—X')Gu(Xe, X't; Xz, XZ’) 


e e 


= | dxdx’| dz dz'-K(Xt, X't; zz’) 


: In the case of low density, the contribution from the graph including any hole line may become 
higher order of density in comparison with the one including no hole line 
aK ~* . . . ; 
Since the nuclear interaction is short range, there will not be such difficulty of divergence 
in low-momentum transfer as Coulomb interaction. 
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X[Ci(z 3 KAA Ci(2’; Xt!) —Ci(z; Xt!) Cie’; Xz) ]. (3-4) 


Here, we will notice the following four situations : 


1) As the interaction is time-local K-matrix has a factor 0(¢,—t,'). 
K(X1, X't; 22')=K (Xt, X't; Zt,,, Zt) ¢(t,—t,). (3-5) 
2) The integration on coupling constant y may be replaced by the limitation 


of integral region of ¢, as — © <?#,’/<0.° 


0 
dg'/9'-> | dt,!. (3-6) 


ot 0 


3) As C,(x;2’) is one-particle Green function, 
Cy(x 3 2!) =—7 D(X) Ge (KX) eH (3-7) 
k 


for the occupied state. 


4) K-matrix can be Fourier-transformed as follows, 
K (1-1) =| K(B) ®- dB/22. (3-8) 
From the above arguments, the expression of energy can be given as follows, 
E,=E2 + | aXax'dzaz! 


x 2 (on* (X) o1* (X") — Gu" (X') gi" (X)) K Ext Er) ¢e(Z) 92). (3-9) 


This is equivalent to Bethe’s expression. 
Next, will proceed to the peers on of one-particle wave function. Returning 
to Eq. (3-4) and taking account of t/—>— oo and 


Ge eee, a!) = —G,(X"t, x; x’, Xt), 


we get the wave equation of one particle by means of substituting Eq. (3-4) in 
Eq. Be 


(2) = fe — $a 2) a jim 1 | ax’ dX" dz dz' 


Xx K(X" t, x; 22/)[Cil(z; 2) G2’; X"1) -—Ge; Xt) Ci(z’; 2’) ea(X’). 


tl 
Taking ¢.(2) =a(X)e~**" into account and operating im (1/|t’ | ae in order 


to drop out the Se term, we obtain the wave equation as follows, 


Bqga(X) = 2—96(X)— Y | ee (X) ee" KK ngs XX 5 22! 


5 {0.(Z) PAZ!) —GalZ)9.(Z)} dX! dz dz!-9(X). (3-10) 
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This may be considered as a more generalized Hartree-Fock equation.* And here, 


of course, there is not the difficulty of hard-core singularity. 


§ 4. Exchange scattering—Contribution of diagram (b) 


The lowest order of diagram (b) is exhibited in Fig. 2. Calculating C, or 
G, from the diagram (b) using the tensor force as interac- 
tion, and picking out the terms proportional to the spin oq 
of the particle in the state a, we have already shown that 
the above terms may give the order of magnitude of spin-orbit 
coupling in the shell-model. Detailed calculations may be 
referred to reference 9). Of course K gives also the terms 
proportional to o,-l,, but in low energies this has a wrong 
sign.” Furthermore, if the interaction has l-o part originally, 
we expect the larger contribution to the nuclear spin-orbit coupling. The study 
on this point is now proceeding. From diagram (b) there appears the central 
potential in addition to K, but this gives only the order of 10% to K™. 


Fig. 2. Lowest order 
of diagram (b). 


§ 5. Effective interaction in reference to collective mode 


In this section we consider the contribution of diagram (c). The lowest 
order of this diagram is shown in Fig. 2. In many-electron 
system it is known that the collection of this bubble type ss 
diagram gives the plasma mode.” As argued in the Introduc- () 
tion, several authors has considered this bubble type diagram gl 
in nuclear problem.” Here we will begin to discuss introduc- 
ing the effective interaction in reference to collective mode. Fig. 3. Lowest order 
5-1. Introduction of effective interaction ey 


The basic equation may be led from Eq. (2-19) as follows, 
CON Gay Vaya) Keue: )IE &) 
el Calc Caisse sey et Cy (Gis eas) CO anet 2 Se ee 
PACHA 5 a) Cte (Cosa) = Cy ra) CE nea) eee) (ele ieee 
. (5-1) 
where C,'” represents the approximate one-particle propagator obtained by using 


K, and C, is the approximate solution of the above equation. Effective inter- 
action U (2, 2’) may be introduced by the following definition. 


* Tn the case of including hole-hole scattering, independent particle motion may no longer be 
guaranteed. This situation is now being studied. 
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Ga Gries; ay,’ ) =i\ Cee tin) Ca (ars te OU Cal, ae) 
x ee ee > 2) Cia 3 Ds) — Cy (2! 5 Hs ) BR ate > Ld ais | 
(5-2) 
Substituting Eq. (5-2) into Eq. (5-1) and arranging it, we may obtain the 
equation as, 
L=R°+R®, (5-3) 
where 


e 


L=i| ersten DON Gren 0 Gao a) 
ee iy Bir Cy (as 5 ryt) Ca Se) CAP) Cars ay | day oda: 
(5-4) 
RO= \ Cy (213 €) Ci (243 €’) 1G (E, &) 
pe Crees ri) ye a, ) Oy Seyi, (ca) as de" 
_ \ CC, (a, 3 ef") Ci (x3 271!) 1B (ary, €) 1 Es ECL E's UE 2!) 
eg teas a Ce (at ge Cy Cay” se) Ce es a) do dade 
(5-5) 
R®= j Cy? ar 5 aes) Ch (2095 22!) 1B (ar, EV CL Cay!” 5 FY GO (Es €) 
Bors ee eee) CES te Ca a Fa) Ce see) 
<add de del. (Ge 


R“® is represented graphically as Fig. 4. 

If R™ term exists, the integral equation 

for U(x; 2’) is not closed, so we drop a2-7 

out R® term. As seen in Fig. 4, R™ or 
shows the vertex correction or exchange » 

scattering and this is known as damping 
effect of plasma in many-electron gas.” 
Thus we obtain the following integral equation of V, 


Fig. 4. Graphical representation of R%®, 


r 


bi (x, 2/)= o (x, 2’)— \ dz" dz!" 8 (x, a )[iC,® (2 2 "C(x!" ; z!')] 
x Val, 2’). (5-7) 


This effective interaction may be equivalent to the one introduced by J. Hubbard 
in many-electron case.” 


5-2. Expression of collective energy 
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ie: Ps 
Denoting the collective energy or the contribution to energy of Ce as" aes 


we may write the basic equation for E, as follows, 
g 
E,°=(—i)(1/2)| dg'/9!\dX aX’ O(|X—X'|) 
0 
<lim( Gy P(Xt XD CPA ts X71) — CO Aes Cpe CX AT) 
th>ty 
COU CX £ Xs AT Se 


Substituting Eg. (5-2) in the above, after simple calculations we get 
g . 
E4=(1/2) | dy'/9' | dada’ GEE eee CRP CRS ar) ere) oe cay 
0 


In order to obtain the energy of phonon quanta we must derive the dispersion 
relation. Then we introduce the quantity W(2, x’) defined as 


Wa, 2) =—i| O(a, 2") CY” (23 2!) Ci (2! 3 2!) dx". (5-9) 
Then VU (2,zx') becomes 


VU (x, 2')=S8 (a, x’) + \ Wa, 2”) U (2", 2') dz". (5-10) 


Assuming the translation invariant to take the Fourier transformation of Eq. 


(5-10), we get 
V(R, w~) =9(k)+E WER, @) U (fh, «). 
Solving the above for @ (k, w), 
U (k, wo) =9(k)/A— Wk, w)). (5-11) 


Substituting this in Eq. (5-8), we may obtain 


g 


aml kage dk dw iW(k, w) 
pio { ae! Wo) 
7 y ) g' (27)* (22) * 1 WR, ys © idee 

Here, W(k, w) may be separated in real and imaginary parts as 

W(k, w) =D(k, w) +iS(k, o), (5-13) 
where 

real part of W=D(k&, w) 
and 

imaginary part of W=<S(k, ). (5-14) 


Then Eq. (5-12) may be rewritten as follows, 
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g 


E,Oz 1 | dg’ \ dk do —S 
AP ere / 3. 9 i 2 3° 
2 J 9 (27)° 2x (1—D)?+S 


(5-15) 


As will be seen in later arguments, S may correspond to the scattering process, 
so it may be enough to take the limit as —.S—>0 for the estimation of the collective 
process. Then, taking account of 


S 


a ES et sor (5-16) 
Ep. (5-15) becomes 
g 
; zx (: dg’ Gist cig. 
Peery ) 9 | feo omc tee Cs 
1= D(R,"a) (5-18) 


is the dispersion relation. Solving this, we get the energy of phonon quanta 
o-(k).* Then 
P= Ce cae) (5-19) 
Expanding D(k, w) about w=«e,, 
aD | 


Dk, wo) =D, Oa) Oe ee ON Fe pa (5-20) 
OB ss 


| @ 


Then, 


a dk dw (ae 
gS (@x)* 2a Bo 


| aoe). (5-21) , 


a=O, 


And, as D(f, w) depends linearly on g, as will be seen from the Appendix, dif- 
ferentiating the both sides of Eq. (5-19) on g, we get 


[2 arte 
Ow ae de Og 


Then the energy expression may be obtained in terms of phonon energy as follows, 
p= 
Z (27)? 


where, w.(g) and w,(0) represent the phonon energy in the existence of usual 
interaction and the limit of no-interaction respectively. 


(5-22) 


. 
O-O, 


[we(7) — (0) |, (5-23) 


5-3. The explicit form of effective interaction 

In order to study the role of particle-hole pair, we will consider the explicit 
form of’ effective interaction. But as effective interaction UV (., x’) |includes re- 
tardation, its form may be too complex to exhibit explicitly. So, here we will 


* Hereafter, we write simply as o, instead of w,(k) as long as no confusion arises. 
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show, in rough estimation, the explicit form of effective interaction modified ap- 
propriately in configuration space. 

Energy expression Eq. (5-8) would be rewritten as follows in terms of some 
functions defined by the Appendix. 


E,®= m | axax’| ; \ 2 ID ge aR e CXeee w) |. (5-24) 


g’ Qt 
Here we define the modified effective interaction ee die @eae. |) as follows,* 


dk dw 


(22)2 =. 27 


= r / 
Bu(IX—X'|) =| \= a XX 1 (b, w) (Ay tiBu). 


(5-25) 


VU (k, w) is Fourier component of effective interaction, being given by Eq. (5-11). 
Taking the limit (B,—0) similar to the case of energy expression and using the 
expansion of Eq. (5-20), we obtain 


Ba(IX—X'|) =| dk dw \ : dg’ » gth(X-XN 


(2x)* Qn g' 
<ALo/ a is -20(w—w,) v(k),** 
( dk tk —xX/ ) 
= [ER | ao et 29 m0 (B)| Ande, 22 (5-26) 


In order to show the form of U for the lowest transition*** Ay may be approxi- 
mated as follows, 


—2d4 —2d4 
vet as ao! Sree 27 
mis: Ai—oe  =$L—a? Cre 
where 
4=min.|4,)|. (5-28) 
Then 
w= 4/1+ (20/22), (5-29) 


and the dispersion relation Eq. (A-7) may be rewritten as 


Tek AoC) 
: ale 5 
1@) f—w(k) <= (5 30) 


* This means to define equivalent local interaction. 
El Modified interaction (|X—X’|) may be adopted here as the ordinary soft potential’ 
screening its hard-core. In this sense we write v(q) instead of Q(q). 


*** Probably this may be considered to play the most important role and it is very complex to. 
take other contributions into account, But the qualitative features may not be altered. 
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Now U%(|X—X’|) in this approximation enoted by Vik Xx!) is obtained 
from Eq. (5-26) as follows, 


dk 


D(xX—x")) =| Peet Ee: (5-31) 
where 
F(k) =a[1 +22 |". (5-32) 


Here we used the dispersion relation Eq. (5-30) and treated F(R) as the slow 
varying function on gy. Adopting Fermi momentum &, as unit, then Eq. (5-31) 
becomes 


Ba(0-) =A. | da-singp- BQ), (5-33) 
20 ? 
where 
D(g= Ds 5-34 
og V1+ (2/ky 24) 0(q) or: 
and Arbitraly scale 
p=kp|X—X"|, 
q=hk/kr, 


repulsive Coulomb 


v(q) =he' v(k). 


In order to estimate U',(g), we assume the 
explicit form v(q) as 


screened Coulomb 


35 0 < ao —=9 
0(q) ks? | Vo -e*F ® dr, 
Kr 
4x -V, Dia (q) 
asad ak 5-35 ug 
(9) Cpe Re tie Ag ( ) Bo(q)/q 


where kry=«/kp. The explicit form of 


U.(q) is shown in Fig. 5. 


= Fig. 5. Illustration of screening effect 
§ 6. Concluding remarks . 3 
in cases of repulsive Coulomb and 


; ; : attractive nuclear short range interac- 
Here we will mainly discuss the effec- sigs ANT Rice od Rit Ome 


tive interaction U or U,(qg) obtained in 

§5. First, we consider the difference of the mechanism in collective oscillation 
between electron plasma and nuclear collective vibration. (This problem was part- 
ly discussed in reference 13).) If we apply the method of electron plasma—such 
as the construction of normal mode of plasma by particle-hole pair—in infinite 
nuclear medium as it is, it is well known that the phonon energy may become 
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imaginary and the collective mode may be dissipative. As the above situation 
may be caused by the infinite property of nuclear medium and the attractive 
nuclear interaction, being different from repulsive Coulomb interaction in electron 
system, it is known that this difficulty may be avoided by taking account of finite 
size for nuclear medium,” that is, we must use the correlation factor C,’” instead 
of C,. Then we see that the finite property of nucleus may play an essential 
role in nuclear collective motion. There exists another difference. That is 
screening effect about original interaction. As seen by Eq. (5-34), in the case 
of repulsive Coulomb interaction v(qg)=-+const./q’, then g:v(q) has a singularity 
1/q at q=0. But the denominator, which represents the effect of particle-hole 
pair, has also a singularity 1/q at g=0. So, particle-hole pair screens the singu- 
larity of Fourier component of Coulomb interaction at g=0. Nuclear many-body 
system, however, is not the case, that is, v(q) is attractive and unsingular at 
low-momentum side when the hard-core singularity has already been screened by 
Brueckner’s method. Eq. (5-34) then shows us that the denominator, or the 
effect of the particle-hole pair increases the ratio of the low-momentum component 
of the interaction to the high-momentum component one in comparison with the 
original interaction.* Thus we may conclude that in nuclear many-body system, 
the effect of particle-hole pair produces the effective interaction in which the pro- 
bability of low-momentum transfer is more favourable than that of the original 
one. In other words, the construction of particle-hole pair may transform the 
short-range force to the long-range one in contrast with the screening effect of 
Coulomb interaction in many-electron case. 

Next we will comment on the quadrupole-quadrupole interaction introduced 
by J. P. Elliott’ in order to explain the nuclear collective motion in particle 
picture. Explicit form of quadrupole-quadrupole force is given as 


v(r,; Tr) =r? Ps P,(cos 4), (6 =) 


where P, represents Legendre polynomial. 


The construction of particle-hole pair originating in terms of this force derives 
the nuclear collective mode.” Then, it may be remarked that the structure of 
radial part of this interaction is very essential in deriving the collective motion. 
As this is residual interaction, this may be weak. Weak as this is, however, 
perturbation theoretic calculation may not always be allowed. In electron plasma, 
Coulomb interaction is weak but because of divergence in 0-momentum transfer 
caused by long-range part, particle-hole pair, screening the above divergence, 
plays a dominant role in energy. On the other hand, in the case of short-range 
nuclear interaction, it seems that there is no positive reason to apply the particle- 
hole pair method. Rather, it suggests to apply the perturbation theory. We ex- 
pect, however, that in terms of physical consideration of collective motion the 


* The above situation is illustrated in Kis. 5. 


Effective Interaction in Nuclear Many-Body Problem 425 


residual interaction may be considered to be long range. So, some mechanism 
may be requested which makes the original short-range force become long range. 
One suggestion for the above may be particle-hole pair. 


The author would like to express his sincere thanks to Professors S. Takagi 

and H. Tanaka for their valuable comments and discussions. 
Appendix 
Explicit form of dispersion relation 
From Eq. (5-14), 
D(k, wy=real part of W(R, ow). (A-1) 
W(k, w) may be given from Eq. (5-9) as follows, | 
Wk, wo) =—iG9 (kA) LER, ), 

where, 


L(k, o) = | d(x-X)du-1) eee eC kanye) Chae Se) a AR) 


because of the assumption of translation invariant. Since C, is one-particle pro- 
pagator, we can express it in terms of one-particle wave function ¢,(x) defined 
by Eq. (3-10) as 


Clas 2’) =1[0(¢-1) 9-1) Vea et(a’), (4-3) 
Phere the function @ is defined as follows, 
Wi 2y a1 tor. 0, 
oh NOG a wane 2 UY (A-4) 
From Eq. (A-2) taking account of Eqs. (A-3) and (2-12), we obtain for W(k, ) | 


as follows, 


Wk, w)=9 (k)[ACR, w) +iBtk, w)], 


where A and B are the real functions respectively and expressed as 


erie ot, eA (A-5) 
TA OD Gears sai Mer PRTC Be 
Ry ow) =e = a (1—m) m [0 (4a +o) +0(da—o)], (A:6) 
i,t 
where, 
Awe 


and 7, represents the’ occupation number in state i. Here, for simplicity, we 
adopt the plane wave in a large box as 9(x), that is, 
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(2) AUR exp[ik,X—iE; t| - 


Thus we may express the dispersion relation explicitly as 


ile —29 (k) Mia 
eS 4 =1. (A-7) 
QO 2 ( Nx) mM 42—a'(k) 
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It is shown that low energy behaviors of the triplet P-wave phase shifts in proton-proton 
scattering below 20 Mev, after being corrected for vacuum polarization effect and relativistic 
effects and for effect of the coupling with F-wave, confirm the existence of the repulsive 
central tail of the one-pion-exchange potential. 


§ 1. Introduction 


In the course to establish pion theory of nuclear forces according to a plan 
shown in the Taketani theory,” information afforded by behaviors of P-wave phase 
shifts at low energies may be said to secure the most important position. Ac- 
cording to this plan, we should analyze phenomena of nuclear forces in the fol- 
lowing way: (i) fully relying upon the one-pion-exchange potential (OPEP) 
that has the classical correspondence and dominates at distances 2>1.5,* (ii) 
taking features of the two-pion-exchange potential (TPEP) into account only quali- 
tatively in the region 1.5>2>0.7, (iii) and treating interactions in the inner 
region completely phenomenologically. Then the importance of the low energy 
behaviors of the P-wave phase shifts comes from the facts that they are scarcely 
spoiled by nuclear interactions at small inter-nucleon distances, which are hard to 
be treated by the theory, and moreover, they are relatively insensitive to detailed 
properties of the two-pion-exchange potential.** 

In 1954, two of the autors (S.O. and R.T.) showed that the behavior of the 
weighted average of three triplet P-wave phase shifts at low energies, which was 
observed to be negative and not to vary rapidly in the energy range 2~4 Mev 
in p-p scattering, was a consequence of a hump of the pion-theoretical potential 
outside the pion range which is due to the one-pion-exchange process.” And this 
result together with determination of the pion-nucleon coupling constant from 
properties of deuteron” was regarded to bring the existence of the tail part of 


* z is the inter-nucleon distance in unit of the pion Compton wave length. 
** Nuclear interactions inside one-half the impact parameter scarcely affect the phase shifts. 


See ref. 14). 
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OPEP to light, and to confirm the validity of the Taketani theory. Later in 1958, 
Ohmura reported* that when new experimental data were used and when the 
vacuum polarization effect as well as relativistic effects were taken into account for 
the p-p scattering analysis, the resultant P-wave phase shift became much smaller” 
and had not the magnitude negative enough to establish the hump of OPEP. 

In the present paper, however, it is shown that P-wave phase shifts corrected 
for the vacuum polarization effect and the relativistic effects confirm the existence 
of the repulsive central part of OPEP in the energy region below 20 Mev. 


§ 2. Weighted average of P-wave phase shift 


The most important and interesting parameter in analyzing low energy p-p 
angular distribution is a weighted average of three triplet P-wave phase shifts, 


Qualitatively speaking, the situation is as follows. The triplet P-wave nuclear 
scattering amplitude interferes with the Coulomb scattering amplitude mainly 
through 


sin °0¢= (1/18) (sin(27d,') +3 sin(270;') +5 sin (2 *0,') ),** 
when each *0/ is small. Then f-p angular distribution data around the inter- 
ference minimum angle determine °0j, with a very good accuracy. Uncertainty 
of *0j, arising from the interference term of singlet nuclear scattering amplitude 
with Coulomb scattering amplitude is rather small since the singlet nuclear scat- 
KXN 
[re] 
(i) °s 
og ie 


at 4.2 Mev 


at 9.68 Mev 


at 19.8 Mev 


4 


02 2.4 aA ee Tia ME fae: 03 


Fig. 1. Distribution of MacGregor’s P-wave phase shifts and that of 3614). 


* In a meeting at Institute for Nuclear Research, June, 1958. 
** 39% is the triplet nuclear bar phase shift. 
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tering amplitude, which is the main part of the nuclear scattering, is almost fixed 
by p-p angular distribution at large angles 60° 6902.8 

This situation is well illustrated in Fig. 1, which shows that the width of 
distribution of MacGregor’s” °0,' is larger than 0.3, that of *0,' about 0.2, that of 
°32 is larger than 0.1, while that of *di, is only about 0.005. Noting that Fig. 1 
includes all phase shifts of MacGregor (from solution I to IV, and changing 
singlet S- and D-wave phase shifts ‘0, and 0,*) we can observe that *0j, is a 
very good parameter for describing angular distribution of p-p scattering.” 

Thus to reproduce the energy dependence of *02, (see Fig. 3) is a necessary 
condition for any p-p potential. Once the energy-dependence of *d}, is reproduced, 


then there are a number of ways of combinations of °0,', 39 and °0, to reproduce 
the data. 

In 1954, we attempted to interpret the negative 391 below 4.2 Mev known at 
that time by the repulsive central part of OPEP. In the present paper, the fol- 
lowing points are taken into account that were not taken into account before : 

(i) Relativistic effects and vacuum polarization effect. They are considered 
in MacGregor’s phase shifts,” from which 391, in Fig. 1 is calculated. 

(ii) The coupling of *P.-wave with the *F,wave by the tensor force. In 
1958, we noticed the importance of the coupling even at low energies.” This. 
point is improved in the present paper, and we use the nuclear bar phase shift.** 

(iii) Since few precise data were available above 5 Mev in 1954, it was not 
possible to get any information on energy-dependence of °0;,.**”* 

These faults are all improved in the present paper and the presence of the 
central part of OPEP is confirmed. 


§ 3. Evidence for tail of the one-pion-exchange potential 


We have calculated the proton-proton triplet P-wave phase shifts by the fol- 
lowing potentials : 


V(x) = (1/3) (ge/4a) | a + (=) 


Xx 


ssf t+ 3)E—(E)I] oe Ben 


x! x 


* 19, is the singlet nuclear bar phase shift. 

+* Numerical integration of Schrédinger equations was made by IBM-704 computor of Japan 
Meteorological Agency. Numerical solutions of the equations with the potential (1) together with 
the Coulomb potential are continued smoothly to the Coulomb wave functions and then nuclear bar 
phase shifts are obtained. 

*K Bgl), at 18.2 Mev lies fairly apart from the smoothly energy-dependent curve in Fig. hel 
Perhaps the data should be corrected by some systematic errors. Hara and Miyazawa, who applied 
a dispersion relation to p-p scattering found that the data are consistent with the dispersion relation 
only when 9?,/427<0.04.19 In 1956, using the data, we concluded the presence of an attractive central 
potential inside z<1 with depth 0~70 Mev,® but it is now clear that this conclusion should be 
replaced by ‘a new one as stated in the present paper. 
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where parameters a and 5 are chosen as in Table J. The effective coupling ee 
stant g,’/4z is varied from 0.06 to 0.08. Cases of a=0 correspond to absence o 
the repulsive central part of OPEP, while those of b<0 correspond to presence 
of an attractive central part of TPEP. These potentials are shown in Fig. 2. The 
tensor part of the potential (1), which consists of the OPEP-part and an attrac- 
tive TPEP-part is fixed since its effects on °03, are small as will be discussed 
later. 


(pc?) 
0.02 7 


Fig. 2. Shapes of central potential of (1), which are compared 
with TMO,” KMOM and HM potential, 


Resultant phase shifts when we assume the zero cut-off for the potential inside 
x=(.7 and a hard core of the radius x=0.3 are shown in Figs. 3 and 4.* 


* Copies of the numerical results may be obtained from one of the authors CW. W.). 
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Table I. Parameters of potential (1) 


20 E(Mev) 


Fig. 3. Energy dependence 
of 391,,. Figures on the cur- 
ves specify No. of cases in 
Table I. 

a=1, corresponding 
to the presence of OPEP-tail 
------ a=0, corresponding 
to the absence of OPEP-tail 


Case g?-/4z a b 
1 0.08 il —=10 
2 4 0 @ 
3 hy il — 5 
4 Z, 0 y 
5 Z 1 o 
(oe 4 0 y 
7 0.07 al —10 
8- y 0 y 
9 0.06 1 Z 
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Fig. 4. Each nuclear bar phase shift are plotted for 
the cases 1, 2, 5 and 6. 

Effects of uncertainty of the inner potential for x<0.7 are small compared 
with those due to OPEP-tail. For instance, when we assume an attractive central 
potential of depth —100 Mev in the region 0.7>x> 0.3, then all phase shifts 
increase and in consequence the weighted average *0j, increases at most as the 
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column (A) below, and when the radius of the hard core is changed by +0.1, 
*0¢ Changes as the column (B) below: 


(A) (B) 
at 1.855 Mev by about 0.0002 + 0.00009, 
at 9.68 Mev by about 0.004 + 0.001, 
at 19.8 Mev by about 0.01 + 0.003. 


From Fig. 3, we can conclude that : 

(1) When a=0, *03,>0 for all energies, while when a=1, *0j,<0 at least 
for E<6 Mev. Thus, in order to reproduce *03,<0 below 10 Mev, a> 0 is required. 

(ii) Thus, the presence of a repulsive central part outside the pion range 
has been confirmed. 


§ 4. Some remarks 


We give a few supplementary remarks: 

(i) The assumption of the tensor part of Eq. (1) in the present analysis 
is justified in various ways: 

(a) For *03, some non-drastic changes of the shape of the tensor potential 
may be of minor importance, since effects of the tensor potential itself cancell one 
another in the first Born approximation. ; 

(b) In studying properties of deuteron, the presence of the negative tensor 
OPEP was established in the triplet even state and its coupling constant was de- 
termined as 0.06<g9,?/4z<0.09, although nothing could be said definitely of the 
central potential.” Then once one admits the symmetrical theory, the positive 
tensor OPEP in the triplet odd state is naturally deduced. 

(c) The positive sign of the tensor potential is also consistent with positive 
values of the polarization.” | 

(d) The tensor part of TPEP is relatively small in the region x>0.7 and 
is attractive.” 

(ii) In Fig. 5, p-p angular distribution is calculated from some typical po- 
tentials (cases 2, 5 and 6) at 9.7 Mev as an example. The singlet D-wave phase 
shift is numerically calculated with OPEP tail, while singlet S-wave phase shift . 
is chosen phenomenologically. Fit with the latest experimental data” for the 
case 5 is very satisfactory, which reflects the fact that °0}, is well reproduced in 
this case. Fit of the case 6 is not so good in the interference region 6<30°, 
because °01, lies outside the allowable region in Fig. 1. Thus we see that the 
pion-theoretical potential satisfies the necessary condition (the energy-dependence 
of *6},) as well as the sufficient condition to fit the data. 

(iii) In the nuclear scattering region, the theoretical curve of the case 5 
lies on the lower limit of the experimental data. To improve this fit (about 1% 
increase) without destroying the good fit in the interference region, we need slight 


A34 


GREAT CREST ee VAN or re ———EE—E=———E—>_—EEEEE Eee | 


10° 50° 70° 90° 


Fig. 5. Angular distribution at 9.7 Mev using the potentials for cases 2, 
5 and 6. 16,=0.00286, which is obtained with the OPEP-tail, while 10) 
is assumed as 0.973. The dashed curve is a modification of the case 5 
adding a spin-orbit coupling potential (361)=0.0326, 361,=—0.0544, 391,= 
0.0230, 10,=0.00286, 14)=0.969). 


modification of the P-wave phase shifts without changing *0},. This is possible 
by adding small tensor potential with the range one-half the pion Compton wave 
length (within the uncertainty of the two-pion-exchange potential) and/or a spin- 
orbit coupling potential.* 

(iv) Fig. 3 might indicate that either the attractive central part of TPEP 
is weak (b~0), or the coupling constant g,?/4z is somewhat smaller than 0.08. 
(One would simply expect that when g,’/4z increases, the repulsive central part 
of OPEP is strengthened and the resultant *d3, decreases. But this is not neces- 
sarily the case. Compare cases 9, 7 and 1.— This is perhaps due to effects 


of the tensor potential, which vanish in the first Born approximation but not in 
the second one acting attractively.™) 


* An example is given by a dashed curve in Fig.5. 
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(v) It is to be noted that we need a long-range repulsive central potential 
to reproduce the energy-dependence of *0j,, as can be seen from Fig. 3, when the 
tail of the tensor part of OPEP is present. 

(vi) Thus the presence of the tail of the one-pion-exchange potential is con- 
firmed in the low energy phenomena, namely, the tensor part is from properties 
of the deuteron and the central part from behaviors of *0j,. We would like to 
require more accurate experimental data at such low energies and expect that they 
would enable us to make further refinement of the theory. 

The authors would like to express their gratitude to the Electronic Compu- 
tation Center, Japan Meteorological Agency for the generous aid given them, and 
to Dr. S. Machida and Dr. N. Hoshizaki for their help in using the computor. 
They also thank Dr. T. Ohmura for his calling attention to this problem. 
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The Tamm-Dancoff approximation is applied to the interaction Hamiltonian used by 
Bogoliubov in his theory of superconductivity. It is shown that (i) the requirement that 
there is no virtual production of a single pair of electron and hole without phonons, or (ii) 
the electron-phonon coupling parameter tends to zero, leads to essentially the same compensating 
equation as obtained by Bogoliubov. 


§ 1. Introduction 


The theory of superconductivity has been developed by Bardeen-Cooper- 
Schrieffer” (BCS) and independently by Bogoliubov, Tolmachev and Shirkov.” 
The BCS theory is based on an interaction Hamiltonian between electrons which 
is attractive for electrons with opposite momenta and spins and close to the Fermi 
surface. The interaction Hamiltonian used by Bogoliubov et al.” explicitly makes 
use of the phonons as the agents for the interaction between electrons. The work 
of Bogoliubov et al.” besides justifying the BCS approach is also able to take into. 
account the effect of coulomb interaction and predict the collective modes of ex- 
citations. Perturbation theory could not be applied directly to both the theories, 
since the energy gap between the normal state and the superconducting state is 
~exp(—1/g’) where g is the coupling constant. The procedure of Bogoliuboy” 
is to forbid the occurrence of the “dangerous” diagrams in which an electron- 
hole pair without phonons can be produced in the virtual state so that the matrix 
elements for such processes contain vanishing energy denominators. This leads 
to a compensating integral equation whose solutions predict the superconducting 
state besides the normal state. 

In this note we have applied the Tamm-Dancoff® approximation to the interac- 
tion Hamiltonian used by Bogoliubov and investigated the conditions leading to 
the compensating equation. 
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§ 2. The electron-phonon interaction Hamiltonian in 
Bogoliubow’s Theory of Superconductivity 


The starting point of Bogoliubov’s? theory of superconductivity is the 
Hamiltonian 


Hy= >) E(R) ais dus + >) w(Q) bg* by + Hint 
kys qd 


He=9 3 [ED aha by adi. (1) 
AEE 


where E(k), w(q) are the electron and phonon energies, g is the coupling con- 
stant, V is the volume of the system, a;,;* (as) is the electron creation (annihilation) 
operator of momentum k and spin s(s=+ or —corresponding to the values 
s=+1/2 or —1/2), },*(d,) is the phonon creation (annihilation) operator of 
momentum q and gy is the cutoff momentum. The phenomenon of supercon- 
ductivity is brought about by the superposition (mixing) of electron and hole states. 
This is accomplished by means of a canonical transformation and thereby intro- . 
ducing the new Fermi operators (the quasi-particle operators) @ as follows 


a + 
Ayo = Uz Ap, + — Ux A-k, —> 


(2a) 
Ay =Uy, A_z,—- + Ve Ae, +> 
or 
‘ 
Ay, - = Up, Kyo + Vp Mia » 
(2b) 
A_%, — Up 1 — VE Ain» 
where uw, and v, are real and satisfy the relations 
Ue ain Ux — aks 
(3) 


U—-~=Up, U-K=VkE> 


in order that the quasi-particle operators @ conserve the commutation properties 
of the Fermi operators. It is to be noted from Eq. (2a) that the @’s are operators 
of definite helicity. Further the Hamiltonian Hy is replaced by 


H=H,—AN, (4) 
where N= 25 aus" Qu and 4 is a parameter determined by the condition that 


N=N,, No eae the total number of electrons. This avoids the introduction of 
the particle conserving condition. The transformed Hamiltonian is then given by 


ok= U+ H+ Ain; 
Him=H,+ H.+ Hs, 


(5) 


where 
U=constant =2 92 (E(k) —A) ve 5 
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M= > g [2 {tee (atin Mir + Ar p19 Mx) 
Soe 2V 


+ Upzr Ux (Qa Apr tA_~yn&_x0) | be + adj "> ; 


Hes g | oD |e Ur (Hin Xero + Cr 4 Apr) 
kk! PVA 


= Uy Vy (Ain Ay + L419 A10) b,* +adj.., 
FI,=2 >) (E(k) =A) up Oe (Qj Ahi + Ay Ayo) 5 
k 
Jae Sa (E(k) —/) (1, — Vz) (Ax Apo + Ca ys) a Xi 7) (q) Be by. (6) 
rs 


The procedure of Bogoliubov et al.” consists in observing that the interaction 
Hr, can create in the virtual state two quasi-particles (without phonons) of equal 
and opposite momentum from vacuum (all states up to the Fermi surface filled 
up). Similarly, H, and H, together can produce two quasi-particles. Such pro- 
cesses (diagrams) are called dangerous, since in the perturbation theory their 
matrix elements will contain the energy denominator 2¢€(k) =2|E(k)—E,|, Er 
being the energy of the electron at the Fermi surface, which diverges on integra- 
tion as kk». The technique is then to equate the sum of the contributions of 
these diagrams to zero and obtain the compensating equation which is effectively 
an integral equation in 2v, (obtained only to g’ approximation). The trivial 
solution of this integral equation corresponds to the normal state, and the non- 
trivial solution which has an energy lower than the energy of the normal state 
is identified as the superconducting state; the energy difference (gap) being 
~exp(—2/p) where p~g’. 


§ 3. Tamm-Dancoff approximation 


In the Tamm-Dancoff” method the wave function ¥(¢) for the actual system 
under consideration, with the actual energy W, is expanded in occupation number 
space i.e. ¢°”-the eigenstate of H, corresponding to e electrons and holes and v- 
phonons. Y(¢) satisfies the Schrédinger equation 


i 20 _-H9y —W¥(t) (7) 
where 
A= H+ Hea; 
a, p, De E&Y” pi”), (8) 


where the index 4 denotes momentum, spin etc. Also 


P(t) = st ae”) hor) eit. (9). 


»,e@,» 
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Substituting Eqs. (9) and (8) in Eq. (7), we obtain 
CWE at ae een DAFT les D, Apa". (10) 


», ef, vl 


The amplitudes on the R.H.S. of Eq. (10) can be eliminated by writing Eq. (10) 
for these amplitudes. We now consider the vacuum state (all states up to k=kr 
filled up) with amplitude a°® and bare particle energy E°®. We can choose 
E°®—0 so that the bare energy of an electron or hole of momentum & is. 
€(k) =|E(k) —Ey|. Working with the transformed Hamiltonian, Eqs. (5) and (6), 
we observe that the only non zero contributions to the sum 20 Hincle 5 vA) ae) 


are 


¥! (0|Hgle; », Da’ =2 VT (EA) —D yva™™®, 
Xr, €, » z 


a OLEEIE' haa Ze Gf 2D. (204 Var + Uns Dearie (11) 


q=kl —k 


Making the approximation that e<2 and »<1, we write below the other relevant 
non zero matrix elements : 


YS) (Olay a Hele; v, Apat?? =2(E(R) — i) u,v ,a", 


Pe {0| ax: eo Hele are AD aX? v) 


= g {2 @ (tgp tig Vee ae Oa TO} 5 
kl, q=k! —k 2V 


as {0 | aun @y0 by Fle 5 Vv, aeir=y,/ 20) (ty Vier + Uns vu, a, 
¥) (0 aur yo by Hale 5 v, Apav'” 
=9)/ 2: (ut; Ux — Vz Ups) Rome ky Beg ds) : (12) 


Using Eqs. (11) and (12), we obtain from Eq. (10), 
w(0; 0)a%=2 1 (E(k) —A mv” 
e . 
+ ys g ON Ui @ (Uy Up + Uzi Un) re Neca Sm (13) 
kk! 2V 


wk, k; 0a ~2 >) (E(k) —A) u,v,a? 
k 


ts 2 ies (ip Up — Ve Ver) [a Boveri a 4. gib/Ot: -0} (14) 
wk, k’; garernomg | OD | (ugry tun rs)a®'” 


+ (uz Up —Uz Up") faves 0) + qe 4 I} i , (15) 
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where 


wk, Ro, aan) Ris Q> Ga>*°° 9) =W= do € (ki) =e pe o(q), 
€(k,) =|E(k) — Ep. (16) 


From Eqs. (13), (15) and (14), (15) we obtain 


2 
2 W305) (K0,#1; 0) 4 9 (2 : w(q) 
w(0; 0)a"'’=2 2 f(k)a + , 


&e w(k, k'; 9) 


— (Ue Var + Ue Ve)? a, 

(17) 

w(k kB: 0) ae 2AR) ae =o" DPN ACH By gee ee Ae (18) 
> > 7) 


where 


F() = EQ) —Dunoe (wed) ($5) BP ates 9) 


A gy w(q) 2 2 
B® =E® + (4) Poets tt 


1 2w(k’—k) 2 
Fe ieee 1— Un Ug) 
Silk, k) pVearnch BE a) (Uy, Ux k UK 


We can now use Eq. (18) to eliminate the amplitude a" from Eq. (17). In 
the g’? approximation for the equation for a®”, strictly speaking, only the first 
term on the right of Eq. (18) should be retained. However since the R.H.S. of 
Eq. (17) involves a summation over &, there is a value of k=, such that 


w(ko, Ro 5 0) =< W —2e (Ro) ==(); for w= 0, (20) 


and substitution of a"? in Eq. (17) gives an infinite contribution unless 


f(k) =0 in Eq. (18). One may argue that around k~&, one should put the’ 
L.H.S. of Eq. (18) to zero and then a“™ is given by 


ae aCe. ky Jamo —— 2 £(p) Qo ah (Rk, k’) Qe ets 0) (21) 
J g 


However, from Eq. (21) it is apparent that if g’—0, there is a class of solutions 
for which f(k)->0 as g’>0. Alternatively by following Bogoliubov and others” 
if we right from the start impose the condition that the coefficient of the ampli- 
tude a“ in the equation for a”, Eq. (17), vanish, we again obtain f(k) =0, 
which is essentially the compensating equation obtained by Bogoliubov” ; the trivial 
solution (#, v~)=(0, 1) corresponds to the normal state while the non-trivial 
solution gives rise to the superconducting state provided W>0. 
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Nuclear potentials arising from the pion-pion resonance in the state J=J=1 are calculated. 
‘Only the part proportional to tr is considered. The resonant state is described both in the 
-meson formalism and in the chain approximation method. The potentials are calculated 
explicitly in configuration space, at first in the p-meson formalism with its mass 600 Mev and 
the strength of coupling which corresponds to the width ~60 Mev. The potentials are found 
to be of the nature of the two-pion exchange potentials. In particular there appear a strong 
attractive L-S potential and a repulsive central potential in the 3O-state, a strong repulsive 
tensor potential in the 3E-state, and a repulsive L-dependent potential in the 1E-state. Among 
these the tensor potential in the 3£-state and the central potential in the 3O-state can be con- 
‘sidered to be too strong and violate some of the facts which have already been established. 
Therefore a careful examination of the results will offer a test for or against the assumption 
of the pion-pion resonance. The chain approximation method gives similar results. The 
electromagnetic form factors of the nucleon are reexamined and a remark is made concerning 
future investigation. 


§ 1. Introduction 


Since the work by Frazer and Fulco” who calculated the electromagnetic form 
factors of the nucleon, the resonant state of pion-pion scattering in the state 
I=J=1 has been recognized to be important. G. Takeda and his collaborators 
proposed an approximate method in which the resonant state is replaced by an 
actual particle with J=J=1, which they called a p-meson.” This ‘replacement 
was achieved by assuming the width J’ of the resonance to be infinitesimal, or 
more precisely, retaining only the first order term (the narrow width approximation). 
They applied this method to pion-nucleon scattering, and found that the second 
and the third resonances observed around 700 Mev® can be reproduced as a result 
of the pion-pion resonance. The mass of /-meson was set equal to the resonance 
energy, which they assumed to be 600 Mev according to Frazer and Fulco: 


m=600 Mev=4.29.* 


‘The width of the resonance is, on the other hand, related to the strength of the 
coupling between -meson and pions. For later reference we shall quote their 
result on the interaction Hamiltonian with somewhat different notation : 


* In the following we shall use units in which the pion mass is unity. 


¢ 
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H=h,T 4 0, od; Oo T= fuks 
he=h?/4a~5. (1-1)* 


While Takeda et al. started from the assumption of the resonance in pion- 
pion scattering, Y. Miyamoto made an attempt to reproduce that resonance from 
more fundamental interaction between pions.” He examined the calculation of 
pion-pion scattering by Chew and Mandelstam” and found that their formalism is 
equivalent to the so-called “chain approximation” method in perturbation theory, 
as far as the contribution from the “ right-hand cut” is concerned. He introduced 
the interaction Hamiltonian between pions given by 


H=—42a(¢,T£9,,)°. (129) 


This Hamiltonian is responsible for pion-pion scattering for p-waves as well as 
s-waves. The coupling constant a can be identified as the p-wave scattering length. 
The interaction Hamiltonian (1-2) need not be considered as the truely funda- 
mental interaction. Rather it will be more reasonable to consider it as an effective 
interaction resulting from, for example, the virtual formation and reannihilation 
of a nucleon pair. Therefore we should reasonably cut off the integration of the 
virtual momentum by an appropriate value, which we shall assume to be the 
order of a nucleon mass. He found that the resonance determined by Frazer and 
Fulco, and used by Takeda et al., can be reproduced with 


a=0.2, for the cutoff 2M!M.** 


The above authors showed that the pion-pion resonance in the state J=J=1, 
if it exists, has an appreciable effect on the electromagnetic structure of the nucleon 
and pion-nucleon scattering. If this is true, we should expect that the resonance 
will affect also nucleon-nucleon scattering. In particular this is the case with the 
nuclear forces in the region II (0.7<7r<1.5). This is because the two-pion part 
(the pion-current part), which is considered to dominate the isovector part of the 
electromagnetic form factors of the nucleon, has a close correspondence to the 
two-pion exchange potential (TPEP) in the nuclear force. We can hardly expect 
that the resonance affects the electromagnetic structure appreciably while affecting: 
the nuclear potential in the region II little. 

Furthermore the two-pion exchange potentials calculated thus far do not give 
satisfactory agreement with observation. For example, these potentials give too 
weak an L-S force to account for the experiment on the depolarization in the: 
proton-proton scattering at the energy around 150 Mev.” 

Miyamoto made a tentative estimation and found that the resonant state gives. 
a very strong L-S force in the desired direction.” But some care will be needed 
in drawing conclusions, since the resonance is expected to affect the other types. 


* k . . . ; . . . . . . " 
¢; and gy,* describe a pion of isospin index 7 and a p-meson of isospin index k, respectively. 
** M is the nuclecn mass. 


we 


“TY. 
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of potentials, e.g. central, tensor, and so on, which also should be compared with 
experiment. From the analysis which will be presented in the following, we find 
that the above expectation is true and some of potentials may be affected too much 
and violate results which have already been established. In this situation a careful 
examination of the results will offer a test for or against the assumption of a 
resonance in pion-pion scattering. 

There are, of course, some uncertainties in the theoretical treatment of the 
resonance, which will be considered later. The results we have obtained, how- 
ever, show some qualitative features which are characteristic of the assumption 
of the pion-pion resonance. Therefore, our results are expected to offer a basis 
for a further investigation of the problems both of the pion-pion interaction and 
of nuclear forces. 

In this paper we shall confine ourselves to the calculation of that part of 
the potential, which is proportional to 77, leaving the consideration of the part, 
which is proportional to 1 in-isospace, to a forthcoming paper. Also we shall 
not make a detailed comparison with the experiments, leaving that to another 
article. 

In § 2, the outline of the calculation is described, in §3 the explicit form of 
the potentials are given, in § 4 the results are discussed briefly. In §5 the electro- 
magnetic form factors are reexamined by the same method applied to the cal- 
culation of the potentials. In §6 the results are summarized and a remark is 
made concerning future investigation. 


§ 2. Outline of the calculation 
The kinematics of the non-static potential in mo- 


P’ =p’ 
mentum representation were worked out by J. Goto 
and S. Machida,® which we reproduce here for the k=p—p’ 
sake of completeness. The calculation is made in the q= (1/2) (p+p’y 
Pp ae 


center of mass system of the two nucleons, and the 
notation is indicated in Fig. 1. The matrix element 


is decomposed as follows : Fig. 1. 
ko qQ Se ee wae 
ae By \ Mela Ey il a >< ne 
7 ‘ bs ye = 
Ri a 
(A) (B) ie 


Fig. 2: 
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Vie, dg kq)y= Vi+terv’, 
V=Vi+i(S-kX q) V+ (ko) (ko) Vi + (qo) (qa) Vs 
+ (kx q-a) (kX q-a) Ve-+ (oo) [Vert (kX 9)? Ve], 
(43, ©): (2-1) 


We shall consider the graphs in Fig. 2. Here the graphs (A) and (B) represent 
the contributions arising from the resonance in the state J=J=1, while the graph 
(C) comes from an interaction of the form /,¢*. 

We shall assign the factor 


TR) = Op, TR); 


aa in the chain approximation method, 

Tie) ae 
mos in the p-meson formalism, (2-2) 
+m 


to a heavy line in Fig. 2, which stands for the resonant state. Here D(k’) is 
given by” 


2 


Buet ose oid k i AS k? Hay 2.3 


where A is the cutoff momentum. 
It should be remarked that the method, here designated as the p-meson forma- 
lism, is not the one based on the vector meson theory in the rigorous meaning 


of a field theory, because the propagator of a vector meson is, strictly speaking, 
of the form 


Ol PN 
Bim — 


(2-4) 


We are considering the p-meson as a phenomenological substitute rather than as 
a true elementary particle. It should be remembered that we are able to determine 
only the first term (0,,) of the numerator in (2:4), leaving the second term 
undetermined, as long as we introduce the -meson as the pole term in the scat- 
tering amplitude of the real pions. This is analogous to the situation that we 
encounter in the introduction of the isobaric particle for the 3-3 resonance.” We 
might expect that the second term in the numerator of (2-4) will be cancelled 
by some other terms, at least asymptotically, if the resonance can be considered 
to result from interactions of the first kind, or renormalizable. From these con- 
siderations we have chosen, for convenience, the form in (262). 

We can now construct the effective Hamiltonian for pion-pion scattering. 


Corresponding to the pion-pion scattering part of the graphs (A), (B), and (C) 
in Fig. 2, we have 
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(G1 9o| 4 | hi ko) = —2 Piha he) » (Qi — qn) T CR’), 

(41 92| |r ha) = Pr {Chi t+ qn) » hate) TUR — an)" ]— (Ri + a) * (kot q)T[ (ki — a)’ Jf 
+ (2P)— P2) { (kita) + (kot) T [(hi— m1)" + Ci +): (hon) T [—a)"}} > 
{q1Q2|He|ki ko) =20(2Po— P2) 4,5 (2-5) 


where P, is the projection operator for the state of the two pions with isospin J. 
The potential function is given by the two-nucleon expectation value of these 
effective Hamiltonians : . 


VaVAT VIE 
V4=(p’, —p'|Halp, —P?, 
VI=(p’, —p’|Hz\p, —p); 
V°=(p’, —p'|Hclp, —p)- (2-6) 
V4, V® and V®% correspond to the graphs (A), (B) and (C) in Fig. 2. 
It is easily seen that V+ can be written as 
V4=—(p'lg.T 53, 5)1p)T @)— Pim Tmt Gal—P> 7) 


where the pion fields are evaluated at the origin of the coordinate system. Now 
we observe that the matrix elements (p’|¢:7%0,¢,|p> and (—p'|¢mTmn9.9n| —P? 
in (2-7) are of a form similar to the nucleon expectation value of the pion 
electric current. Indeed the electric current of a pion is given by 


ju=—ebiT 79,93, (223)— 
the nucleon expectation value of which is given by 
(p' |je|P> =p Tali, G(R) + opr ky Gal k’) |tn, (2-9) 


where G,(k?) and G,(k’) are the two-pion parts (the pion-current parts) of the 
nucleon electromagnetic form factor. These G’s, of course, contribute to the ob- 
served isovector part of the nucleon electromagnetic form factors. By comparing 
(2-7), (2°8) and (2:9), we have obviously 
(p'|¢:T59,9;\P)= —(1/e) tpt, [7 p,Gitonk,Grlup, (2-10) 

from charge independence considerations. Thus, we have the simple expression 
fOr oc. 

VAz=0; 

V4 = — (1/€)ihy (ip Git Cav hv Ga) Up T (RU p (ip Gr — Fun Ba, Ga) tp (2-11) 
Here it should be noted that G,(k’) and G,(k) are the form factors with the 
pion-pion resonance neglected ; otherwise the resonant state would be taken into 


account twice. 
We cannot apply a similar method to V4, because the momentum appearing 


> ee pi ee 
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in the denominator is not aconstant (%’) but must be integrated over. A rigorous 
calculation of the graph (B) in Fig. 2 is somewhat cumbersome due to the so- 
called overlapping integral. In view of the approximate character of the whole 
problem we shall apply a simplifying method and quickly consider the qualitative 
or semi-quantitative features of the results. We thus make the point approximation 
in which the heavy line in Fig. 2 (B) is shrunk into a point, or T (k’) is re- 
placed by T'(0). Then, we have 


(1 Q|He kiky) = — P,(ki— kp) i (a —q) T (0) 
a (2P5—Pa) (3k? —kv— ke — qr —q:’) T (0), (2 ¥ 12) 


and 
V8 = (3/8) T (0) hy Up -U_ pr U—p[ (3k? +4) G3(R*) —4C]G;(2"), 
VB = — (1/2) (1/e?) hy (7, G+ ou k, Go) uy T (0) Up (i, Gi— ny, Ga) Up 
(2-13) 


where G;(k) is a form factor for the scalar interaction. analogous to the vector 
and tensor form factors G,(k’) and G,(k’) and permits a spectral representation 
of the form (2-16), while C is a constant independent of k°. We shall not discuss 
V' in this paper. We write down, however, the formula for V° for the sake 
of completeness : 


Vx (15/2) Ap diyr tty “id yy Up [Ga F 
VETO, (2-14) 
We see that V™ is very similar to V4. Indeed we would have 
VV (2-15) 


if we applied the point approximation also to V™. 

We have treated V* and V® in different ways. There is, however, some 
justification for this method. Consider the matrix elements corresponding to 
the graphs (A) and (B) in Fig. 2, as the functions of the square of the mo- 
mentum transfer k*. We shall carry on the discussion, for the moment, in the 
p-meson formalism. V~ has a pole at k”=—y?’ in addition to a cut along PS —4. 
This means that V“(r), the fourier transform of V“(k), has a term like e~”"/r, 
in addition to the contribution from the cut. As we shall see later, the cut con- 
tribution can be approximated roughly e~""/r with b~4. If we choose m~4, we 
can expect the pole contribution to make potential 
appreciably wider. 

V* has, on the contrary, no such pole; the 
contribution from the heavy line lies along the 
cut k°<—4, Therefore the deviation from the ‘s is 
above point approximation can be considered to 
appear only in the relatively inner region of the Fig. 3. 


V 
lI 
V 
rs 
Vv 
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-configuration space. 

Now we shall calculate G,(A’) ay G,(k’) from the graphs in Fig. 3, where 
the heavy line represents the isobaric particle with J=J=3/2. These G’s were 
partially calculated by Chew et al.” and by Federbush et al” We can show 
that their calculation in which the rescattering correction comes only from the 
3-3 resonance with the narrow width approximation is equivalent to the pertur- 
bation calculation of the graphs in Fig. 3, in which the 3-3 isobar is replaced 
by a Rarita-Schwinger particle with the appropriate interaction.” We assume the 
spectral representations for the G’s 


4M2 
1 AG 
EQS \ ae ae 
we | 


In accordance with the discussion of Federbush et al. we have cut off the integr- 
ation with respect to the square of the energy of the two-pion state by (2M)?. 

We have assumed a subtraction neither for G, nor for G,, though Chew et al. 
_and Federbush et al. assumed a G, with one subtraction. The reason is that we 
_are calculating the contribution only from the graphs in Fig. 3; the subtraction 
terms correspond to the other kinds of graphs which represent the wave function 
renormalization of the nucleon, the nucleon current contribution, and so on. In 
the case of the electromagnetic form factor it is necessary to include all of these 
contributions for gauge invariance, while this is not the case in the present cal- 
culation. The introduction of a cutoff in (2-16) was also necessary to make G, 
finite. 

The calculated net values and the mean square radius are shown in Table I. 


Table I. Form factors calculated from the graphs in Fig. 3. 


G,(0)/e 2MG,(0)/e r2 re 

Pion-current contribution ) | 
Born approximation 0.66 0.87 0.19 0.22 
3-3 isobar included 0.26 1.63 0.12 0.17 
Observed isovector part (0.50) 1.85 0.33 0.33 


§ 3. Potentials 


Substituting the normalized Dirac spinors for u and uw in (2-11) and (2-13), 
and comparing with (2-1), we obtain the results : 
VAR HT RUG), nes 
Vi (R) = (1/2)T (0) VCR), (4=0, ++, 6) 


~where 


e v o(k’) =Gre’) > 
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eu) == 2Gs( : 47 Gt 2G) » 


2 iL 
e Usk) = a 2 Cet ey G,G,+ G,’, 


M 
2 UH) =e (HY, (3-2) 
il Bie wil Same: 5 
e U (PR) — ivi (=. IVE Cae 57 G+ G2) > 
CUM =—FeU Ae), 
al ig ut 1 3! 
e U (Rk) = WE ( 8 WE G?t+ M G.G.+ + Gi) - 
In each of the U; we have neglected higher a a are 
order terms with respect to &°/M’ and 1/0 


Gi Mis. 
The U,(#) in (3-2) turn out to be 
well approximated by the appropriate Yukawa 
potentials in configuration space. For ex- 
ample, 1/1',(k) is plotted as a function of 
Rk? in Fig. 4. From the gradient of the 0 woe oe the : 2 
approximated straight line we can determine a 2 3 ae 
the intrinsic range of the equivalent Yukawa Fig. 4. .1/U',(#) is nearly linear with 


potential. Thus the V,"7(’) can be easily popes 2. Other (7,(4#) are also 
of similar forms. 


arbitrary unit 


transformed into potentials in configuration 
space. In order to transform V;,4(#’) in the similar manner, we shall do the 
calculation at first in the o-meson formalism. In this case we can use the formula 


(22) = dk e-*" __ i 4 
P+m RAP 
af ( eum ere ) 
a, 7 > f b > 
a G—m \ 4ar Anr SRE 
a 7 for b=m. 


We shall consider the case of the chain approximation in the later sections. 
Defining the potentials in configuration space by 


V*=Vo'(r) + (oo) Vs*(r) + (ES) Vid(r) + Si, V(r) 
+ (qo) (qo) Vq(r) + (Lo) (Lo) V(r) + (oo)? Vi2(r), (3-3) 


we have the V’(r) as follows: 
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Ver4 (ry¥H1.091 = (e-*— >"), 
7a 
Var) 0.1318 te y= 4.2867, = 3.733, 
s 
TA i ge le ey yi 
Vs (7) =2.611 (1-2 Je ¥ 
Vs'?(r) =2.611e~, 
yy 
Vid(r) =—1.629 + [(24+ 1) e*— (y+1)e7"], 
z 


Vk(r) =—0.0945 + (241)e%, 2=4.0307, 
5 


Vr4(r) =—1.306 (1++) en, 
3 y 


Ve'?(r) =—1.306 (1+ = + =) ers 
y 


‘4 y 
=Y 
Vis(r) =0.1057+, | 78.73 (1+ 209 5) e 
r y y 53 
—84.58 (1+ 34 2 en i 
“ rs, Pa 
V2 (r) =0.04985 + (142+ a -— 
1 a z z 
2=4.390r, 
<=. 
Vik(r) = 0.068521, | 78.73 (1+ eee z) e 
if y y y 
84.23 (1+ vane pet ib 
Ps z z 
VE (r) = —0.03030— (1+ ae. 
1 z z 
SA OAT (3-4) 


It should be noted that these functions are valid only for r>0.2, since we 
have justified the “straight line approximation ” for 1/U,(k) only up to kS5. 
It is meaningless to compare the singularities with respect to r in the potentials 
in (3-4) with those appearing in the static potentials, for example, the TMO 


potentials.” 
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Fig. 5. Potentials calculated from (3-4). Both r and V(r) are measured in units in which the 
pion mass is unity. Curves denoted by A, B and A+B represent Vt4(r), VtB(r) and V7(r) 
=VrA(r)+V7B(r), respectively. 

a 
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Singlet even é Triplet even 


| ae 


Vi+0.10 


0.2 
(a) (b) 
Singlet odd 
is 0.2 
| 
1 
40.1 40.1 
4 
| 
Queene iP as 
a 0.7 i 1.5- 
f 0 
1 + —0.1 4—0.1 
4 
pr bs ities oe 0.2 0.2 
(c) (d) 


Fig. 6. Potentials are plotted for each state of orbital and spin angular momentum. Units are 
the same with those of Fig. 5. Solid curves: Calculated from (3-4). Dotted curves: moo is 
assumed with 7'(0)/4z remaining unchanged (0.272). Broken curves: The one-pion exchange 


potentials. 


Vi) Veer) and Vii(r}= Vi4(r)+Vi2(r) are plotted in Fig. 5. By 


comparing these plots with the TMO,” BW or FST potentials,” we can con- 
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firm that the potentials here considered are of the nature of two-pion exchange 
potentials. Furthermore we can easily see the difference in the qualitative or 
semi-quantitative features between V"4 and V”. The former is less singular due 
to the contribution from the pion-pion resonance. 

In Fig. 6, various potentials are plotted for each state of orbital and spin 
angular momentum. The one-pion exchange potential (OPEP) is also plotted for 
the sake of comparison. We have used the notation : 


Ve'(r) =Vo' (7) +{oe)Ve' (7); 
Vi" (r) =C(Le) (Lo) ) Vel (r) +(o0) DL’ Viz(r), 


where < ) denotes the expectation value of the operators involved. V (7) in the 
1E-state is specifically plotted for the ‘D,-state, and that in the *E-state for the 
8P—,-state. The V,(7) denoted by OPEP are the ones calculated by N. Hoshizaki 
and S. Machida, for the case of pv-coupling.’” 


§ 4. Discussion of the obtained potentials 


In this section we shall discuss in a rather crude manner the features of the 
potentials obtained. A detailed analysis will be made in a separate paper. Also 
we should keep in mind that we have calculated only the V’-part, leaving the 
V'-part uncalculated. 

Gi) ‘E-state: 

We have a strong attractive central potential. It may be noted that we have 
a repulsive V;. At r=1, this is nearly equal to Vz from the OPEP calculated 
by Hoshizaki and Machida in the case of pv-coupling, though our V, is more 
singular than HM. 

(ii) *E-state: 

We have a strong repulsive tensor potential. This reduces the attractive OPEP 
tensor potential to about half at -=1. This may destroy the success of the OPEP 
in explaining the quadrupole moment of the deuteron. This tensor potential will 
affect also the binding of the deuteron, though we must, in this case, take into 
account the strong attractive central potential obtained. 

Gi) “4Osstaze: 

We have a strong repulsive central potential, which may be objectionable 
from the viewpoint that the OPEP together with the weak attractive TPEP gives 
a good fit to the observed phase shift at low energy (~4 Mev). We have a 
strong attractive L-S potential. This amounts to about a half of that proposed by 
Gammel and Thaler,” and to about twice that of HM.” We have an attractive 
tensor potential, which is about three times deeper than TMO. 

Our potentials should be added to the TPEP without regard to the pion-pion 
interaction. Though there are, so far, no complete results which fully take 
into account the effect of recoil and the 3-3 resonance at the same time, we 
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can consider that the static TPEP or the non-static TPEP calculated by Hoshizaki 
and Machida” give some measure of the complete TPEP without regard to the 
pion-pion resonance. Combining these potentials with our results we may con- 
clude that the pion-pion resonance here considered affects the nuclear potentials 
in the region II too strongly and violates some of the facts already established. 
In particular, V7 in the *F-state, and Vz in the *O-state will serve as a test for 
or against the assumption of the pion-pion resonance, as it stands here. 

On the other hand there are some uncertainties in the treatment of G,(#’) 
and the pion-pion resonance, which will be discussed in the next section. There- 
fore it seems worthwhile to see what modifications in G,(#) and the pion-pion 
resonance will be required in order to make the potentials reasonably weaker. 

In Fig. 6, we have also plotted the results when m is assumed infinitely 
heavy with h,’?/m°=T(0) remaining unchanged. In this case Eq. (2-15) is ap- 
plied. We find that the potentials with m—c are very close to those with 
m=600 Mev at r~1, while the values at 7~1.5 are substantially reduced (to 
about a half in many cases). This shows that the values of the potentials at 
r-xz1 are governed for the most by 7'(0)=h,?/m’ alone. In other words the 
nature of the spatial extension of the potentials is governed mainly by the G,(&’), 
and we cannot make the potentials sufficiently narrow by assuming a higher re- 
sonance energy. 

As will be seen later, T'(f’) in the chain approximation is of a form some- 
what more singular than that in the p-meson formalism when they are transformed 
into configuration space (see Fig. 12). Therefore we can consider that the poten- 
tials in the chain approximation lie between the curves of m=600 Mev and m—co 
in the e-meson formalism, if the same T(0) is assumed. 

The depths of the potentials are governed by the U',(0), which are the pro- 
ducts of two G,(0) and T(0). Here we only show in Table II what changes 
the (,(0) undergo when the G,(0) are changed. We find that U,(0) and 
v.4(0) change appreciably with a change in G,(0), while U,(0), U,(0) and 
V.(0) change little. 7 .,(0), (0) and U,(0) are affected greatly by a change 
in G,(0). 


Table II. Changes of the V ,(0) are represented as the ratio UV (0) > 1 U (0). 


%0 11 N2 N4 | 06 
-G,(0)>(1/2)G, (0), Gy(0) >G (0) 025°} 047 0.87 091. | 091 
G,(0)->2G, (0), G2 (0) >G, (0) Pig hve Some alive te ee ae fa" 20 
G,(0)>G, (0), G,(0)>(1/2)G,(0) | —-1.00 0.54 0.33 0.30 | 0.30 
G,(0)>G, (0), G2(0)>2G,(0) A a B65 .s).. 8:62 


§5. Electromagnetic form factors in perturbation theory 


In § 3 we have calculated the potentials in the e-meson formalism with the 


: 


A54 VLOG Tt 


values »=600 Mev and h?=5, which were taken from the dispersion theoretical 
calculation of Frazer and Fulco. But we are now calculating in perturbation 
theory and it is desirable to reexamine the electromagnetic form factors also in 
this context. In the chain approximation method Miyamoto determined the scat- 
tering length a which reproduces the rms radius r,”. It is also desirable to cal- 
culate the electromagnetic form factors in more detail, since the magnetic form factor 
has been measured only for relatively large k’(k’=9). For these reasons we 
shall calculate the electromagnetic form factors, especially the magnetic form 
factor, in some detail in perturbation theory. This will permit us to see what 
modifications can be applied to the results in §3 and § 4. 

Before entering into the consideration of the pion-pion resonance we shall 
reexamine the calculation of the G,(k’). 


(i) . The electromagnetic form factors with the pion-pion interaction neglected 


The spectral functions g,(«’) are plotted in Fig. 7. We find that the con- 
tributions from the 3-3 isobar are very large, especially for large «. This ex- 
hibits the insufficiency of, the Legendre polynomial expansion as has already 
been pointed out.” But it is remarkable that the calculated G,(0) with the 3-3 
isobar included gives close agreement with the observed value. If we consider 
the graph in Fig. 8 (a), as in Miyamoto’s paper, then the value of G,(0) remains 
unchanged with the introduction of the pion-pion resonance. In this situation the 
G,(k’) given above, which includes the 3-3 isobar, will have some justification 
even without the rigorous validity of the method of calculation. But this very 
point seems to be important and will be discussed later. 

We can give an intuitive explanation for the negative contribution to G,(#°) 


x ep | x eB 


0.010 


0.005 7 


0.000 


(a) (b) 


Fig. 7. Spectral functions. gg¥(k?) and gj®(«2) (#=1, 2) are the contributions from the Born 
approximation term and the 3-3 isobar term respectively. gy(x2) is given by Sa (K2) = Bg (x?) 
—+8a" (Kk). B15 is the square of the pseudoscalar pion-nucleon coupling constant. 
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from the 3-3 isobar. In’ the 


state in which a proton is Es eae 51 rigger vant 
dissociated into a ‘‘ core”’ isobar Feet Ws ee G Pes: 

= al yz alk H ' Rabe ' ele 
and an outer pion, charge a os ae Det 
r Z ss j&-=--2--- ---=--- 65 pac ereae 4 tects 
independence consideration 


shows that a negative pion is 
emitted most frequently. This 
is shown schematically in Fig. 
9. In any case, G,(0) cannot be compared with experiment in contrast to G,(0). 
Therefore we should consider mainly the quantities which are stable with the 
variation of G,(0). These are V., V, and V, as 


seen in Table II. From this point of view V7(r) We Wp, We oS 
and V,(r) are most suitable for a comparison oy} LY} oy, 
between theory and experiment. C7 YN es he “4 
i 1 1 
6 “ah ce 


(ii) The pion-pion resonance 


Fig. 8. 


Let us first consider the graph Fig. 8 (a) Fig. 9. Proton structure consider- 
ed as a “core” 3-3 isobar sur- 


rounded by an outer pion, The 
probability for each component 


in accordance with Miyamoto.’ The part sur- 
rounded by the dotted line is a part of the 


electromagnetic form factor of a pion and is state can be calculated from the 
denoted by F,(%). Corresponding to the graph Clebsch-Gordan coefficients and 
Fig. 8(a),* we Hates is shown in the Figure. 

(Ri + ke) LF. (KR?) —1]= (20) *T CR’) (ki + he) vA i(k); (5-1) 


where 4 (Rk) is a “ 2-vertex”’ connecting a photon and the resonant state. From 
gauge invariance F,,(k) should be of the form 


F(R) = (BO uy — Rey hs) F(R’): (5-2) 


After separating the term directly proportional to @,,, which is of the same form | 
as the self-energy of a photon, we are left with A (k*?) which diverges logarith- 
mically with respect to the virtual momentum. A (k?) can be written more con- 
veniently in the form of a spectral representation : 


(2.4)2 


Fe) =— = | bea Z (1- : ie (5-3) 


3 PERN. 


where the integration can be carried out to give the form 


* The interaction Hamiltonian contains derivatives of the fields. Therefore, various “ cata- 
strophic terms” should be added from gauge invariance. An example is illustrated below. 


nomen 
mn 
I 
x Nowe 
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On? 4 A: Bi fe sae Be 
I= tog 24-t aoe ene) log (yf Teen (5-4) 


k 


This is very similar to D(k’) defined in (2-3). Upon substituting (5-4) and 


(5-2) in (5-1), we obtain 


D(0) 
“en [Dee 
a(R) =< rn R 4 \3/2 Po | RB iP 
la (sop [log24+ > E ies log (1+ ih =) 
(5-5) 
For the graph in Fig. 8 (a) we can write 
G.(R’) =G.(k) F(R’), (a=1, 2) (5-6) 


where G,(%) is a form factor with the pion-pion interaction included. It is obvious 


that 


G,.(0) =(2(0), (5-7) 


trom: f,(0) = 1. 

In Fig. 11 we have plotted G,(k’) for the various parameters chosen for 
F,(k’), both in the p-meson formalism and in the chain approximation. In Fig. 
11 we have also indicated the value of 7'(0) 
which is considered to govern the depth of 
the potentials. The curve with m=600 Mev, 
h?=5 in the p-meson formalism is found not | 
to reproduce the observed form factor very 
well. 


1.0 
Fy (2) 


If we choose, in the p-meson formal- 
ism, other curves which give a better fit, 05 ly 
T(0)/4z turns out to be larger (= 0.54) 

than that used in §3 (0.27). Therefore 

the potentials calculated in §3 should be 

considered to have been underestimated by 


about a factor of 2, if calculated in the p- 
meson formalism. 

In the case of the chain approximation, 
we find that the choice with a=0.2 and 
A=2M, used by Miyamoto gives indeed a 
good fit. This choice gives T (0) /4z=0.47, 


which is 1.70 times larger than the value used in Sic 


0 
0 10 p 2 


Fig. 10. F,Y (2) =G,(#)/G,(0). F,(2) 
is the one in the p-meson formalism 
with h?=10, m=600 Mey and 4=2M, 
which gives a good fit for F,¥(#). 


In any case we cannot 


expect to make 7'(0) appreciably smaller without giving up trying to explain the 


electromagnetic form factors. 


In order to see the nature of the singularity of the Fourier transform of Lie) 
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; 1.0 1 
chain approx. F(R) Oamecon 
(a; T(0)/4=) 
(h?, m; T(0)/47) 
(0) (0) 
| ~ 
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~ (0.2 0.499) | 4 10, 600 ; 0.544) 
A0.3 ; 0.691) 4 ~ (5, 424 ; 0.544) 
<(0.4 ; 0.855) | 0.57 _(10, 600 ; 0.544) 5 
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0 L Me 1 
0 10 20" 5. 06 10 20 pe 
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Fig. 11. FY (k?) =G@,(k)/G,(0). Broken curves and solid curves correspond to d4=M and 4=2M 
respectively, where A is the cutoff. In the case of the p-meson formalism, values of h?, m (in 
Mey) and 7'(0)/4z are indicated in parentheses, while in the case of the chain approximation 
method, values of a and 7'(0)/4z are indicated. Curves denoted by (0) are the form factors 
with the pion-pion resonance neglected. 


in the chain approximation method, we 10 
have plotted in Fig. 12 the quantity 
T (R’)/T (0) for several cases in which the 
observed electromagnetic form factor can be 
well reproduced. From these plots we can i> W034 
infer that the potentials calculated in the chain ~ 
approximation method are of forms some- aa 
what more singular than those represented 
in Fig. 6 by solid curves but less singular 
than those represented by dotted curves. 
In Fig. 10 we have plotted the G6,(k’) 
=G,(R) F,(k*) calculated by a method iss ep 9 
similar to that used with G,(%’). We cannot - 
obtain satisfactory agreement between theory 


T(k)/T(O) 


Fig. 12. Broken curves represent the re- 
sults of the p-meson formalism with 


and experiment, if we maintain the good indicated masses. Solid curves re- 
agreement in G,(k’). From this reason also present the results of the chain ap- 
it is desirable to consider the quantities proximation method: A and a@ are 


indicated in parentheses. 


which do not depend on G,(k’) appreciably. 


§6. Summary and concluding remarks 


We have calculated the potentials from the graphs in Fig. 2; only the V’- 
part are considered in this paper. We have given the explicit forms in con- 


TS PS eae 4 So Ve 
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figuration space in the ~-meson formalism with m+=600 Mev and h?=5, which 
were taken from the results of Frazer and Fulco, and adopted by Takeda et al. 
Eqs. (3-4) and the curves in Fig. 5 and Fig. 6 exhibit the qualitative or semi- 
quantitative features of the potentials which result from the pion-pion resonance 
in the state J=J=1. Possible changes can be inferred when the parameters are 
changed or the chain approximation method is adopted. Reexamining the electro- 
magnetic structure of the nucleon both in the g-meson formalism and in the chain 
approximation method, we have found that the potentials given by (3-4) cannot 
be expected to be an overestimate. Rather the values at r~1 might have been 
somewhat underestimated. 

As the main results there appear a strong attractive L-S potential and a re- 
pulsive central potential in the *O-state, a strong repulsive tensor potential and an 
attractive central potential in the *H-state, and a repulsive L-dependent potential in 
the 1E-state. These are all of the nature of a two-pion exchange potential and affect 
the nuclear forces in the region II. Among the potentials quoted above the re- 
pulsive tensor potential in the *Z-state may be objectionable if we remember that 
the attractive one-pion, exchange tensor potential succeeded in accounting for the 
quadrupole moment of the deuteron, though more careful analysis will be needed 
to draw any conclusions. 

Since G,(#?) seems to be subject to more uncertainties than G,(k’) in the 
theoretical treatment, it is desirable to consider the potentials which are insensitive 
to a change in G,(k’). For this reason also, the tensor potential will be most 
suitable for the test for or against the assumption of a pion-pion resonance in 
thelstatew =) — k. 

Finally we shall discuss the possibility of making the potentials weaker. As 
stated already, we are forced to make G,(k’) smaller in order to make the tensor 
potential weaker. In this connection we should remember that we have assumed 
that only the graph (a) in Fig. 8 contributes to the electromagnetic form factors 
of the nucleon. On account of this we arrived at Eq. (5-7) and consequently 
had to adopt a “large” G,(k’) which gives 2MG,(0) /e=1.63. 

On the other hand, gauge invariance considerations are particularly important 
when we discuss the electromagnetic form factors at k?=0. Namely, other graphs 
in Fig. 8 should be taken into account. In this case the electromagnetic form 
factor of the pion can be written as follows: 


Fr (Ri', he's B) SL +R A(R) + (RP + folky’, Re’, RB) + (hP + 1) fal Re’, he®, R), 
(6-1)* 


which satisfies the condition 


Yip mh a ee) 9 (6-2) 


* fp=f;=0, for the graph (a) in Fig. 8. 
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It should be noted, however, that we have, in general, . 
F(R, han 0) Al, (6-3) 


4 . 
for kv’ A—1, or kA —1. In the calculation of the electromagnetic form factors 
of the nucleon, pions are not in a free state, and we have in general 


G..(0) -G.(0), (6-4) 


due to (6-3). Frazer and Fulco obtained, in fact, G,(0) which is not equal to 
G,(0), although the reason is not very obvious. . 

There is a chance that G,(#) is nearly equal to that calculated in the Born 
approximation (2MG,(0)/e=0.87) and the difference from the observed value 
comes from the pion-pion resonance in the manner stated above. Then we are 
permitted to use a “small” G,(%’) and would obtain the weak potentials. 

This really seems to be the case, since the 3-3 isobar contribution to G,(F’), 
calculated in the previous sections, seems unjustifiably large. The situation is, 
however, not very simple. For some reference we have calculated the potentials 
with the G,(#) in the Born approximation; the value at r=1 are shown in 
Table III. From this Table we find that the tensor potential has been reduced 
only a little. This is because G,(#’) is very large in the Born approximation 
(G,(0) /e=0.66). Thus we must face the difficult problem of treating the G,(&’). 


Table III. Values of the potentials at r=1. 
nun EEE 


Ga(#?) [va | va | vi | vem | vem | Ve 
Born approximation | 0.0708 | 0.0179 | 0.0640 | 0.0196 | 0.00161  —0,00140 
3-3 isobar included 0.0143 | 0.0277 | 0.0356 | —0.0300 0.00446 . —0,.00272 
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(i) W161 420 9%10 920 Should be multiplied to the left hand sides of Eqs. (2-5) and (2-12). 
(Chi)! lisa V3‘ and V74 in Eqs. (3-4), we have set z=), since they are nearly equal to each other. 
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It is shown that Dyson’s integral representation for the matrix element of a causal com- 
mutator between the vacuum and an arbitrary state is closely related to the transition amplitude 
in the lowest order of perturbation. This relation is used for clarifying physical meanings 
of the parameters of integration. The integral representation for the absorptive parts of 
vertex functions previously introduced by one of the present authors (K. Y.) comes out as a 
simple example. It can be applied also for the absorptive parts of scattering amplitudes, in 
which case, however, such a simple connection with perturbation theory is not obtained as is 
the case with vertex functions. 


§ 1. Introduction 


Recently, one of us (K. Y.) showed” that the absorptive part A(21z.0°) of 
vertex function has the following integral representation : 


A(s>,.0 = Jam, dmzdm39 (07 : m,m2Ms3) A” (212207 | M1 M2 Ms) » (1) 


provided z, and z, are real-negative. Here A® denotes the absorptive part of vertex 
function in the lowest order of perturbation theory, corresponding to the diagram 
in Fig. 1. (The letters attached to the lines denote 
the “masses” of corresponding particles.) 

The support (the region outside of which the 
concerned function vanishes) of the weight-function 
y is determined from the spectral condition. This m Be 
result lets us conjecture that there exists an integral 
representation similar to (1) also for more ge- 
neral case: e.g. for scattering amplitudes, etc. 

Perturbation theory yields a good source for z pee 
causal functions, and these functions in perturbation 
theory belong, of course, to the set of functions allowed in general theory. What 
we want to know is to what extent the set allowed in general theory is larger 
compared with the functions in perturbation theory. The expression (1) shows 
that, as far as vertex functions concern, the essential difference between general 
and perturbation theory consists only in the o-dependences of the weight-function 
gy. Then it will be worth-while to investigate the expression corresponding to (1) 
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for scattering amplitudes. 

As is seen in the previous paper,” the expression (1) was obtained after 
transforming the parameters in Dyson’s integral representation” to 72, mm. and 7s. 
And we got a graphical interpretation by regarding these new parameters as the 
masses of the propagators corresponding to the internal lines. In this paper, for 
more general purposes we shall investigate Dyson’s integral representation when 
one of the “external” states is the vacuum, and it will be found that it has a 
close relation to scattering amplitudes in the lowest order of perturbation theory. 

The essence of our method consists in rewriting of Dyson’s integral repre- 
sentation by new parameters which admit some physical interpretation. The ex- 
pression (1) is then obtained as a special example. 

Some kind of a graphical interpretation is possible also for scattering ampli- 
tudes, but in this case the absorptive part does not have such a close relation to 
that in perturbation theory as is the case with vertex function. It will be easily 
understood from the above-mentioned feature of Dyson’s integral representation 
that it is a particular character of vertex functions to have such a representation 
ase(L)): 


§2. Transition amplitude and Dyson’s representation 


We begin with calculating the scattering amplitude 7” in the lowest order 
of perturbation theory, for the process illustrated ‘ 
in Fig. 2, in which particles with masses 1/ z, ae mz 
and ;/ z, undergo an inelastic scattering through 
an exchange of a virtual particle (mass M) 
yielding final particles with masses m, and bo. 
Apart from irrelevant factors T” is a simple 
propagator : 


Fig. 2. 
T?=(M?—#)> (2) 


with k, the transfer energy-momentum. If we rewrite # in terms of the total 
energy o and the scattering angle @ in the center of mass system, we get after 
elementary calculations 


T* (21250. m,mzM :.cos @) 


=|Mi4 to 1 (tit 2+ my’ + m2’) 


+ (122) (ms? — mz) 
HM: V 2212207) Anime o al 
20° 12 My, MO") COS (3) 


with 
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A (x X Xs) 27+ Ly. at hoe —2 Xe X3—2 X3 w—2 XX. (4) 


Next we consider the following quantity : 
Fg) =\de exp (ig-x) 0\(A(2/2), B(—2/2)]\n)9 (2), 6) 


where A and B are current operators. |0) and |”) stand respectively for the 
vacuum state and any state with total energy-momentum p,. We impose spectral 
conditions : 


{0| Alm >=0 unless pn =a’, 
(0|Blm)>=0 unless py = 0’. (6) 


If we employ a special Lorentz-frame with p,=(¢, 0), «>0, Dyson’s integral 
representation for f(q) : 


F(q) =\a'ul dee (e, w py) [ew 1 (7) 
holds with ¢(«, « p,) vanishing unless 
| uo) + |u| <o/2, em 
Ko==Max [0, a—1/ (¢/2+u)?—w, 0-V (0 /2—w)*?—w']. (8) 


The weight-function ¢ is in general a function of «, u, |u|, pr=o’, e=u/|ul and 
other variables to indicate the state |v). Here we adopt a new set of variables 
(M, my, m2) instead of (K, to, |u|) : 


M=k b+, 21 Bog, 22 
m= (pr/2+u)?= (o/2+u)?—v"’, (9) 
me = (pr/2—u)? = (7/2 —u)*—w’. q-% M 
We introduce further : 
Si lia (po/2+Q)*= (c/2+q)*—4q, 
? (10) Fu, m; Py, mi 
z= (pn/2—9)" = (¢/2—G) 4. a a eT 
: oe pn, & 
Fig. 3 illustrates the meanings of these new quantities : Fig. 3. 


the initial state is composed of two particles mm and 7. flustration for the trans- 


which exchange a_ virtual particle M to become final formation (9) and (10). 
75 d Th : (8) for the support To each line is attached 
particles z, and 22. e expression ro) pp dc miebepeendtiie Vaede 


of @ is now replaced by mentum and mass. 
M= 0, m, =. 0, Ms = 0, 
(11) 
M+m oa, M+m= 6, my +m, Qo. 


With these new variables (7) takes the following form : 
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FQ) =|dMam,dm,d'eg (GMb Mt ey 


X (my m,/ 20”) Vv A(mm,'o") T? (2122 o:mm,M: €-€), (12) 


where e, is the unit vector fin the direction of q. It is worth noting that the 
factor (1/207) \/ (memo) =|u|/o, which comes from the Jacobian of the trans- 
formation, is just the statistical weight for the “final” state. 

Consequently, Dyson’s integral representation, transformed as above, can be 
interpreted as the scattering amplitude corresponding the diagram in Fig. 2, in- 
tegrated over a region determined from the spectral conditions with a suitable 
weight function besides the statistical weight, provided g is expressed (this is so 
in many cases) as (~i—p»)/2 where p, and p, are energy-momentum four-vectors 
of real particles. 


§ 3. Applications 


We shall apply our result in the preceding section to definite problems. 
As a first example we take the absorptive part of vertex function, which can 
be written down as” 


A (2 he? hy + hy)®) = wilde ee ee 


x (O|[A (2/2), B(—2/2) ]|n) (n|CO)|0)8(i+k,—pn), (13) 
le (ki — kp) /2. 


Adopting a special Lorentz-frame with k,+k,=(c, 0), we see that the re- 
presentation (12) can be used for the right-hand side of (13). Thus we obtain 


A (21239°) =| ded, dm,d’e >\ o(o: mm, Ke, n) 
Pn =(c,0) 
x ¢2|C(O) |0 ) (012/207) Vf 7 (my mz? o*) 
IR (ey eT Ae ie -e,) (14) 


The e-dependence of the weight-function disappears after the summation with respect 
to n is performed, so that the integration with respect to the angular variables 
can be carried out. It is easy to see, by explicitly calculating the matrix elements 
in (13) in perturbation theory, that the following relation holds : 


are (V/i(meme o*) /20°) T* (21230 : my MgK : €-€p) 


Sw TALE (2; Pay o : My MK) A (15) 


The factor 2z in the right-hand side is attached in order that A? may coincide 
with that used in the previous paper.” (Note that the roles of m, and my, are 
interchanged in this paper.) Using (15) we obtain (1) immediately with a new 
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weight-function. It is an essential point for the proof of (1) that the weight- 
function in (14) becomes e-independent after the summation with respect to 7, 
so that we could carry out the e-integration. ; 

As a second application we take the absorptive part of scattering amplitudes. 
The concerned quantity is closely related to the following function :*” 


M=3)\dedy exp (iq -2—ig-y) (O|[A(@/2), B(—2/2)]|n) 
X¢n|[C(y/2), D(—y/2)]|0>4(x)0(y) 0 (Rit ke— pn); 
q = (ks—hs) /2, Q= (Ri — he) /2. (18) 


where &, and & (3; and &,) are the momenta of the particles in the initial (final) 
state. 

Applying (12) to (18) and carrying out the summation with respect to n 
WE Sele 


iM = \am, dm,dm3dm,dk, dk, d’ e; d’ ey 


X G(o : My My Mg M4 Ky Ky? Cy* Cy) (71g 4/40") 


XY Mme Ma" 0" )A( M3 M4 O”) T? (212907 : My, Mz Ky : +e) (19) 
x T? (232407 : M3 M4Ky : C'-@), 


where e and e’ are respectively the unit vectors in the directions of the initial 
and final relative momenta: q and q’. In this case the e,-, e,-dependences of the 
weight-function are not wholly removed so that we cannot carry out the integration 
with respect to all four angles. The remaining angle-variable e,-e, cannot be 
interpreted as a mass of internal line, and in case such an angle-integration remains, 
the concerned quantity cannot have such a close relation to its perturbative coun- 
terpart as the absorptive part of vertex functions formerly treated. 
The scattering amplitude can be equally well expressed as 


T= (dz exp (i +2) (0\[A (2/2), B(—2/2)]|1)"9(2) (20) 


=|dz exp (—ig-x)™¢(f\[C (2/2), D(— 2/2) ]|0 D8 (x) , (21) 


where |i)” and | f° denote the initial and final states respectively with incoming 
and outgoing boundary conditions. These expressions are used by Lehmann” in 
his work on the analyticity with respect to the momentum transfer. The integral 
representation (12) may be applied also to them, but in these cases too there 
remains an angle-integration, thus forcing us to give up a complete graphical 
interpretation. 
Though except the absorptive part of vertex functions the examples treated 
above did not admit a complete graphical interpretation, yet the remaining para- 
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meter of integration is a quantity with a clear physical meaning, i. e. the scattering 
angle in the center-of-mass system. Therefore it may be convenient in many 
respects to use the parameters m;, «, e even in the cases when we do not have 
a complete graphical interpretation. 
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The non-relativistic Schrédinger equation of electron plus hydrogen-atom system is solved 
by the Hulthén type variational method at the limit of zero incident electron energy. 8 and 5 
parameter trial functions are used for the singlet and triplet states respectively, and the 
following upper bounds on the scattering length a are obtained,** 


A,<6.217a, (singlet), a,<2.272a, (triplet). 


Some discussions are given on the accuracy of the result. It is shown that the relation 
aoH>asH >ax >a(true) holds for trial functions of the same form if a(true) is positive.*** 


§ 1. Introduction 


Scattering of electron by hydrogen atom is the simplest of the problems of 
atomic collision, and many papers have been published on this subject. The results 
of these calculations based on different methods are useful for testing the validity 
of various approximations to be applied for more complex atoms. In this connec- 
tion, it is remarkable that the Hartree-Fock approximation furnishes rather good 
result.’ However, to take the correlation between the electrons correctly, it is 
necessary to have some other method, and for that purpose the variational method 
is expected to be the most effective.” 

The energy of bound state for two electrons in the field of an infinitely heavy 
nucleus (He atom and H™~ ion) has been calculated by this method with utmost 
accuracy. For example, in the recent work by Pekeris,® the number of adjustable 
parameters amounts from two hundreds to more than a thousand. In the collision 
problem, on the contrary, the number of parameters has been very small, and did 
not exceed more than three except for a few recent works. 

Meanwhile, the effective range theory applied to e-H scattering’ showed to 


* On leave of absence from Department of Physics, University of Tokyo, Tokyo. 
** a. is the Bohr radius. In this paper we use the atomic units. 
*** ao, asn and ax are the scattering lengths calculated according to the variational methods 
of original Hulthén, second Hulthén and Kohn. : 
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reproduce very well the phase shifts calculated variationally by Massey-Moisei- 
witch.” In this theory, the result is expressed by two constants, the scattering 
length a and the effective range 7. In this paper, an attempt is made to 
find these quantities more accurately by calculating the wave function for the zero 
energy of incident electron with increased number of parameters. In § 2, the 
method and the result of calculation and in § 3, discussions on their precision 
with a few related remarks are given. In the Appendix inequalities among the 
scattering lengths calculated according to the variational methods of Kohn, original 
Hulthén and second Hulthén are derived. 


§ 2. Calculation 


So far, the trial function in the collision problem seems to have been chosen 
quite ingeneously, but little attention has been paid in systematizing the choice. 
For the bound state of two-electron system, the trial function of Hylleraas type 
has been known to be excellent in saving the labor of calculation and giving good 
results. For the scattering problem, however, straightforward application of Hyl- 
leraas method is not practicable since the wave function does not damp exponen- 
tially with the increasing distance from the atom. The following is its modifica- 
tion for the electron with zero incident energy : 


P= (e"// 2) em) {rat Ax} 


£ (e/a) {(—e") /n+ Ag} the, (0) 
—k+s 

Nene ss a (a +a,stasutas+ast?+agu?+apust+::-), (1) 
—k—s 

fis & —— (h,t+b, st+ bsut+bywt+---), (2) 
7 


S=Mmt1s, t=rfa-1, uty. 


The atomic units are used throughout this paper. Ax, k:, a, --:, b, +: are the 
variational parameters, + for the singlet and — for the triplet state, and — 1/A, 
are the approximate values for the scattering length for each state. 

For the variational calculation of Hulthén type,” the integrals 


Pe \ w LER SO dA VedV, (3) 


are to be evaluated. According to Kohn method (abbreviated as K), a;, A, are. 
determined from 


eis. 0(L,/A3 : 
ara. Tce eae ; (singlet) (4) 


and similarly 4, A_ for the triplet. Then by calculating 
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a ia eS eae (5) 


the improved scattering lengths are obtained. (4) is equivalent to the statement 
that ax is stationary. According to the original Hulthén (OH) and the second 
Hulthén (SH) methods, the approximate values of the scattering length aon and 
dsu are found, in the singlet case for example, respectively by 


OL. 
ces 10; aon=— (6) 
and 
aL. aL 1 i 
zy ee Ap gee A ae 7 
da, 0A, asu An ‘@ 


The effective range 7 is then calculated’ as 


if r 

ros \ (92—¥ 2) dV, dV,¥8(1+2A;)’, (8) 
where the function %. is given by the formula (0) with the parameter values 
obtained by the above procedures, and 


pi=(e/v/z) | * +As} + (%/V=) io + Ay}. 


In our calculation, the value of & in (1) is fixed and is taken as 1. 

The results* by the Kohn method are shown in Tables I and II. 

The improvement of approximation in introducing more terms in the wave 
function is apparent. Some of the features of these results are described below : 
1) The monotonic decrease of the values of scattering lengths. This fact is in 
conformity with the theorem of Spruch et al.” that the value of scattering length 


Table I, Kohn method (singlet) 


ee a 


ay 6.21703 6.265325 6.29313 6.29313 6.30145 8.14507 
ros Paes 2.74 2.74 2.75 2.67 3,29 
A, 0.161496 | —0.159462 | 0.158145 | 0.158108 | 0.159718 | —0.119446 
a —0.970459 | —0.985632 0.994617 | —0.995021 | —0.904527 | —0.847368 
ay _0.240422 | —0.295492 | 0.359955 | 0.359787 | -—0.431943 | —0.247686 
as 0.204058 0.307846 0.428238 0.428278 0.437357 
a, —0,062945 | —0.027134 | —0.014726 | —0.014819 
as 0.004684 —0,000494 0.000242 
ae —0.025485 0,031395 
a, 0.100793 

SU ri a ices [ngs cence neon cana 


* The computation was carried out by the Parametric Computor I of the University of Tokyo. 
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Kohn method (triple) 


Table II. 


a_ 2.97151 2.31477 2.34942 2.34944 2.35416 
ro- i — 1,33 0.774 1.19 1.15 1.38 

ae |  _.9,409116 —0.425679 — 0.425115 — 0.423991 — 0.440943 
d, | 0.363019 —0.013998 — 0.095265 —0.089002 
b, | 0.048852 0.090787 0.003685 | 
bs 0.184777 — 0.148346 
b, | 0.059373 | | 


calculated by the Kohn method gives the upper bound of the true value, even though 
the bound state exists, if the trial function is subject to some criterion.* 

2) The approximate value a,,(a_,x) obtained with a, and a, (4 and b,) terms 
is fairly close to the Hartree-Fock values,” 


Inclusion of a;z causes rather large decrease in the value of a.—from 8.15 to 
6.30, as is seen from Table I,—and subsequent improvement in adding more terms 
is small. On the other hand, the decrease of a. by adding the terms d,ut, byt 
is small compared with the case of the singlet. Somewhat irregular variation of 
b, in increasing the number of terms makes us suspicious about the rapidness of 
convergence. 


The result of similar calculation based on the SH-method is shown in Tables 


III and IV. It is remarkable that both the K method and the SH-method give 
almost the same results, though ax<asy. In the case of SH, a. are monotonically 


Table II. Second Hulthén method (singlet) 
| | 

a, | 6.21711 | 6.265334 6.29325 | 6.29327 | 630171 | 8.15360 
ron | 2.73 2.74 | 2.73 | 2.73 | 2.69 | 3.23 
Ag | —0.161344 —0.159495 —0.158303  — 0.158149 —0.159744. + —0,118032 
a, | —0,974867 —0.984635 —0.989495 —0.990328 —0.906524 — 0.836797 
a, 0.239675 | 0.295746 —0.361777 | —0,361355 — 0.433412 — 0.235311 
ds 0.203866 0.308037 —0.430191 0.430911 0.434112 
ay —0,063270 —0.027010 —0.013977 | —0.014283 | 
a; | 0.003964 0.000336 | 0.001076 
a | —0,025357 | 0.031442 | | 
a, | 0.100191 | | | 


* The trial function f, for H~ ion gives a lower energy than 1/2 atomic units, 
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Table IV. Second Hulthén method (triplet) 
a. | 227496 =| 2.31491 2.34942 2.34945 |, 2.35596 
‘ ro- | —119 0.843 1.20 =) ileal) ieee ; 1.38 a 
A_ | — 0.430623 — 0.430137 — 0.425484 — 0.424991 We ~ 0.433333 ‘ 
Dee | — 0.369523 —0.015012 —0.095422 —0.086631 
b, | 0.078116 0.096871 0.004111 
bs / 0.178494 —0.149958 


decreasing for increasing number of parameters and this fact is proved in the Ap- 


pendix. 


Table V shows the results for 8 parameters (singlet), and 5 parameters (triplet) 


by the OH-method. 


Table V. Original Hulthén method 


a 6.21740 a Bes 2.27630 
row 2.77 ro. | —1,10 
Ay —0.160839 A. — 0.439309 
‘e —0,989451 b, —0.372149 
a —0,237187 by 0.089934 
a 0.203223 bs 0.175959 
a —0,064346 bg —0.059754 
a 0.001586 

a —0,024931 

a 0.098198 / 


On comparing the results of the same order trial function in three methods, 
we have the relation 


Aon > Aso > Ax > a (true) 3 


The proof that adon>dsu>a(true) when a(true) >0, and a plausible explanation 
of the relation asy >a, are given in the Appendix. 


§ 3. Discussion 


Since a, given in Tables I and II are known to give the upper bounds of scat- 
tering lengths, the results can be compared with those of other workers. Rosenberg, 
Spruch and O’Malley (RSO) ® yse seven adjustable parameters, and obtain a,=6.23) 
and a_=1.93 by the Kohn method. Our result is a little better for a,, so the 
function (1) is not very bad for this case. a, also agrees quite well with arb 
obtained on the assumption of shape independent approximation using H™ function.” 
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For the triplet state, however, RSO obtain a considerably smaller value of a_ 
than ours. Fairly large number of terms would be needed to attain the value 
a_=1.93 in our calculation. In the triplet, the wave function of RSO has much 
smaller damping factor for the terms responsible for the correlation, so that a 
better convergence can be expected by taking smaller value of k_ in (2). (Needless 
to say, it is better to vary kz, or to carry out calculation for several values of 
Ris.) 

Another consideration to be taken in is the effect of the long-range correla- 
tion. According to the adiabatic approximation, an electron very far from the 
atom is subject to the potential —4.5/7*, due to the long range nature of Coulomb 
force.” This potential is better to be taken into account in determining the as- 
ymptotic form of radial part of the wave function which is r(1—4.5/2r*+---) 
—a(1—4.5/6r?---) instead of r—a. However, 7, diverges in (8) for the solu- 
tion of this asymptotic form, suggesting that! & cot 0 is not a function of k but 


bicht) eee LOR i Ce eee ee 
a 


with a linear term in &. (The irregular behavior of 7 in the Table II might be 
understood by the supposition that the effect of this long range correlation - is 
effective in the triplet.) 

Martin, Seaton and Wallace (MSW)? obtained by Kohn method as the upper 
bound a. =6.37, a_=1.99 using a rather simple trial function, but including the 
long range correlation—a satisfactory results considering the crudeness of their 
function, and seems to indicate the importance of the long-range effect. Recently, 
Temkin” et al. obtained, in finer approximation, a,=5.8 and a_=1.9. Their 
method is not variational so that the results are not certain to be the upper bounds. 
Nevertheless, these values will be a good estimate. Unfortunately, the experiments 
so far carried out are not so exact as to allow the comparison. 

It is, however, doubtful that the long-range correlation is effective only for 
the triplet state, so that the spin direction of electron at a great distance from 
the atom has much influence on the scattering amplitude. It would be more 
natural to suppose that the Pauli principle keeps the electrons in the vicinity of 
the atomic nucleus more apart from each other in the triplet than in the singlet 
state to diminish the value of & for the triplet state. It may also be that the 
inclusion of long-range correlation serves to improve the results for both states, 
especially for k°~0, allowing us to obtain better figures with smaller number of 
parameters in the trial functions. 

To sum up, with k=1, the trial function (1) is a good approximation but 
not (2), for which a smaller value of & is expected to improve the convergence. 
Whether adding other terms accounting for the long-range correlation, or increas- 


ing the number of parameters in (1), (2), (3) with suitable values for & gives better 
result is not clear, 


Variational Calculation of the Scattering Lengths 473 
Appendix 
Proof of adou>dsu>a(true), and explanation of asx>ax when a(true) >0 
From the theorem of Spruch et al. and Eq. (5), we have 


LY “i 
“nA? == ive > a(true). (A1) 


Since the value of a_(true) is positive, the quadratic form with respect to A_, 
and b,, (L_/4z)—A_, is positive definite, and has a minimum. (L-_ is defined by 
(3), (0) and (2)). As the coefficients of the quadratic terms do not change by 
the addition of the linear term 2A_, the second property is also valid for 
(L_/4z) + A-_; that is, (L_/4z) + A_hasaminimum. Therefore, —1/asg= (L_/4z) 
+A_ is minimum for any variation of the wave function, and if f_ is “ exact”, 
this minimum value is equal to a_(true). If (Al) is valid (as is the case with 8 - 
parameter trial function) in the singlet state, the same conclusion can be drawn. 

In the SH method all the (adjustable) parameters are adjusted in such a way 
that —1/asy reaches a minimum value as small as possible. In the OH method 
parameters are adjusted to give the condition L_=0 rather than to make —1/asy a 
minimum. In other words, the minimization of —1/ags==(L_/47) + A_ in the OH 
method is incomplete. Therefore, we have generally 


abe Soe On (A2) 


a3sH aon 


We shall now consider the relation between ag and agy. In this respect it 
would be worthwhile to calculate the second order variations of ag and asy 
around the exact solution. From the theorem of Spruch et al., we know that 


Pax . 9, 
0A? 


Calculating the second derivative of ag step by step, we get 


0° (4ax) _ 0 (e = Lande 4 8a 


0A? BANNAN AY HAN OAP™ A 
1 fol 82 ih oo ( Aa 82 
= re ee = + - aie) A3 
BUA Mat me AE aN ae ee a can 


where the use nae been made of L=0 and 0L/A0A=—4z of (7). Since the first 
derivative of asx vanishes, (A3) is equivalent to 


OT ag 50 Oe ot (Ad) 
aA? 0A 


Then we expect from (A4) that 


ax <asH;> for a>0O. (A5) 
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From (A2), (A5) and ag>a(true), we finally get 


2) 


6) 


2) 


dou Gan > Axe a true). 
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A method which makes use of Fourier transforms of two-body interactions for the calcu- 
lations of energy matrices in the independent particle model is proposed. The non-central 
interactions as well as central ones can be easily expanded into series of tensor products of 
spherical harmonics by this procedure. Furthermore, the radial integrals can be reduced to 
simple integrals which involve the Fourier transforms of the radial dependence of the inter- 
actions. For the harmonic oscillator wave functions, the procedure can be easily carried out | 
and explicit formulas for the integrals are obtained. Useful tables for the calculations of 
the integrals for the central, tensor and spin-orbit interactions are given. 


§ 1. Introduction 


The matrix elements of two-body interactions are necessary in the investiga- 
tion of nuclear properties by means of the independent particle model. The 
calculations of these matrix elements are usually carried out by expanding the 
interactions into series of Legendre polynomials.” For the central interaction, it 
is well known that this procedure is quite easy if one applies the methods of 
tensor operator proposed by Racah.” For the non-central interactions, the situa- 
tions are somewhat complicated and the interactions have been discussed by 
Talmi,® Hope and others.” 

In the next two sections of this paper, it is shown that the two-body inter- 
actions can be easily expanded into series of the products of spherical harmonics 
by considering Fourier transforms of the interactions, and the matrix elements 
can be obtained by straightforward application of the method of tensor operators. 
This procedure is much simpler and more systematic than those proposed so far 
for the treatment of the non-central interactions. 

The radial integrals which appear in this expansion involve the variables 
r, and rz, the distances of the two particles from the origin, in separated forms 


in the integrands, because the Fourier transform is considered. Therefore, the 
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integrations over 7; and r, are manageable and the integrals can be expressed 
by means of simple ones. However, it is difficult to carry out the integrations 
over r; and r, analytically for the wave functions with arbitrary radial depend- 
ence. 

In order to avoid this difficulty, we assume three-dimensional isotopic har- 
monic oscillator wave functions for one-particle wave functions and consider the 
radial integrals in the last few sections of this paper. Then, the radial integrals 
can be obtained as linear combinations of simple integrals. The coefficients are 
expressed in terms of the expansion coefficients of the product of two associated 
Laguerre polynomials into power series. Simple recurrence formulas between 
the latter coefficients are obtained and they are useful for the evaluation of the 
radial integrals. The simple integrals into which the radial integrals are reduced 
have linear relations with the Talmi integrals which have been introduced as 
the integrals over relative coordinates after the separation of the center-of-mass 
motion of two particles in the harmonic oscillator potential.” By making use of 
the relations, the expansion coefficients of the radial integrals into the Talmi 
integrals, which have been given by several authors in some cases for the central 
interactions,” are easily obtained. Although the method which expands the two 
particle wave function into products of the wave functions of the relative and 
the center-of-mass motions and calculates the matrix elements of the interaction 
directly has been proposed,” our procedure seems to be simpler than that for the 
calculations of the energy matrices of individual configurations. 


§ 2. The central and tensor interactions 


Two-particle matrix elements of the interactions are exclusively considered 
in this paper, since it is well known that matrix elements of the two-body inter- 
actions for many-particle configurations can be reduced to the two-particle ones.?® 
Let us first decompose the tensor interaction into spin and ordinary space parts, 
as anexample. This interaction is defined as S,,V(7), where S.=(o,:r) (o:r)/r? 
—1/3-(o,:02,) and r=r,—r, (r=|r|). It is easy to write the S,, as a scalar 


product of tensor operators of second rank which operate spin and ordinary spaces, 
respectively :° 


SiaV (7) = (2/3) (orX 02] - V(r) €® (2)), (1) 


where 2 denotes the direction of the vector r and Cy (2) =[42/(2k+1) } Yig (2) 
are the unnormalized spherical harmonics.* It is seen from (1) that the spatial part 
of the tensor interaction is taken to be V(r)C®(Q). In this section, we discuss 
the interactions the spatial parts of which has the form of V(r) C“ (2), « being 
zero or even positive integers. If « equals zero, the interaction is central, since 


* For the notation, see reference 9). The formulas used in this paper are also contained in 
it, unless otherwise stated. 
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C®=1, and if « equals two, the interaction is tensor. The spin parts are simple 
to be handled and only the spatial parts have to be treated in detail. 

In order to separate the variables r, and r, in the spatial part of the inter- 
action, we introduce its Fourier transform v’(p) : 


»” (p) = (2) Al V(r) C (2) exp (ip-r) dr. (2) 
By making use of the well-known formula 
exp (ip-r) = >'.7"(2k+1)je(pr) (EC (2) -€ (2,)), (3) 


where j,(pr) are the spherical Bessel functions and 2, denotes the direction of 
vector p, and the orthonormality relation of the spherical harmonics, v) (p) 
becomes 


0” (p) = (42) 77" u, (p) C (2,); (4) 
where 
v(p) =| V(r) jelpr) dr. (5) 


Then, the spatial part of the interaction is expressed by the Fourier inverse trans- 
form as 


V(r) C® (2) = (4z) 2 ir| v,(p) C® (2,) exp(—ip: (rs—11)) dp. 


In this form of V(r)C (2), the variables r; and r, are separated and the integ- 
ration over 2, can be carried out by applying (3) for exp (¢p-r1) and 
exp (—ip-r.), respectively. Taking into account the symmetry relation of the 
Clebsch-Gordan coefficients, we have the result : 


Viiry OC" (OQ) =e kid) (2k,+1) / (2«+-1) 
x (£0 k,0\K0) ve *” (171, Fa) EC eo, (6) 


where C,* means C®(2;) and 


er agile) Car ee \ in (pri) jee (prs) Ve (p) pap. (7) 
0 
In (6), the summations over k; and fy; are restricted by |4:—ko| Shit and 
hk, +ho+x=even from the properties of the Clebsch-Gordan coefficients. The for- 
mula (6) is useful for the calculation of the reduced matrix elements. They are 
easily obtained by means of the method of tensor operators”*” as 


(Llp LIV (r) C® (Q) IIa! Le! L!) = Deana" (2k +1) 2a 1) / (2«+1) + (h10%20|«0) 
<[(2L+1) QL’ +1) (+1) PP GIC Mla) Gl 2)\1Z5/) 


x X 


bi desde 
Ly! 1, | R89 Lb; hh’), (8) 
ky he K 
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where Ri") (7,1,; L,/l,') are radial integrals : 


oo 


Rew, HY G ibs } ie BS) = | | Ri, (71) R., (Fs) ub ke: ey (1 ary) Riv (71) Ri (72) r? dr, Fadia 
0 0 (9) 


R,(r) being the radial functions of the one-particle wave 
functions. (In this section, the principal quantum numbers 


= y 
n are omitted for the sake of simplicity.) y 
For the central interaction «=0, (6) gives, by putting 
h=h=k, ene 
V(r) = die 2k+1) 0 Gi, 12) Py (cos); (10) Fig. 1 


where w is the angle between the two radii vectors r, and r, (Fig. 1). P,(cos w) 
are the Legendre polynomials, and v™ (7, 7.) means v“*'” (74, 72). By inserting 


the v)(p) of (5) into (7) and making use of a formula of the Bessel functions :” 


foe} 
e 


2 \ ie (pri) Je (pra) Jo (pr) Pp dp= P, (cos w) is (2rirsr), (1) 


0 
it is given by 
1 
Ki 
v® (4, =| VO) Pecos) d (cos 0). (12) 
a —1 


The matrix element is reduced from (8) to 
GLLM\V (r) \iily LM) 
=e) ALC OL) Gall Ol) WG Gs Le) CRED RO OL Las 
(13) 


which agrees with the well-known formula given by Racah.” 


For the tensor interaction given by (1), the matrix elements are easily ob- 
tained in the LS-coupling as 


(hb, SLIM|Sy V(r) |h' Lr! S’L’ JM) = (2/3)"?(S |I[o.X o,]? |S) 
X(GBRLILV 7) C® (Q) Wa) =) 8 WSLS 2) 


where (SI\Lo1X a2] ||.S’) =2- 5705.05 and the reduced matrix elements for the 
spatial part are given by putting «=2 in (8). The summations over /, and ky 
are restricted by |k,—k,|S2<h,+h, and k,+k,=even. If the matrix elements of 
the tensor interaction in jj-coupling is to be calculated, the interaction may be 


transformed from (1) and (6) by changing the coupling shemes of the tensor 
operators as 


Sie V(r) = (243) ae yipent tae (2k, + 1) (2ka+ 1) (k,0 ky 0 |20) 
x W (hy i ky 1 5 1) y Fas hea 2) (7; 3 my) (lo. x Cee ‘[o, x Cea) <. (15) 
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For «=2, the radial dependences v%*? (71, 72) of the interaction can be written 
in somewhat different forms. Carrying out partial integrations in (7) after put- 


ting j.(e) =?(ed/dp)*j.(e), and applying the recurrence formulas for the Bessel 
functions, they are given by 


vPED Cr, re) =rire{ (2R+3) w* (11, 2) + (2R-1) w™*” (71, 72) } / (22 +1) 
=(ri+rr)w (ri, 12); (16a) 
and 
CORO rary DO” (Tie Ty) ata? ay ra) try we (71,72), 6D) 


Naturally, v%**")(r,, 72) =v™"'"(r2, 71) from the definition (7). Here, the 
ww” (74, 75) is defined by 


1 
di r 
w” (7, 72) | V(r) /r?- Py (cosw) d(cosw), 
= —1 
corresponding to (12) for the central interaction. 


§ 3. The spin-orbit interactions 


Since the two-body spin-orbit interactions explicitly contain the momentum 
operators p; and p, of the interacting particles, the treatment in the preceding 
section must be modified. While there are some types of the spin-orbit interac- 
tions, we confine ourselves to the Case-Pais type” in the following consideration 
and the procedure given here can be applied also to the other types with slight 
changes. The interaction is given by 


Vis= V(r) ( (o, +02) L (r.—T1) x (P2— Pr) ) > (T@ 
where the square bracket without superfix denotes a vector product. 

Let us separate the variables r,; and r, in the spatial part of (17) ~as«in \the 
preceding section. Since r—m=r=rC(2), by making use of (6) for 
rV(r) C®(@), and changing the coupling shemes of the tensor operators, we have 

Vv. (r) [ (Ts carr r,) x (p» — pr) j= Sas Pay pee (2h 4+- 1) (2k, ia 1) [2 (2K+ byte 

x (k, 0k, 0|10) W (ky i Ry1 r K1) pha Be a) (1 3 To) 
x { C227 Sod ied x pil” x Cea ie +(C,% x RG x Pale ys : (18) 


where 


co 


[jn Drs) jes BP) BY dp\rVini(prnr'dr. 9) 


0 0 


; 2 
Tibia ell Ce ar) ea et 


The summations over hi, ks and K in (18) are restricted by the conditions : 
k, tke=odd, \ky —ha| SI Skit hy la—1| S$ KSA,4+1 and |A-1] SK SA+1. 
Therefore, K equals either , or ks, and (18) can be rewritten as 


Qe sss 


fel 8 So A rats acl a So a wc ee ee 


a 


i a ee 


Pde bike ae a 


ORS UTE ea nee ea 
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V(r) [(ra—r) X (pa— pr) J= ger" (2R+1) (2K! +1) 2" (R'010|R0) W (RI RI; RI) 
x ( fap(h® 21) (71 ; ro) (fey x Pil” x Garey? ie y erks 1) (r1 : ro) fa x [é,@ aN id a 
SP sane? (ri, 2) ay? x Pi)” x Cee = ASRiD (r1, 72) fay” x [cis aN salt be ys 

(18)’ 


where #/=k+1. The radial parts of the interaction uw” (71, 72) can be expres- 
sed in terms of those of the central interaction v™(71, 72). They are obtained 
from (19) by making use of 7:(¢)=—dj.(e)/dp in a similar way to the deriva- 
tion of (16). 


UEP Cr. ry) a oN Gn, Tp) Ta? (Cis Fa HELI) Ae) 


and uP (7, r.) =u™'™) (7, 71), where v™ (74, re) is defined by (12). 

Since the operator [C;” x p,|™ cannot be easily handled for the calculations 
of matrix elements, we rewrite it so as to separate (r;-p;) =7 ‘rid/dr,. On ob- 
serving that pp=r, {ri (r;-p) —[riXl]} (, are the orbital angular momenta), it 
can be expressed as 


ir,[C,™ X p,|™ = (R010|K 0) C,™ 7,.0/07,—D,*™, (21) 
where D,““* do not involve differential operator and it is defined as 
DD,” =91/? LG x Tee x Gee 


Simpler forms of D;“™ can be obtained by changing the coupling shemes oft he 
tensor operators : 


D;”” =[ (2k—1) /(k+1) Pecee-? XG]? She 8) (RCC 8S Lee) 
and 
[(2k—1) /(R+1) }?D,*->” =[ (22+3) ie Det Co hee) sud 2b) 


The spatial part of the interaction is thus given by introducing (20), (21) and 
(22) into (18)’ and by manipulation with respect to the Clebsch-Gordan and the 
Racah coefficients involved as 


V(r) L@a—11) X (p2— pr) | 
= Die(—)*(2R+T) Veermiesal (2K +1) /37?{ (vo — 0 ro/r1) [TG XL] x CP] 
= (v™ —u"r,/r2) hese x [c,@ x Hee Oy 
+ De (—)*[ (2241) /3F2 (= (RAD v® re/ry + (2241) 0 —hv® r4/74} 
x[[a,” x LJ” x CO] (23) 
{= (+1) v8? y/o (R41) 0 —ho®™™ 11/73} (C. X [OC Xb]®]”) 
+ Die (—)*[RR+D) (22+1) /3F? {v® — v9} (7, 8/ry~—1,8/Or,)[C,™ X C.]®, 


where v™ means v™(r,, r,). This expression is rather complicated at first sight, 
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but the reduced matrix elements (J||[C“? x1]||Z’) is very simple and the angular 
parts of the matrix elements are easily calculated. Corresponding to (d||C®||Z)) = 
(21’+-1)* (7'0R0|20), the reduced matrix elements of [C* <I] is obtained as 


(ZI[C%? XU] |Z’) =[27 +1) (22 +1) 7? (2'011|21) (1 R—-1| 0). 
(k’=k, k+1) 


Especially for 7 configurations, the contributions from the second and third sums 
over & in (23) vanish as can readily be seen, and the calculations of the matrix 
elements become very simple. 


§ 4. Radial integrals in terms of the harmonic 
oscillator wave functions 


The radial integrals which are necessary in the evaluation of the interaction 
matrix elements can be obtained from (7) and (9). Inserting (7) into (9), they 
are 


R&EEs (m hh, Ng Ly > Me Pe 7g 1s’) a |». (p) p dp 
0 


x \ Rear (71) Raya (11) Ja (pri) ry dr; \ ies lo (r2) Teecasr ( 2) Jin ( Pre) re ars; 
0 0 


where principal quantum numbers are explicitly introduced and the expression 
for v,(p) is given by (5). If the integrations over r, and r, can be carried 
out, the radial integrals will be obtained as simple integrals over p. However, 
it seems difficult to carry out the integrations analytically over r, and ry for 
single particle wave functions with arbitrary radial dependence, and we confine 
ourselves to the harmonic oscillator wave functions which are used quite often 
for the analysis of the nuclear spectroscopy. 

The wave functions of three-dimensional isotropic harmonic oscillator are 
given as” 

Ru lr) =Nu exp(—vr?/2)r'vnr(r’), (24) 

where v=mo/h, hw is energy quantum, and m is mass. N,, is the normaliza- 


tion constant : 


> (214+2n+1)"! (20 ison ( 2" am 
Noll =e NT CSEED VR oe ot 


And vn,1(?) is the associated Laguerre polynomial : 


Cyne NG Ree | 
Ome?) = 2 (*) (21+ 2p+1)!! (2p)! oy 


@ 


In order to carry out the integration J Ru (r) Rau (r)jx(br) Pdr jwith the har- 
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monic oscillator wave functions (24), we expand the product of the two associated 
Laguerre polynomials into power series and define the expansion coefficients 
an (nl, n'l') by 


FUNCT ADN IST a anal, 21D) (29). 27) 
(21+-2n+1)!! (21 +2n'+1)!! so 


Un, (?) Uni, (9) ae 


Then, the product of two harmonic oscillator wave function is written down as 


Ru (r) Raw (r) =M(al, n'U)? (2/2)*? exp(—vr?) Yim an (al, n'T’) (2v) Saat ta? ut 
(28) 
where m=J+//+2s (s=0,1, ---, m+n’) and 


Mal, n'l') =2"*" n! rn!) (214+-2n4+1)! (21 +2n'4+1)!! (29) 


Thus, by making use of a formula of the integral involving the Bessel function” 
expt —vr’)jn(pr) rr" dr 
0 


2 / 2 2 \ k/2 2 
— (m+k+1)!! ( 7 i (Qu) -m+9? exp(—? (2 Vm-wrae| Pp ), (30) 
(kt! \e Aus Noy Av 


a 


where m—k=even=0 and vn,,(?) is defined by (26), the integration can be easily 
carried out. 


Foul) Rai (7) Je prt arn M ila bya one a Fle eo) 


ou, 8 


X (m+R+I)N/(2R+1)'-exp(~< p?/Av) (67/20) "? vmx 2,42" /4v).- (31)* 


Actually, (m—k)/2=(/+/l'—k)/2+s are non-negative integers, since there are 
factors of the type (d||C™||/’) in (8) which give the conditions |/—/'| <k</+7 
and /+/'—k is even. Then, the radial integral is obtained by the application of 
(31) for the integrations over 7, and 7r,: 
te? Hillis Nols 3 Ty. das 74! I!) 
=(M, M,) ae oa ns tan Mi las ny’ Ly!) Am, (Mls, iis La yeaa “"(m, Mz) , (32) 
where the abbreviations M,;=M(njl,, /l;') G=1, 2) are used,"and by taking (27) 


into account again, f" (m,, m:) are given as 


* In (31), if one takes the limit p->0, the following expression is obtained. 
) Rar) rk Ry y(r) 72 dr= (2v) “#2 M(al, nV) 712), (m+R+1)!! am (nl, nV). 
0 
This expression is useful for the calculations of the matrix elements for the nuclear moments, 8 
and 7 transitions when the harmonic oscillator wave functions are used as one particle wave functions. 
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foodoe} 
. nD 

f oe (m, Me) = C2) even | \ (Fikes "(r, 5 i) 
00 


Sh ea EN ee OE m,—k M.—k 
X exp { u(r, Te aS are Boda e baal 22 9) Ta" by) J (33) 


The summation over m is restricted by m=h, k+1, ---m, where k= (ki +k) /2 
and m= (7,+m,)/2. J” are simple integrals which involve the Fourier trans- 
form v,(p) of the radial dependence V(7) of the interaction 


JS = (2) "| exp — p*/2v)v,.(p) pp" dp. (a) 
0 


By (32) and (383), the radial integrals which involve any quartets of quan- 
tum numbers v/ (naturally 7,+/,+4,'+/,.'/=even from the conservation of parity), 
can be expressed as linear combinations of simple integrals J, given by (34). 
The coefficients which appear in both (32) and (33) are defined by (27). The 
f= (mm, m:,) has a close connection with R“#” (01, Ol,; 04’, 02’) which is 
given by (32) when 


R459 (0L,, Ol; OL’, 02’) 
=f 2h ee) (2h yl (2G 4 Loi LI feed’, dah’). <a) 


The above expressions for the radial integrals hold for the central and tensor 
interactions which were discussed in §2. For the spin-orbit interactions, one 
needs further considerations, since there appear two types of integrals, one of 
which contains the derivatives with respect to 7, or r, and the other 72/7, or 
ri/r, in the integrand. The calculation of these integrals is given in the Ap- 
pendix. 


§5. The coefficients a,, (nl, n'l’) 


The coefficients a», (nl, n'l’) defined by (27) proved very useful in the calcu- 
lation of the radial integrals in terms of the harmonic oscillator wave functions. 
In this section, the convenient formulas for the evaluation of the coefficients are 
derived and those for f" (7, ms) are obtained. 

It is evident from the definitions (26) and (27) that 


A ies (2l+2n+1)! (2 +2n'+1)!! (36)* 
wl \pt) (214 2H+1)! (2 + 2¢/ +1)! ° 

In the case of 7=/', it may be written in another form which is useful in the 
application to the central interaction in the next section, 


arvnen(nl, At)=(- > 
(4+ wl =s) 


* The coefficients a,,(7l, n’/l’/) have the following relation to B(l, n/l’,p) defined by Brody, 
Jacob and Moshinski. (Nuclear Phys. 17 (1960), 16) 
Baal, WV, p) =M(al, o/ V)*? (2p +1)! aop (al, HWA. 
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year(s (21+ 2n+1)!! (27+ 2n'+1)!! 

i. (2142541)! 

xe 2*n!\ n'! Merrie) (37) 
- pp (n—p)! (n’—p)! (214+ 2441)!! s—2p 


The coefficients are naturally symmetric with respect to the exchange of 
their arguments : 


/ 
An+o3(nl, ml 


anal, nl) =an(n'l, nl). (38) 
For some special values of » and n’, the simple expressions are obtained : 
Q+11+2(02, OL’) =0, 0, (39) 
and 
'\ (21'+2n'+1)!! 
eue(OL, n'B)=(=)"(” | 4 a8). (40) 
Sete i cae (2 +2s+1)! 


Table I. a,,(nl, n/l’) 7+l=even 


nl n/l/ m=0 2 4 6 | 8 102%) 12 
00 00 i 
01 01 1 | 
02 00 il 
02 1 | 
10 00 3 = 
02 : 3 = 
10 9 —6 i 
03 O1 . : 1 
03 ; : : 1 
11 01 : 5 an 
03. Foo . 5 —1 
11 . 25 = 1 
04 00 ; : 1 
02 6 : E 1 
10 3 —1 | 
04 , 1 
12 00 . 7 =i 
02 . : 7 —1 
10 21 —10 1 
04 ; : 7 5h 
12 : 49 —14 1 
20 00 15 —10 i 
02 . 15 10 1 
10 45 —45 13 —1 
04 . . 15 ~10 1 
12 . 105 —85 iL =i 
20 225 —300 130 —20 1 
05 O1 ‘ : Pes i 
03 : : " t! 
iis 5 — 
05 ; 1 
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Table I. (Continued) a,,(nl,n/l/) 1+l/=even 
rrr SS 
/r . | a See ee 
nl n/1 m=0 2 4 6 8 10 12 
13 01 ay Sean 
03 : 9 a 
Ii 45 -14 1 
10 : ; 9 = 
13 81 ~18 1 
21 01 35 —14 1 
oS 35 —14 1 
11 175 —105 19 —1 
a : 35 -14 1 
13 * 315 —161 23 -1 
21 1225 —980 266 —28 ih 
06 00 1 
02 5 1 
10 3 —1 
04 : 5 1 
Ble) : 7 —1 
20 15 —10 1 
06 : A ‘ 1 
14 00 11 a 
02 : 11 —1 
10 33 —14 1 
04 5 E tel ri 
12 . 77 —18 i 
20 165 —125 21 —1 
06 . . . 11 -1 
14 . 121 —22 1 
22 00 63 —18 1 
02 . 63 —18 1 
10 189 —117 21 —1 
04 . . 63 —18 if 
12 . 441 —189 25 —1 
20 945 —900 258 —28 1 
06 . . . 63 —18 1 
14 . 693 —261 29 —1 
ae 3969 —2268 450 —36 1 
30 00 105 —105 21 —1 
02 . 105 —105 21 -1 
10 $15 —420 168 —24 1 
04 . ee: 105 —105 21 -1 
12 . 735 —840 252 —28 1 
20 1575 —2625 1470 —330 31 —1 
06 : . . 105 —105 A -1 
14 . 1155 —1260 336 —32 1 
22 . 6615 —8505 3318 —546 39 -1 
30 11025 —22050 15435 —4620 651 —42 1 


Actually, we used (39) in obtaining (35). Furthermore, the following recurrence 


formulas hold between the coefficients* 


* The recurrence formulas between the coefficients a,,(nl, n/l’) are easily derived from those 
between the associated Laguerre polynomials : 
(2a +21 +1) Up, 10) = (22 +1) Up, 1-1 (0) +27 Yy1,1(0), 
20Un,1(0) = (21+1) {Vp,1-1(0) — Une1,1-1 (0) } 
and the definition of the coefficients (27). 
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Table II. (Continued) a,, (vl, n/l’/) 1+l/=odd 


nl nV mae? 3 5 7 | 9 | ul 

30 01 105 —105 | 21 | Ted (cae 
03 m4 105 —105 24 =I 
Bt 525 —630 | PRO) a —26 i 
05 | a 105 —105 21 er 
its} : 945 —1050 | 294 —30 il 
2A 3675 —5145 | 2310 —434 35 —1 

am (nl, n'l!) =2nan(n—11, n'l') + an_1(nl—1, n'1'), (Ala) 
and 


Am (nl, n'1') = (214-3) amii1(n—114+1, nl) — an (n—11+2, n'l').  (41b) 


These recurrence formulas are quite useful in obtaining the values of the 
am (nl, n'i') starting from (39) or (40), although it is not difficult to calculate 
them by the direct application of (36) or (37). 

In Tables I and II, the values of the coefficients a,(ul, n'l'), which are 
necessary for the evaluation in (32), are listed for /+/' even and odd, respec- 
tively. 

The properties of the f” (2, m) can also be obtained from those of the 
am (nl, n'l’) by (33). First of all, from (38), the symmetry property of the 
f 2 (m,, m2) with respect to the exchange of their arguments is 


fae”. Cng, 4) =f Ot" Me, Ty): (38) 
For the special cases of m=, and m,=k,, we have, corresponding to (39), 
Hoe ete’ 2m; My) —— ae (39)’ 


and, for 71,:—k1, 


ees) : Cmatket DN 7 wo (42) 
(2h + 2p+1)!! 5 


Four recurrence formulas for the f%” (7m, mz) are obtained from those between 
the coefficients a, (zl, n’l’) with common suffices m, which are derived from (41a) 
and (41b). Those formulas are, for example, 


if eureae ys ms) =(m, +k +1) f™*” (m—2, ma) af Mth Rat Ts”) (op — 1, mae) 
+ (ts— Ba) fe (nie 1, m1); 
fie (my, me) = (mth +1) fr"? (mM —2, ma) (43) 


+ (mm, — ha — 2) fe (ms — 2, a) —f Cm, Ma); 


pt ins Ma) —= D1)" 
B 


which hold irrespective of the values of «. 


§ 6. The integrals Bt 


As was shown in § 4, any radial integral can be expanded into a linear 
combination of the simple integrals J,“’, if we assume the harmonic oscillator 
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wave function for the radial wave function. Jm? was defined by (34) and it 
is an integral containing the Fourier transform v,(p) of the interaction. 

Without the knowledge of the radial dependence of interaction V(r), we 
can obtain the relation between the J,“ and the Talmi integral J, where 
I, is defined as” 


ae | Wie a RAC Ne (44) 


0 
I, may be written more explicitly by employing (24) and changing the integra- 
tion variable 


9) 1/2 14+3/2 * 
ee) z | V@ exp (— 


yr 242 7.. / 
(+1)! J D) )r oe im) 


On the other hand, the J,,“” may be expressed in terms of V(r), by the intro- 
duction of the Fourier inverse transform (5) and carrying out the integration 
over p by (30) 


© (e+8)/2 ‘ 

ees (2m+«+1)!! ( Z i) 

Be rack aera oe Ph? exp (— 
0 


2 2 
Ur Ur 
5 Umasfee ( 5 ) geek as 


Then, expanding vm-_,j2,.(¥r°/2) into a series of 7? by (26), it is easy to obtain 
the relation between J,,“ and J: 


Jo= (2m+n+1)!l at HERS (2l4+«+1)!! I 
ye x (-) l (31s Se ayaa, oe 


For the central interaction («=0), the above relation is simplified : 


JO = Cnsu! sf (Hg Te (46) 


In this case, J, may also be expressed in terms of J, from (46) 


L= 5 a (7. je es 
ule (2m+1)! 


For the tensor interaction («=2), the relation is given by 


or! 1 
ee ee a ale 

M 45 (47) 
It is apparent that the radial integral of the tensor interaction does not involve 


Ij. From (46) and (47), the relation between the J,” and dm may be ob- 
tained : 


ml=0 nn! 


m—1 . 
Jo=3 x nS 1)! Fm _ zo, (48) 
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The radial integral f™” (7m, m:) may be expanded in terms of J, instead 
of J,” in (33). By the relation (45) between J, and JF, it becomes 


aylea 3 anes 2l+«+1)!! (Q2m+«e+1)!! (m—K«/2 
Fe (my, ms) = San} ( ( 
Ein ae OR (214+ 2«+1)!! *m am i 
Kain eB) Da (49) 


a a 


For the central interaction, by putting k,=k,=k and inserting (37) into (49), 
we have 


f™ (mm, m2) =f" Cm, M2) = (CM +R)! (ma+k+1)! pm (—)' >) (-—)"* 


1 (m 2*[ (m—k) /2]! (Cm. —k) /2]! m—k—2p 
‘ (") * PIL (m—k) /2—#]! (Om.—k) /2—p]! (224+ 24+1)!! oe fo 


(50) 


This form of the expansion has been obtained by Ford and Konopinski® from 
the consideration of Gaussian type interaction. If J, is proportional to z' (z is 
a variable), the summations over / and m in (50) can be carried out by putting 
L~2: 


f® (mi, m2|z) ~ (m,+k4+1)!! Gmgtk+1)!! pise hae 
oh (2k+1)!! 2 1-2 


x sFi((k—m)/2, (km) /2; 8+ 2; (1=2))), (51) 
a 1l+z 
where ,F,(a,8;7;2) is a hypergeometric function. Some other forms of 
f (my m\z) can be obtained by the transformation of the hypergeometric func- 
tion and those of f™ (7m, m2) can also be derived by expanding them into power 
series of z. 

Now we calculate the explicit formulas for the integral Jm” and JI, from 
(5), (34) and (45) for some radial dependences which are used for the phenome- 
nological analysis in the nuclear spectroscopy. The simplest cases are the short- 
and long-range limits of the radial dependences. In these cases, the values of 
In, Im, I, and f (m, m) are listed in Table IIL. 


Table III. The short- and long-range limits 


short-range limit long-range limit 


V(r) d(r)/r? 1 

Tn ® (2m +1)!!/2™- (2v3/z)1/2 Om, 0 

Jn ® : 0 3/2-(m—1)! 
dy 87, 0(2v8/x)1/? I 


f® (mm, M2) (2m-+1)1!/2™- (2v8/n)1/? (mm, +1)! (77 +1)!" 04, 0 
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The values of f (2, m2) may also be obtainable from (51) by putting z=0 
and 1 for the short- and long-range limits, respectively. For the interactions 
with finite range, we consider Gaussian and Yukawa potentials. 
i) Gaussian potential: V(r) =exp(—7’/ro) (r,>=force range) 
J© = (2m+1)!!/2"-4(1+27°) hadi (52) 
and 
L=[47/a4+4)e™ (53). 
where 4=7)(v/2)"”” is the non-dimensional range parameter. Hence, by assuming 
z=7?/(1+7?), (51) can be used for the radial integrals.” 
ii) Yukawa potential: V(r) =exp(—r/ro)/(r/7ro) 
We introduce the parameters #=1/(2/) and §=p(2v)~””. Then, from (5) 
and (34), we obtain 


Im = ae | Sea NE ait 
For these integrals, we get a recurrence formula 
JIM Om 1) Woe ee a eS a ee) 
and for m=—1, 
IS =e {1—9(p)} exp(¥*), 

where @(/) =2/q'. ie exp(—7’) dt is an error function. From these relations, 
the expression for J, may be obtained: 

JO= 1 x m= 2ng ls 


Var Th Qm-n 


(—#°)"—(—2)™{1—O()} exp(’), (54) 


although the direct application of the above recurrence formula and the initial 
value seems more practical in the numerical calculation of J,,°°. The expression 


for J, can be written down by making use of (46) and J,,” are obtainable from 
(48). 


§7. An example: The (0d) (1s) configuration 


In order to illustrate the systematic procedure to be followed when we want 
to calculate the matrix elements, we take the simple configuration (0d) (1s). 
The radial integrals, which are necessary for both the central and the tensor 
interactions, are reduced to the f%*"" (7, my) by (32). 


R59 (Od1s; 0d1s) = {9f*'" (4, 0) —6f 9 (4, 2) +f %*(4, 4)} /90, 


and 
eee (Od iss 1s0d ) 
= GO fees: CD. 2) — 8 f bok) (4; 2) — 3 f Mukai ne) (2s 4) + f Mukai (4, 4)}/90. 


On Energy Matrices for the Independent Particle Model 491 


Therefore, for the central interaction, the direct integral F°(Od, 1s) and the 
exchange integral G’(0d, 1s) are given by (33) and Table I as follows: 


Fd, 1s)=R° (0d 1s ; 0d1s) ={9 15 J,—10 J+ J2) 
—6 (45 J)>—45J,+13 J.—Js) + (225 Jp— 300 J: +130 J.—20 J+ Ja) /90, 
and 
G?(0d, 1s) =5R®?'” (Od1s ; 1s0d) =5{9J,.—6(7J.—Js) + (49 Jo—14J3+ Ju) } /90, 
where we write J instead of J,,. 
For the tensor interaction, the direct integral R®*? (Odls; 0d1s) and the 
exchange integral R®? (0d1s, 1s0d) are given in the same way as follows: 
R®%2 (Qd1s; Od1s) = {9(7 J, — J_”) —6(21 Aik —10 Fx + Js) 
+ (105 J, — 88 J, +17 Js — J.) } /90, 
and 
R212 (Od1s ; 150d) = {9 Jo” —6(7 Jo” —Ja™) + (49 Jo —14 Sg ag a OO. 
The relations between J,” and Jm (which are denoted as J, in this section! 
are given by (48) : 
Y= 3/2 + Jas i) 
Sg 3/26I ot des 
Ig =3/2(2S9+ 21+ J2) —Js, 
J4? =3/2(6 Jo +6 Si +3 Jet Js) —Je- 
In the hbave expression, J, may be rewritten in terms of the Talmi integral h 
by the use of (46). 


Appendix 
The radial integrals for the spin-orbit interaction 


For the calculation of the matrix elements of the spin-orbit interaction, it is 
seen from (23) that the radial integrals which involve v™ (ry 12), 0%? (ra, 12) 72/71 
and {v®-) (7, 72) —v"*? (ry, rs)} (120/8r1—110/9r2) are necessary. The first inte- 
gral is given in (32) as 

J [Ran lr) Ren (rdo (rs Ronee (Rania rd ridrr? dr 
0 0 
= (M, M2) a ee aw md eis ny by!) Am, (Male, fy be yf (na, My) 
where M,, am,(mili mili’) G=1, 2) and f™ (m1, m2) are defined by (29), (27) and 
(33), respectively. The second integral is also simple and it can be easily calcu- 


lated in quite a similar way to the first one. 
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PLease * 
Ieee (71) Rat. (12) ony (11, 12) Taf Rryt Ly! (71) Ray Ig! (72) ry dryr2 dry 


a :) 
ot 8 


== (‘M, M,) FY? Seed a Me Gdn, alas ta OF “Ca 2p rig) 


The calculation of the third integral which involve differentiations with respect 
to r; and r, is a littel more tedious. By taking into account 


(d/dr—1/r) Ru(r) = — (v/2)"?{ (214 2n+ 3)? Rarer(r) + (22)? Raat (7)}, 


and calculating by the similar procedure as above, we have 


Lag 1, (71) ie tn (12) ae (1 > Ta) { (rs 0/Or,— 1 0/d To) 


ot 8 
ot, 8 


& Raya (71) Rng tot (72) } rv dri re’ are 

= (M,'M,) "9 Sng tar Ge eli, 1 Li!) — Geni nh, mL! AL)} 
XK dn, (nal, na! be!) f © (m1, m1) 
— am, (ml, mL!) {L! amg (els, 12! Le’) 


= Amg—1 (M3 1,5 na! 1p’ +1)} Ff"? (+1, m—1)]. 


Note added in proof: Tables I and II are sufficient in the evaluation of (32) up to the N=6 
shell, but, in the evaluation of (33), they ar2 not enouzn for the shells higher than N=3. Tables 
which ‘can be applied up to the N=6 shell for the evaluation of (33) will be published in the 
Bulletin of the Tokyo Institute of Technology. 
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The photoproduction of a neutral pion is investigated to obtain information on the (7, 37) 
interaction. An amplitude of photoproduction is obtained in terms of the isovector form 
factors of nucleon and a coupling constant representing the akove interaction. This interaction 
is found to have a fairly large effect on the angular distribution of the neutral pion 
production, especially on the coefficient of cos 6. Comparisons with experiments impose a 
crude limitation on the magnitude of the coupling constant. 


§ 1. Introduction 


The purpose of this paper is to investigate the angular distribution of the 
photopion production from the proton, in order to get some information on the 
(7, 37) interaction, or, on the reaction 


yta>atn. (A) 


Recently many theoretical attempts have been made on the problem of the 
electromagnetic structure of the nucleon. As for its isovector part, the disper- 
sion theoretical approaches”’”’® have been quite successful. Indeed, if the assumed 
pion-pion resonance in J —J=1 state is found in experiments, we may say to 
have understood the essential features of the isovector structure, at least as far 
as the experimental data are now available.” On the other hand, on the isoscalar 
part of the structure no satisfactory attempts have been made yet. In the disper- 
sion theory of the electromagnetic structure, the most dominant contribution to 
the spectral function of the ssoscalar form factors will be that of the three-pion 
‘ntermediate state with J=0, J=1 and odd parity, which is the least massive 
intermediate state that connects the nucleon-antinucleon pair state and the virtual 
photon state. But we have neither experimental nor theoretical knowledge at all 
on the matrix element (0| j,|37) which we need in calculating the above spectral 
functions. This is one of the chief reasons why we cannot perform any mean- 


ingful calculations. 
Consequently, it will be desirable to obtain some information on the matrix 


element from some other phenomena. In general the matrix element (0| j.|3) 
is expressed in terms of an invariant function of k* and two other variables, where + 
k is the fourmomentum of the virtual photon. When k’=0, Le. the photon is 
real, the function is the amplitude of the reaction (A). It will be adequate to 
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study this function first, because the knowledge about it will be obtained to some 

extent from the analysis of the single or double photopion production experiments. 

Investigation of the function with non-vanishing k* remains as a future problem. 
Here we take up the photopion production of a neutral pion from the proton. 

The experimental data on the photopion production in the energy region up to 

the first (3,3) resonance have been explained fairly well 

by the static theory” and the relativistic dispersion theory” ay 

which do not take into account the effect of the (7, 37) ek x 

interaction. Therefore the inclusion of the effect of this 

interaction must not change the status largely. Especially, ~- 


in case of the neutral pion production, the amplitude usually N 
considered is very simple, so that we shall probably be 

able to obtain the upper limit of the strength of the (7, Fig. 1. The simplest 
32) interaction from the study of the angular distribution Feynman diagram 


‘ : : of photopion pro- 
in this energy region. dante Mae 


In Fig. 1 we show the simplest photoproduction dia- fol vedios ties 
gram that involves the (7, 37) interaction. Crudely speak- interaction. 
ing, we express this interaction by an effective Hamiltonian” 


Hye = i4€0 E yy he ie ooh — =—jO A, Ties 
and try to obtain the upper limit of the coupling constant 7. 

It is also interesting to see if this interaction plays an important role in the 
photopion production in the higher energy region (above the first resonance). 
Indeed the position of the singularity of the amplitude in the cos@ plane® due 
to the (7, 37) interaction approaches the physical range nearer for the higher 
- incident energies. Furthermore, there has been a hope that the electric dipole 
gamma ray, which is responsible for the second ds). (J=1/2) resonance in the 
photopion production, may be absorbed with this interaction.” We shall briefly 
discuss the photoproduction in the high energy region. 

In § 2 we shall state about the general features of the amplitude of the reac- 
tion (A), and also about our method of the approximation. In § 3 the photopion 
production amplitude will be shown to be expressed in terms of 2 and the 
(isovector) electromagnetic form factors of the nucleon. In §4 the angular 
distribution of the photoproduction will be calculated and compared with experi- 
ment. In the Appendix we shall discuss the application of the one-level formula 


to the second resonance of pion-nucleon scattering, in order to guess about the 
d-wave phase shift. 


* We use the unrationalized unit for the coupling constants e, f and 2 throughout this paper, 
i.e. €?=1/137 and f2~0.08. 


wap" 


Photopion Production and (7, 32) Interaction 495 


§2. Amplitude of the reaction y+2x>7+7 


We first consider the amplitude of the reaction (A). The assignments of 
four-momenta, charges, and polarization to each particle are 
shown in Fig. 2. Here all the four-momenta correspond 


\ / 
formally to the incoming particles.” The amplitude is writ- ae re ; 
ten as follows :” Eo as S ae 
S = 9 4, — 2210 (pit prt pst k) (16 w, w,w3k) "RK, 2 ; 
pi,a@ a € 
R= — (8w,wW.ws)7E,<{ — prab ; — par |e |Pr.@) oa 
= Ame € & 1 2 3 9 : : 
=e 4 Eat Enver E, Py Po pr A(St Sa» Sg) « (2) Fig. 2. Feynman dia- 
V oP gram of the reac- 
tion (A). 


The cross section in the center of mass system is 


dz ple BR i 
dQ k|16xw,| 


As is the case with the pion-pion scattering,” the amplitude A is an invariant 
function of the following three invariant variables : i 


si=—(k+ pi)’ =4wp» 
sa= — (R4+ fx)’ = —2kw,t 2kp cos ihe 
ss= —(k+ ps) = —2kw,—2kp cos 0’, (3) 


where p=—p.=p; (w, =p'+/) and 0’ is the angle between k and p, both in 
the center of mass system. These three variables have a relation 


qb Ory 


so that only two of them are independent. 

We assume here that the amplitude A(s1,5y)53) satisfies the Mandelstam repre- 
sentation” From the viewpoint of the perturbation theory no subtractions seem 
to be necessary. We, however, use the representation with one subtraction for 
the practical convenience ; that is, since there appears at least one nucleon loop 
in any Feynman diagrams representing the reaction (A) (we neglect the current 
of strange particles here), it is useful to represent the effect of higher mass 
singularities (s=>(2m)’) by a subtraction constant. We introduce, therefore, as in 
the pion-pion scattering a coupling constant / by the value of the amplitude at 
the symmetrical point == Ss : 


A=A(L’, fF, f). 


Considering the fact that A(s1,5253) 18 a totally symmetric function of 5s, Sz and 
s; owing to the crossing relations, we have the following representation : 


j2OD 
s'—p?) (s’ — si) 


eas 2 
A(syspa)=i+ BAT | as . 
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(=F) (s5—F) | ay / pts, £) 
Feud ES fg; oe (4) 
+ & 7 (s'— 2) (s'—)  — 4) (t!— 5) © 

In the reaction (A), the final pions are produced only in odd 7 states, with the 
absorption of magnetic /-th pole gamma rays. If only the singularities due to 
the intermediate two pion states with 7=1 are kept in Eq. (4), we have a plausi- 
ble form of solution of Eq. (4): 


A (51; $2) 53) =4 exp {u(s,) +u(s2) +u(s3)}, (5) 
where 
se r 0(s') ds! 
u(s) = ihe (s ’— pp?) (s’—s—i€) e (6) 


(24)? 
0(s) is the phase shift of the p-wave pion-pion scattering with the total energy 
/s. This form is analogous to the pion form factor introduced by Federbush, 
Goldberger and Treiman” and by Frazer and Fulco,” and has all the properties 
desired, i.e. the position of singularities, the phase, and the symmetry property. 
In the next section, we need the projection of A(s,,5.,s3) into the 7=1 state, 
1 


AON -e Dieee a \d cos 0’ sin?’ A (sy, Se, 3). (7) 


—1 


Remembering that the pion form factor F,(s) is expressed”® as 


F5) =exp | : 


0(s') ds’ 
Pet re ie (8) 
doa (s'—s—7€) 
we can write 
iF, ( 5 ) 1.0 
Aes) 2 EY Cis 9 
FE os ae) 
where 
C@) 
3 3 | 
Cs) =—— jd cos 6” sin? @! e% $2) +483) 
an 0.5 
(10) 
The explicit form of C(s,) cannot 
be obtained until the pion-pion phase 
shift 0(s) is known. As an example, 
we show in Fig. 3 C(s,) which has on 5 tye 10 
been calculated from the approximate 
Bion Dion amplitude, of Brazen and Fig. 3. The function C(t) which shows the effect 
Fuleo” of the so-called “left-hand singularities” on 


the amplitude of the reaction (A). 


te aD me 
alles Chanb! 
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; 27) 
axis) -(+4 ) e*® sind= E f se 
y v,—v[1—Pa(v) J—iP'[Y°/v +1}? 
where v=(s/4y?)—1. For other notations see reference 3). We have used the 
relation” 


S+ So ices) 
[E+ So Ge) 


where —s, is the position of the pole of f,,(s). The values 

of parameters are »,=1.5, =0.4 and s»>=2612/". SK oo 
In the next section we approximate C(s,) by unity. ™\ or 

This corresponds to neglecting all the singularities except 

that of s,; in Eq. (4), and is analogous to the ladder ap- 


expu(s)= 


proximation adopted in the pion-pion scattering problem oe A r 
by Chew and Mandelstam,”” by Okubo” and by Miyamoto.” ¢ 

Finally we notice that, if we calculate the “ coupling Fig. 4. The lowest 
constant” by the lowest order perturbation theory (Fig. 4) order Feynman dia- 
and take the limit of infinitely heavy nucleon mass, we aiam ton tho te 

: tion (A). 
obtain the value 

8 cs 
I pore = 0 f 20.057, (11) 


a 


where the sign is same as that of f. 


§ 3. Amplitude of photopion production 


Let us investigate now the amplitude of photopion production via the above 
discussed (7, 37) interaction. In general, the photoproduction amplitudes are 
divided® into three parts, T*, T‘° and T®, which are proportional to Om 
1/2-[ta T3] and 7, respectively. Here @ is the charge variable of the outgoing 
pion. We are interested in the part due to the isoscalar current, ie. JT: 


1/2 

i = — (Fehon | EP's alin |p), (12) 
162°? 

where (p, E,), (p’, Ey’), (4, Wa) and (k, k) are the momenta and energies of 

the initial and final nucleons, outgoing pion and incident gamma ray, respectively. 


&, is the polarization of the gamma ray. The cross section is 


Recent 
dQ k 


We have neglected the relativistic factor m/[(Ey+W,) in Eq. (12). Asis shown 
in reference 6), 7’ is expressed in terms of four invariant amplitudes, each of 


which is again the function of the three variables, s=—(k+> )’, t=—(k—-p)’” 
and #=—(k—p’)’, where 
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stt+t=2m'+ /. 


First we explain the essential points of our argument in a crude but intuitive 
way. As stated in §1, we consider the Feynman diagram shown in Fig. 1, and 
replace the (7, 37) interaction in it by the effective Hamiltonian Eq. (1). er 
the photoproduction amplitude corresponding to the diagram, which we call T°” 
becomes 


sme seg etree cea E,(p' ; qa|j2”|p). (13) 
1627? 


Further we take into account only the pion-pion interaction between the two 
“internal”? pion lines in the diagram. This corresponds to putting C(s)=1 
(see Eq. (9)). Then 


, \tl2 eg ‘ / fe) fe) 
parn( Bet 5 tntrntede| SE 3) 


m u Ox, Oxy 
1/2 op) 
= (Bae) Fe Ewen En tebe BIO") (14) 
771 
where 
8 Bat 
(eye setae eee y ge, (15) 
om O22 apr, OX 


j<* is nothing but the pion current, so that ¢p'|7,'"*|p) is expressed in terms 


of F;°” (t=1, 2), which are the pion current contributions to the electromagnetic 
form factors of the nucleon. Then we have | 


(2m) __ tA BEd Nn oe oy es om 
TO a Emer nthe ta} 5 Fi Wins 
VA 
Es. Ye Iw ORY) fo, (pp), | Wp) (16) 
2m 2 ) 


The appearance of F,(/?) in the above equation is justified below. 

More rigorously, we consider the dispersion relation of the photoproduction 
amplitude T with respect to the momentum’ transfer ¢, with the energy s fixed. 
We take up only the singularity of the two pion intermediate states (¢>(2y)?). 
The effect of the nucleon pole (¢=m’*) has been considered by Chew, Goldberger, 


Low and Nambu,” and the singularity of a nucleon and a pion (#>(m+y/)?) 


may be neglected unless we discuss the second resonance. Then the absorptive 
jurebe ako dee Aabdecaae fo 


Ae =— ( 2w i, 
167? 


i & re Baio’ ae je lD2 3 Pav )< P18 3 Perl F\p> 


een —p). (17) 


In this expression we take only the intermediate state with J=1 and neglect the 


’ 
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states with />3. With this approximation we have from Eqs. (2) and (9) 


ah, Nea 
) 2(S) ; AN aN So Ar AC(t : 
(q@\ jn |PiB 5 pr = 98,2 F a5 Ewer Qe ReOl fs” |PiB 3 Por) 
a a q fa 


and consequently 


A® (t) =. ec FG foto k, AS (t) C(2). (18) 

Here A,°"(¢) is the part of the absorptive part of (E,E,,/m’)"” p’| j,\”|p> that 
comes from the two pion intermediate states. Since C(¢) is not known without 
the knowledge of the pion-pion scattering phase shift, we put C(¢)=1 here. If 
Frazer and Fulco’s amplitude is correct, then we see, from Fig. 3, that the error 
introduced by this approximation will be 50% at most, assuming that the impor- 
tant contribution to the dispersion relation integral comes from the region ¢~ 10.” 
From the absorptive part Eq. (18) with C(t)=1, we obtain the amplitude Eq. 
(16). Here F,°”(t) is the two-pion intermediate state contribution to the iso- 
vector form factors F;‘” (2). 

Seeing the successful theory of Frazer and Fulco,” we may say that the 
(isovector) magnetic form factor of the nucleon F,'”(7) satisfies the dispersion 
relation without the subtraction and that its absorptive part is well represented by 
the two-pion state contribution. Hence we may safely replace F,°"(¢) in Eq. 
(16) by F,'”(z). On the other hand, the things are not so clear with the electric 
form factor F,‘"(t). Indeed there may probably be some core of isovector 
charge at the center of the pion cloud. Here we assume the existence of an 
unextended core of charge ez/2, and set 


POW =? Ph): 


This procedure reflects to some extent the fact in the lowest 


order perturbation theory that on the one hand we have a = 

: % 
a finite result for F,‘” but a divergent one for F\'”’, Nes 
and on the other hand we should have a convergent N 


amplitude T°” if we used the conventional interaction 
Hamiltonian instead of the effective Hamiltonian Hs, t 


(Fig. 5). ; 

Fig. 5. The lowest 

As for the value of the parameter z, we can say 
; : . order Feynman dia- 
nothing with any confidence. In the static theory (one gram for the photo- 
pion approximation of Sachs) the following relation holds : pion production 
that involves the 
ease dh (7, 3m) interaction. 

—— —s 3 > 


in the relativistic dispersion theory Chew’” has estimated 


l—2z~ 1.28; 
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and the experiments” seem to indicate z0.4. But fortunately our main result 
is independent of the value of z, as is shown in the next section. 
Finally we take the static limit for the sake of simplicity. The result is 


Pit = OS ee: taf Fi? (¢)—z) BX E-g 
. Te A pert 
$F: (1) 2— 84 ig -Qx (ExQ)}, (19) 
Gi 1 . 
where 
Q=q-k. 


In the above equation we have put F,(/’)~1 and used Eq. (11). 


§ 4. Cross section and comparison with experiment 


The cross section of photopion production with the amplitude T°” alone is of 
the order of p77e?£°(A/Apert)?~0.07 (A/A pert)” X 10-” cm? when k and q are of the 
order of vw. This may be neglected unless 4 is much larger than /,.,. In the 
following we shall investigate the interference between the amplitude T°” and 
the usually considered amplitude. As stated in §1 we consider only the case 
of the neutral pion production, because in this case the amplitude is very simple 
on account of the lack of the large s-wave and retardation terms. 

In the low energy region (up to about £,~400 Mev), the main amplitude 
is the magnetic dipole one leading to the final p-state with J=J=3/2. Ac- 
cording to Chew and Low,” it has the form 


9 ass aq 
T (M1) =—-ef A“ Sin @ss [2kX €-qtio-(kX&) xq], (20) 
q 


3 


where A=(9,—9n)/4:Ue/m-f°~2.2. We consider the interference of T°” with 
this amplitude alone: 


OIE NEA FANE oA 


Se) sin2a| — (F,” (t) —z) (1—cos?4) 


dQ Si wer Anat ketet : 
ies 
fee el OG) (1 “2 (v, ++} cos4+3cos’d )| (21) 
2 2m U. 


Besides, there are small amplitudes such as the magnetic dipole ones leading 
to other p-states and the electric dipole one leading to s-state. We neglect the 
former as they are numerically very small, and as the latter we adopt the expres- 
sion of Chew, Goldberger, Low and Nambu :” 


Ti CEA s) =| a i(a@,— Qs) F224 bey, cree. (22) 
PLS 2m 


where 
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2 
Fi,=1- I (1+ Se eine 
2 Biwe 1l+v, 


As an example we show in Fig. 6 the angular distribution of the photopion 
production when £,=300 Mev. The cross sections with and without the ampli- 
tude T°” are shown. We have set A=Ayen and z=0.3 in Eq. (21). The ex- 
perimental data of the phase shifts (Fig..7) have been used. We see that the 
effect of T°” is within the experimental error when A~A pert. 


() 


95 E;=300 Mev]| 


150° + 
120°} 
do “| 90° 
dQ 
g 
sei 
", 60° 
30° 
5 | __- ordinary cross section 
---: cross section including the 
contribution of (7, 37) interaction 0) ‘ 00 200, 300 70 = ae 
0 1 \ ‘ fa Te | pion lab. kinetic energy (Mev) 
30 60 90 120 150 180 a3 
—30° 


C. M._ pion angle 


Fig. 7. The phase shifts of the pion-nucleon 
scattering which have been used in the 
calculation of the angular distributions of © 
photopion production. a,, a3 and 0,3 are 
the phase shifts of s-wave (I=1/2 or 3/2), 


Fig. 6. The theoretical angular distribution 
for neutral photopion production, compared 
with experiment. The energy of incident 
gamma ray is 300 Mev in the laboratory 
system, The solid curve is the ordinary 


cross section which does not involve the 
contribution of the (7, 3z) interaction and 
the dotted curve involves it. The experi- 
mental data are those of references 16) ~ 
18) which are all quoted in reference 18). 


p-wave (I=J=3/2) and d-wave (J=1/2, 
J=3/2) scatterings, respectively. a, and 
az, have been taken from the experimental 
data, and 6,3 has been obtained from the 
one-level formula. 73, the magnitude of 
the elastic amplitude in the dj/.-state, is 
also shown. 


To make things clearer we express the cross section in the form 


do 
dQ 


2" —A+Bcosé+C cos’é 


and take up the coefficient B. Without 7°”, B comes from the interference of 


p- and s-waves :” 


Ber= ef a | Nr (a,—a;) F, Sees Go Ge ie sin 2a. (23) 


2 


LE eg 


3 z mq 
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a 


When 72” is taken into account, from Eq. (20), 


oie A se Ue Gas ele ae 1 
pe 8ef A A a pig. sin Doig te (fe tet 3 (v.+ Siac." 


3aje } pee L 2 ie ve 
1 
CYT 2 ayty, 4 Late, 4 (to, )— 2 (, + +)) Ip. 
a, 6 as ea 2 m TO Btn Sten 2 Un ) 


Here we have approximated the form factors F;'” as 
Fi?) Rss. Ep PCED) Es ee ; (r2) [2w2(1—v, cos) Eee, 
6. 


and also replaced the expression of the form B cos6+D cos’@ by (B+3/5-D) 
cos 0, according to the least mean square principle. It is to be noticed that B°” 
is independent of the para- 


meter z. Using the ex- (sb 4% McDonald et al.” | Beet Ee 
? ter. 
perimental values for mean = ; ‘s ote 
an ; t Pa 
square radii (7;2)'” (~0.32 60 Berkelman ‘et a Fit 


ft) and the pion-nucleon $ Gordansky et al.” 
scattering phase shifts, we 

have calculated B°” and 4.0 
B&»+B°, The results B 
are shown in Fig. 8, to- 

gether with the experi- 2.0 
mental data. We see that 

the inclusion of the ampli- 

tude T°”, i.e. the effect 0 
of (7, 387) interaction, is 

very important for the 
coefficient B, and that & eee 
cannot take a much larger 


photon lab. energy (Mev) 


i 


PAlmetiai it eu Morence: Fig. 8. The theoretical prediction for the coefficient B of 
Cae D the angular distribution of neutral photopion production, 

cise experiments of angular compared with several experiments. The dotted curve in- 

distribution and the inclu- volves the effect of the (7, 3z) interaction. The experi- 

sion of the small ampli- mental data of Berkelman et al. are the summary of re- 

tudes neglected here will serene LOTR: 

make the limitation more severe. 

Now we consider the photoproduction in higher energy region (between the 
first and the second 'resonances) and here again we want to see the effect of the 
(7, 32) interaction on the angular distribution. As the main amplitudes we take 
up only the magnetic dipole one, Eq. (20), and the electric dipole one leading 
to the final d-state with I=1/2 and J=3/2. As the latter we assume a phe- 
nomenological form 
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R839 
T (El, d) siefChp CT" [Bie -qq-8 dia] (25) 


where 0,; is the phase shift and 7,3; the magnitude of the elastic channel ampli- 
tude in the corresponding pion-nucleon scattering. This expression is obtained 
from the assumptions that the partial photoproduction cross section in this state 
satisfies the one-level formula,”’™” that the amplitude is proportional to the wave 
function of the final pion-nucleon state at the surface of the nucleon, and that 
the elastic and 7 widths 7’, and I’, of the second resonance are proportional to 
¢ and &* respectively. It is a generalization of what Bernardini has quoted in 
the Kiev Conference report.” If we take”:””:*? the resonant cross sections o,,0 and: 
oy, at the second resonance to be 30 vb and 32 mb, respectively, which indicates 
7=0.34 at this energy, we obtain C’=5.9. (Here we put C=—,/59.) We 
neglect other small amplitudes completely, simply because we have little knowl- 
edge on the corresponding phase shifts. 

The differential cross section due to the interference of 7°” with 7 (M1) 
has been shown in Eq. (21), and that with T(F1, d) is 


(27, d) 2 4 ) 3 
Op ores fh. Ar ey 


bes 
413 SiN 20,522 —™ Fy” (Zt) 


dQ Tye Avert Qmp z 
x (2 oa v.| + cos é— & + ve) cos?64+3 cos"@ : (26) 
Ue Ux 


In principle we should subtract 
a part corresponding to d-wave 
from T°”, so that the amplitude (= 
T (El, d). may have the phase 
indicated in Eq. (25). But this 
will make no important change 


10 E,=450 Mev 


do 
dQ 
numerically. 
In Figs. 9 and 10 we show 
the calculated angular distribu- 
tion for E,=450 Mev and 600 
Mev, together with the experi- 
mental data. The phase shifts 
that we have used in the calcu- 


—: ordinary cross section 


lation are shown in Fig. 7. @s3’s “77+ «cross: section, including the” 
e the experimental value contribution of (y, 3z) interaction 
ar ? 
while 0,,; and 7; are obtained cae 30 60 90 120 150 180 
from the one-level formula ap- C. M. pion angle 
plied to the second resonance Fig. 9. The theoretical and experimental angular 


distribution for gamma ray energy (lab. system) 
: of 450 Mev. The notation is the same with that 
The details are shown in the of Fig. 6. The experimental data are those of 


Appendix. references 16)~21). 


of the pion nucleon scattering. 
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We see from Figs. 9 and 10 


ub\ 5 E,=600 Mev 
that the (7, 37) interaction has ee) 
rather large effect on the photo- 
pion production at high energy. ae 
Although the effect is within dQ 


the experimental errors at pre- 
sent, one should take it into 
account correctly when one 


makes a quantitative theory in 0 30 60 90 120 150 180 


future. C. M. pion angle 
Fig. 10. The theoretical and experimental angular 
distribution for gamma ray energy of 600 Mev. The 


§ 5. Discussion notation is the same with that of Fig. 6. 


Several authors have calculated the isoscalar form factors of the nucleon, or, 
more precisely, the three-pion intermediate state contribution to them, using the 
effective Hamiltonian Eq. (1) and the static” or relativistic’’’”” perturbation theory. 
The relativistic calculations give the mean square radius of charge distribution 
(ri) which is smaller than the experimental value (~0.32-") by factor 
five or more if the value /,.., is used as 4. Of course these results should not 
be taken too seriously because the effective Hamiltonian (1) is rather a crude 
approximation and the results depend on the cutoff considerably. But combining 
the above results and the conclusion of this paper that 2 cannot be much larger 
than “yen, we feel that the perturbation calculation of isoscalar form factors is 
insufficient and that it will be necessary to take the pion-pion interaction™ into 
account as is the case with the isovector form factors. To perform a quantita- 
tively reliable calculation, it is necessary to know the matrix element (0| j,|3z) 
with time-like k’, and this remains as a very difficult problem. Anyway the precise 
value of / is needed first of all, and, for that purpose, it is desirable to obtain 


more detailed. data on both the angular distribution of the ;-z° production and 
the small phase shifts of the pion-nucleon scattering. 
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It has been called to our attention that J. S. Ball [Phys. Rev. Letters 3(1960), 
73] has studied the (7, 3z) interaction using the essentially same method with 
ours. He has investigated the positive-negative ratio of the photopion produc- 
tion and obtained the limitation |7|<3.5/,e%. He has approximated the function 
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C(t) as 6.7f°/(t+5.7 #), based on the argument of H. S. Wong [Phys. Rev. 
Letters 5(1960), 70]. 


Appendix 


We apply the one level resonance formula to the second resonance of the 
pion nucleon scattering : 


j Bary he 
OU aon i Se ee ee! Al 
(E— Ey)? + 1/4 oe 
The total width I’ is the sum of the elastic and inelastic widths, [’., and inet, 
which are approximately represented by the one-pion and two-pion widths, respec- 
tively : 


[Tr tl ots 
a= 
Pina Von - 


We extract from the widths the penetration factor and the “invariant phase 
space volume”, i.e. the phase space volume divided by the energy, assuming the 
residual parts to be constant. First, the elastic width J’, is proportional to an 
invariant quantity 7.(£) 


( d*pd*q 


+(E) = 0° (P—p—q)0(E—&,—wy) v». (A2) 


p Wg 

q and p are the momenta of the final pion and nucleon, and w, and &, are 
their energies, respectively. v, is the penetration factor corresponding to an / 
state. In the center of mass system, P=0 and 


Supt (eae 
9+3(ka)’+ (ka)* — 


Us=V2(ka) = 


k is the magnitude of the pion momentum in the center of mass system. Here 
we have assumed the nonrelativistic form of the penetration factor. Of course 
we do not know an unambiguous way of defining the interaction radius a. Per- 
forming the integral in Eq. (A2), we have the familiar form 


Ark 


72(E) = iv; v2(ka), (A3) 


where M?=K?—P’. 

Next we consider the inelastic width [,,. We assume that the 
state”? emits an s-wave pion first, leaving the residual part in a state (M,) with 
J=3/2 and odd parity, then N, emits a p-wave pion. [,, is proportional to 


‘ 


‘ compound 
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\ dtd d*q d*p 3(q+q/ +p)0 (w+ wy! +€,—E) 


Wy Wy Ey 


= {22 7 (Buy), Cha) 
Wq 

where q’, wy, q and w, are the momenta and energies of the s- and p-wave pions, 
respectively. 7,(£) is defined by Eg. (A2), v. being replaced by v,. Inserting 
Eq. (A3) into (A4) and changing the integration variable to M, the “mass” 
of N,, we have 


Fcc la \ AM clea Chay. (A5) 
Beal 
Here 
k= aT [(M?— (m+p)2) (M?— (n—p)*) F, 
1 2\ 71/2 
— 1 5 ¢(B44)*— M?) ((E—p)?— M2) #4, 
SRE +) ) ((E—p) )J 
and 
tein RG) 
Bec Try 


In Fig. 11 we show the widths 
Ir’, and [,,, both normalized to 
unity at the second resonance energy ° 90 
E&, (T,~+610 Mev). We _ have 
chosen”? a=0.88 p71. 

The phase shift 0,; and the 
magnitude of the elastic channel 
amplitude 73 of the pion nucleon 
scattering in the ds). (I=1/2) state 
are derived from the relation 


PaiB 
2a 0 


1.0 


width 


PAT pee |x th at 
ites: E-E,+il/2 °F 2p 3 4u Wo by 
Wa have E(C.M. total energy) — nucleon mass 

ror Fig. 11. The elastic and inelastic widths of the 
7y=1- el” _inel (A6) second excited state of the nucleon, calculated 
(E-Ey YP a 4 from Eqs. (A3) and (A5) and normalized to 

and unity at the resonance energy W)=580 Mev. 

y Z 
tand=—_" (1 a Fine ) (A7) 
2(E,—E) 1l+y T 


Using the values of parameters 


Pee SE te 


and 
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W, =f)— m=580 Mev (TZ .iza8) =610 Mev), 
o (E,) =32 mb 


I’(E,) =102 Mev, 


with the relation 


o(E)) =87%,"- Pa (Eo) 
P(E) 


we have calculated 0,; and 73, and have shown the results in Fig. 7. 


1) 


2)° 


3) 
4) 
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A New Solution of the 
Clock Paradox 


E1ichi Kuronuma 


Faculty of Liberal Arts and Science 
Yamagata University, Yamagata 


October 17, 1960 


It is shown that the problem of 
’ can be solved with- 
‘in the framework of special relativity, 
and the Einstein’s statement is justifi- 
ed by a very simple consideration on 
the ground of directly observable data. 

When a light source and an observer 
are in relative motion with velocity v 
along the straight line joining these 
two, the observed frequency is given 
by (% is the proper frequency): 


y=4(1—8)/\/1—7, B=v/c, (1) 


when they are receding from each other, 
and 


“clock paradox’ 


w=(1+3)/)/1—, (2) 


when they are approaching to each 
other. 

Now, let a space traveller O’ leave 
the point where another O stays in an 
inertial system traverse a distance L 
along a straight line, and return to the 
original point, with uniform speed v 
throughout the whole course. What 
is the relation between the readings of 


the clock carried by O and O'? 
this paper we assume that O and O' 


In 


measure their proper times by means 
of their own standard atom-clocks of 
identical construction with proper fre- 
quency %, and that these atoms emits 
continually the light of the 
frequency »%. Further, we neglect the 


Same 


time required for accerelating or dece- 
lerating O’. 

The lapse of time during the whole 
journey of O’, properly measured by 
O, is 4t=2L/v. During this time, the 
number of oscillation of the atom-clock 
of O is N=»(2L/v), while that of vib- 
rations of the atom-clock carried by O’ 
during his whole journey, observed by 
O is given by 


N =»,(L/v+L/c) +».(L/v—L/c). (3) 


The term »,(L/c) of (3) gives the 
number of light waves which were 
emitted from O' in his going way and 
are still in the course of propagation 
toward O at the moment of the turn 
of O’. All these waves reach O within 
the time L/c after the turn. Thus, 
the light of frequency », is observed 
by O during the time (L/v+L/c), 
and the light of frequency », is observ- 
ed during the time (L/v—L/c). Sub- 
stituting (1) and (2) in (3), we get 
N'=N/1—, 


From the above argument, the lapse 
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of proper time of O’ during the whole 
journey, dt/=N’/», is judged to be 
V/1—;” times the lapse of proper time 
of O. And the proper time proves to 
elapse for O' only by (L/v))/1—$? 
both in his going and in his returning 
journey. 

Next, the number of light waves 
emitted from O and observed by O’ 
in the going way amounts to 
Ni=»,(L/v)\/1—- Again in the 
returning way, N,=».(L/v))\/1—;". 
The Doppler effect of light is symmetric 
for both O and O’, and the uniform 
rectilinear motion is perfectly relative 
in this point. The total number of 
vibrations of the atom-clock at O, du- 
ring the whole journey of O’, is reckon- 


ed by O’ also to be N: 
N,+.No= (1+) (L/0)/1— 2 
=y(2L/v) =N. (4) 


Thus, the relation between the total 
numbers of vibration of the atom-clocks 
of O andO’, is one and the same viewed 
from either O or O’. And the space travel- 
ler is concluded to age only )/1—/” 
times, compared with his fellows staying 
at home in an inertial system. 

The significant point in this paper is 
the existence of the terms, »,(L/c) 
—y,(L/c) in (3). This is due to the 
following circumstances. The change 
of the frequency of light from on 
begins to be observed by O at the time 
L/c after the turn of O’, because the 
light from O’ propagates with constant 
velocity c tcwards the observer Orit: 
an inertial system, independently of the 

‘motion of the light source O’, and it 
takes also the time L/c for the effect 


of the turn of O’ to reach O; while the 
apparent change of the frequency of 
light from O begins to be observed by 
O’ at the very moment of the turn, 
because the propagation of light from O 
is stationary in any inertial system (in 
this case, it is stationary, as long as 
O’ is moving uniformly relative to O), 
but the change of frequency appears 
at once when O’ begins an accerelated 
motion. . 

The above judgment with regard to 
the asymmetrical 
aging of O and 
O’ is justified also 
by geometrical 
consideration in 
a Minkowski dia- 
gram. In the 
figure, OT is the 
world line of O, 
OT’ and T’T are 
the world lines of 
O’ in his going 
and returning 


retu ake Fig, 1 
journey; OT =2L/v, OT’=T'T =(L/v) 


(Via Ontn te, TTL] 
Now, O regards 7’ as simultaneous 
with T,, which is the middle point of 
OT. But O’ regards, T, and T;, as 
simultaneous with T’ respectively, be- 
fore and after the turn. Again, © 
OL =OT jira = Gyo) Cee 
=L/v—vL/c =T,T. 
At the moment of the turn of O’, the 
point on the world line of O which 
is regarded by O’ as simultaneous with 
T’, jumps by the amount 
TT = 27 i tan 0=2b/cep 
Sule. 
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This is due to the relativity of judg- 
ment with regard to the simultaneity 
of separated events in different inertial 
frames, and it is clear that there is no 
paradox in the Einstein’s statement of 
asymmetrical ageing between a space 
traveller and his stay-at-home fellows. 

Rigorous consideration including 
accerelated motions and gravitational 
fields will be given in another paper, 
in connection with the criticism of 
various ‘solutions of this problem of 


“ clock paradox ”’ preceding the present 
paper. 


The Effect of Short-Range Order 
on Paramagnetic Resonance 


Yukio Osaka 


Department of Physics 
Tohoku University, Sendai 


December 19, 1960 


The aim of this note is to investigate 
the effect of the short-range ordering of 


spins on paramagnetic resonances in 


ferro- and antiferro-magnets at high 
temperatures. The calculations is 
based on the general theory of para- 
magnetic resonance of Kubo and 
Tomita” (hereafter called I). 

Let us consider a spin system, whose 
Hamiltonian H consists of the exchange 
interaction H,, and the dipole-dipole 
interaction Hj_, and the case in which 
the arrangement of spins is of a simple 
cubic type and the magnitude of spins 
is one-half. The same notation as in 


I will be used throughout the present 
note. Then, the Hamiltonians are ex- 


pressed by 


iene, Dod 465° Te) (1) 
2 ik 


and 
+2 1 2 
Hea 2 Hy ye De {gk}”. (2) 
y=-2 v2 A ok 

Here o is the pauli spin matrix. 

We shall make the following assump- 
tions and approximations. 
i) The exchange interaction is so much 
stronger than dipole-dipole interaction, 
that the line shape of the paramagne- 
tic resonance is Lorentzian in the higher 
temperature ‘limit. This allows us to 
assume that the density matrix of the 
system is determined approximately by 
the exchange interaction. 
ii) Correlation function determining the 
width of paramagnetic resonance is 
approximated by the Gaussian form, 
which is obtained by the expansion of 
time from the exact form. 
iii) We take into account only the ex- 
change and dipole-dipole interactions 
between the nearest neighbours. 
iv) We use the expansion method of 
Opechowski” to evaluate the average 
value of some function of spin operator 
and neglect quantities higher than 
fourth order in J/kT, where J is the 
nearest neighbour exchange integral. 

According to the assumption ii), 
correlation function f,(<) is expressed 


by 
tye) =exp (ia, )exp( — 047), (3) 


where 
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Fig. 1. 


=e 1 (([ eel M_, H_,||H,\M..) (4) 


"fh CM, H-H,)M,> 


and 


Dee = 2 
ey he 
ye (UL Fleel Hel M5 HooMNHrMe) (5) 


({{M_, H-,]H,|M.) 


and the notation (A) denotes: Tr pA 
with 

p=e hte] Ty eho, 
By the use of Eq. (3), we obtain the 
following expression of total half width 
(dw) 1)2- 


(4o) 12 =,/. 


2 2 
x E pe esol —2u/a.-2) | (6) 


Wen We-2 

where 
ot fis Bard) | (7) 

: (M_M.) 
and fiw; is the Zeeman energy of spin. 
In the derivation of Eq. (6), we have 
used the fact that quantity , of Eq. 
(4) contributes only the term of the 
forth and higher order in J/kT and 
can be omitted, and the term including 
o,=+1 are not present, because of 


the approximation iii). 

The results in the case w7<w,’ are 
expressed in Fig. 1, where the Curie 
temperature T'¢ and the Neél temper- 
ature 7'y is used as the temperature 
scale and, as the numerical values of 
T~ and Ty, we used those theoretical- 
ly calculated by Kastellijin and Kranen- 
donk.» We can see in Fig. 1 that 
the temperature variation of the calcul- 
ated half-width is almost determined 
by the non-secular part (y= —2) of the 
dipole-dipole interaction. It is inter- 
esting to note that the anomalous 
broadening” observed in the paramagne- 
tic resonance of Cu(NH;),SO,H,O is 
qualitatively similar to our results in 
antiferromagnets. 

In order to compare our results with 
the experimental temperature depen- 
dence” of the half width in antiferro- 
magnets, which is almost flat except 
in the vicinity of the Neél temperature, 
where the half width increases very 
steeply when temperature decreases, it 
is necessary to carry out the calcul- 
ation, which is free from the assump- 
tions iii) and iv) and the calculation 
in the case of other spin value in ad- 
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dition to one-half spin. 

The detailed result of our calculations 
will be given in the series of ‘“‘ Science 
Report of T6hoku University ”’. 


1) R. Kubo and K. Tomita, J. Phys. Soc. 
Japan 9 (1954), 888. 
Especially we used the discussion in §8 of 
this reference. 

2) W. Opechowski, Physica 4 (1937), 181. 

3) P. W. Kastellijin and T. Van. Kranendonk, 
Physica 22 (1956), 317. 

4) M. Date, J. Phys. Soc. Japan 11 (1956), 1016. 

5) L. R. Maxwell and T. R. McGuire, Rev. 
Mod. Phys. 25 (1953), 279. 


A Note on the Treatment of Bound 
State Problem 


Shigeo Sato 


Department of Physics 
University of Tokyo, Tokyo 


November 4, 1960 


Usually the bound state problem is 
treated by the Bethe-Salpeter equation. 
However, if a consistent relativistic 
Hamiltonian formalism existed and a 
bound state should behave like a re- 
lativistic particle, the bound state pro- 
blem could be treated in principle 
more simply. Namely it is enough to 
consider the eigenvalue problem of 
mass operator, 


— M*0=(P?— 1’) 0=—m@, (1) 
To the author’s opinion this method 
is preferable to usual Bethe-Salpeter’s 
one as the former is the more faithful 
method to the direct meaning of the 
mass of the composite system. Unfor- 


tunately we have no completely consis- 
tent relativistic Hamiltonian formalism 
as yet. But, putting the complete in- 
variance aside, we can investigate the 
properties of the aforementioned 
eigenvalue problem. It is the purpose 
of this note to show a method to handle 
Eq. (1) and its relation to the ordinary 
Schrédinger equation. 
Putting H=H,+H, Eq. (1) becomes 
(P?— H?—H,Hi— HA 
—H?)0=—m*@. (1') 
Let us consider the interaction between 
two sorts of particles.. We denote their 
creation-annihilation operators and 
masses by A*, B* and 74, m, respec- 
tively.* For simplicity here we assume 
that both particles are spin zero, and 
adopt the following form for H;, 
Fz= )dapysA* aB* pA Bs , 


dasrs=|S(P> G. ipa Gar) 

Ga(P)9e(q) Gy (r) X 

X 6;3(p+q—r)dpdqdr , 
but these assumptions are not any es- 
sential restrictions. To guarantee the 
hermiticity of H;,, f must satisfy the 
relation 
t (Ps 47; 8) =f(r, 8, p, q). 

In*order to investigate the bound state 
of two particles we put 


= DideeA ab aD 


jae \Fa(P)52(a)(p, q)dpdq, 


where @ is the vacuum state. Put- 
ting the above H, and @ into (1’) we 


* In the following the same notations and 
method as developed in the author’s previous 
paper» will be used. 
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obtain equation for 
((p.q) in the lowest order approxima- 


tion, 
{—m--m, +2(p-q—w,W,)} 


the following 


x sh(p.a) — | F (Pp, q,T, pt4q-r) 

x (w,+ W,t+oe,+ Wee) 

x (r, p+q—r)dr=—m'}(p, q); 
where Op=V Mme +p’, W,=V ms +q. 
(The situation is not changed even if 
the higher order term is taken into 
account.) It is convenient to use the 
variables s=(p+q)/2, t=(p—q)/2, 
and we use ¢(s, t) instead of ¢(p, q), 
then the above equation becomes 


{— m2— my +2(8—0— 054.Ws-1)} 
x (s, t)—| f(s+t, s—t,s 


+r,s—r)(Wsir+ We-etOsirt+ We-r) 

x (s, r)dr=—m'¢(s, t). (2) 
This is the fundamental equation which 
corresponds to the conventional Bethe- 
Salpeter equation, and the hermiticity 
of H;, guarantees that of the operator 
which appears in the lefthand side of 
this equation. 

Let (s, t) be an eigenfunction of 
Eq. (2), then multiplying an arbitrary 
function of s to it we get another 
eigenfunctions belonging to the same 
eigenvalue, so the eigenvalue of Eq. (2) 
is infinitely degenerated. This degene- 
racy shows the arbitrariness with 
respect to total momentum and this is a 
desirable feature for composite particles. 

Now, put s=0 in Eq. (2) and de- 
note ¢(0, t) by ¢(t), then we get 

{—me—mi—2(+o.Wi)} PE) 


—\ re, tr, =r) 


X (a, + W,+0,+ W,)¢(r) dr 
=—m'p(t). (3) 


Assuming that this procedure has a 
meaning mathematically, each eigen- 
value of Eq. (2) is also an eigenvalue 
of Eq. (3), but in general 
Next we perform the non- 


inverse 
is not true. 
relativistic approximation in Eq. (3). 
We put m=(m,+m,—E) and neglect 
the second order term of #, and use 
the approximation 


Metmy+2(0+w,W,) ~ (mat my)? 


ab opp (Mat Mo)” 


2MNqM>s 

Further we assume that f(t, —#, r, 
—r)~V(t—r) in the non-relativistic 
approximation then we obtain 


Mat Ms 0h (t) 


2M 
+| V(t—r)¢(r)dr=—E¢(t). 


This is exactly the Schrodinger equa- 
tion for potential V. 

Thus it turns out that our eigen- 
value problem Eq. (1) can serve as a 
relativistic generalization of the 
Schrodinger equation for the bound 
state problem. Of course, the above 
arguments are rough and it is neces- 
sary to investigate furtber the nature 
of Eq. (2) and its relation to Eq. (33; 


1) E.E. Salpeter and H. A. Bethe, Phys. Rev. 


84 (1951), 1232. 
2) S. Sato, Prog. Theor. Phys. 23 (1960), 717. | 
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Electric Polarizability of the 
Neutron 


Akira Kanazawa* and Smio Tani**' 


Department of Physics 
Purdue University 
Lafayette, Indiana, U.S.A. 
and 
**Department of Physics 
New York University 
University Heights 
New York, U.S.A. 


December 28, 1960 


Interest has been growing in the 
electric polarizability of the neutron 
recently.” This is concerned with the 
nonrelativistic limit of the two-photon 
interaction of nucleon. On the other 
hand, the calculations of electric and 
magnetic form factors are concerned 
with one-photon interaction. The term 
photon should be understood in a loose 
sense; it need not be a free photon 
when it represents an external, electro- 
magnetic field. The purpose of this 
note is to summarize the kinematical 
aspects of the two-photon interaction 
as a preliminary survey of further 
covariant investigations of this problem. 

Let us denote the four-momenta of 
incoming (outgoing) nucleon and 
photon by p and q (p’ and q’), respec- 
tively. Photon’s polarization vectors 
are denoted by a and a’. The problem 


* On leave of absence from Hokkaido Uni- 
versity, Sapporo, Japan. 


** Part of this work was done while this author 
was at Washington University, Saint Louis, Mis- 


-souri, U.S. A. 


_ + Work supported partly by the National 
Science Foundation and the U.S. Air Force. 


is to list the complete set of gauge- 
invariant and Lorentz invariant matrix 
elements. The answer is not unique, 
but there are many equivalent sets. 
The straightforward application of the 
method described below, [A]{E], leads 
to the results listed in (8). The Dirac 
spinor in the initial (final) state is 
denoted by «(p) (u'(p’)). The kinema- 
tical constraints which reduce the 
number of independent members of the 
set are as follows. 
Conservation of four-momenta ; 


pt+q=p +”. (1) 
Dirac equations for the initial and final 
states for the nucleon: 


(p+m)u(p) =u'(p’) ip’ +m) =0, 


(2) 
where A means A,7,. We also have 
p=ap=— wr. (3) 


[A] The constraint, Eq. (1), reduces 
the number of independent vectors to 
three. We choose the set 


gq, and P=(1/2)(p+p’). (4) 

[B] The constraint, Eq. (3), reduces 

the number of independent scalars to 
four. We choose the set 


q gq"; qq, and P-q=(P:q). (5) 

[C] The constraint, Eq. (2), reduces 

Dirac matrices in the members of the 

final answer, (8), to one of the follow- 

ing three 

Tyo pail tee (6) 

The consistency of this choice can be 

checked after the step [D], where we 
use Eq. (2) in a modified form 


u(p) =(1/2i m)[2P+q/—qlu(p) (2’) 


and the corresponding one for w'(p’). 


be eee 
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[D] We are interested in bilinear 
forms in a and a’; first of all, they 
should be Lorentz invariant. a and a’ 
may or may not appear in the form of 


a scalar product 
Ce aye came OF Cae), 5 C7) 


where zx is any one of three vectors 
in (4). The cofactor to make up a 
Lorentz invariant bilinear form, to- 
gether with a member of (7), is an 
invariant which is formed with use 
of Dirac matrices taken from (6). The 
factor to be multiplied by a Dirac 
matrix is a tensor which is formed by 
using some of a, a’, g and q’ not more 
than once. 

[E] The final step is to take a pro- 
per linear combination of Lorentz in- 
variants found in [D] in order to get 
a gauge-invariant expression. The 
criterion for the gauge-invariance is 
that the replacement of a(a’) by q(q) 
gives rise to an expression which 
vanishes identically in a’(a). In this 
way we have twenty expressions. 

The following is one complete set. 


MOS -f'), MG=(P fF -P), 
Mowe (P ofa); M=(a-ft-P); 
=(¢f-f'-7)) M=lfo-s'), 


Me Cay oy ON)» 
My=[o-f)(P-f'-7): 
My=[o-f\(a-f'-9)> 
w=(o° PACE ¥-0), 
My=[o-f'1(¢ -f°9)> 
cae vel (8) 
where x and y can be any one taken 


from (4). The abbreviations for con- 
traction of tensors are as follows 


(A Bl=Al Bs: Ce Aly) = 2A ye 

(A-B) ,=A,rB,, . (9) 
f and f’ mean the electromagnetic field 
component for the photon qg and qd, 
respectively ; f is the dual of /. 

Finally a remark is due about the 
derivation of the electric polarizability. 
The most general form of the S matrix 
element should be put as 


s=i\dg dqo(p'+q'—p-4) 


x31 Aa'(p)Mac(p)), 20) 


where A, is a function of scalars list- 
ed in (5). In the limit of constant 
electrostatic field all components vanish 
except for 
fa=EO(@, fu=—BO(Y); t=]; 2, 3. 
(11) 
It turns out that only M, and M, make 
contribution. On the other hand, the 
definition of the electric polarizability 
a appears in the S matrix element in 
the form 


= —i| Ax. y;(x) 
= —i\daf(a) F EW(2), 2) 


where H,,, is the effective Hamiltonian 
in the nonrelativistic limit. By com- 
paring (12) with (10), we have 


vy 
an ays afk! ; 2) 3 
a (on)! (2A,—m’*A,) (13) 


1) Further literatures will be found in: L. L. 
Foldy, Phys. Rev. Letters 3 (1959), 105; 
V. L Goldansky, O. A. Karpukhin, A. V. 
Kutsenko and V. V. Pavlovskaya, Nuclear 
Phys. 18 (1960), 473. 

T. Ueda and M. Sawamura, Prog. Theor. 
Phys, 24 (1960), 519. 
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The polaron mobility is calculated by making use of the general theory of electrical 
conductivity. We take the states determined by Feynman’s trial action as the unperturbed 
states and treat the difference between the true action and the trial action as a perturbation. 
Numerical values of the polaron mobility at very low. temperatures are given and are dis- 
cussed in comparison with the results obtained by Shultz and by Morita. 


§1. Introduction 


We have investigated the static properties of polaron at finite temperatures 
in the previous paper” (hereafter referred to as I). We shall investigate the 
polaron mobility in the present paper. In the same way as in I, we calculate 
the polaron mobility by using Feynman’s path-integral method. In the polaron, 
problem, the interaction between an electron and lattice vibrations is so large 
that the usual perturbation theoretic treatment fails. Therefore the calculation 
of the mobility in the present paper will be based on the general theory of 
electrical conductivity recently developed by many authors,” which is applicable 
to a system which does not allow us to set up the Boltzmann equation. We 
take the states determined by Feynman’s trial action as unperturbed states and © 
treat the difference between the trial action and the true action as a perturba- 
tion which yields a decay of electronic current correlation. 

The following assumptions will be made in the present paper. i) The 
electrical conductivity is determined by the asymptotic form of a correlation 
function of electronic current. ii) This asymptotic form has the property of 
exponential decay in time. These assumptions are valid in the case of weak | 
interaction. It is not sure whether or not they are applicable to the present 
problem which includes the case of strong interaction. In the present treat- 
ment, however, the states determined by Feynman’s trial action instead of the 
states of a free electron are chosen as the unperturbed states. It is expected 
that the perturbation in the former case may be made weaker than,in the latter 
case and that the above mentioned assumptions may be valid. In fact the self- 
energy of polaron at 0°K calculated by using these assumptions agrees with 
that obtained by Feynman” as will be shown in §3. Therefore, the approxi- 


Pee ict ow nl sce ie aa 
a: A oy = 
‘ Fe ere 


518 Y. Osaka 


mation used in the present calculation for the mobility may not be so bad even 
for strong interactions. 

In $2, the calculation of electrical conductivity, using the path-integral 
method, is discussed. Then, it is applied to the calculation of the polaron 
mobility in the case of a weak interaction. In § 3, we shall calculate the 
polaron mobility in the case of strong interaction based on the evaluation in 
§ 2. In §4, the result will be discussed in comparison with the results by 
Shultz and by Morita. 


§ 2. Calculation of the polaron mobility 
(in the case of weak interaction) 
In this paper, we take the units so that H=1, the electron mass m=1, 
and the optical phonon frequency =1. 


The conductivity o is generally expressed by a current correlation function 
Z(t) in the following way : 


o=B\x(0)dt, (1) 


X(t) =Cjo(t)jotjajo@) >/2, (2) 


where ?=1/kT, j, is the x component of electronic current operator and 


ja (t) er ter 


H being the Hamiltonian of the system. In this equation and in what follows 


(A) denotes TrA/Trp where p is the density matrix defined by e~*%. The 
following equation is easily derived: 


fhtes ben ere, kgs) 
ws —e'\\ dX, dX, (0/0X£-*) (0/0X%, ||| 20.dQ.0(%.Q,, X,Q2; 8—A) 
X P(X2Q2, X05 A}, (3). 


where e is the electronic charge, 3=—it, and X is the electron coordinate, Q 
denotes the many-dimensional coordinates of phonons, and 3/3X&>* operates 
only on X; in 0(X,Q,, X,Q,; 8—A/) and not on X, in e(X.Q,, X,Q,;2). In what 
ee we try to rewrite the density matrices by the use of the path-integral 
method. 


Let us take the Hamiltonian as follows: 
H= (p*/2) + 3) Maxaurn + D3 Moxtqu'/2+ & p2/2M, (4) 


where 7;,(X) is some function of the electronic coordinate X, and pr are the 
coordinate and its conjugate momentum of the kth normal mode of lattice 


ee Oe ee 


ites ipa 
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vibrations, respectively, and M is the reduced mass of the lattice ions. In the 
polaron problem, 7,= (2*?az/V)"?-1/k-e'* and w,=1 for all &, where V is 
the volume of the crystal and a is the coupling constant used in I. The densi- 
ty matrix / in the path-integral representation is given by 


P(X,Q,, X2Q2; w) i (Mo,,/2z sinh w;,u)} 7"? 


= 


where 


: Cae ) 
—g MO a+ DP Gu. an. XO)}]D(XO: PO), 6) 


ou 


P( Hr > Dk» X(t) )= [ (Qi: “i er.) cosh OnU— 2QiK * Pox 


= 2A, “Uk a 2By * Ook + 2C;.|/2 sinh W,U, (6a) 
and 


u uu 


ves ese \sinho,tdt, By= \re(X@)) sinho,(u—2)dt, 
0 


0 


(Fe \ae\ dsr(X@) UNIS) Vem cis One sein. +: (6b) 


D (x@ Si means that the path-integration must be carried out under the 


conditions X(0) =X, and X(u) =X. 
Using (5) and (6), we obtain, after some calculations, the following equa- 
tion for the polaron problem: 


e 


(e°!8/e? 1) || dQidQ.p(XiQu, X2Qs 3 9-1) 0(X2Q2, X1Qi: 4) 
B-X oN 


=ffen[-[ 1 0a-[Limoavoex]o(ro BE) 


’ X,(0) 


where N is the total number of unit cells in the crystal and 


x D(X") ee te (7a) 


Q(X", X") =O,(K'X" ; 84) + Soro (X'X"” ; 8A), 
QO; and Svross are given by | 
O;CX' xX” : B, A) V(e®—1)/2*? ax 


= ps AE ae | de he(X"C), AOC Y + | ae| de n0(8"C), X'(o) ; 1), 


(7b) 


sft cnet anf 
Ploy, Sars et ee 


a ae ek 


‘A bat 


ee 


Aiea ae o. 
net ee ee ae 
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B- » 
Soon X' Xs 84) V(e8&—1)/2¥ ax= bur 1, | as \ do Te( X=), X"(e) ; 1»). 
0 
(7c) 
where 
L,(x(t), y(c) : 1) a Rte) Ta Or) a7 G19 BL Ge nec nee ante (7d) 


In this section, we hereafter confine ourselves to the case in which the 
interaction of the electron with phonons can be treated as a small pertur- 
bation. In order to calculate the mobility in such a case, we shall make the 
approximations that (1) the correlation function of electronic current is as- 
sumed to have the property of simple exponential decay in time and that (2) 
all averages over the canonical distribution are replaced by those of the unper- 
turbed system. Substituting (7a) in (3) and omitting the unimportant numer- 
ical factor (e*/e®—1)-*% which is cancelled by the normalization factor for 
phonon, we get 


Tr(enP# ent jot j,) = —e'|| dx, dX,(8/AX $5) (8/AX%)G(X,, Xz), (8a) 


where 


GX, x)= || D(x": X,(8—A) 2 (x1 2) 
Bi 


xexp[ — | x Xv) at— ee X/(yde|x[ 1+ @"aa/(e*—1)V) 


as | do tol X") X"(o) : 1) 


a | a: [do 2X! (ey ey Lye | de do bo(X/(2), Xv 1)}} J. 


i—} 


| (8b) 
It should be noted here that the approximation 


exp[Q(X’, X”)]~1+Q(X", X”) (8c) 


was used to obtain (8b). As is seen from (7b), Q(X’X”) is proportional to 
the coupling constant a which is small in the present case. 

The perturbational treatment in the present path-integral method consists 
of replacing exp (+ iw: (X"(t)—X""(o))), exp (+ iw: (X’(7)—X’(c))), and 
exp (+7w- (X’ (7) —X""(c))) by their average values over the path with a free 
action -| 1/2. .X’"(t) dt and =\" 12 X"(2) dt. In the same way as in I, these 


average values are given by 
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Cette XIN =KINO)S | Gee 
ep (+ io: (KX, X,), (2) /2) exp (- Ea) (i FSF 
2 i 
i a a a Aa oe Xe: pen 


=exp(+iw- (X,—X,) (t—0)/3—A) exp (- 2-2) Set 


B-—A 
Se a e-.= exp( +710: (X,— X,) t/—A) exp (-= (B (1- P T ; )) ry 
; ei as = 
Cette exe ey EXP +1w: (X,—X,) o/A) exp (Ze (1 +<)) ° (9) 


We shall give another method to calculate the average values of Eq. (9) in 


Appendix I, which will be used in the calculation in §3. Noting that the 
identity 


7 \ \ dX,dX,(8/OX 8) fa_y(Xq, Xz) (8/AX2) f,( Xa, Xi) 


= |) 2K. dK Kis Keep (Ki, K;)9,(K2, K,) (10a) 
holds with 


p 


f.(X X,) = (22) = 9x, Ky, Kz) e+ *1-¥2%) dK, dK, 


and that -the density matrix ()(X.X2; w) for a free electron is (\/22/u)§ 
x exp(— (X,— X,)*/2u), and furthermore, using (8) and (9) one can obtain 


Ered es Gat nips) 2 ethge A? E fe ap vaui(e 1) 
k w : 
» 
x \ dt(A—tT) fet Oreo) gr t-1+ keeve+ 02/2) 
0 
R-» 
=: \ dt(P—A—tT) (gers endelay ti g atid eves e718) 
0 
B-» m 
+ \ dz | da (ef e-na-mneran 4 otrmevcasnecewn | (11) 
0 


) 
0 


The first four terms appearing in brackets in the right-hand side of Eq. (11) 
are simplified by using the formulae for a large time ¢ 
Brit —it 
0 F(@)| \ ds(O-Rit= sje" + \ en Sees eho) mnt ¥! F(o)d(f(o)), 
4 0 0 


(A-2-1) 
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a 


which will be proved in Appendix II, Here F(w) and f(w) are some func- 
tions of w. The remaining terms which come from the terms Seross of Eq. (7c) 
become quantities being independent of ¢ for a large time ¢ as will be shown 


in Appendix II. Then, one obtains 
Tiken Cao ige: 1a) ~ » e hes gk Bia, —1t/T) (12a) 
ke 


for a large time ¢, where 


1/t.= {20 -2°? an/V(e*—1)} 33 — 
we Ww 


afin 2) oa(-roaee 


(12b) 


This expression of t, agrees with the collision time obtained by the ordinary 
perturbation theory with the electron-phonon interaction as a perturbing: Hamil- 
tonian. In the perturbation theory, the energy shift JE, and the collision time 


t, of an unperturbed state are given, respectively, by 
dE, =P >) |(m|H"\n)|?/ (En —Em')» 


1/2ntg= a 0(E,°— En’) \(m\ A" \n)\?, 


-where H’ is the perturbing Hamiltonian and E,,’ is the energy of the unper- 


turbed state m. Comparing these two equations with one another, it is ex- 
pected that the self energy JE; corresponding to t, given by Eq. (12) becomes 
AEy = (2°? ax/(e*—1)V} Y) {e* P/(1—k--+w*/2) + P/(—1 + k-w+-w*/2)}. 


(13) 
This result also agrees with that obtained by the ordinary perturbation treat- 
ment. 
Adopting the assumption that the asymptotic form of a correlation function 
of electronic current has the property of simple exponential decay in time and 
using of Eqs. (1), (2) and (12a), we get, as the expression of the mobility 44, 


foo] 


fo=ep pa eeraene dt/ al PRs bs al 
fe k 


0 
Substituting the value 7, of Eq. (12b) in this equation, the mobility #4) at very 
low temperatures is given by 
fmo=e/2na, (14) 
where 


n=1/(e*—1).. 
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§ 3. Calculation of the polaron mobility 


(in the case of strong interaction) 


We shall calculate the polaron mobility in the case of strong interaction 
by using the evaluation in §2. We take states determined by Feynman’s trial 
action as the unperturbed states and treat the difference between it and the 


true action as a perturbation. 
We shall start with the approximate expression 


Tr(e7 G04 7, eG) = —e'|| dX,dX,(0/0X§;*) (0/OX tr) G(X, X2), (15a) 
where 


eos, x9=([a(a"0 BGs) 2(0"0 £8) 


x exp [So,a—.(X’) +:So,.(X) + Sor,0-.(X!, X/)]A+ F(X’; 8, 4d), 


(15b) 
and 
F(X'X" ; 8, =2-Maee—1) 14 | dz | do RX"), X"(0)) 
“ine gar Sah , 
+ | de\doP(X"(e), X'())+ | dz | do F(X"), x'"(o))} 
+ C(e*=1) 7/24 | dt | do F(X"), X")) 
B—r r : B-» ¥ 
ue | dz | do FXG), X’(c)) + | dz \doF(X'G), x'"(o)}, (15¢c) 
where 
Sui X)=— | X*()de— Cle" —1)7/2| dt | do F(X), XY), (15d) 
B-»r » 
Soa.a-n(X’X") =C(e"—1)7/2 \ dz | do Fx(X(=), Xie), (6a) 
F,(x(z), ¥(o)) =|"(t) —y (o) [ACCP 9 +e), (154 
(15g) 


Fx(x(+), ¥(0)) =l2@) yo) Pee He). 


Here S», denotes Feynman’s trial action. 
sidered F(X'X” ; 8A) small, since it corresponds to the differe 


true action an 


To derive (15) from (3), we con- 
nce between the 


d the trial action, and we used an approximation similar to (8c) 


ye Ga Se eee” TY Se 
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in the case of weak interaction. C and w are variational parameters which 
should be determined so as to minimize the free energy of the system. 

Let us first consider the term which does not include the terms F(X’X” ; 82) 
in Eq. (15b), that is, 


my “all dX, dX,(8/AX8;*) (8/AX? \\ a(x" XG) 


1) Aci SoC XIX!) 16 
x D(X Ga ie (16) 
where a. 
So(X’ X”) Wo pent) +80, (X”) + Spx eouta my 
As was shown in I, the states determined by the trial action S, are equivalent 
to the states of a system with the Lagrangian 
Ly= (X?+ Mq?—«(q—X)*) /2, (17) 
where 
k=Mow? and M=4C/a". 


The Hamiltonian H, corresponding to the Lagrangian L, is expressed by 


Hees 9/8? + (—- a*/are+ © 5%), (18) 


2™Mp 


4 2 
where the new variables x, and r defined “ 
%=(Mq+X)/(M+1), r=X—q (19) 
are used instead of X and gq, and also 
m=v/w', 4=4C/r*. 
The energy eigenvalues of this Hamiltonian are given by 
E,(k, mngns) =k?/2mo+ (m+m2+n3+ 3/2)y, (20) 


where k is the wave number specifying a free motion for x), and m, m and 
nm; are the quantum numbers of the harmonic oscillator for r. 

It is not so difficult to show, by performing calculations similar to that 
used in § 2, that 


the quantity (16) = >) e~@-»¥m e-™m (72| j2|20') (m'| je|m) 
= en era. je are (21) 


where we simply express the eigenstates |k 73) and their eigenvalues 
E,(kmnns) by |m) and E,,’, respectively. Using Eq. (21) and noting that 


0/OX= (mp) 0/0x)+9/Or, (22) 
we obtain that 


the quantity (16) = oe e’ exp {— PE, (km nn) }[ka?/me 
CN No Ng 


+ (9)? (m+ 1)e7/2 + (xen)? ne /2]. (23) 


ie mE, Pern” ty Ps 
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Next, we consider the term including F(X’X”; 84) in Eq. (15). This 
quantity is transformed into 


—e'| | dXidX,(8/AXE>) (a/ax.2)| \|> (x): cae 9 X"(2): ae So XIX) 


eas d= | do 1X), X'(c) :1) 


» 


“def do TAX" (=), X"(a) 51) } + 2 Datete—1)-4{ [def do EX"), XM@) 0) 
0 0 
B=» » 


He (arfactx, X"();0)+ | a a= | do B(x"), X"(@) |} (24) 


0 


oP oT 


where we used the notation of Eq. (7d) and the identities 
|X.— Xy[ 4 Dy ee 89/Va, 
|X, — X.|?= — 87° = CCU) er eV 
and the definitions 
C,=V/ 2? 2a/Vu, D,=—iv 22° Cou)’ ,2/V. (25) 


Nowkwevreplace eo a2), etry 2H) and ee A by teas 


average values eX 2" O-X7O), ther A@—K) and etme him“ AV” taken along 
: ? 

the path with the action So,e—-»(X’) +80. (X") +So,.,¢-.(X’'X") as was done in 
§2. These average values are calculated as follows. Noting that 


\\2 (x’ (é): ae )\9 (x”"@ : he SX, XIN) 


= nea erent b* (X1 qr) Pm’ (Xo qx) Pt «(Xo qo) Pm (X1qi); 


where (m’(Xiqi) is the eigen-function of H, and making use of Eqs. (A:1-1) 
and (A-1-2), it is shown that 


\\2 (x’ Oe eee 0) (x"(@) : cay Spee | eat Para 


2 sis, gn (PME, +My OK (XG) fn? (Xa qa) Pik (Xa qa) Po (Xiq)- 


Kn een ere lm 2: (26a) 
[{f> (x'@) : X92) (xr %(0) ena] gaecO=X) 


= 1 PME Bint PO (Xs Gs) Pm’ (Xe qa) Pri (Xa a) Pmt (Xi dr) 


mm! 


x (mlete xo erie X()| m); (26b) 
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and 


He (x’ Oy a hua 0) (x"@): oy tt ela 


= lim > || dada: eW OME Fmt D(X Gi) Pm’ (Xo qa) 


o!->0,7r/->0 mm! , 


x nk O,€ G2) Pm (X, qi)<m|e** X(r) erm XC) lm <m' le ttu-X(c/) rr Feo), 
(26c) 


where 


tiu-X (7) — eto t pttu-X ~—Hor 


é é a 2 


The quantity (24) can be replaced, using of Eq. (26), by 
a 
DT Cy(eA=1)1 4 | de | dole fe" («, 0) te" F4=(@, 0) 
0 0. 
pa» 


+ | ds| do(ee- #9 FEM* (2, @) fe FEM" (z, @)) 


0 i} 


4 x 
“+ \ del da (elm gue Ce ope ge" eae: o))t 
0 0 


» 
+ SDA 1) 4 | de | dolore f(z, 0) HerO-P F8-(=, @)) 
Me ” 


ot 4 


(es | din | doe? FL *(e, FO fae thee )) 
0 0 


de (et gee (eye) tert gatas a)y Nic Cota 


+ 
ol, 

Q 

q 
o— 


where 


fr*(t, c) _ pe eB olhiny m2 M3) 5? {hi /m¢ + 0G (m+1)e-/2 


keny ng rg 
+V/ «yn me” /2}hE(knyngns; 0), ' (27b) 
Pe, (eng, jee ie i e Biotin ta) 2 hh (Hen nens ; to) /me 


+(m+1)V/ «ge hi (ke, m+1, nny; to) /2 
+m v/ 1 ee” h® (k, m—1, nons; ta) /2}, (27c) 


and 
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», Br “e > i A 
ge B-2r, + ( on oc) a= lim ns e BEo(Kny Ne Ns) e 
t!>0,0/30 kr, ngn3 5 


X {hy ht (knyngns 3 tt )he (kn non; 0) /me + (m+1)V/ eye” 
x ht (kn, nynz 3 tt’ hE (hk, m+1, rons; oo) /2+mV «ye 
x ht (kn, non 3 Tt!) hi (k, m—1, 2273; 0/0) /2}, (27d) 
and notation 
h,= (kn, nyng ; TO) = (keny ng ng\et* © EF * © | eng ngs) (27e) 


is employed, for simplicity. 
For convenience of calculations in what follows, let us consider operators 


X,(t) and e'*°™ defined below. X,(z) is defined by 
X,(t) =200(t) +9re(T) =200(t) +V 9/20 (b,* e-” +b,e""), (28) 


where the suffix s stands for one of x,y and z-components, b,* and 6, denote 
the creation and annihilation operators of the harmonic oscillator for 7 ae 
Eq. (28), the first equality comes from Eq. (18) and the second equality from 
the definition 


rAd) as (6,7) +6,(t))/V/ 209. 


e'*)"* is defined by 


2 Eon 2 zs 
eit o(7) tt — gor pitoru e707 =exp ( Po a Pe u) eitort (29) 
Mo 


where p) is the momentum conjugate to the coordinate x). It is shown, ac- » 


cording to Eqs. (28) and (29), that 
hz (kn, nyns 3 7) =exp { (k?— (k¥Fu)*) (t—o) /2m} exp (— qu"/2v) 
X (ny n2Ns\ I exp ( Fi] us b,* e°” /V/ 2v) exp ( tiv 7 Uyde7’"/V 2) 


x ILexp(+iv/ 7 ts dS e”” /y/ 2v) exp (¥ iW 7 ty by e7*? /\/ 2v) | 72; 719 713 )- 
(30) 


If we are concerned only with the phenomena at low temperatures, it is suf- 
ficient to carry out the evaluation of Eq.(30) in the case of m=m=";=0. In 


such a case, we have 
he (kn n2Ms 5 rea Ye poecenexp. ke (k+u)’) (r—o) /2mo} 
x exp (—7u’/2v) S11 nue)" exp (—vi(t7—7))/le! (2¥)"*; (31a) 
1,=0 $ ’ 


hike, m+1) Mats; TO) momenny0= EXP {(k?— (kt u)’) (¢— 0) /2mo} exp(—7u'/2v) 


X [peea? D1 (pat) 'se OO /2d, | 
1,=0 s 
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Fg ah is FU)? (yet (ate) (tty) Cea) ™ 
h=0, = 
Sv oseesere 17 sl iB if yy arse © (31b) 


According to Eqs. (23), (27), (28), (29), (31a) and (31b), Eq. (15a) is rewrit- 
ten, in the case of 1,=2=n;=0, as 


ines. ae 75 e aris) 


= > e7¥ 812m 6? {h 2/met/ «ye /2} co pm e812 9? ke/me 
Kk le: 
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» r 
b> DB (e"8 — 1) > {\ dz | do (er Bian (E Oy es. aie 2) 
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au ys e7? B/2mo 92 Vv «yn e/2 


» T ; 
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+ | de | dolor"? Cya(e—0) 40°. Cyis(e—0) | 
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+ pa Cnn neue 
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aps Ca(e—1){ \ dz | do(e?"" Bak(s, 0) +e" Bale, 0) 


0 
FED Mer 1) | de | dolore Ble, a) ter? Bale, 0) || 
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po 
x[ 2 Cui (e?—1) \ dt \ do(e@-"*? Cuk(, 7) +e"? Cuie(t °))| 
0 


B-» 


+ OD er—17f | de | dole Gk, 2) ber Cae, 0) f 
0 


| 
| 


(32a) 
where 
Bk (t—o) =exp {(k?— (k¥u)*) (¢—0) /2mg} exp (—Gu'/2v) 
x Dea fulh Wels emurr Mae cases (32b) 
Buk (t, «) =exp {(k?— (ku)*) (c¢— 0) /2mo} exp (—7u"/2v) 
x (2aG 1,13) ee) ears OF na 1,') eeense>s) ‘ (32c) 


C,é#(t—o) =exp {(k?— (kFu)’) (c—o) /2mo} exp (— 7u"/2v) 


* | (qus'/2») S  falhhh) eee e+ > du (Ly lals) eT eOaa 
hy, la, lg=9 1, lo, 'g3=0 
(32d) 


Cuz (tr, «) =exp {(k?— (k¥u)?) (t<—o) /2mo} exp(—7u’/2v) 


x (Fs faut errtosr”) { qne'/2») 


ya, lg=0 
x yes Ey. 1s!) | gta Male bie Se 2 PAC L,! 1s’) erieiete sehr ? (32e) 
ly! ,le!, le! =0 y!, Ig! l3/=0 
and 
atl lela ov) oe (ty) (thy) 2? (uz) */L! 23! Zs! (32f) 


Gu (hlels) = (any aaa tart Cie, yt Gi) a (1, +1)?/(441)! be! bs! . (32g) 


The second and third term in the right-hand of Eq. (32a) are simplified by 
using Eqs. (A-2-1), (A-2-2) and (A-2:3), and is proportional to ¢. The fourth 
and fifth term become a constant quantities independent of ¢ for a large time 
t, as will be shown in Appendix II, and can be omitted. 

According to the discussion mentioned just above, we can obtain 


Tr (eo Orn jejn) = pie hme ake — |t|/< (ke, 0)) Rat/mé 
4 /mpe {1+ it JE(R, 1) — SEE, 0))— |e /= (hs 0) +1/e Ck, 1))/2} | ! 


~ sa eF B/2mo op eno Mo 
k 


ey Kn git 4B D— 4B, 0) e=nsmearecseesiee0> | ; (33a) 
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in the case of m=2m=n;=0, where 


1/2nc(k, 0)= 31 Cie? fy (Li lads) (e? —1)* (On 1, 3 Lhals) 


uly ba lg 


+e" 07 (1, vs L; l,l3) ) Bat §z) Die Fuh bb) (e°°—1)~™ 


ay 


x (O7 (w, v; L, lls) +e on (a, ¥; L,lls)), (33b) 


where we have used the notation €,=k’/2m, and the abbreviations are 


02 (2, yi hbl) =e (€,t2— Creu (ath+h)y). (33c) 

and ; | 
2 4E(k, 0) = ae Cu 2o-ural © (1 lads) (e8—1) "(pt C1, 93 als) te? pa C1, ¥3 4Gk)), 
why lo 
E (33d) 
: where the abbreviations are 
4 pé (xy; hlls) = P/(€x+2—€xiu— (a th+h)y), (33e) 
ait . ‘ 
: 1/2at(k, 1)= aon Cu : er eh / OV If eiee) (e®—1) - Cs (1, »; Ld/5) 
i! 
+e sot v5 LLL) ae Pa Dito Gta | 20) fulhilals) 
a X (OF (ev, ¥; Ldals) +e°? 07 (@, ¥3 Ldls)) + it Cu rea Oe alats) 
2 | i x (Oz Ge Vv; L, 1,13) +e® On Cf; Vv; L,1,13)) ae Dae is Iulhi 1,l3) 
; X (O(c, v5 Ladals) +e?” Oz (ew, v3 Lilals)), (33f) 

JE(k, 1)= pag Ce "™ (gus /2v) fulhlels) (e8—1)* (pi 1, ¥3 hols) 


aly lo 


+e? Pu (1, v; Lideds)) rae 2 Puce" Gus'/2) fal bale) 
X (Di (or, ¥5 blab) +e" pa (w, ¥5 bilals)) + 3 Cte" dul lalals) 


x (Pu Gig v; L, l,l) +e" Pu ee v; L,lyls) ) oi s ak ML eaaehe Ju (Ly lyl3) 


why Ig h 


x (pu (a, Y; Ly lal) +e? pi (a, Ds lL, Leta) Ic (33g) 


The terms including D, of +(k, 0) and <(k, 1) are shown to be zero, by taking 
into account that D,’ contains a 0-function 0(u) (see Eq. (25)) and v4w. We 
retain these terms, however, in order to make it easy to get insight into a re- 
lation between the energy shift and the collision time. 

It is noted that JE (k, 0) and <(k, 0) correspond to the energy shift and 
the collision time of the state |k, 2=2.=n,;=0), respectively, and JE(k, 1) and 
_* t(k,1) the energy shift and the collision time of the state |k, m=1, N,=n3=0) 
" respectively. The energy shift 4JE(k, 0) at k=O near 0°K is given, after some 
mathematical manipulations, by 


wen 


Theory of Polaron Mobility 531 


u 


4E(k=0, 0) =— 1 C2 | exp[—22 fy (1—e-") /2v + t/2ma} Je“ dt 
0 


oo 


3 = D.'\exp[-w {n(1—e~”"*) /2v+t/2mo} le~” dt, 


0 


=—av//rw jaceW/70 E(w"), =e") /var =) + (8C/vo). 


(34) 


The energy of the ground state determined by the trial action is (3/2) (v—a), 
which has been calculated by Feynman.” Therefore, the self-energy of the 
polaron state at 0°K is (3/2) (»—@) + JE(k=0, 0). This result agrees with that 
obtained by Feynman, that is, the approximation in our calculation of mobility 
may be considered to correspond to that which gives Feynman’s result for the 
self-energy at O°K. 

Further, 4E(k=0, 1) near 0°K is given by 


4E(k=0, 1)=— DC,’ [ (14+ (qus?/v)) exp[— 2 {y(1—e™) /2v + 4/2} Je" dt 


= >») Dy | (1+ (nu,7/v)) exp[—w (yA — e7*) /Qv-+t/2mo} je"°** dt. (35) 
2 0 
Explicit calculation of Eq. (35) is not necessary, because the contribution to 


the mobility at very low temperature from the term including 4E(k=0, 1) is 


neglected as we shall mention below. 
We can calculate conductivity using Eqs. (1), (2) and Eg. (33) in the 

same way as the derivation of Eq. (14). Near 0°K, we are interested in the 
collision time for the state k=O. If we put 7(k=0, 0) =7 and 7(k=0, 1) =, 
we get 

1/t=2V moa@/(e*—1), 

1/r= (2V my a/(e®—1)) (1+2(gm)*/5"). (36) 
Using Eqs. (1), (33a) and (36), we get the mobility # near O°K given by 


p= (fo exp (109/r)/ms'”) + (8 «9 e/2) 
x (1/t1+1/t0)/2{ (2+ SEL, 0) — ECO, 0))*+ 1/2 +1/10)"/4}, 7) 


where / is the mobility given by Eq. (14). The second term in the right- 


hand side of Eq. (37) can be neglected compare 
low temperatures. Therefore, we get 


fees (p/ Ho) =exp (M0 n/v)[(mo)*”. (38) 


d with the first term at very 


Pan PS 
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§ 4. Discussion 


We compare the polaron mobility at 0°K obtained in the proceding sec- 
tion with those obtained by Shultz and by Morita” which are shown in Fig. 1. 
Their results are given over a wide range of the magnitude of coupling con- 
stant. The present result is numerically given in Table I. 

The treatment used by Shultz is as 
follows. He considers the “extended 
Hamiltonian” which gives the same energy- 
shift as that obtained by Feynman at k=0. 
He says that,the use of this Hamiltonian 
in a time-dependent formalism with the 
appropriate boundary conditions gives the 
same results as the evaluation of the path- 
integration in all orders of the difference 
between true action and trial action. . He 
calculates the self-energy for all k to the 
first approximation of the damping theory, 
using this “extended” Hamiltonian. Then, 
he calculates the polaron mobility, using 
this self-energy as the unperturbed energy 
of the polaron and treating the interaction 
between electron and phonons as the 
perturbation determining polaron mobility. 
It seems rather difficult, however, to give 
the concrete justification of Shultz’ treatment 
using the damping theory. The equivalence 
of the path-integration and his “extended” 
Hamiltonian is not verified in all the orders of the difference between true ac- 


tion and trial action. Therefore, the approximation contained in his result of 
the polaron mobility is not evident. 


As was mentioned before, the approximation used in the present calcula- 
tion for the polaron mobility at 0°K gives the same self-energy as that obtained 


}/ po 


Fig. 1. Theoretical Value of Polaron 
mobility. 


Table I 
rg 
| 
a v 0) mo Ll Lo 
3 3.4 Zp 1.78 0.530 
5) 4,02 2.13 3.56 0.282 
7 5.81 1.60 S32 0.170 
9 9.85 1.28 59.2 0.808 
sui sys) 1.15 181. 45.5 
— 


Parameters at 0°K 
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by Feynman. Our result of the collision time (33b) includes the absorption 
and emission of phonons followed by the excitation of the internal state of the 
polaron at a finite temperature. Our result is similar to Morita’s result up to 
a=7, if the effective mass is put to unity in his formulation. According to~ 
the present result, the mobility of the polaron increases steeply at a large coup- 
ling constant even though the increase is slower than the result obtained by 
Shultz where the increase begins already at a smaller coupling constant. This 
increase is expected because when the coupling becomes strong the wave length 
of phonons, which contribute effectively to the polaron scattering, decreases 
more steeply than the localization length of the polaron, so that the polaron 
becomes insensitive to the scattering by phonons. This effective wave length 
is proportional to 1/a? and the localization length of the polaron to I/a, 
as Shultz already suggested. This fact is based on the assumption that the 
polaron mobility is determined by the scattering of the polaron which is ac- 
companied with phonon cloud. It has to be noted, however, that the polaron 
mobility related to the electronic current is determined by the scattering of 
the electronic part of the polaron. There will remain some problem in the 
behaviour of the mobility for a large coupling constant. 

At finite temperatures, the deviation from (e*—1) of the temperature de- 
pendence of the mobility comes from the temperature dependence of the varia- 
tional parameters v and w, that is, the temperature change of the polaron state. 
Moreover, other mechanisms for the scattering, for example, the internal exci- 
tation and the spontaneous emission of phonons that occur only at finite tem- 
peratures, change the temperature dependence of the mobility. Also the second 
term in the right-hand side of Eq. (37), which is neglected at very low tem- 
perature, has a contribution to the mobility at finite temperature. 

The author wishes to express his thanks to Prof. A. Morita and Prof. 
C. Horie for their valuable discussions. This study was financed by the Scien- 
tific Research Fund of the Ministry of Education. 


Appendix I 


In this appendix, we shall pl ove the following two equations : 
Xx i B=, Gf! xX (2) 
So(X! +to+X!(r)—X!(c)) D X’ ‘ 2 


= 3 | age 90 ag) te Kag) (onlel” eNO |m), (ATA) 


Na es: D (x) al 


= lim >} \dqe~ ™ f* (X1q) Pm (X2q) (mle = ee XO lm), 
o>0 m 


= im oe (x) . a ; (A-1-2) 
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where the action S, corresponds to Hamiltonian H, and the operator Peat tak | 


defined by e7”e'**e-"™, At first, we shall derive Eq. (A-1-1). 
From the meaning of path-integration, we can see that 


fe) @*X"()/90") 0D (XO) HUG) = D | age 
x Pn (Xi q) gon! (Xaq) (om| [Hol Ho: Lo, X)---]] |); 


where ¢/,,’(X, q) is the eigenfunction of Hamiltonian Hy. Using this equation, 
we can derive Eq. (A-1-1) as follows: 


(eee, Saas (x: X, one je [So(X/)+to0.(X/(r—c) —X/(0)) M D(x’: X, Soaks 


X,(0 ) X,(0) 
: xy oO” fox ee caasan ht D( eek; s(u)) 
SoM) | nee : X/( ) X71 (0) PARES Dee 
=Se [ O(t—«c)” : Hoe n! : "X, (0) 
= Sl dge* yi (Kian! Xa) 
x| ; os : (me #0 etoX eee =X inn) | (r—o)” 
T™—o) r-0=0 0! 


= dq eo thin pO (X, q) mn CXe q) (mleo~ o)Ho gia- x e7 Ft - Ho p-te- x \m), 
— pe \dqe""* Prt (X1q) Pm (Xaq) Cmie™ ef * e- 180 e7 Bo gto X p-eHol 5) | 


Noting that e* —exp| io] aX (at | and the boundary condition 
X’(0) =X,, we can see that 


Xi (0) o>0 X,(0) 
(A-1-3) 
This equation is also simply derived by using the superposition of action: We 
can derive Eq. (A-1-2) in the same way as the derivation of Eq. (A-1-1) by 
using Eq. (A-1-3). 
Using Eqs. (A-1-1) and (A- 1-2), we can easily derive the average values 
of Eq. (9). For example, we get | 


Pca Soy (xx X, ele = lim peas “(X(7)- X(*))ID ixeiie X; Ae 


Ce TE ie = eS) oH Xs= KD (fel pf XC) gto X(0)| | 
pio y i 


ay om Paes hig ACoe nad =exp(io- (X,—X,) (<—o)/A) 


exp (=8E=2) 4 -E=))) 
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In the same way asthe derivation of Eqs. (A-1-1) and (A-1-2), we 
obtain Eq. (26). Applying Eq. (26) to the case of weak interaction, we simply 
get Eq. (11). 


Appendix II 


At first we shall derive the formulae (A-2-1) : 
B+it —it 


YF) : \ ds(8-+it—s)eFo 4 \ ds(—it— s)eF" | = ont 5 F(@)9( f(@)). 


(A-2-1) 
We obtain, after some elementary integrations, 
Brit 
r (8+it) e~ So B+it) 
F(o | ds(8+i—s)e"= VI Fo [ cae | 
du ) I ) pas ( ) flo ) f(@) 


We are interested in the asymptotic form of the above equation for a large | 


time 7, Since exp(—if(@)Z) oscillates rapidly in time, the term including this 
factor remains finite near the region in which f(@) nearly equals zero. There- 
fore we can put f(@)§—>0 in the numerical factor of the term including 
exp(—if(@)z) of this equation. Therefore, it holds 


iy, —tf(o)t 
S F(o) | ds(B+it— se = D- ae + Fes |Fe) 


Brit 


in i sinf(@)t \_, 1—cosf(®)t) | pig) 4 eer : 
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(A-2-2) 


Further, we get 
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From the above equations, we obtain 
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ordinary time dependent perturbation, to the term including 1—cos f(@)t, this 


equation is transformed into 


> Sas  F(o) 0(f(@)). 


For a large time ¢, we obtain 


B+ it i 
Ps F(@)| \ ds(B+it—s)eTO"4 \ ds(—it— set" |= 2nt  F(@) a(f(@)). 


(A-2-1) 


The last two terms in Eq. (11) appearing in §2 have the following form: 
B+it —it 


ME F(@) \ e716) 82 ds, | e7 726)8a Ts, 
} 0 0 


After elementary integrations, we get 
B+it —tt 


1 F(o) \ en“ ds, | eH" ds, — iF (w) ( 
oa 0 @o 


0 


1—fi(@) 7 ) 
Si (@) 


t t t 
N | eet" de + YT en PA) Fw) fete da, | eter dz. 
0 x 0 0 


For a large time ¢, the right-hand side of this equation tends to 


SF) poe [73 ( fx(@)) +iP/fx(o)] 


+ Li F(@)e PO [xd (fi (@)) +iP/fi(@) ][29( fa(@)) +iP/fr(o)]. 


These terms can be neglected with comparison to the terms which are propor- 
tional to z, for a large time ¢. 
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A classical system enclosed in a finite volume and exerted by external forces is treated 
in quite a general way. The main results, which may be applicable to solids as well as to 
fluids, are as follows. Exact integral equations are found for the one- and two-particle dis- 
tribution functions. Some thermodynamic functions are expressed in terms of these distribution 
functions. It is shown that there exist variational principles saying that the grand partition 
function is to be maximum with respect to the variations in the one- and two-particle distri- 
bution functions. Variational principles are found also for the Helmholtz free energy.. It is sug- 
gested that Mayer’s theory of condensation may in fact give the end point of the metastable 
gaseous state. It is pointed out that the hyper-netted chain approximation, proposed previously 
by one of the present authors, has a meaning in solids as well as in fluids. 


§1. Introduction 


In paper I? of this series, one-component fluid systems have been investi- 
gated by starting from the customary density expansion for the pair distribution 
function. An exact integral equation has been found for the pair distribution 
function. The Helmholtz free energy has been expressed in a form of expansion 
which may be expected to converge more rapidly than its customary density ex- 
pansion. It has also been shown that the integral equation for the pair distri- 
bution function can be derived from the expression for the Helmholtz free energy 
by means of a variational principle. In paper II,” the results of paper I have 
been generalized to the case of multicomponent systems. | 

The chief objection to papers I and II will be that the arguments are based 
on the density expansion formulas so that we have no sufficient reason why the 
results of I and II can be applied to liquids or to classical plasmas even if the 
resultant expressions have definite meanings. Therefore it is desirable to deve- 
lop the theory of classical fluids, not being based on the density expansion 
formulas. If that is carried out, it will also be possible to discuss the condens- 
ation phenomena of gases. The other objection to I and II may be that the 
stationary character of the variational principle which has been derived in I or 
II is not clear. The variational principle will be especially useful if the stationary 


character is found to be maximum or minimum. It is desirable to find such a 
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variational principle. In the present paper we shall remove these objections. 

The main purpose of the present paper is to treat a classical system as 
generally as possible. For this purpose we shall investigate a classical system, 
which is enclosed in a finite voulme and is exerted by external forces, by means 
of a grand canonical ensemble. The system can be either a fluid or a solid. As 
the consequence it will become possible to obtain the expressions which are 
applicable to a solid as well as to a fluid. It will also become possible to 
discuss the phase change of the system. A part of the results of the present 
paper has been shown in the preliminary report.” 

In the present paper we shall use diagrams as an auxiliary means of ex- 
pressing integrals. We shall here make a brief mention of diagrams. In the 
customary density expansion formulas for the thermodynamic functions or the 
distribution functions, the coefficients are expressed in the form of sums of 
integrals which can be made to correspond to diagrams. Such a correspondence 
of the integrals and the diagrams is usually adopted only to understand intui- 
tively the structures of the coefficients in the expansion formulas. Recently 
Morita” has shown that, if a diagram is made to correspond to an integral 
multiplied by a suitable numerical factor, analysis of expansion formulas can be 
made by dealing with the diagrams alone. The diagrams defined in such a way 
has been used in the Appendix of paper I” as well as in the derivation of 
formulas in the hyper-netted chain approximation.® These diagrams may be 
considered to be the same as the corresponding integrals. In the present paper 
we shall adopt the diagrams in this sense. It is, however, necessary to gene- 
ralize the definition of the diagrams to some extent, since, as will be seen later, 
we shall be concerned with the series expansion formulas in powers of a quantity 
depending on spatial coordinates. The definition will be given in § 2 of the 
present paper. On the other hand it may be said that the arguments in refe- 
rence 4) are somewhat lacking in the logical or mathematical rigor. The same 
objection may be raised to Salpeter’s treatment of cluster expansion” and also 
to the arguments in papers I and II. It is also one of the purposes of the 
present paper to arrange the arguments in the logically rigorous form. Lemmas 
which will be stated in § 2 will-serve to this purpose. 

The contents of the present paper are as follows. Throughout the paper, 
except for § 6, we consider one-component systems. In §2 we present the de- 
finition of diagrams and some lemmas on the diagrams. These lemmas, the 
proofs of which are given in the Appendices, are useful for the arguments in 
§ 4. In §3 we express the thermodynamic functions and distribution functions, 
of classical systems enclosed in a finite volume, in the forms useful for the argu- 
ments in the following sections. In § 4 we express the grand partition function 
in the form of sum of diagrams and reduce the expression by introducing the 
one- and two-particle distribution functions. It is shown that the integral equations 
for these distribution functions are derived by means of variational principles 
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that the expressions, obtained in this section, for the grand partition function 
are to be stationary. Some thermodynamic functions are also expressed in terms 
of the one- and two-particle distribution functions. In §5 we prove that the 
variational principles obtained in §-4 give in fact the maximum of the grand 
partition function. The variational principles for the Helmholtz free energy are 
also proved. The results of this section are arranged in the form of theorems 
1~4. These theorems may be considered a summary of the results in § 4. In § 6 
we consider the multicomponent systems. It is shown that the multicomponent 
systems can be formally reduced to the one-component systems. In §7 we discuss 
the behavior of the system in the limit of an infinite volume. A special attention 
is paid to the condensation of gas. We make a conjecture that Mayer’s theory 
of condensation does not give the condensation point but gives the end point of 
the metastable gaseous state. It is also pointed out in this section that the 
hyper-netted chain approximation has a meaning in solids and liquids as well 
as in gases. In Appendices 1~3 we give the proofs of the lemmas presented 
in §2. In Appendix 4 we give the proof of theorem 2 in § 5. 


§2. Definition of diagrams and some lemmas on the diagrams 


In this section we shall first give the definition of diagrams. Then the 
terminology about them will be defined. Lastly we shall present six lemmas 
which will be useful for the arguments in § 4. These lemmas will be proved 


in the Appendices. 
Let f(r), fo(r), - be the functions of spatial coordinate r of one particle 


and F,(r, r’), Fg(r, r’),:-- the functions of spatial coordinates r and r’ of two 


particles. We shall assume that the particles are confined in volume 2 and that 


the functions F,(r, r’)’s are symmetrical in r and r’. Inthe following {dr will 
mean an integration over r within 2. Let us first define a diagram correspond- 
ing to a product of several /;’s and F,’s. 


Definition 1. 


A diagram which is composed of white circles Tia. ‘ Fie pO and bonds 
ofa, Ka _,** connecting white circles 
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where n(», ij) (v=a, 8, ++) is the number of bonds *. connecting 


and “1 fo. rj 
When fi(r:) 18 identically unity, the corresponding white circle will be written 
simply -as o,. An example of definition 1 is 
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In the next place we shall consider a product, of f;’s and F,’s, in which the 
integrations over several coordinates have been performed. The coordinates 
over which the integration is performed will be represented by a black circle. 
Namely we have 


Definition 2. 


A diagram which is composed of white circles Gate Fog = Jets black 


> 
Le) 


circles J*10 Snt2@ ie Sn+me and bonds Fa , “e_, -:: con- 
Trti 2 Trt2 Tr+m = S 


necting the circles 
= (dra \drnso*\drnam (The diagram which is obtained from the diagram 
of the left-hand side by changing the black circles into white ones.). 


For example, 


is > =3;|\ dr,drsf (Ta) f @s).2 (Fiz Fa) 2 Tas Te) Us td 


r4 


For actual use the way of numbering the black circles will be of no im- 
portance. We shall accordingly define a diagram in which no coordinates are 
attached to black circles as follows: 


Definition 8. 
A diagram which is composed of white circles ey oe Jno. , black 


circles “+10 ‘ Snt29 Aelers tutme and bonds Fe 


the circles 


Fe =, ++ connecting 


> 


= = {Sum of all the topologically different diagrams which are ob- 
mM: 


tained from the diagram of the left-hand side by attaching coordinates r,.1, 
Tn °**> Pn+m to the black circles in an arbitrary way}. 
The total number of the diagrams appearing on the right-hand side of definition 
3 is given by m!/s, where the symmetry number s denotes the number of per- 
mutations, of the coordinates of the black circles, which do not lead to a topo- 
logically different diagram. Therefore definition 3 may be rewritten as 


Definition 3’. 
A diagram which is composed of white circles fig. . fag. yon Ino. » black 
1 2 nr 


5 He A 
circles /"*1e , Fnt2g | aes Intme and bonds* +a Fe _, +++ connecting 


> 


the circles 

(the symmetry number of the diagram) 
which are obtained from the diagram of the left-hand side by attaching 
coordinates Tasi, Taiz, ‘**> Ta+m to the black circles in an arbitrary way). 


(Any one of the diagrams 
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The diagrams appearing in the following will always mean those which are 
defined by definition 3 or 3’. The following two examples will serve to show 
the meaning of definition 3 and 3’. 


, 3 
Cae Wipes f aed if 
— = O—*® 
Tr) Tr; Ty Tes T, 
v rp v 73 roy | ey rT, Ts Ly) 
J}: 3 a |: ; | |: sf |} 
r; v yo 0 Fie Oe as FON T's 


i 


-It will be convenient to define here the terminology which will be useful 

to specify the type of diagrams. 

single-bond diagram: It is the diagram in which no pairs of circles are con- 
nected by two or more bonds. 

connected diagram: It is the diagram which contains at least two circles and 
in which there exists at least one path to reach any circle in the diagram 
from any other circle. The path must be understood to be a sequence of 
circles and bonds. A diagram will in general be composed of several separate 
parts, each of which is a connected diagram or one circle. 

more than singly (doubly) connected diagram: It is the connected diagram 
in which there exist at least two (three) independent paths to reach any 
circle in the diagram from any other circle. Two paths are said to be 
independent of each other if the paths involve no common intermediate 
circles. 

articulation circle: It.is such a circle, ina connected diagram, that if one re- 
moves it, the diagram divides into two or more separate parts in such a 
way that at least one part contains no white circles. 

articulation pair of circles: It is such a pair of circles, in a connected dia- 
gram, that if one removes the pair of circles and, if exist, the bonds con- 
necting them, the diagram divides into two or more separate parts in such 
a way that at least one part contains no white circles. 

It is such a black circle, in a connected diagram containing just two 

white circles, that if one removes it, the diagram divides into two or more 

separate parts in such a way that the two white circles are contained in 

different parts. In other words it is such a black circle, in a connected 

diagram containing just two white circles, that all paths going from one 

white circle to the other must pass through it. It is noted that an s-circle 


s-circle : 
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is not necessarily a black articulation circle in a connected diagram con- 

taining just two white circles and vice versa. 

As will be readily seen, it follows from the above terminology that, for a con- 
nected diagram containing no white circles, “being more than singly (doubly) 
connected” is equivalent to “having no articulation circles (having neither 
articulation circles nor articulation pairs of circles) ” 

It will often be necessary to use the concept of the functional derivative 
which is a natural extension of the concept of a partial derivative. Let P be 
a functional of f(r). When f(r) is varied by any f(r), the corresponding 
first order variation in P is denoted by OP. Then the functional derivative 
OP/df(r) is defined by 


dp=\dr ae (2-1) 


It is easy to see that such a definition gives a unique form of 0P/df(r). When 
P is a functional of F(r, r’), the functional derivative 0P/dF(r, r’) will be de- 
fined, in the similar way as above, by 
aan 
F(r; r’) 
However, if the function F(r,r’) is symmetric in r and r’, as is the case 
in the present paper, expression (2-2) fails to give a unique definition of 


On = \\ dr dr’ OF rors: (2-2) 


0P/0F(r, r’), because in such a case any variation must be symmetric in r and 
r’ so that “ ((drdr? °F or, r’)=0” means only “‘- of BNE fax 22 =0” 
OF (r, r’) e OF (r, rT’) “oF Gyr) 
OEY Ce In order to avoid the diff- 
OF (r, r’) 
culty, we shall impose a supplementary condition upon 0P/dF(r,r’) that it 
must be symmetric in r and r’ if F(r,r’) is symmetric. Then 0P/éF(r, r’) is 
defined uniquely by means of (2-2). It is not difficult to see that the above- 
defined functional derivatives have the main properties of ordinary derivatives. 
In the similar way, one can introduce also functional derivatives of higher order. 


but does not necessarily mean “ 


It is noted that for practical purposes we may manipulate functional derivatives 


with the aid of the relations 


ogtr’): 5 10 if g is not a functional of f 
Of(r) 0(r—r’) if g=f identically 
and 


iG(r,,'r,) if G is not a functional of F 
OFC, r') 0(r—r,)0(r/—r,) if G=F identically, F not symmetric | 
(1/2) {@@—r1) 0(7'—r,) +0(r—r,)0(r'—r,)}_ if G=F identically, 
F symmetric, 


(2-3) 
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which follow immediately from the above definitions. 
Lastly we shall state some lemmas on the diagrams. It is to be remember- 
ed that we consider the diagrams and the integrals to be the same ones. The 


proofs of the lemmas are given in the Appendices 1~3. 


Lemma 1, Let I be a diagram which is composed of black circles fig , Fre, +, 


Jme and bonds connecting the circles. Then the following relation exists 


on a functional derivative of /’: 
g(r) -0P’/df(r)={Sum of all the topologically different diagrams which 


are obtained from J’ by changing a black circle Se, being contained in I’, 


into a white one %0, }. 

Lemma 2. Let I’ be a single-bond diagram which is composed of black circles 
and bonds Fa , ¥¢~, ++ connecting the circles. Then 6 I°/éF(r,7’) 
= (1/2) {Sum of all the topologically different diagrams which are obtained 
from I’ by removing a bond _ F _ , being contained in 1’, and by chang- 
ing two black circles at both ends of the bond into white ones with coordinates 
r and r’}. 

Lemma 3. Let M be a set of an infinite number of topologically different 
diagrams and N be its subset which consists of the connected diagrams and 
one circle. If any diagram belonging to M is composed of separate dia- 
grams, each belonging to N, and conversely there is a unique diagram, belong- 
ing to M, in which any diagram belonging to N appears arbitrary given times 
as its component parts, then the following relation exists on the sums of 


diagrams : 
{Sum of all the diagrams belonging to M} 
=exp {Sum of all the diagrams belonging to NY —T1; 
Lemma 4. Let M be a set of an infinite number. of topologically different con- 
nected diagrams which have a particular group of white circles °,,’s and 
N be its subset consisting only of the diagrams which are connected even 
if the white circles °,,'s are removed. If any diagram belonging to M can 
be uniquely divided at the white circles o 78 into separate parts, each being 
a diagram belonging to N and conversely there is a unique diagram, 
belonging to M, which is built up from the diagrams belonging to N by 
joining them together at the white circles 0,’ in such a way that any dia- 
gram appears arbitrary given times, then the following relation exists : 
{Sum of all the diagrams belonging to M} 
—exp {Sum of all the diagrams belonging to N}—1. 
M be a set of topologically different diagrams which are com- 


Lemma na Let 
Fo. , black circles and bonds, and g(r) be a 


posed of one white circle 


function which is defined by a sum of all the diagrams belonging to M. 
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Let /’ be a diagram and N be a set of all the topologically different diagrams 
which are built up from I’ by attaching some diagram, belonging to M, to each 


black circle of ’ in such a way that the white circle Fo. is superposed on 


the black circle of 7’. If any diagram belonging to N is reduced in a unique 
way to I’ by removing the diagrams belonging to M from it, then 
{Sum of all the diagrams belonging to N} 
= {A diagram which is obtained from r by attaching g(r) to 
each black circle}. 
Lemma 6. Let M be a set of topologically different diagrams which are com- 


posed of two white circles fo. . fay black circles and bonds, and f(r)f(r’) 


G(r, r’) be a function which is defined by a sum of all the diagrams be- 
longing to M. Let I’ be a diagram and N be a set of all the topo- 
logically different diagrams which are built up from I” by inserting some 
diagram, belonging to M, into each bond of I in such a way that the 


circles Fo. and 155 are superposed on the two circles at both ends of the 


bond. -If any diagram belonging to N is reduced in a unique way to I” 
by removing the diagrams belonging to M from it, then 
{Sum of all the diagrams belonging to N} 
={A diagram which is obtained from I” by replacing each 
bond by a bond 1.G sj. 


§ 3. Expressions in a grand canonical ensemble 


In this section we shall express the thermodynamic functions and distribu- 
tion functions in the forms useful for the arguments in the following sections. 
Let us consider a one-component system which is enclosed in a volume 
2 and which is in contact with a reservoir at a given temperature T and a 
given chemical potential 4. In other words we shall consider a system in a 


grand canonical ensemble. The potential energy of N particles will be assum- 
ed to be of the form 


Ler) +2 YN be ry), (3-1) 


where ¢(r) denotes the potential energy due to external forces and ¢(r, r’) the 
interaction energy of two particles. As is well known,” in thermal equilibrium 
the probability that there is exactly N particles in 2 and that these are locat- 
ed at the coordinates r,, r2, --, ry(==r") is given by 


PON, F¥) = = exp {— 31 (rp /AT— = Por, r)/kT}. (8-2) 


In (3-2) the quantity 3, being called the grand partition function, is defined by 


at foe} 2 < N il NON. 
a= 5) = \ar exp {— 2 Hr) /AT— Ye, ry) /kT}. (3-3) 


>" 
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The quantity z, which will be called the fugacity, is defined by 
f 9 ; 3/2 
ate ( ame ) ert = etl, (3-4) 
where m and h have the usual meanings. Hereafter we shall use z instead of 


p. 
The pressure, p, of the system is defined as 


PY Ling ovis 
ah Rena (3-5) 


Furthermore the average number of particles, N, the entropy S and the internal 
energy E are defined in terms of P(N, r”) given by (8-2) as follows: 


N=! : dr P(N, r")N (3:6) 
N=0 
pan ar N 1 NUN, 
b=? wart 3i\ dr" PON, r*) {RC 4+ > NPS r)} @-7) 
N=0 i=l YR es) 
s ane 3) { dr¥ PON, r) In {NIX PN, PD}, (3-8) 
N=0 
It is easy to see that In Z is related to the above-defined N, E and S by 
In Z=N In(z/') - #44. (3-9) 


This relation, of course, corresponds to the thermodynamical relation 


pe = G reyes ce oie 
sgh Oh ee Ge ee 


where G denotes the Gibbs free energy. The Helmholtz free energy A is de- 
fined as 


A__ Nin (e/)—InE. (3-10) 
RT 


* is defined by” 


The n-particle distribution function, 6 (11, Ts **:) Tn), 


: eet N! i 
p' Ate Ait ress Fa) = 20 | ete drwy PN raw) (3 Ls) 


Some thermodynamic functions are expressed in terms of the distribution func- 
tions. First it is seen from (3-6) and (3-11) that 


N= | drp(r). (3-12) 


* The one-particle distribution function will be denoted simply as o(r). 
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From (3-7) and (3-11) we obtain 


Eau NET + | drp(r) br) + 5 \\arar’ pr, r’)d(r, 7’). (3-18) 


rp) 
a 


re 


Lastly let us consider the isothermal compressibility « which is defined by 


4 es fe Le) . (3-14) 
te N Op 0,T 

a This expression is rewritten, with the aid of (3-2), (8-3) and (3-6), as 

Ro: ier ee eS 
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: where (N—N)? stands for the grand canonical ensemble average of (N—N)?. 
5 Since (3-11) gives the relation 

3 (N—N)*=N+ \\ dr dr’ {0 (r, r')—p(r) e(r’)}, 


we obtain 
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Eqs. (3-12), (3-13) and (3-15) are of course well-known relations.” 
In order to express the distribution functions in the form of functional 
derivatives, we shall rewrite (3-3) as 


ee! 
w=0 N! 
where z*(r) is defined by 


Jdridredry I 2* ile {- xz pe Gre r)/kT (3-16) 


2 


Bid) een Ne a (3-17) 


Then & is regarded as a functional of z*(r) and ¢(r,r’). It is readily verif- 
ed, with the aid of (3-2) and (3-11), that p™ is expressed in the form 


POT; T3528 Fy) = : > ES ta ; : 
ay 0 Inz*(r,)9 Inz*(r,) ---d Inz* (rp) 


(3-18) 


It is also seen that the two-particle distribution function is expressed as 
O|lnz 
0¢(r1, r2) 


which is a natural extension of the relation that has been derived by one of 
the present authors.” 


PO (rs Ta) == 2k, (3-19) 


In the following sections we shall mainly use the function d(r, r’), instead 


of d(r, r’), which is defined by 
br, Fe Oe a ie (3-20) 
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Then the grand partition function is written in the form 
ope fh 4 
= yi — \ dridry dry MI z*(r) Uo {1+5(r,,7r,)}. (8-21) 
: f-1 N>i>j21 


The one- and two-particle distributions are expressed respectively as 


élnz= d|lnz 
O = * ae Se 5 aD 
As ee dz*(r) 0 Inz*(r) ae: 
p™(r; r’) =2{1+08(r, r’)} 0 InZ= 2.5 Olnz ¢ L (3-23) 


db(r, r’) dIn{1+A(r, r’)} 


§ 4. Reduction of diagrams 


In this section we shall express the grand partition function in the form 
of sum of diagrams and attempt to reduce such diagrams. As will be seen in 
the following, such a reduction will be done with the aid of the one- and two- 
particle distribution functions. The integral equations will be found for the 
distribution functions. It will be shown that these integral equations are deri- 
ved also by a variational principle that the grand partition function is to be 
stationary. Some thermodynamic functions will also be expressed in terms of 


the distribution functions. 
Let us start with writing (3-21) in the form 


co N . 
z=)! aS \ are z*(r;) 05 WOoGry,-14)- 
N=0 N! i=l 1>J 


According to the definition 2 in § 2, the right-hand side of this expression is 


written as 


s! — {Sum of all the topologically different single-bond diagrams which are 
N=0 ! 
2 2k * 
| composed of ‘black circles nee Pte a Roan , °,. and bonds es 
Some of the diagrams in the above expression will become topologically iden- 
tical with each other if all the coordinates attached to black circles are re- 


moved. Partial summation over such diagrams gives a diagram defined by 


definition 3. 
above expression is written in the form of {sum of all the topologically different 


d diagrams which are composed of black circles z es andbonds 8}. 
“all the topologically different diagrams” will be 
abbreviated hereafter to “ all the diagrams.” Furthermore we shall call the 
“single-bond diagram ” simply the “diagram ”, since the diagrams other than 
single-bond diagrams will not appear in the following. After all the grand 


partition function is expressed as 


single-bon 
For the sake of simplicity, 


ig 


It is noted that a factor 1/N! is essential in that case. Then the 
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4 * 
==1-+ {Sum of all the diagrams which are composed of black circles * e 


and- bonds 92. }, (4-1) 


where unity on the right-hand side corresponds to the term with N=0 in (3-21). 

The diagrams appearing in (4-1) will in general contain several separate 
parts, each of which is either a connected diagram or one black circle. A set 
of all the connected diagrams and one black circle is a subset of the set of all 
the diagrams in (4-1). It is easy to see that lemma 3 in §2 is applied to the 
sum in (4-1). Therefore we obtain 


In =" e+ {Sum of all the connected diagrams which are composed of black 
circles *e and bonds 2 ___}. (4-2) 


Eq. (4-2) corresponds to the usual cluster expansion in terms of the cluster 
integrals” if one assumes that z*(r)=z, namely ¢(r)=0. 

The one-particle distribution function is expressed,with the aid of lemma 
ipa 22) and. (4+2), as* 


p(r) =2*(r)[1+ {Sum of all the connected diagrams which are composed of 


one white circle o, , black circles *"e and bonds 2 __‘}}. 


(4:3) 


In the diagrams of (4-3) the white circle o, will in general be an articulation 
circle. In other words the diagrams will in general be divided into several 
separate parts if 0, is removed. The total of the diagrams having no white 
articulation circle is a subset of the set of the diagrams in (4-3). Applying 
lemma 4 to the sum in (4-3), we obtain 


In 2*(r) =In e(r)— {Sum of all the connected diagrams which are composed 
of one white circle o, , black circles ze and bonds & : 
and in which the white circle o, is not an articulation 
circle}. (4-4) 


Next we shall eliminate the black articulation circles from the sum in (4-4). 
For this purpose we shall classify the set of all the diagrams in (4-4) in the 
following way. For each diagram in (4-4) there is a unique diagram that has 
no black articulation circles. Therefore all the diagrams in (4-4) are classifi- 
ed by the diagrams that have no black articulation circles. We consider now 
all the diagrams which correspond to a particular diagram that has no black 
articulation circles. Each diagram in this collection of diagrams can be built 
up by attaching some diagram in (4-3) to each black circle in the particular 
diagram. Partial summation over all the diagrams in this collection gives, with 
the aid of lemma 5 in § 2, the diagram which is obtained from the particular 


* It is noted that an isolated circle 0, is identically unity. 
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diagram by replacing all the black circles 7 e by °e. After all (4-4) is rewritten 
as 


In z*(r) =1n e(r) — {Sum of all the connected diagrams which are composed 
of one white circle 0,, black circles °e and bonds? __, 


and which have no articulation circles}. (4-5) 


This equation may be regarded as an integral equation to determine the one- 
particle distribution function e(r) in terms of z*(r) and d(r,r’). 

In order to express In = in terms of ¢(r), we shall consider the variation 
of In & caused by the variation in z*(r) while b(r, r’) is kept fixed. Then we 
obtain the following expression: 


dIne=| dro(r) 8 Inz*(r) 


=0)| dr p(r) Inz*(r) 


=0\drp(r) Inz*(r)— \ar Inz*(r)dp(r) 


— | dr[Inp(r) — {Sum on the right-hand side of (4-5)}]ép(r). 


In this expression the first line is nothing but (3-22). In transforming the second 
line into the third one, use has been made of (4:5). The third line is integrat- 
ed, with the aid of lemma 1, as 


ep 


InB= | drp(r) Inz*(r)— \drp(r) Mp) ih 


+ {Sum of all the more than singly connected diagrams which 


\ (4-6) 


More than singly connected diagrams have been defined in §2. In obtaining 
(4-6) we have determined the integration constant, which must be a functional 
independent of z*(r), by use of the fact that both In F and e(r) vanish when 
z*(r)=0. This fact follows immediately from (4-2) and (4:3). It should be 
noted that the integral equation, (4-5), for p(r) is derived by the stationary 


condition 


are composed of black circles “e and bonds 


( 0 In& given by =) =O. (4-7) 
dp(r) z, 

where the subscripts z* and } indicate that 2*(r) and b(r,r’) are kept fixed 

during the variation in p(r).* It will later be shown that this stationary con- 


dition is in fact the maximum condition. 


* Such a nomenclature will be employed also in the following. 
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It is easy to see that, if 2*(r)=z and p(r)=, (4-6) is reduced to the 
usual density or virial expansion and (4-5) to the usual relation connecting the 
fugacity z and the number density p.” 

In the above, starting from the diagrams composed of separate parts (see 
(4:1)), we have reduced them first to the connected diagrams (see (4-2)) and 
then to the ones having no articulation circles (see (4-6)). The first reduction 
has been trivial. The second reduction has been done with the aid of the one- 
particle distribution function. The next natural step will be to reduce the 
diagrams to the ones which have no articulation pairs of circles. Such a re- 
duction will be properly done with the aid of two-particle distribution function 
ee Cr r’) 2 

Using (4-6) in (3-23) and taking notice of (4-7), we obtain, with the aid 
of lemma 2 in § 2, 


oP (rr) =21+ o(r, r)} (> e given by '6) | 
z*, p 


Ob(r, r’) 
= {14+4(7, r’')}e(r)e(r’) [1+ {Sum of all the connected diagrams 
which are composed of two white circles ©, O; black circles “e 


and bonds —2— and which have no articulation circles and also 


in which the bond connecting © and 9 is not allowed to appear} | 
fs r 
=p(r)e(r’) [1+ {Sum of all the connected diagrams which are 


: A : p 
composed of two white circles o, 9, black circles e and bonds 
A r {4 


and which have no articulation circles} }. (4-8) 
We shall define two functions, g(r, r’) and v(r, r’), as 
e?(r, r’) =e(r)e(r’)9(r, r’) =p(r)e(r’) {1+v(r, r’)}. (4-9) 
The function g(r, r’) corresponds to the radial distribution function in the case 
of a uniform fluid. Then (4-8) is written in the form 
v(r, r’)={Sum of all the connected diagrams which are composed of two 


white circles o,, 0,,, black circles ’e and bonds b and which 


Ay 

have no articulation circles} Fa (4-10) 
= {1+0(r, r’)}[1+ {Sum of all the connected diagrams which are 
composed of two white circles 0,, 0,,, black circles °e and bond 
b -and which have no articulation circles and also in which 

the bond connecting 0, and o,, is not allowed to appear} |—1. 

(4-10’) 
The diagrams apearing in (4-10) or (4-10’) will in general have s-circles 
and articulation pairs of circles. We shall first classify all the diagrams in 


(4:10) into two groups. One group consists of the diagrams having no s-circle. 
The other consists of the diagrams which have at least one s-circle. If we de- 


~ 


RFT E 
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note the sum of all the diagrams having no s-circles by z(r, r’),* namely 


z(r, r’)= {Sum of all the diagrams, among those in (4:10), which have 


no s-circles}, (4-11) 
then the sum of all the diagrams which have at least one s-circle is expressed 
as oF ees a: Py Therefore (4-10) is written in the form 

ean MA REG Net ee eal (4-12) 
r rE ze r’ r r/- 


This expression may be considered as the integral equation for z(r, r’), which 
is solved as 


z v v 0 v v eae?) 
one —oO —0- : 
rr 


ie} 

| fs 
(4-12') 

Next we shall eliminate the articulation pair of o, and o,, from (4-10’). The 


diagrams appearing in { } of (4-10/) will in general be divided into several 
separate parts if the pair of o, and o,, is removed. Each part appearing in such 


a division is diagram having no articulation pair of o, and o,. A set of all 


the diagrams that have no articulation pair of o, and o,, is a subset of the set 
of the diagrams appearing in { } of (4-10’). It can be seen that lemma 4 is 
applied to such a set and subset. Therefore, if we put 


w(r, r’)= {Sum of all the diagrams, among those in { } of (4-10’), 
which have no articulation pair of ©, and o,/}, (4-13) 
then (4-10’) is written as | 
w(r, r.) = (1 +b(r, 7’) } e*P —72. (4-14) 


The diagrams in (4-13) also are classified by the presence of s-circles. Then 
w(r,r’) is written, correspondingly to (4-12), as 


w ae z 0 v oe v z r 

° o=0 Od 6 8- oO=0 OO 00 ane 
r rer ror rT. Tee t dete r 
(4-195) 


where pe eo is defined by 
ie 1 is 


a(r, r’)={Sum of all the diagrams, among those in (4-13), 
which have no s-circles}. (4-16) 


We shall finally eliminate all articulation pairs of circles from (4<16),..**.. ror 


* The function z(r,r’) must not be confused with z and 2*(r). 
** It is to be noted that it is essential, for the following argument that the diagrams in (4-16) 
have no s-circles. The argument, for example, cannot be applied to the diagrams in (4-10) or (4-10’). 


‘ 
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each diagram in (4-16) there is a unique diagram that has no articulation pairs 
of circles. Therefore all the diagrams in (4-16) are classified by the diagrams 
that have no articulation pairs of circles. We consider now all the diagrams 
which correspond to a particular diagram that has no articulation pairs of 
circles. Each diagram in this collection of diagrams can be built up by in- 
serting some diagram in (4-10) between each pair of circles in the particular 
diagram. According to lemma 6 in §2, partial summation over all the 
diagrams in the collection under consideration gives the diagram which is 
obtained from the particular diagram by replacing all the bonds — ? _ by 
v | Therefore (4-16) is reduced to 
a(r, r’)= {Sum of all the connected diagrams which are composed of two 
white circles o0., o,,, black circles ’e and bonds v and which 
have no articulation circles, no s-circles and no articulation pairs of 
circles, and in which the bond connecting 0, and o,, is not al- 
lowed to appear}. (4-17) 


Eqs. (4:12’), (4-14) and (4-15) are brought together in the form 
In{1+4(r, r’)} =In{1+v(r, r’)} 


uv 0 v v p v p v 
—oO e o+o0 e ) eh Sa ace 
r ee Tp 4 
—{x(r,r’) given by (4-17)}. (4-18) 


This equation may be regarded as the integral equation for v(r, r’) if e(r) is 
known. 

The expression for In Z in terms of v(r, r’) will be derived in the follow- 
ing way. The first line of (4-8) is rewritten as 


(OlnZ given by (4-6)) 


ie) dr dro (r, r') (0 In{1+ (7, r’)} Jas, 


=-ac\f dr dr’ p (r, r) In{1-+o(r, r’)} ) e,p 


all dr dr’ In{1+b(r, r')} (69 (7, r’)) 2,55 


where the subscripts z* and 9 indicate that z*(r) and p(r) are kept fixed. The 
above expression is further rewritten, with the aid of (4:9) and (4-18), as 


(elnZ given by (4:6))«., 


= aC || dear’ pryp(r!) 1+0(6, )} Inf 14007, F')} Dany 


reraa yy “Se fh 
. A t 
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= —\{ dr dr' o(r)e(r’) [In {1+ v(r, r’)} 


2 
oe) 0 
ee) cY 
- 


—{2x(r,r’) given by (4-17)}] (dv(r, r’))ap- 


v v 0 v 
+0 wre aS O—fe 
r int 


This expression is integrated, by use of lemma 2, as follows: 


{In= given by (4-6)}={A functional independent of d(r, r’)} 


+—|\ dr dr' o(r)p(r') {1 +0(7, r’)} In{1+4(r, r’)} 
<2 \\ drdr' pert +u(r, r’)} In{l+v(r, r’)} —v(r, r’)] 


p ev 0 
-- Vv : Vv = 1}: 4. —..-.. 
e Uv p e Uv 0 
+ {Sum of all the connected diagrams which are composed of 


black circles ’e and bonds —”%— and which have neither arti- 


culation circles nor articulation pairs of circles}. 


The first term on the right-hand side is determined by using the fact that In & 
given by (4-6) becomes [{ drp(r)ln z*(r) —\drp(r) {In p(r) —1} ] when d(r, r’) =0. 
The last term is expressed as the sum of more than doubly connected diagrams 


(see §2). After all, In Z is expressed in the form 
InF= \are(r) ON oe | dr p(n) {In e(r)—1} 
+ \\ dr dr’ p(r) p(r’) {1 +v(7, r’)} In{1+4Cr, r’)} 


ye 
2 
=| dr dr’ p(r)p(r’)[ {1+ u(r, r’)} In{1+v(r, r’)} —vG@, r')] 


0 a Tg 
a T} te 
ps v0 ~~ bet i 


+ {Sum of all the more than doubly connected diagrams which are 
composed of black circles “e and bonds —”—}. (4+19) 


As is seen from the derivation of (4-19), the integral equation, (4-18), for 


v(r,r’) is derived also by the stationary condition 
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( 0 In& given by (4-19) } at (4-20) 
dv(r, r’) z*, p,d 

The integral equation, (4-5), for p(r) will be rewritten in terms of v(r,r’) in 

the following way. The stationary condition (4-7) can be expressed, with the 

aid of (4:20), as* 


(2 in 5 give Sy ae) | =0. (4-21) 
dp(r) ZB, v 


When use is made of expression (4-19), (4-21) gives us 


e 


Inz*(r) =Inp(r) — \ dr’ o(r’)[{1+v(7, r’)} In{1+6(@, r’)} 


—{14+v(r, r’)} Inf{l+v(r, r’)} +v(r, r’)] 


— {Sum of all the connected diagrams which are composed of 


‘ : : p 
one white circle o., black circles'e and bonds —” and 


r? 
which have neither articulation circles nor articulation pairs 
of circles}. (4-22) 


In deriving (4-22), we have used lemma 1 in §2. A set of (4-18) and 
(4-22) may be regarded as the integral equation for e(r) and v(r, r’) in terms 
of z*(r) and b(r,r’).. It is to be noted that this integral equation can be de- 
rived by means of a variational principle that In Z given by (4-19) is to be 
stationary with respect to the variations in e(r) and v(r,r’) (see (4-20) and 
(4-21)). It will later be shown that InZ given by (4-19) is in fact to be 
maximum. 

We now express the Helmholtz free energy and the entropy in terms of 
p(r) and v(r,r’). Comparison of (4:19) with (3-10) gives us 


A/kT = \drp(r) oe : \\ dr dr'o(r)p(r’) {1+v(r, r’)} In{1+4(, r’)} 


e 


aa \ dr o(r) {In/e(r) —1} 


* It should be noted that In given by (4-19) is identical with InZ given by (4-6) as a 
functional of 2*(r), b(r,r’) and o(r) provided that v(r, r’) in (4-19) is determined by (4-18) or 
(4-20). Therefore, InZ in (4-7) can be replaced by InZ given by (4-19). 
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if rf 
to dr dr’ p(r)e(r’)[{1+v(r, r’)} In{l+v(r, r’)} —v@, r’)] 


— {Sum of all the more than doubly connected diagrams which are 
composed of black circles *e and bonds —”~}. (4-23) 


Since the internal energy is written, in terms of the present notation, (see (3-1)) 
as 


E/kT => N+NInz— | dr p(r) Inz*(r) 


— 5 \ldrdr'p(ryp(r') 1+, r)}In{1+5@, r')}, (4-24) 


“a 


the expression for the entropy is obtained, with the aid of (3-9), as 


S/k=®_N— | drp(r) ntp(r) 


<2 \lardr porn +v(r, r’)} In{l+v(r, r')} —v@r, r')] 


“a 


0 Poon: <p 
cal Vv : Vv — 1 |: = nee a IR w Je 
Peeing Cnea0 toasty, 


+ {Sum of all the more than doubly connected diagrams which are 
composed of black circles *e and bonds —’-}. (4-25) 
It is noted that ¢(r) and b(r, r’) do not appear explicitly in (4-25). 

When the system under consideration is of infinite extent and also when 
o(r) =p independent of r and O(r, r')=b(|r—r’|), the above introduced func- 
tions v(r, r’), z(r, r’), w(r, r’) and x(r, r’) are reduced to v(|r—r’|), z(jr—r'|), 
w(|r—r'|) and x(\r—r’'|), respectively, which have been used in paper I. 
Furthermore in such a case (4-18), (4:19) and (4-23) are reduced to the ex- 
pressions obtained in I (see also §7). Therefore it may be said that the integral 


equation (4-8) is a generalization of the one previously derived by de Boer et 


al. Meeron™ and also by the present authors.” 

When one wishes to consider the average number of particles N, instead 
of the fugacity z, to be given, then the set of (4-18) and (4-22) may be 
regarded as the integral equation for p(r) and v(r, r’) in terms of N, ¢(r) and 


b(r, 1’), pr 
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ovided that In z appearing on the right-hand side of (4:22) (see 
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(3-17)) is considered as constant to be determined in such a way that 
{drp(r)=N. Similarly, (4-5) may be regarded as the integral equation for p(r) 
in terms of N, ¢(r) and D(r,r’). 


§ 5. Variational principle 


In the preceding section we have obtained two variational principles, 
one of which states that In Z given by (4-6) is to be stationary with respect 
to the variations in p(r) (see (4-7)), and the other of which states that In = 
given by (4-19) is to be stationary with respect to the variations in p(r) and 
v(r,r’) (see (4-20) and (4-:21)). These variational principles will be especial- 
ly useful if their stationary character is found to be maximum or minimum. 
We cannot say as yet that they give the maximum of InZ, because the argu- 
ments in the preceding section have been restricted to the case of thermal 
equilibrium. In this section it will be proved that these variational principles 
in fact give the maximum of In. The variational principles will be given 
also for the Helmholtz free energy. The results of this section are arranged 
in the form of theorems 1~4 in the following. These theorems may be con- 
sidered a summary of the results obtained in the preceding section. 

Let us start from a basic variational principle for the grand canonical 
ensemble that In = is the maximum of trial In Z, which is defined in terms. of 
trial probability function P,(N, r¥) as follows: 


In 5,=N, In(zi*) —E,/kT +Si/k, (5-1) 
where 
N= dar" PA, r¥)N (5-2) 
o £ N 
B= NAT + 31 \ de" PN, PO) + OV Stary} 6-3) 
2 N=0 i=1 Nei>jet 

s. == Nk |r" PAN, r®) In{N! 2" P(N, r*)} (5-4) 

and the trial probability function is subject,to the condition 
| dr" P(N, r®)=1 and P,(N,r®) 20 for all Nand r®, (5-5) 


This basic variational principle will be expressed simply as 


In 5=Max {In ae (5-6) 


where the subscript P, indicates that. the variation is to be taken with respect 
to P,CN,r”). It is easy to see that the probability function maximizing In &, is 
equal to P(N, r”) given by (3-2) and maximum of In , is equal to In & given 
by (3-3), as they should be. For the sake of convenience, we shall again 
write the expressions of P(N,r”) and 2: 
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P(N, r”) = a exp |— S$ (r)/AT— PROG? r))/kT} (5-7) 
= 2a ‘ N 
E= >| a | ar’ exp |— 2a Pro /kT— 9) Bo, r))/kT} (5-8) 


It is to be remembered that the analysis in §§3 and 4 is based upon these 
formulas. 


We now consider the trial probability function of the form 


eee 


= N! 


P(N, r)= 


exp {- » J (r) /kT — PEO AGE r))/kT Sait Gy) 


sree 512 | ar* exp {— Yer /kT— Loe ry /att. (5-10) 


The function ¢,(r) is now regarded as the trial function to be determined so 
as to maximize In J, Since P,(N,r%) given by (5-9) satisfies the condition 
(5-5) and contains the rigorous one (5-7) as its special case, the variational 
principle (5-6) ought to give the rigorous results even if P,(N,r”) is of a 
particular form given by (5-9). Two quantities 5, and 2,* must not be confused. 
While =, is the trial grand partition function defined by (5-1) in terms of (5:9), 
the quantity 2,* is rather the true grand partition function of such a model 
system that its potential energy is of the form 


Vr) + BV Sry mys (5-11) 


as is seen by comparing (5-9) and (5-10) with (5-7) and (5-8). In other 
words In Z,* is written (see (3-6~9)) as 


In 5,*=N,* In (22?) —E*/kT + S,*/k, \ 


where 


we 3 | dr” PUN, r”)N 
N= 


> (ad2) 
N 
ne = S_ntart 3 [dr PN, {Lord + DISC vd} 
9 1 Nir fal 
sa NA ok” jar" PLN, r¥) In{N! 2" P(N, r*)}. 
N=0 ; 
In (5-12) N,*, E,* and S,* stand for the average particle number, the internal 


energy and fe entropy of the model system, respectively. Comparison of (5:12) 
with (5-1)—(5-4) immediately gives us 


In 5,=In 8¢ +2 $3 | de” PAN, w") DY elrd #00}, 
ET w= i 


eee 
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which is written, in terms of the one-particle distribution function, p,(r), for 


the model system, as 
In 5,=In 5,*-+ | drpe(r) ($e(r) /AT—$@)/2T}. (5-13) 


The analysis in § 4 is applied also to the model system, as it stands. In 
particular we obtain, correspondingly to (4-3), (4-5) and (4-6), 


o.(r) =2;*(r) [1+ {Sum of all the connected diagrams which are com- 


posed of one white circle o,, black circles $6 and bonds —2 +4 
(5-14) 
¢,(r) /RT =|Inz—Inp,(r) + {Sum of all the connected diagrams which 
are composed of one white circle o,, black circles ¢ and bonds 


6 and which have no articulation circles} (5-15) 


a 


In y= | drp,(r) {Ine—gu(r)/KT} — | drps(r) {Inpe(r) —1} 

+ {Sum of all the more than singly connected diagrams which are 
bo (5-16) 
avhere Zz, (r) =2 expi—¢,(r)/kT}. Using (5-16) in (5-13), we obtain 


composed of black circles ® and bonds 


In =,= \are, yee \are) inge(r) —1} 


+ {Sum of all the more than singly connected diagrams which are 
composed of black circles ® and bonds—” (5-17) 


Furthermore (5-14) and (5-15) show that the variation with respect to ¢;,(r) 
is equivalent to that with respect to ¢,(r). Therefore, the basic variational. . 
principle (5-6) gives us the following theorem: 


Theorem 1. |InZ is given by the maximum of In Z, given by (5-17) when 
e:(r) is varied. The one-particle distribution function, p(r), is equal to 
@.(r) that maximizes In 2, given by (5-17). 


Since In &, given by (5-17) is of the same form as (4-6) if ~,(r) is replaced 


by e(r), the above theorem states that the stationary character of variational 


principle (4-7) is to be maximum. 
In quite the same way, if we consider a model system in which the potential 
energy is of the form 


Vile) + VV deere rp, (5-18) 


we can prove the following theorem 2. For the sake of completeness the proof 
is given in Appendix 4. 
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Theorem 2. |n& is given by the maximum of In &, given by (5-19) in the 
following when p,(r) and v,(r, r’) are varied independently of each other. 
The functions p(r) and v(r,r’) are equal to p,(r) and v;,(r, r’), respec- 


tively, that maximize In 2, given by (5-19). 


InZ,= \ dr 0, (r) Inz*(r) — | dr e.(r) (Inps(r) — 1} 


tM dr dr' p.(r)p(r') 1+u(r, r’)} In{1+5G, r’)} 


Al’ rer : ; 
— rah dr dr’ p,(r)p.(r')[ {1 +r, r’)} In{lt+u(r, r’')}—v,(r, r’) | 
3 Pz VU; Pr 
+ Vv; (oP ‘cd VY; Us fete eee 
On VU, Pr Pr Ore ee 


+ {Sum of all the more than doubly connected diagrams which are 


composed of black circles ® and bonds— \, (5-19) 


This theorem states that the stationary character of variational principle (4-20) 
and (4-21) is to be maximum. 

In the above we have considered the ensemble to be characterized by z, 2 
and T. It is of course appropriate to characterize the ensemble by the set of 
z, 2 and T. However, if one notices that the average particle number N, de- 
fined by (3-6), is a monotonously increasing one-valued function of z, the same 
ensemble may be characterized by the set of N, 2 and T. It will often be use- 
ful to consider the ensemble to be characterized by N, 2 and T. For such a 
case the characteristic function of the ensemble will be the Helmholtz free 
energy, A, even though the ensemble is yet the grand canonical ensemble. In 
the following, we shall derive the variational principles for the Helmholtz free 
energy. For this purpose, we shall divide the process of the variation in (5-6) 
into two steps: i) a variation keeping N, constant and ii) a variation with 
respect to N;. _Then the basic variational principle (5-6) is rewritten in the 


form 
In 5 = Max {N, In(z#*) —A(™,, 2, CayPRa ks - (5-20) 

where 
A(N,, 2, T)/kT = Min {A,/kT} (5-21) 


Ppwhile & | Py N=Nz 
and A, is defined, in terms of (5-3) and (5-4), as 
Aijed =E/ RT Sif k . (5 +22) 
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By taking the variation with respect to N, in (5-20), it is seen that N, which 
is equal to N, that maximizes In 3,, is the solution of 


ln (22°) = 7 AM M2 dod delay (5-23) 


This implies that In = is given at 
In F=NIn(zi*) —A(N, 2, T)/kT (5-24) 


if N is determined by (5-23) in terms of z, 2 and T. Conversely, when N is 
given in addition to 2 and T, (5-23). gives such a value of z for which WN, 
maximizing In £, is equal to given N. In& for this value of z is determined 
by Eq. (5-24). A comparison of (5-24) with (3-10) shows that ACN, 2, T) 
is the Helmholtz free energy. Therefore, if N, 2 and T are given, one has to 
calculate the Helmholtz free energy A by the variational principle 
Asi = Min {A,/kT}. (5-25) 
Ppwhile B | Py v=¥ 

Then one can calculate Inz and In= by means of (5-23) and (5-24), hence 
other thermodynamic functions. As a result, the basic variational principle (5-6) 
has been reduced to the basic variational principle (5-25) for the Helmholtz 
free energy. , 

Since theorems 1 and 2 have been derived from (5-6) as its special cases, 
the argument reducing (5-6) to (5-25) is applied to these theorems. Theorems 


1 and 2 accordingly are transformed, when the ensemble is characterized by N, 
2 and T, as follows: 


‘Theorem 3. A/kT is given by the minimum of A,/kT given by (5-26) in the 
following when p,(r) is varied while {drp,(r)=N being kept constant. 
The one-particle distribution function, e(r), is equal to o,(r) that minimizes 
A,/kT given by (5-26). 


A/kT = | dre. (r) $(r) /kT— \arpe(r) it or) co: 


— {Sum of all the more than singly connected diagrams which are 


composed of black circles @ and bonds - (5-26) 


Theorem 4. A/kT is given by the minimum of A,/&T given by (5-27). in 
the following when ¢,(r) and v,(r, r’) are varied while (drp.(r)=N is kept 
constant. The functions ¢(r) and v(r,r’) are equal to. O:(r) and v,(r, r’), 
respectively, that minimize A,/kT given by (5-27). 


A,/kT = [ere yo/er— 1 |i dr dr’ p,(r) 0,(r’) {1 +u,(r, r’)} In {1 +b(r, r’)} 


i | dr pe(r) {Ini p,(r) —1} 
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+— || drdr' a (rye.(r)[+ud, r’)} In{l+u(, r)}-u@, rl 


Or Pr Ut Pr 
= UV: Uz ote {|}: — tf... 
Or i Cr rol Pr 


— {Sum of all the more than doubly connected diagrams which are 
composed of black circles @ and bonds —“-}. (5-27) 


It is noted that (5-27) is of the same form as (4-23) if and v, are replaced 
by e and v respectively. As is readily seen, theorem 4 gives an integral equ- 
ation for p(r) and v(r,r’) which is the same as the set of (4-18) and (4-22) 
provided that Inz in the latter is considered a constant to be determined in 
such a way that (drp(r) =N. Similarly theorem 3 gives an integral equation 
for e(r) which is the same as (4-5). 

Although the ensemble characterized by N, 2 and T is not the usual cano- 
nical ensemble, the difference between these ensembles ought to be negligible 
for the macroscopic systems. Therefore we may say that theorems 3 and 4 are 
valid for the canonical ensemble if N is regarded as the number of particles. 

In the variational principle that was obtained in paper 1,? the Helmholtz 
free energy was made to be stationary with respect to the independent varia- 
tions in three functions v(r), w(r) and 2(r) which correspond to v(r, r’), 
w(r,r’) and z(r,r’) in the present paper, respectively. Although the stationary 
character of this variational principle is not clear, we can readily see that it 
does not give a minimum of the Helmholtz free energy. However, since the 
expression of the free energy in paper I can be reduced, by eliminating w(7r) 
and z(r), to (5-27) in which it has been assumed that ¢(r)=0, b(r, r’) 
—b(|r—r’|), ¢.(r) =e and v,(r, r’)=v(|r—r’|), the variational principle in paper 
I.can be reduced to a special case of theorem 4. 


§ 6. Multicomponent system 


The results derived in the preceding sections will be generalized to the 
case of multicomponent systems. As will be seen in the following, the mullti- 
component systems can be formally reduced to the one-component systems. 

Let us consider a o-component system. The potential energy of N particles, 
among which there exist Ni particles of species 1, Nz» of species 2, ---, and N, 
of species o, will be assumed to be of the form 


N 1 N WN ) ( ) 
> r; y Dal ys cw) AT i> 7 ? 6 4 q 
a A ( i) 749 Dein a j 


'8,,.=N, (v=1, ) Teer, a). (6-2) 


onl 
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The grand partition function is, in the present case, of the form 


em <a) Ry eq 7B : : 
pape es Soy | andre .dr 
N N N 
exp {— Di bo,(r) KT — 2 D3) bogey (te PD /ETY, (6-3) 


where the fugacity z, is defined, in terms of the chemical potential y, of 


species v, by 
2,=(onm RT [hy er == 1/1 er (6-4) 


In (6-1) and in the integrand of (6-3), the species of each particle is 
specified in a definite way. However, the way of specification may be arbitrary 
unless (6-2) is violated. The number of ways in which the species of parti- 
cles are specified in such a way that (6-2) is satisfied is N!/N,! N,!---N-! 
Each way of specification gives the same value to the integral of (6-3). There- 
fore (6-3) may be written as 


Ni Ne = No o a 
GB eaey eet ih as ON OR | dridry-dry 
Wy Noy) No N! yal val pal 
under condition (6-2) 
N it Nia ON, \ 
x exp |— By (P/E — 9 bau (Pes 2) (ETI 
= 3 8 fades 3) | dey 3) | dry Th 2, (ro) 
N=0 N! yy=ly vo=1 2 vaya Pe oe : 
it IN & INE 
xexp{— 2+ D1 B,.,(re ry) /AT I, (6-5) 
where 
Peat ol ck Sila ad (6-6) 


We shall express a set of coordinates r and species » as x and ar as (dx. 


Writing z,*(r) and 4,,,(r, r’) as z*(x) and (x, x’) respectively, we can express 
(6-5) as the form 


re 


age | dx, dx,:: ‘dxy IT z™* (x) exp | ~ : ne O(x;, X;) (kT . (6-7) 


This expresssion for the grand partition function is formally identical with 
(3-16) in the case of one-component system. Furthermore it is easy to see that 


_ when 2z,*(r)’s and ¢,,,(r, r’)’s are varied by dz,*(r)’s and 06,,,(r, r’)’s respective- 
ly, the first variation of In F is expressed in terms of one- particle distribution 


functions, /,(r)’s, and two-particle distribution functions, Bie trie’) sas 
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LSS dre’ py (vr, 1) 8p (t, F), 


dne= \are.@) ES Se ore 
(6-8) 


vol 


which is rewritten as 


r 


dlnz= \ dx p(x) 0 Inz*(x) — 1, || ads’ 9% (x, x/)0b(x, x’), (6-8) 


2kT 
where 

p(x) =0,(r) tand -p® (x,.x’) =p? (Fr, 1’): (6-9) 

Eq. (6-8’) gives 

dlnz 
p(x) = == 6-10 
(=) 0 Inz* (x) \ 
OO (xox) = ORL Fins (6-11) 
06 (x, x’) 


‘These expressions are formally identical with those in the case of one-compo- 
nent system (see (3-22) and (3-19)). It can also be shown that the situation 
is similar for the other thermodynamic functions appearing in § 3. Especially 
the expression for the Helmholtz free energy is 


A/kT = SN, Inz,i—In = | dx p(x) ine Gey oye in By. OLD 


where z(x)=z, and d(x) =A, (see (3-10) and (3-12)). 
After all, the expressions in the case of one-component system can be 
translated into those in the case of o-component system in the following way. 


The coordinate r is interpreted as x(=(r, v)) and {dr as (de(=S'fdr). The 


diagrams are correspondingly interpreted as follows: 


8 Er £ (=f (x) =f.(r)) 
2 > f (= dxf) =X) arf.) 
o— 3 ee : 2 (=F (x, x’) =F, (r, r’)). 


~6 can be applied to the diagrams obtain- 
Therefore the arguments in the case 
esent case as they are. 


It is to be noted that the lemmas 1 

ed by means of the above interpretation. 

of one-component system are applied to the pr 
For example, we obtain from (4-6) 


Inz= | dxp() Inz* (x) — | dxp(@) {Ine(x) —1} 


+ {Sum of all the more than singly connecte 


composed of black circles ® and bonds 


d diagrams which are 
oi, (6-13) 
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which is rewritten explicitly as 
ing= st | are.) inet Gye a | drp,(r) jin p, (ry) 


+ {Sum of all the more than es connected diagrams which are 


composed of black circles © (v=1, 2, --, «) and bonds Puy! 
OREN ge) eo (6-13’) 
where 
be N= 0, r, Pe eee (6-14) 


Eq. (6-13’) corresponds to the usual density expansion in the case of multi- 
component systems. The Helmholtz free energy A is expressed from (4-23) 
as 


ALT= | dx (x) (x) /AT — || dxdx' p(x) pl) (lore) nil hae 


ae | dxp(@) {In# o(x) —1} 


+ || deds'p(x) pa )[{1+0@, x} In{1+o(e, #')}—0(e, *”)] 


— {Sum of all the more than doubly connected diagrams which are 


composed of black circles @ and bonds \e (6-15) 
where 
(2) 
v(x, x!) =v,,(r, r’) a tae UT ee 6-16 
PT) Py (r’) : , 
p : 
In (6-14) /\: , for example, is rewritten explicitly as 
p DO iP 
0 
hy Uv 7% 
6 


Px, V x, 0 


Suey Hoes ‘AN dr, dry drs, (11) P.,(T2) Pgs) 


=1 v9=1 vg=1 


x Oy, vo (r, ? rp) Vy, v3 (r2, r3) Uy, vy (rs; r) . 
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It can be verified that Eq. (6-15) is reduced to the expression derived in paper 
WD if ¢i(ry=0, B,,(r, 7) =b,,r—r'|) and v,,,(7, r!) =v,» (|\r—r']). 

It will be needless to say that theorems 1 and 2 in §5 are valid also in 
the case of multicomponent systems if the above-mentioned interpretation 1s 
adopted. It can be shown that the situation is similar for the variational prin- 
ciples for the Helmholtz free energy, (5-25) and theorems 3 and 4, provided 
that one understands the restriction SGN Te) N=N to be replaced by the set 
Ol ie ON, & INN, (1,2, 4) = For -instance,. theorem 4 is transform- 
ed as follows: A/&T is given by the minimum of A,/&T, which is obtained 
from the right-hand side of (6-15) by attaching subscript ¢ to p(x) and v(x, x'), 
when p,(x) and v;(x, x’) are varied while \drp,.(r) =N,(v=1, 2,°,0) is kept 
constant. The functions p(x) and v(x, x’) are equal to ”,(x) and v;(x, x’), re- 


spectively, that minimize A,/kT. 


§7. Discussion 


In the foregoing sections we have considered a system which is enclosed 
in a volume 2. Naturally, the results which have been obtained there are valid 
for the system of any finite extent. However, if one is concerned with a 
macroscopic system as usual, 2 must be very large. In fact, in order to discuss 
the behavior of the macroscopic system, it is often convenient to consider the 
system to be of infinite extent. In the following, by comparing with the 
empirically known behavior of the macroscopic system, we shall investigate a 
situation in the limit of @->0o. For the sake of simplicity, we shall confine 
ourselves to the case of one-component system in which the potential energy 
is a sum of two-particle interaction potentials depending only upon the distance 
of two particles so that ¢(r) =0, 2*(r) =z and O(r, r/)=b(|r—r’'|) (see (3-1), 
(3-17) and (3-20)). . 

In the first place we shall take notice of the following facts which are 
known empirically on the behavior on the macroscopic system in thermal equili- 
brium. As the fugacity z increases from zero at sufficiently low temperatures, 
the state of the system changes from gaseous phase into liquid phase and then 
into solid phase. In the gaseous and liquid phases, the one-particle distribution 
function, p(r), does not depend on r and the function v(r, r’), which is relat- 
ed to the two-particle distribution function (see (4-9)), depends on |r—r’| 
alone. In the solid phase p(r) is periodic inr. Figs. 1 and 2 show schema- 
tically the behavior of the pressure p and the number density* p as the func- 
tions of z respectively. Fig. 3 shows the relation between p and /. 

Now, in the limit of 2>~™, (4-22) and (4-18) become 


| 
* The number density is to be defined, in the present case, by p= lim al \ dr o0(r). 
“ oo 
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ine 2th p@) = Jaro Ea +o(r} 75} afl +b(rsr'|)} 
Si(l-Polren) plete, 4a), 4s | 


—+ HL) 
—F p(n), vt, r')] (7-1) 
and 
In{1+5(\r—r’|)} =In{1+v(r, r’)} 
Dey iP. ze Op Up v 
aes : 2 ° + : @ r) .) — fees 
— Fl o(r), v(r, mde (7-2) 


where F™ and F”, being functionals of e(r) and v(r,r’), are defined by 
F™ o(r), v(r, r’)]= lim{Sum of all the connected diagrams which are com- 
2>0 


posed of one white circle o,, black circles °e and 
bonds v and which have neither articulation 
circles nor articulation pairs of circles} 
) (7-3) 
and 
FOr) ur r= lim {Sum of all the connected diagrams which are com- 
a posed of two white circles Os oi black circles. Pe 
and bonds v and which have no articulation 
circles, no s-circles and no articulation pairs of circles, 
and in which the bond connecting 0, and o,, is not 
allowed to appear}. (7-4) 
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In the above expressions the integrations over the coordinates are to be per- 
formed within an infinite volume. 

Since a set of (7-1) an (7-2) is an exact integral equation for e(r) and 
v(r,r’) in the macroscopic system, its solution ought to describe rigorously 
the behavior of the system which has been explained above. Namely we should 
find ourselves in the following situation: (For the meaning of 21, 22, (1, (2 ss 
and #,, see Figs. 1~3.) 

(i) When z>e,, the integral equation has such a solution that ~(r) is periodic 
in r. This case corresponds to the solid phase. 

(ii) When z,>z>21, the integral equation has such a solution that (r), 
being independent of r, is equal to the number density ¢ and v(r,r’), being 
of the form v(\|r—r’|), satisfies the following equation, 


ak a 1 \ak {eV (R)} _gik@-rh) 
Re 1+eV(k) 


— F,[, v(|r—r’|)], COO) 


In{1+5(\r—r'|)} =In{1+0([r—r’|)} — 


where V(k) is the Fourier transform of v(r), namely 
VAR) = \ ar weer. (7-6) 
and F,” is a function of ¢ and functional of v(\r—r’|) which is defined by 


Fi (p, v(r—r/|)J=F LP), 0, 79] 


if perp) =p>fm and v(r,r/)=v(\r—r'|). (7-7) 


(iii) When Sees 0. the integral equation has such a solution that e(r) = 
and v(r, r’)=v(\r—r’|) which satisfies the equation 


In{1-+0(|r—r!))} =In{1+0(\r=r')} 5 ; jane Or komm 
=F, (p,vr—r'|)), (7-8) 
where F,” is defined by 
F,®[p, v(\r—r'|) J=F[e(r), 0G, 7) | 
ff P>ptr)=p>0 and v(r,r)=v(ir—r'l). ~~ 9) 


Case (ii) corresponds to the liquid phase and case (iii) to the gaseous phase. 

Two quantities, FP,” and F,”, are not necessarily same with each other.* 
As proved by Yang and Lee,” the volume dependence of the cluster in- 

tegrals may be ignored for the case (iii) so that the usual density expansion 


: : Sie PE as F,®(o)=1 
* For example, if F®(p) is of the form lim ne Paias where p:>c>p,, we have F, (0) 


and F, (9) =0. 
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formulas are valid. Since such expansion formulas were the starting point of 
the investigations in paper I,” the results obtained in paper I ought to be valid 
at least for the case (iii), namely for the gaseous phase. Therefore, comparing 
(7-8) with (6-3)~(6-6) in I, we obtain 
F,®[p, v(\jr—r’|) ]=z(r—r’|) which was used in I 
—The one which is derived from (7:4) in the present paper by 


interchanging the order of the limit and the summation. (7-10) 


Similarly, when the limit of Q—co is taken in the expressions for the thermo- 
dynamic functions in § 4, thus derived expressions which are valid for the 
gaseous phase, where the order of the limit 2->co and the summation may be 
interchanged, are in agreement with the expressions that were derived in I. In 
particular, the pressure p for the gaseous phase is expressed as (see (4-19)) 


Cn aig ee 
p/kT = lim Wi in 8 
=p+p(inz—Inp) + | de[{1+0(7)} n{1+4(7)} 


—{1+v(r)}In{l+v(r)}+v0(7)] 
see ae _ {eV(e)}? | 
cone \ ak [in {a +pV(2)} —pV(A) ‘ 
~ (lim +) {Sum of all the more than doubly connected diagrams 


2-00 


which are composed of black circles @ and bonds —”— where 
e(r) =p and v(r, r’) =v(|r—r’'|)}, Claas 


| where (lim (1 /@)) means merely that the integration for one black circle chosen 


arbitrarily in each diagram is not carried out but its coordinates are fixed at 
an arbitrary position. With the aid of (7-1) for the gaseous phase, it is easy 
to see that (7-11) is equivalent to (5-6) in I. 

We shall next give our careful consideration to the phase change between 
the gaseous and liquid phases. As is wellknown, the pressure is expressed in 


terms of the cluster integrals b,(2,7'), being in general the functions of 2 as 
well as of T, as® 


Dy] Bl lim pa DART) 2. (7-12) 
Assuming that 
lim Pa OR OISE) stes a b(T) 2", (7-13) 


where 


b°(T) = lim (2, T), 
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12) _ 
Mayer” has concluded that the condensation of gas is to occcur at such a 
number density ?m that it is the lowest value on the positive real axis of p for 
which either 


>) k8,o*=singular (7-14a) 
k=1 

or 
eee kB," =0, (7-14b) 


where ,’s are the so-called irreducible integrals. (7-14a) and (7-14b) cor- 
respond to the singularity of the right-hand side of (7-13). Although Mayer’s 
theory has been of much importance in the development of the theory of con- 
densation, there is some doubt about the validity of Mayer’s conclusions on 
condensation. Katsura and Fujita’? have pointed out that, as z increases from 
zero, the first irregular point of the (non-analytic) function lim >} %z’ does not 


necessarily agree with the first singular point of the erulgic rancions weet 
(see (7-13)) so that the condition (7-14) does not necessarily give the con- 
densation point. Ikeda’ and Katsura” have pointed out also that Yang-Lee’s 
theory™ does not justify Mayer’s theory.* Katsura and Fujita” and Katsura’ 
have made the conjecture that the condition (7-14) or the first singular point 
of 14,2! does not give the condensation point but gives the end point of the 
metastable gaseous state. In other words the condition (7-14) will be assumed 
to be satisfied by p=,’ in Fig. 4, not by p=/,. 
They have given this conjecture based on the ? 
fact that it is valid for a special case.** 

It is needless to say that a comprehensive 
investigation is necessary for clarifying whether 
Mayer’s conclusions on condensation are valid 
or not. Such an investigation isnot attempted 0 


here. However, the present authors wish to Fig dl Am isotherm hich ous 

accept the above conjecture of Katsura and tained with the restraint of 

Fujita, mainly based upon the following very uniform density (compare with 

° . 1 7 / / 

natural assumption: If one introduces the Fig.'3). Portions AA“ and! BB 

: ; é ce represent the metastable gaseous 
restraint of uniform (macroscopic) density into sid* liquid ‘sintes fespectively: 


a theory but no other approximation, then the 

theory rigorously describes the metastable states of the system as well as the 
stable states. As have been mentioned above, in’ Mayer’s theory the order 
of the limit 2-co and the summation is interchanged (see (7-13)). If the 
same procedure is done in the expression of p(r) (see (4:3)) 


* Note added in proof. The situation has been much clarified by the recent investigation 
of Saito about the lattice gas. (N. Saito; preprint, to appear in J. Chem. Phys.) The authors are 


grateful to Dr. Saito for sending them his preprint. 
*& Note added in proof. Saito’s investigation (loc. cit.) also supports this conjecture. 
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o(r) =z[1+ lim {Sum of all the connected diagrams which are composed 


of one white circle o,, black circles ¢ and bonds g ST eda) 


we obtain the result that the one-particle distribution function, (rT), does not 
depend onr so that the system is uniform. Therefore we may say that Mayer’s 
theory is the one in which the restraint of uniform density is introduced. Then 
the above conjecture follows. The situation is similar also for the Ikeda’s dis- 
cussions!” of condensing systems based on Mayer’s theory. 

The above conjecture may be considered to be based upon the following 
assumption: The metastable states and the adjacent equilibrium regions are 
described by the same branch of one analytic function.* This implies that (7-8) 
and (7-11) are useful until the value of ¢ reaches //(not “). It is to be noted 
here that the possibility of the metastable states must be generally considered. 
In some cases, /;/ may be equal to /, but whether it is so or not can be deter- 
mined either by performing the calculations based on the correct limiting pro- 
cess or by obtaining »; by the method stated below. Ikeda’? has given a 
criterion on the former method. 

Similar considerations will be applied also to the metastable liquid state. 
The integral equation (7-5) will be useful not only for p>, but also for 
fo> P > Pe! (see Fig. 4). 

It will follow, from the above considerations, that the condensation point 
cannot be found so far as we restrict ourselves to the study of gaseous phase 
alone,** because in such a case /, is not any particular value of y. Similarly, 
the value of » will be unable to be found so far as only the liquid phase is 
considered.** In order to find the values of ¢, and /, from the rigorous theory 
with the restraint of uniform density, we must consider both of the gaseous 
and liquid phases and find two values of at which the chemical potentials of 
two phases are equal. 

It will be of interest to examine what a form the condition (7-14) takes 
in our expressions. The isothermal compressibility, «, is expressed in terms of 
irreducible integrals as® 


; =pkT [1— 4 kB, 0"). (7-16) 


On the other hand, (3-15) is rewritten for the case of the fluid state as 


1 
L/h 0RL =. Ss : 
/ 1+pV(0) wee 


* If this assumption were not true, there would appear a phase change between a metastable 
and the adjacent equilibrium region, but such has not been observed. 

** These statements never mean that one cannot know, for example, the functional F'® [p(r), 
v(r, r’)} in which p,; and p, are the particular values of p (see (7-4), (7-7) and (7-9)). If one is 
Se ae with F,® [p, v(jr—r’|)] or F,® [p, vr—r’|)]) only, ; (or p,) does not play a special 
role. 
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where use has been made of Fourier transform of v(r) (see (7:6)). There- 
fore (7-14b) is written in the form 


1 


BN (yy. ohn qn aan Sia 


It is difficult to examine the condition (7-14a) exactly. This condition will be 
replaced, at least in part, by 


The last term on the right-hand side of (7-11) =singular, (7-18a) 


since the last sum on (7-11) is related with a partial sum of >'%8,¢". Ano- 
ther possibility to realize (7-14a) may be that 


1+,V(k) <0 for some values of k (7-18a’) 


since (7-11) then becomes singular. However, perhaps (7-:18a’) will never 
be realized, because, as has been pointed out by Meeron,” it is known that 
the function z(7) defined by* 


a ee 
Lora par oa dhl eee le (7-19) 


does always exist and is of short range for the fluid state.** As the consequence, 


(7-14) will be replaced by (7-18a) and (7-18b). 

The above considerations on the phase change between the gaseous phase 
and liquid phase will be applied also to that between the liquid and solid phases. 

Throughout the present paper we have been concerned with a rigorous 
theory. In concluding the paper we shall mention some remarks on the hyper- 
netted chain approximation which was proposed by Morita” and independent- 
ly by Meeron™” who called it the convolution approximation. The approximation 
was originally proposed in order to consider, by means of Fourier transform- 
ation, as many terms as possible in the. usual density expansion formulas for 
the two-particle distribution function and the Helmholtz free energy. As was 
pointed out in paper I, (7-5) or (7-8) and (7-11) are reduced to the expres- 
sions in the hyper-netted chain approximation if one neglects the last terms 
on the right-hand side. Therefore one may understand the hyper-netted chain 


approximation in such a way that it is an approximation in which the last 


terms on the right-hand side of (4-18), (4-19), (4:22), (4-23) and (4-25) | 


are neglected. It is clear that the hyper-netted chain approximation, which 
has been understood in such a way, is significant independently of the density 
expansion formulas. In other words the approximation has a meaning in the 
solid and liquid phases as well as in the gaseous phase. It is another ques- 
tion whether this approximation is useful in the solid and liquid phases or 


not. However, we expect that for the hyper-netted chain approximation 


* The function z(7) is the same one as in paper I. 
** Tt is noted that 1+0V(0)0 and lim V(k)=0 or jim [1+pV(k)] =1. 
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an isotherm near the liquid-vapour coexistence 
region is of the form of Fig. 5.* In Fig. 5, 
points A’ and B’ correspond to singularities of 
{1+eV(k)} (see (7-11)). Condensation point A 
and vaporization point B are to be determined in 


such a way that the pressure and the chemical 0 p 
potential are equal at those points. Point A’ is Fig. 5. ~Relation between the 
a maximum of the pressure for the gaseous phase. oa and- the eee 
It is to be noted that, in contrast with the rigorous ee pee ae 
theory, an unstable region such as A’’A’ may ap- netted shail apreciated 
pear in the case of approximate theories. From (compare with Fig. 4). 


the standpoint of Mayer’s theory of condensation, 

Ikeda” has concluded that the condensation point for the hyper-netted chain 
approximation is given by A’. But we cannot accept his conclusion that point 
A” is the condensation point, since we do not agree with Mayer’s theory of 
condensation. On the other hand Katsura and Harumi™ have concluded, by 
analogy with the ring approximation, that the hyper-netted chain approximation 
will not describe the liquid phase. The reasons why we expect the appearance 
of the liquid phase for the hyper-netted chain approximation against Katsura 
and Harumi are as follows: 

i) In the ring approximation, if the singularity once appears at some number 
density, it always appears for larger number densities. However, such is not 
necessarily the case withthe hyper-netted chain approximation, since V(f) itself 
is dependent on the number density. 

ii) It has beén shown*’*? that the integral equation for the pair distribution 
function in the hyper-netted, chain approximation is of a form similar to the 
non-linear Born-Green integral equation. The latter equation is known™ to have 
the solutions corresponding to the liquid phase. 
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Appendix 1 
Proofs of lemmas 1 and 2 


In the first place we shall prove lemma 1. According to definition 3 of 


* In general, we do not know whether a maximum A” appears or not. “We have written it 
in Fig. 5, following the calculations of Rodriguez and Ikeda et al.2) 
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diagrams, /” will be expressed in the from 


jek: 


I ales = Bd) +E a(e; Sth oe a tle Bp eile CALst) 

where {/\, ,, ---, [,} is a set of all the diagrams which are topologically 
different from each other but are reduced to /" if all the suffices rj, rs, --:, Tm 
are removed. We shall take a functional derivative of the right-hand side of 
(Al1-1) with respect to f(r) that is attached to o.: The result is written, 


with the aid of (2-3), as 
1 . 
5 {P(o, @, oe e)+I,% (o,e, Gans e)+--+IP,%(0,¢@, oe  )}, 
m ! Lie ELS: Tm TEs Tn LLP} Tm 
where I’; (i=1, 2, ---, ©) denotes a diagram which is obtained from [; by 
changing the black circle fo. into c.. Some of I,;°’s will in fact be zero 
because the one-particle function attached to ®r, is not always f(r). Functional 
derivatives with respect to f(r) attached to the other black circles are taken in 


the same way. Then we obtain 


we —s oa pes ee Ce Fei fa3) OOD) ae? @3),: (Al-2) 
Of (Tr) m\ j=l i=) Tr; rj-1 T T741 nn 


On the other hand each of @ /s plays an equivalent role in the right-hand side 


r 


of (Al-1), so that the sum 2 on the right-hand side of (Al-2) may be re- . 


placed by m times the contribution from j=1. Namely we have 


7) ae 1 qa) aS: (1) ne a: a) Aap 
Baie Greil)! i ees Sig te ee ie HA, +P,9 (0, 12} 
(A1-3) 


Now [,®’s appearing {in (A1-3) can be grouped together according to the 
types of diagrams to which they are reduced if the suffices rj, 2, °**, Tm are re- 
moved. A sum, divided by (m—1)!, of all the ,’s belonging to one type is 
expressed by one diagram which follows definition 3. When a set of such 
diagrams is denoted by {71; 72 -*+> 7:}> (A1-3) is reduced to 


eS Sf fat cae (Al-4) 


It is clear that the set of 7,’s is included in a set of all the topologically 
different diagrams which are obtained from I’ by changing a black circle “e 
into o,. It is easy to prove that, conversely, the latter set is included in the 


former. Therefore (Al-4) can be expressed as 


as = {Sum of all the topologically different diagrams which are 
f(r) 


obtained from I’ by changing a black circle z into a white circle 
(A1-5) 


a 
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Lemma 1 immediately follows if both sides of (A1-5) are multiplied by g(r). 

The proof of lemma 2 is similar to that of lemma 1. When we take a func- 
tional derivative of the right-hand side of (Al-1) with respect to F(r, r’), we 
may take a functional derivative with respect to only F(r,r’) connecting ¢, Pa 
and e,, and multiply the result by m(m—1)/2 which is the number of pairs. 
Namely we obtain 


t or’ Cae! eee OAS Q, eine o'} LPS" (6, 6,674, e)+ 
OF (r, r’) SU O(m = 2) ) r3 Tm tai POEs Tm 
» a P42 (0, 0, 6, 24518 ) ts (A1-6) 
Taras Tm 


where /’;":>(i=1, 2, ---, «) denotes a oa which is obtained from J; by 
F 
changing the bond Ls ya RE Reps into (o,f o.,). Some of I,” will in fact be zero. 
T, 


Strictly speaking, ["™ 3 (0, Sena une ) must be replaced by {J/’;”" ” (9, Oe, 78 y+ 
Ts. Ts. 


ae alc, OF 8 Ne, @ )} /2 if it is not symmetric in r and r’ (see a 3)). How- 
4 Tr. 


ever, in Bach a case there exists surely another term [’; rae Or Oso ), on 
rs 

the right-hand side of (A1-6), which is equal to J’; (2; ene ), so that 

(A1-6) does not alter as a whole. Grouping /’;””’s dakotake to the types of 


diagrams to which they are reduced when the suffices rs, ---, r, are removed, 
we obtain lemma 2. 


Appendix 2 
Proofs of lemmas 38 and 4 


Let us assume that the set N consists of N diagram 7, 72 °°; 77» Where N 
may be an infinity. According to the hypothesis, any diagram belonging to M 
is uniquelly characterized by the numbers of 71, 72, --:, 7y from which it is built 
up, so that it will be written as I'(m, mm, ---, my) where m, 7, --- and my denote 
the numbers of 71, 72, -:- and yy respectively. I (mm, m, ---, mw) is not equal to 
172" --7y"%. The symmetry numbers must be taken account of (see definition 
3’). The symmetry number of ['(m, m, --:> my) is 


N 
m! m2! ++. ny! Il [symmetry number of 7;]”. 
g=1 


Therefore we obtain 


f; . ; 
Le Gy. Mg °""5 ny) = nt ry ‘is my re . (A2-1) 
m! ng! ++ ny! 


Summing up over all the sets of the integers including zero, m, m, ---, and ny, 
except for 1=m=-:-=ny=0, we obtain 


DP (m, ma, +, my) =exp[itprt-:t+7y]—1, 


Spe Ve 7 py ae ee 


Py PY ee 
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which is the relation to be proved. 


Appendix 3 
Proofs of lemmas 5 and 6 


In the first place we shall prove lemma 5. Let us assume that there are 
m black circles in I" and they are identical ones. According to the hypothesis, 
any diagram belonging to N is characterized by the diagrams, belonging to M, 
which are. attached to the m black circles. Accordingly we shall write a dia- 
gram belonging to N as A(I"; 71, 75 **'s 7m) Where 7;(i=1, 2, -, m) denotes a 
diagram, belonging to M, which is attached to the 7th black circle of /’. It 
is noted that two JA’s corresponding to two different sets of 7; are not neces- 
sarily different diagrams. Namely lemma 5 is to, be expressed in terms of A’s 
as 

pe. A(P?’s 715 723 ***s 7m) = {A diagram which is obtained from I". 


by attaching g(r) to each black circle}, (A3-1) 


where >! means that the summation is to be taken over all sets of 7's 


{YpYar-oF 3 


which give topologically different diagrams. Now A(I’; 71 fe: **) Tm) is expres- Be 


sed from definition 3’ of diagrams as 

1 
TOR Vi RPa/ io mae Fa) 
where S(I’; 71 72 ***> 7m) iS the symmetry number of the diagram and ACI”; 


v1) 7's -**> Tm’) is a diagram which is obtained from A(I"; 71, °*', 7m) by attaching 
coordinates to all the black circles.* By definition, S(I"3 7 72 -**> 7m) 18 the 


ACIS: Fas Ta! oe ag? ania (A3-2) 


AL 3 H1> 72°*"> 1m) = 


number of permutations, of the coordinates on the black circles of AU”; — 
+!; T's Tm), that give a diagram topologically identical with AU” in's 4 os 


vm’). We shall group these S(I’3 7» 7» °**> 7m) permutations according to the 
permutations of only the coordinates on the black circles of J°. Let’ S*€I7; 


V1» 72> 


circles of ACI’; 7 7» -*y 7m)» that give a diagram topologically identical with 


ACI” 5 715 P11 7m) Where ACU” 5 Ty 7» --+,%m) denotes a diagram which is obtained 
frome AC srs 7257s Tm!) bY removing the coordinates attached to the black | 


circles. (Ol julia erm an Vike ca goa e ees each of these S*(J’; 


Vy Y» “> Tm) permutations, there are II S(7,;) permutations of the coordinates | 
i=l 


on the black circles of 71,72 °°» 7m that give topologically identical diagrams 


* The prime on 7’ or 7; 
circles of I or 7%. 


+++, 7m) be the number of permutations, of the coordinates on the black — 4 


means that the coordinates are attached in some way to all the black | 


FE Pit, 


576 T. Morita and K. Hirotke 


where S(7;) is the symmetry number of 7;. As the consequence we obtain the 


relation 
SLL ie ak Pe ok ly typ a en ASG): (A3-3) 


Next we shall pay attention to the symmetry number of /’, S(I”), which is also 
the symmetry number of the diagram of the right-hand side of (A3-1). S(J’) 
is the number of permutations, of the coordinates on the black circles of 1”, 
that give a diagram topologically identical with I”, where /” denotes a diagram 
which is obtained from I’ by attaching the coordinates to the black circles. It 
is, of course, not equal to S*(I"; 71, 72 -**, 7m) unless all the 7's are the same 
diagrams, but is closely related to S* in the following way. We shall group 
S(Z’) permutations by operating them on A(I”; 741, 72, -*:, 7m). Let C1" 7, Ta, **> 
ym) be the number of diagrams which are topologically different from each 
other but are reduced to A(I"; 71, 7 -*:) Ym) if the coordinates on the black 
circles are removed. Then a set of S(J’) diagrams which are obtained from 
ACI” ; 715 72) ***> 7m) by operating S(J”) permutations on it is divided into such 
n(I’; 71, 72) ***> 7m) groups that the diagrams belonging to different groups are 
topologically different from each other. Each of these 7(I"; 71, 72 -::, 7m) groups 
consists of S*(1"; 71, 72, -*:, 7m) diagrams which are topologically identical with 
each other. Therefore we obtain the relation 


SES Ae Tin eS ind LS TTe Tes od ade (A3-4) 
which gives, being combined with (A38-3), 


Se Fas ian eee Cl) HSG)/ns fo.tit aeee (A3-5) 


This relation is essential to the proof of lemma 5, as will be seen in the fol- 
lowing. The left-hand side of (A3-1) is rewritten, with the aid of (A3-2) and 
(A3-5), as 


AOE eee ey) UG MES eee ee aku) 
Cen OO igen, 
é=1 


= TELS (okey iek P85 ind ten : 
ree alt SCI") ACI" 2 fs Samar Koide (A3 -6) 


where definition 3’ of diagrams has been used for 71s. As stated before, 


2a, , means that the summation is to be taken over all sets of 7,’s which 
1 Ya") 
mm 


give topologically different A(I’; 71,7 +, 7m)’s. On the other hand, ies 
71» 7% **', 7m) is the number of the diagrams, A(J”; Ts 72. °°» Ym) ’S, Which are 
topologically different from each other but are reduced to AI Gao vag hc oe a 
if the coordinates on the black circles are removed. Therefore we can write 


(A3-6) as 
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iL 
A eee: Mio Pao 9 hay» A3:7 
oon S(P) Gry ieee Ti) ( ) 
where the summation over 71,72, °°:, and ym are to be taken independently of 


each other. It is clear that (A3-7) is equal to a diagram, divided by S(/’y, 
which is obtained from I” by attaching g(r) to each black circle, so that 
(A3-7) is equal to the right-hand side of (A3-1) if one remembers definition 
3’ of diagrams. Consequently (A3-1) or lemma 5 has been proved. 

The proof of lemma 6 is quite similar to that of lemma 6. If one con- 
siders the bonds in I instead of the black circles, the above arguments are 
applied to the case of lemma 6 as they are. 


Appendix 4 
Proof of theorem 2 


The proof of theorem 2 is quite similar to that of theorem 1, so that we 
shall give here the proof in a concise form as possible. 
A trial probability function will be assumed to be of the form 


PAN, r)= 2 2 exp {= 2 dlr) /AT— ) gtr r)/AT}, (A4-1) 


a 
BN! 


N2i> 


where £,*, being considered to be the true grand partition function of a model 
system in which its potential energy is of the form (5-18), is defined by 


Bt eys \ ar" eS {— x g(r) /RT— 3) eles) /#| Came 


The functions ¢;,(r) and ¢,(r, r’) are now regarded as the trial functions to be 
determined so as to maximize In Z,. Then the variational principle (5-6) ought 
to give the rigorous results by the same reason as for (5-9). The relation of 
In Z, and ln 2,* is given, with the aid of (3-6)—(3-9) and (5-1)— (5-4), by 


e 


InZ,=In&,* + \ dr p.(r) {fu(r) — P(r) } /kT 


+7 \\ dr dr’ p,? (r, v') (di (r, 1!) — br, 1) } (RT, (A4-3) 


r’) are the one- and two-particle distribution functions 


where p,(r) and Fel 6 A 
deration respectively. On the other hand the 


for the model system under consi 
analysis in § 4, being applied to the model system, gives (see (4-19)) 


nats | rece) fine f(r) /FT}— | drp.(r) finpi(r) 1} 


al dr dr! p,(r) a(P") {1 +u,(r, r!)} u(r, r’) /kT 


Soe ee Ee ee | ae ee a A ed 
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a ; \\@rdr' aL +vu,(r, r’)} In{l1+u,(r, r’)} —u(r, vr’) ] 


(Ar On YU 1 
ie Uy: Ur _ UY v, fe eee eee 
(Pr Ur Pr Orc Uv, nr 


+ {Sum of all the more than doubly connected diagrams which are 
composed of black circles ® and bonds —“%}, (A4-4) 
where v,(r, r’) is defined by 
Pr (Fr, 7’) =P.) o(r’){1 +vu,(r, r’)]. (A4-5) 
Introducing (A4-4) into (A4-3), we obtain the expression for In &,, (5-19). 
Furthermore, correspondingly to (4-3) and (4:10) or (4-22) and (4-18), there 
exist the formulas relating ¢,(r) and ¢,(r,r’) to ¢,(r) and v,(r,r’). These 
formulas show that the variations with respect to ¢,(r) and ¢,(r, r’) are equiva- 


lent to those with respect to p,(r) and v,(r,r’). As the consequence, the 
original variational principle (5-6) is reduced to that given by theorem 2. 
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The properties of pair distribution functions which are independent of physical natures 
as statistics, temperature or potential were studied. We found that the inequalities (23) and 
(55) are always satisfied by the pair distribution function. Furthermore, the inequalities (9) 
and (45) are satisfied when the particles have hard-cores. These inequalities will serve as 
the subsidiary conditions in the variational treatments of many-body problems. 


§ 1. Introduction 


The pair distribution function, which gives us information on the proba- 
bilities of finding two particles separated by certain distances, is very impor- 
tant in the many-body problem. Not only is it measurable by, for example, X-ray 
diffraction, but also it is all we have to know in order to calculate the potential 
energy from known (or assumed) two-body potential as far as we neglect the 
single- and many-body forces. 

In treating many-body problems there are variational methods which use the 
pair distribution function in the expression of the potential energy. The typical 


ones are those of Mayer” and of Jastrow, Iwamoto, Yamada et al.” In these. 


methods the energy minima are sought by varying the pair distribution functions. 


Of course, the kinetic energy cannot be calculated from the pair distribution © 


function only. In order to include the kinetic energy Mayer” used the one-body 
density matrix as the variational function in addition to the pair distribution 
function. Instead, Jastrow et al.” assumed the form of the wave function of the 
system from the beginning. By using the cluster development method the kinetic 
energy, the potential energy and the pair distribution function were expressed in 
terms of the correlation functions, which were regarded as the variational func- 


tions. Therefore, the pair distribution function is an indirect variational func- 


tion in this case. 

In most variational proble 
the existence of extrema. The necessity of subsidiary con 
mentioned methods was noticed by several authors.” The purpose of this paper 
is to give geometrical conditions to the pair distribution function motivated by 
these situations. Although the effect of these conditions on the Mayer method 


ms there must be subsidiary conditions to ensure 
ditions in the above- 
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is not yet known, they are expected to be quite helpful to the Jastrow-Iwamoto- 
Yamada method,” and may be interesting in themselves. 

Let the system be composed of N identical particles in a space of volume 
V. As is customary in the treatment of an infinitely large system we make the 


following assumptions. 
p=N/V (1) 


is generally finite. The space is infinitely large in any direction and the effect 
of the surface can be neglected. In the space all the points are assumed to be 
equivalent and all the directions equivalent, too. In other words, if we consider 
a region in the space, the distribution of particles in this region depends only on 
the shape and size of the region and not on its position and direction in the 
space. 

Let F(r,, rs, ---, ry) be the probability of finding the centers of the particle 
1 at r,, of the particle 2 at r.,---, and of the particle N at ry respectively. Quite 
generally, we can take this distribution function, F'(r,, rs, ---, ry), aS a Symmetric 


function with respect to all the variables, r,, r., ---, ry.* In quantum mechanics 


F(r,, Paige 55 ry) = oa I(r, Te, 7, Ty; &, Hq, -"*5 ay)|’, (2) 


where ¢(ri, Fs, °°, Py 3 %, &, «7, @y) is the normalized wave function and >}, 
means the sum over all the internal variables, @;’s. F(1r,, r2, --:, ry) is normaliz- 
ed, i.e. 


| ars| dry | dry Flr, ripeuareyesdt (3) 
v Vv 


vv 


We define the pair distribution function F(r) as 


P(\re—ri))=V*| drs| dre | dry Fr NE CU a (A) 


us We vA 


That the pair distribution function depends only on the relative distance follows from 
our assumption that the local distribution is invariant under translation and rotation. 
Some distributions as crystal structures are not invariant under rotation. In such 
cases our theory can be applied only after averaging the distribution over all direc- 
tions. In our normalization** the pair distribution function, F(r), approaches to 
unity as r increases ; or more precisely, 


* For non-identical particles the distribution function may not be symmetric. In such a case, 
however, we can symmetrize the distribution function. Then, the arguments in the text can be 
applied to this symmetrized distribution function if we interpret d as the smallest hard-core diame- 
ter. It should be noted that this symmetrization is completely different from the symmetrization 
of wave functions and can be applied to systems of any ‘statistics. 

** In this normalization, F(r) is usually called the radial distribution function, 


i oe 
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R 
a, : 
lim pe |FO oR (5) 
0 


where R->co means to make R very large keeping it much smaller than the 
dimension of the total space. Since F(7) is a probability function, it must be 
non-negative ; 


F(r) 0. (6) 


All the functions satisfying (5) and (6) cannot be pair distribution func- 
tions. In order that a function of 7 be a possible pair distribution function it 
must satisfy conditions other than (5) and (6). In this paper we seek these: 
conditions with particular emphasis on the system of hard-core particles. The 
conditions we are seeking are geometrical ones, i.e. they depend only on the 
density and the hard-core radius. No other physical nature as statistics, temper- 
ature or potential is concerned. In other words, every pair distribution function, 
whatever the physical naturé may be, must satisfy the conditions. Probably the 
conditions obtained in this paper are merely necessary conditions. The neces- 
sary and sufficient conditions seem to be too difficult to pursue. 


§ 2. Geometrical conditions to the pair distribution function 


1) Condition 1 

We start from the condition that is easiest to obtain. Let us consider a 
system of particles with hard-cores of diameter d. d is the shortest distance to 
which the centers of two particles can approach. It is often called the hard-core 
radius, but we call it the hard-core diameter in this paper. O(r)+pF(r) is the: 
average density in the coordinate system in which there is a center of particle 
at the origin. As the particles have hard-cores, only one center of particle (the 
“center of” is frequently omitted hereafter) can enter in a sphere of diameter’ 
d. This gives an upper bound for an integrated F(r) as 


|) +pF(r)]dr <1, (7) 


where J, means the integration over a sphere of diameter d. (7) must be satis- 
fied for any position of the sphere. When the sphere includes the origin we get 
F(r)=0 for r<d. (8) 


When the sphere does not include the origin we get 
R+d/2 

270 \ F( 
R-d/2 


where R (R>d/2) is the radial coordinate of the center of the sphere. Inequality 


‘ Tie Pht stan - 


aes sie 


ee eA a Pe 


Bt Teeny es es 


oe 


Ag! 


2 


a ee are eee 


582 M. Yamada 


(9) must be satisfied for any R greater than d/2. 

It should be noted that Eq. (8) is almost equivalent to the existence of hard- 
cores. Although a system of particles without hard-cores can take a distribution 
satisfying (8), the same distribution can be taken by a system of hard-core par- 
ticles. Therefore, a distribution satisfying (8) must also satisfy (9) in any way. 


2) Condition 2 

In order to obtain further conditions we consider a region (called the region 
A (or A) hereafter) of volume v. As is already known, the average number of 
particle pairs in the region A can be expressed by using the pair distribution 
function. Assuming that a particular particle, say the particle 1, lies in A, we 
consider the average density of other particles in A in the coordinate system in 
which the particle 1 is located at the origin. We further average out this average 
density over the uniform distribution of the particle 1 in A and over all direc- 
tions of A. Then, this average density becomes a function of the distance 
r from the particle 1. By making use of the function €(r, r; +r) which is unity 
when both r, and r,+r lie in A and is zero otherwise, the average density is 
written as 


oF, 


1 at || E(rs, r,+r)dr,dQ,. (10) 
Aru 


Here, |r|=7r, the integration, Jdr,, is done over the region A (or equivalently 
over the whole space) and {d, over all directions of r, and 2{ means the aver- 
aging over all directions of A. If we put 


PF, (r) =eF (r)w(r; @), (11) 
where 


—— a1 \ een, ritridndQ,; (12) 


wr; a)= 


then, w(7;@) is determined from the shape and size, a, of the region A. For 
example, if the region A is a sphere of radius a, w(r; @) is 


Cie Me 5 tOr Bas 
w(r; sphere) = 4a ; 16a° (13) 
0, for 72a. 
In the region A rhe average number of pairs in which the particle 1 takes part 
is 4n\ pF ,(r)r? dr times the probability of finding the particle 1 in A, v/V. The 


Beerage number of all pairs in A on which no restriction is imposed can be 
obtained by a further multiplication of N/2 as 


anpty| F(r)wr ae (14) | 


0 4 
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In the following we shall get lower bounds for this quantity. The first lower 
bound is related to the average density. Let p, be the probability of finding n 
particles in the region A. They satisfy the following relations : 


pr— 9, (15) 
Li Pa=1, (16) 
7 Npr=Pv. (17) 


n=1 


The average number of pairs in A is 


eid ree. pa=2ap'o| F(ryw(r 3 a) dr. (18) 
0 


n=2 Z 


For sets of p,’s satisfying (15), (16) and (17), the quantity (18) has a minimum. 
The minimum is attained when the fluctuation of the density is minimum. Name- 
ly, if we define an integer 7, by 


m Spv<m+l, (19) 
then the distribution, . 
pa=0, for n#Am, m+1, (20) 


gives the minimum. In this case we write the values of p,, and frit aS Pn 
and pn.+i” respectively. They are determined from the following equations : 


pO+poun=l1, (21) 
m pO + (m+1)pOu=pv. (22) 
With these p,’s we get a lower bound of (18) as 


Y 1 
angry | P(r)w(r j ar dr = ——m(2pv—m—1). (23) 
0 
This condition must be satisfied for any shape and size of the region A. A 
special example is discussed in Appendix A. 


3) Condition 3 

The second lower bound is related not only to the average density but also 
to the fluctuation of the density or the localization of particles. Let us consider 
two regions which do not overlap each other. For simplicity, we assume that 
the particles have hard-cores of diameter d, and take one of the regions as a 
sphere of diameter d. We call it the region B (or B) and the other the region A 
(or A). Only one center of particle can enter in the region B. The average 
number of particles in B is (7/6) pd’, which is also the probability of finding a 
particle in this region. Let pin be the probability of finding a particle in B and 
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n particles in A simultaneously, and po, be the probability of finding no particle 
in B and » particles in A simultaneously. They satisfy the following relations : 


Pin= 0, (24) 

Pon = 0, (25) 
y pu=— pa’, (26) 
n=0 

Spm =1-— ed’, (27) 

n=0 

Y3 2(pint Pon) =0v; (28) 


n=1 


where v is the volume of A. 

Pin can be expressed by the pair distribution function. Lpin/ [ (2/6 )ed*| 
is the average number of particles in A for the case in wich there is definitely 
a particle in B. In this case, similarly to the procedure leading to Eq. (10), we 
consider the average density of particles in A in the coordinate system in which 
the particle in B is located at the origin. We further average out this average 
density over the uniform distribution of the particle in B and over all directions 
of the system of two regions A and B. Then, this average density is a func- 
tion of the distance r+ from the particle in B. By making use of the function 
€(m, m+r) which is unity when r, lies in B and rjt+r in A and is zero 
otherwise, the average density is written as 


3 
2% a? 
Here, |ri)=7, the integration, {dr,, is done over the region B (or equivalent- 


ly over the whole space) and §d2, over all directions of r, and 9{ means the 
averaging over all directions of the system of A and B. If we put 


PF, (r) =pF(r)u(r ; a, A), (30) 


pF s(r) =pF(r) 


x \\con, rar. dae (29) 


where 
7: 


3 U\\ oc, r,+r)dr,d2,, (31) 


ie) 
u(r ) oni 


then u(r; @, 4) is determined from the shape and size, a, of the region A and 
the position of A relative to B, 2. 

For example, if the region A is a sphere of radius a (a>d/2) whose center 
is apart from the center of B by R, u(r; @, 4) is 
u(r; sphere, R) 


mga Ele Tle eho (0 fee Je ine 
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— | a+ | |e—-“ at (2) | Ror t+} [at (<)'| [R-rP-—_[R-r I, 


for R-a~£_<r<R-a44, 
2 


ErR | : (3) [se-(4) ]-2(4)e-3, 


=0, otherwise. (32) 


The average number of particles in A for the case in which there is 
definitely a particle in B is obtained by integrating (30) as 


3 npn] ( . pa!) =Anp| Fr)uCr a, AF aT, af Ye) | 


J 
0 


From (28) and (33), the average number of particles in A for the case in which 
there is no particle in B is 


oo 


oO 2 
Snpm| (1G P#) =[ee— 3 | Po )ule , a, Artdr || (iF eal). 
| (34) 
For simplicity, we put 
np | F(ryu(r a, d)r'dr=p' v, (S579 


0 


oc 


| eo 2m pid | F(r)u(r 5 az, artdr || (1-4) =0" 0. > 086s 


3 J 


0 


p’ and p” may be called the partial densities. They satisfy 


pd’! 0+ (1-2 pa’) pl! v=po. (37) 
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(33) and (34) can be written as 


oo 


Yi tpm=———pd' pv, 5) 
n=1 
and 
3 poa= (1-2 pd) pv, (39) 
n=1 
respectively. 
For sets of pin’ and pm’s satisfying (24), (25), (26), (27), (38) and (39) 


Ske = —] Bef : 
the average number of pairs in A, ppaicen Pint Pon), has a minimum. This 
n=2 Z 

minimum is the weighted average of the minima for the distributions having 
the partial densities, op’ and p”. Therefore, arguments similar to those following 


Eq. (18) can be used. Define integers 7,/ and m’ by 


ny! <plo<m! +1, (40) 
ny <p" v<n/"" +1. (41) 
Then, we get 
Sail 
ne a ) Pro] ( : pd°) > mi 2p v—m'—1), (42) 
wu 2D 5,,f (1- pa’) > 1 ny! (2p 0—m"—1), (43) - 
n=2 2 6 2 
and finally 
Se —1 
a me ) (Pin + Pon) 
> ; pel? m! (29! vm! 1) + (1-2 pat) nm" (20"'o— nj" —1). 


(44) 
If we define w(7;a@) for the region A as before by Eq. (12), we get 


2np'v\ F(r)w(r; a)r'dr 


o— 3 8 


1 
2 ped ml (2p! om! 1) + (1-2 pa) mip!" o—m!"—1).. 
6 2 6 
(45) 
4) Condition 4 


The condition (45) is certainly stronger than the condition (23). However, 
the applicability of (45) is narrower since the existence of hard-cores js necessary 
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to derive (45), while (23) can be applied to any particles. Therefore, we try 
to get a condition similar to (45) by removing the restriction of the existence 
of hard-cores. 

We consider two regions (A and B) which do not overlap each other. Let 


p(%a M) be the probability of finding », particles in the region A and m par- 
ticles in B simultaneously. They satisfy 


2), 2a, P(mas m) =I. (46) 
Nq=0 n= 
If we denote the volumes of A and B as v, and vw, respectively, 
me 23 ap (Mas Ny) =PUa; (47) 
Nal n= 
tS 23% p(Mas Ny) =U. (48) 
Nqg=0 Np= 


The average numbers of pairs in A and B can be expressed by the expressions 
similar to (18). As before, let us define the functions w(r;q@) for A and 


w(r;) for B. Then, 


ie (na =1 ) 
nga? 750 2 


ees, =2np ve | P(r) wor dre A SS 
0 


oo 


2553 AG ES ON ny) = 2ap ve] F(ryw(r 8)r*dr=Ky. (50) 


2 
0 


Similarly to (31), we define w(r; @, , 4) as 
DATs a, B, A) aot a \\ cen, r,+r)dr,dQ,. (51) 
Atv, 


For example, if the regions A and B are spheres of radii a and b respectively 
(we assume a>b for simplicity), and if their centers are apart from each other 


by R, u(r; 4, 8, A) is 
u, (r; sphere, sphere, R) 


uh i 3/22 2 
a + +b —3ab+b 
8h°rR 5 Se ee ‘ 


+—- (a+b)? (a—b)? (R—r) — (a+b) (@—ab+b) (R=r)? 
+4 (+8) (R-1)'—-S (R-1)4}, 
2 20 


for R—a—b<r<R-a+), 
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wah (Gee -areen} 
aan 
for R—-at+tb<r<R+a-—b, 
il 


uf 3 Oe 2 
=e (at) (a Bab +8) 


-< (a+b)? (a—b)’ (R—r) — (a+b) (a—ab+b’) (R-r)’ 


1 


il 2 2 -)3 Ne 
—(@ +P) (Ror) + (R r)*l 


0 yee 
for R+a—b <7 =R+a26, 


=0, otherwise. (52) 


The average density (fully averaged in the sense explained in the previous sub- 
_sections) of particles in A in the coordinate system in which a particle in Bis 
located at the origin is 


OF 3(r) =eF (r)u(r; a, 8, a). (53) 


Multiplying (53) by ev, and integrating the product, we get the average number 
of pairs of particles between A and B. Namely, 


3) Yi nats pitas m0) =Anv5 "| F(ryua(rs a, B, A)ridr==Ka=Koa. (84) 
gel T= ) 

Now we can set up a mathematical problem as follows: What is the mini- 
mum value of Ky, for p(7; m)’s satisfying (46), (47), (48), (50) and (54) 
with given values of K,, and K,,? We could not solve this problem because 
of the complexity arising from the integrality of 7,’s and m,’s. However, a lower 
bound of K,, could be obtained by allowing ,’s and ’s to take non-integral 
values. As is proved in Appendix B, this lower bound of K,, is expressed as 


2K én => PU» (Pvg—1)-+— Sah tate) (55) 
2K — PU» (PV) —1) 
This inequality is meaningless if the denominator is zero. In this case, P(Ma M5)’S 
are different from zero only if m=v». Then, no condition other than (23) can 
be obtained. Except for this special case the denominator of (55) is always 
positive. Thus, (55) can also be written in a symmetric form as* 


[2Kaa—PVa(PVea—1) | [2Kys— ev» (Pv, — 1) ] = (Ku—? Va Us)”. (56) 


* Very recently, Percus obtained the inequality (56) and some other conditions by a different. 
procedure. 
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§ 3. Discussion 


There is a qualitative feature common to all the conditions obtained above. 
Let us use the geographical words, valley, mountain and plateau, to describe the 
behavior of the pair distribution function. The general feature of the conditions is 
that the valleys cannot be too large. The magnitude of a valley is determined from 
its depth and width, the heights and widths of the mountains or the plateaus 
around, and the average particle density. It should be noted that in speaking 
of the magnitude of the valley the pair distribution function should be somewhat 
ssmoothened. A narrow peak at the edge of the valley generally decreases the 
magnitude of the valley. 

If the particles have hard-cores, there is a valley around the origin. When 
the density is high, there is a peak at the edge of the valley in order to de- 
crease the magnitude of the valley. This peak is not very wide since, if so, it 
will make the valley rather large. Accordingly, there will be the second valley 
next to the first peak. If the mathematical treatment of the pair distribution 
function is complete, it ought to reproduce the oscillatory nature of the func- 
tion at high densities as is seen in the crystal structure. How the treatment 
of the previous section is near this completeness is not yet known. 

The appearance of the peak just outside the hard-core increases the kinetic 
energy quantum-mechanically. This effect seems to be very important for the 
saturation of binding energies of hard-core particle systems, and for keeping the 
system from collapsing to the closely packed state. Even though the density 
as a whole may be low, the conditions 3 and 4 produce the peak just outside 
the hard-core if there is a region of high local density. Therefore, these condi- 
tions will be effective for keeping the system from collapsing into heavy and 
dense clusters. It will be interesting to study these problems more quantitative- 
ly with practical examples. In treating the dynamical parts of these problems 
-we shall be able to use an appropriate version* of the Jastrow-I[wamoto-Yamada 
method.” 

We assumed the identity of particles and the directional independence of 
the pair distribution functions. If more than one kind of particles are mixed, 
we can deal with either one kind of particles or an assembly of different kinds 
of particles. In each case we have the conditions given in § 2. Inclusion of 
possible directional dependence of the pair distribution function seems to be more 
complicated, although there will be no essential difficulty. 


* If we could use all the terms in the cluster development, there should be no restriction to 
the variational functions, the correlation functions (not the same as the pair distribution function). 
Actually, however, we can use only few terms. It seems to be natural to restrict the correlation 
functions so that the pair distribution function which is approximated by the few terms may satisfy 


ithe subsidiary conditions. 
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Appendix A 


In this appendix we apply the condition 2 to the simple pair distribution 


function,* 


F(r)= et (A-1) 


In applying (23) we use (13) for w(r;@). We define 7) by 


Oe ran . eae 
Since 
ae 4ra® (A-3) 
3 
(19) can be written as 
m Sa/re<m+i. (A-4) 
Then, for a=>d/2, (23) becomes 
pout ier aera gm rye 


Both sides of (A-5) are shown in Fig. 1. The inequality (A-5) gives a re- 
striction to 7»), and consequently to p. In order that (A-1) be a possible pair 
distribution function, 7) must satisfy (A-5). We put 


m= 4-—6, (A -6) 
ia) 
where 


Cee, (A-7) 


Then, (A-5) can be transformed into 


eReES eee (A:8) 
a 


(A-8) must be satisfied for any value of a greater than d/2. For a>)/2d we 
easily see that 


* Mayer’s equation,» 
Azo j [1—F(r)]r2dr=1, 
0 
is not satisfied by (A-1) except for d= [3/(4xp)]1/3, However, since the domain of the above inte- 


gration extends to infinity, we can modify (A-1) by infinitesimal amounts for infinite r values so 
as to satisfy the above equation. 


eo 
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Ty ad (A-9) 


is the necessary and sufficient condi- 
tion for (A-8). As is clear from 
Fig. 1, the more detailed computation 
shows that (A-9) is sufficient for 
(A-8) even in the case of a<vV2d. 

The above argument indicates that 
in the case of 7)»<d the pair distri- 
bution function has at least one max- 
imum in order to diminish the magni- 
tude of the valley around the origin 
(cf. § 3). It is interesting to compare 
r, and d which occur in the actual 
examples.”:® They are shown in Table 
I. Since the values of d are not 
well known and even not well defined, 
the values in Table I are only ap- 


proximate values. In spite of this 


crudeness the observed first maxima 


10+ 


0.57 


Curve 1: 
Curve 2: 


1.0 a 5 I) 2.0 
curve 1: a/d 
_ 


curve 2: a/7 
Fist 1 
The left-hand side of (A-5) 
The right-hand side of (A-5) 


in the pair distribution functions of liquid noble gases may be interpreted as 
due to the above geometrical effect, while this effect is not expected in the 


nuclear matter. 


Table I. The radius of the average volume per particle, r9, and the hard-core 
diameter, d. For the noble gases reference 5) gives the Lennard-Jones (6—12) 
potentials, V=4€[(c/r)!2—(a/r)®]. The hard-core diameters are taken to be 0.850 
in this table. 79 values of the liquid noble gases are given for the normal boiling 


points. 
i 
ro (cm) d (cm) 
Liquid He DO XE O ES ~2.2x1078 
Liquid Ne 1.83 x10°8 '~2.4x1078 
Liquid A 2.191078 ~2.9X1078 
Liquid Kr 2.42 x 1078 ~3,.1 xX 107% 
Liquid Xe _ 2.511078 ~3.4X 1078 
Nuclear Matter 1.07 x 10738 ~0.5 10718 


Appendix B 
Proof of (55) 


We will prove the inequality (60) for p(7a, n,)’s satisfying (46), (47), (48), 
(50) and (54). Originally, only integral values were allowed for m,’s and 7,’s. 
However, (55) is valid for any positive values of n,’s and m’s. In the follow- 
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ing we assume that m,’s and 7,’s can take continuous values. 

We use the mathematical induction. First, we consider the case in which 
p(Ma m)’s are different from zero only for two pairs of m, and m, values. We 
denote them as p(7a1, Mm) and P(?a, M2)- They satisfy 


P(Nar, Mn) + Pars M2) =1, (B+) 
Nar P(Mar» Nor) + Nar P (Nar, Nor) =PVa> (B-2) 
No P(Nary Moi) +12 P(Ma2» M2) = PVs, (B-3) 
Myr (291-1) P (Mar Mor) + Mo2(Mr2—1) P(Ma2» Mor) =2Kr» » (B-4) 
Nar Nor P(Mar» Nor) + Mae Moe P (Mars M2) = Kas- (B-5) 


Therefore, for given ?, Va, vs, Ky, and K,s, only one of the six variables, 741, 11, 7225 
Nya P(Nar, Mn) and P(7a2, M2) is independent. If we express the first five variables 
by the last one, the expression of 2Kaa, 


2K oa =a (Ma—1)p (Mar 5) Mp1) + Maa (Htaa— 1) p( Maa, Mp2) > (B-6) 


would. be written with p(72, 7) only. Actually, the expression of 2K,, thus 
obtained does not include p(7q2, 72) either. It is 


(Kas— "Va V)” 
QIK = Vp (ev, = 19 


Zea vu Poa 1) ae 


(B-7) 


Here, we assume that the denominator does not vanish for the reason mention- 
ed in the text. The denominator is non-negative, so that we assumed its posi- 
tiveness. 

Now, suppose that (55) was proved for the case in which p(m, m)’s are 
different from zero for m pairs of 7,’s and m’s. When p(m, )’s are different 
from zero for m+1 pairs of m,’s and m’s (written as ny, and m,; i=1, 2, ---, 
m+1), we define po(Mai, Mi) as 


Po(Nais Mi) = Pa» Pi), (B-8) 
24 P (tas No;) 
Then, ¥ 
Du Po(nai» i) =1. (B-9) 
We put 
pa Nai Po(Nai» Nv) =PVaos (B-10) 
pa Nei Po( Nai» Mi) =PVo0, (B-11) 
at Nog — 1 
= aaa ee Nvi) = Kaas : (B-12) 


a 


_ 
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= 5) Po(Mai> Mri) =Kooo, (B-13) 
x Nai Nvi Po (Nai > Noi) = Kaw- (B -14) 


Then, (46), (47), (48), (49), (50) and (54) can be written as 


dy P (nas Ni) “Pp Gtinet) Nina) al; (B-15) 
PVao0 pa P(nai> Nyi) + Nam+1 P(Nam+1> Noym+1) =(Va> (B K 16) 
PVd0 Do Pai» Nyi) + Nym+1P(Nam+1s Nom+1) =U, (B -17) 


—1) 


m 
K 11 n 
See do Pais oe) — am+1( oats 
= 


“ 


P(Nainer1 Nym+1) =Kaa> (B-18) 


Kee Dy P(nas» Ni) + Mom s1(onss— 2) PU Nijnxts Nerina) ='Ky53 (B-19) 


m 
Kavo 7a P (Nai Nvi) “+ Hams Tomet P(Mam+i> eee) =a, : (B-20) 
— 


Our problem is to get the minimum value of Ky, for given Pva, PV», Ky and Kas. 
When K,, takes its minimum value, 2K.a also takes the minimum value for 
Ziven Va, PVs, Koso and Kay. Owing to our assumption, this minimum value 


1S 


(Kavo— "Yao Vo)” (B-21) 


PVa (Pv =i) = : 
eo ii 2K sn0— PVs0(PVo0— 1) 


Here, we assume that the denominator does not vanish. If the denominator 
vanishes, the numerator also vanishes, and the minimum of 2Kau 1s PVa0(PVar— 1). 
In this case, the situation becomes similar to that in the case in which p(7, %)’s 
are different from zero only for two pairs of m’s and n,’s. Thus, (60) is im- 
mediately proved. Except for this special case the minimum of 2K,, is the 


minimum of 


(Kise a Va0Vs0) 
2K yn0— 0V00(PVv0— 1) 


{Pte0( P00 1) ae | ce P(Nai> Nvi) 


| Poms1 Namer— 1) Ptem+r> Noms1)* (B-22) 


Among the eight variables, PVao> PVo0 Kooo; Kao Lip(tav Nos) Nam+1> Mom+1 and P\Namsir 
Tsnkids tnree ‘are independent because of the five subsidiary conditions, (B-15), 
(Bri6), (Ba); (B-19) and (B:20). After some manipulation (B-22) becomes 
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ae Ug V5 (PVa—Nam+1) (00) —Nom+1) ) ’ 
2K 59 — PVs (PVs — Lip re ae 


(B-23) 


(Va (Cue 1) ar (PVa—Nam+1) F+ 


where we put 
G= Pitan. Weiss) [hu PB amsie Meet) be (B-24) 


The denominator of (B-23) is 1—p(tam+1 7om+1) times the denominator or (B-21)25 
Therefore, it is non-negative, and also is not zero owing to our assumption. 
2Ky— Pvs(P%s—1) is positive for the reason given in the text. q is also positive. 
The minimum of (B-23) is attained when 


2 


* 
é 
er 
3 
‘ 
i 
Ny 


[2Koo— Pv» (Pv,—1) ][Pva—Nam+1]=[Kar— Va Vo} [Pv—Nom+1) - (B-25) 


Substituting (B-25) in (B-23) we get the minimum of 2K,, as 


(Ka— 0? Vas)” 


2Ky— Us (Pv, — 1) é 


PVa(PVa—1) = (B-26) 


Thus, our proof has been completed. 


References 


1) J. E. Mayer, Phys. Rey. 100 (1955), 1579. 
2) R. Jastrow, Phys. Rev. 98 (1955), 1479. : 
F. Iwamoto and M. Yamada, Prog. Theor. Phys, 17 (1957), 543; 18 (1957), 345. 
C. D. Hartogh and H. A. Tolhoek, Physica 24 (1958), 721, 875, 896. 
J. W. Clark and E. Feenberg, Phys. Rev. 113 (1959), 388. 
3) Y. Mizuno and T. Izuyama, Prog. Theor. Phys. 18 (1957), 33. 
R. H. Tredgold, Phys. Rev. 105 (1957), 1421. 
H. Koppe, Z. Physik. 148 (1957), 135. 
R. U. Ayres, Phys. Rev. 111 (1958), 1453. 
V. J. Emery, Nuclear Phys. 6 (1958), 585. 
4) J. K. Percus, private communication (November, 1960). See also J. K. Percus and G. J. 
Yevick, Bull. Am. Phys. Soc. 5 (1960), 275, S3. 

5) J. O. Hirschfelder, C. F. Curtiss and R. B. Bird, Molecular Theory of Gases and Liquids 
(John Wiley and Sons, Inc., New York, 1954) p. 1110; See also J. de Boer, Reports on 
Progress in Physics 12 (1949), 305. 

6) For example, D. G Ravenhall, Revs. Modern Phys. 30 (1958), 430. 

J. L. Gammel. and R. M. Thaler, Phys. Rev. 107 (1957), 291, 1337. 
S. Nagata, T. Sasakawa, T. Sawada and R. Tamagaki, Prog. Theor. Phys. 22 (1959) , 274. 


‘ “tie tae re 
ig AD kt ol 8 ae 


595 


Progress of Theoretical Physics, Vol. 25, No. 4, April 1961 


Spin Waves in MnF, and the Inelastic Scattering of Neutrons 


Ojiro NAGAI 


Department of Physics, Faculty of Science, Osaka University 
Nakanoshima, Osaka 


Akio YOSHIMORI 


Department of Physics, University of Osaka Prefecture 
Mozu-Higashi, Sakai 


(Received December 8, 1960) 


- The spin wave dispersion relation in the case of MnF; is studied for various assumed 
values of the ratio of the exchange coupling constants J, to J;. The inelastic scattering 
cross-section of neutrons by spin waves in this crystal is also calculated, and, particularly, 
using the value of J,=1.08J,, which seems to be supported experimentally, distinctive features 


of the scattering cross-section are discussed. 


§ 1. Introduction 


In this paper, we look into the spin wave dispersion relation in the case 
of MnF, and calculate the inelastic scattering cross-section of neutrons by the 


spin waves in this crystal. 


In MnfF.,, there are three conceivable kinds of superexchange coupling, with 


constants J,, Jo and J3, among the 
spins, as illustrated in Fig. 1. We 
shall assume J; to be so small com- 
pared with J; and J, that we can 
neglect it. On the other hand, J; 
and J, must have the same sign and 
the same order of magnitude, since 
the ratio of the paramagnetic Curie 
temperature 0 to the Néel temperature 
Ty differs appreciably from unity 
jee Eames The value of J./ji=@ 
has an important bearing on the spin 
wave energy spectrum, and, further- 
more, it has been shown” that this 
‘parameter defines the stability range 
of the MnF,-type spin superstructure. 
It is suggested that the value of @ is 


Fig. 1. The unit cell of MnF,. Black circles 
are Mn?+ ions and white circles F~ ions. 
The spin arrangement at absolute zero is 
shown by arrows, and conceivable super- 
exchange couplings are indicated by J;, Js 
and J3. 

\a| =|b| =a=4.8734 A, |e|=c=3.3103 A 
and w=0.310. 


ae AN 
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deduced to be 1.08” from the measurements of the sublattice magnetization by 
Jaccarino and Walker® at low temperatures. Precise measurements of other 
thermodynamic quantities such as specific heat, parallel susceptibility, etc., at 
low temperatures may give us certain information on the value of a, but it 
appears that data available at the present time are too poor for this purpose- 
Experiments of the inelastic scattering of neutrons by spin waves to find the 
dispersion relation for the spin wave frequencies have been performed with 
success for magnetite by Brockhouse* and by Riste, Blinowski and Janik.” 
These experiments have proved the validity of the theoretically expected quad- 
ratic law for the spin wave energy versus wave vector for ferromagnetics. 
Similar experiments may be of interest for antiferromagnetics ; the frequencies 
of the spin waves of infinite wave length in antiferromagnetics are usually not 
very small compared with ksT'y/H, and since they are proportional to (2H;H,)*”,. 
H, and H, being the exchange field and anisotropy field, respectively, the 
measurements of these frequencies by inelastic collisions will give valuable 
information on Hy. Furthermore, the spin wave spectrum may be complex 
(and so worth investigating) in certain antiferromagnetics, such as MnF,., which 
we study in the present paper, and MnO which will be treated in a forthcoming 
paper. In §3, we shall give formula for the differential cross-section of the 
inelastic scattering of neutrons by spin waves in MnF, and discuss distinctive 
features of the cross-section in the case of a=1.08. 


§2. The spin wave energy and its dispersion relation 


We divide the magnetic body-centered tetragonal lattice of MnF, into two 
simple tetragonal sublattices. Each lattice point, z, of one sublattice, which is 
made up of corner points, is occupied by an up-spin and each lattice point, &, 
of the other sublattice, which is made up of body-center points, is occupied 
by a down-spin. The Hamiltonian of the whole spin system will consist of 
the three kinds of exchange interaction mentioned in §1 and the effective 
anisotropy field acting on each of them. We know that dipole-dipole interac- 
tion constitutes the major part of the anisotropy energy in MnF,, but for sim- 
plicity we shall replace them by an appropriate anisotropy energy of the one- 
ion type. For our purpose, this simplification would be permissible, since the 
wave vector dependence of the spin wave energy originating from dipolar 
interaction is smaller than that originating from exchange interaction.” 

Thus, we write 


Ties? 3% a) S,-S,+2J,( be Nate ye SF, S,- Sy) 
gi, t!> , 


i, k> th, kl 


iD 


+2J3( >) S;-Si + 23 Se Ser) og OOD i= a Se”), (1) 


where J;, J, and J; are as defined in Fig. 1, and D is the anisotropy energy 


are 
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constant. Taking the +c-direction to be the z-direction, we introduce spin. 
deviation operators, a;*, b,*, a; and b, by 


B= ar are Seen 2S. Se V 28a 
S=—S+6,* b,, Se =v 255," and SH aVA25 bes 
where se eto alld \S, —e tO. 


If we write (1) in terms of these operators and retain second order terms: 
with respect to these operators, we can obtain the spin wave Hamiltonian. 
Then, introducing the Fourier transformed spin wave creation and annihilation. 
operators, @,*, @,*, a, and ?,, we can diagonalize it. When constant terms. 
are omitted, the diagonalized Hamiltonian is written as follows: 


H= paar ho (q) Ca Ag+ fq" pads (2) 
where ZHiw(qg) denotes the spin wave energy with spin wave vector 4, and 


hw (q) =25d17 10 i1—2@ G0 Tq) /710 


—8 (70-7) /F10+ (2D/Sr720) } *=(F50/ To) \ > (3) 
where 
Fig ORD sare) fn 
i Dorrit exp[iqg(ri— rir) |, 70= py 
Tq Lurene exp[iqg(ri— rir) |, a0=4; 
w= Je) J. P= Is) J:. 
Therefore, 


f(g) =16 SJi[ {1— (a/2) sin? (cq./2) — (8/2) (sin®(agz/2) 

+ sin?(aq,/2)) +€4}?— {cos (aqz/2) cos (aq,/2) cos (cqz/2)}?}"?, (4) 
where €4=2D/8J;. In the above calculation, new coordinates a, and 3, were 
defined by 

a 2) di, (cosh 9, a exp (zqri) +sinh0,8,* exp(—iqri)), 


ree 5 
b= / ¥1, (sinh d, @,* exp (—zgrx) + cosh§,/3, exp (igrx))> (>) 


where N is the total number of spins and 4, satisfies the following conditions : 
,=0_q=9,", 


41 
tanh 26, — ed weUD E ar tad Ga yaa) ==> ie Gare 3a) = é,| . 
10 


710 710 


Keffer” estimated the effective exchange field He=2SIi70/9ls to be 


Mee hk a ee > Ee ee 


x 


a at ee a 


Sh ede 


Ed ° 
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5.4xX10°oe using the observed perpendicular susceptibility at O°K, assuming 
g=2("z is the Bohr magneton =0.927X10™” erg oe!). This value is close 
to that calculated from the Néel temperature by putting Ty=4J,S(S+1)/ks= 
67°K.®» He also estimated the anisotropy field at O°K to be 8800 oe and 
showed that it consists of a crystalline anisotropy field 500 oe and a dipolar 
anisotropy field of 83000e. Using these numerical values, one obtains 
€,=2D/8J,=0.0163. It is interesting to note that, with the use of this value 
of €, and the value of J;, which corresponds to Hz=5.4X10° oe, we obtain 
from (4) a value of 12.7°K for Hw(0)/ks, which is not small compared with 
Ty. (The value of fiw(0)/ks deduced from the measurements of antiferro- 
magnetic resonance in MnF,”™ under application of a static magnetic field is 
(12.1+1.1)°K.) For long waves, the spin wave energy can be expanded in 


powers of q as follows: 


: a — 
ae 36,2252 — @(Gz' +4) + a oe 


2S Ii710 4 
ASCP) coat g2 (ae! +44) +e (a+ (4/3) (@—1) eta (6) 
-- ns 


As can be seen from Eq. (6) (or (4)), the spin wave frequencies as func- 
tions of the direction of q are not isotropic. As mentioned before, we assume 
8(=J3/J;) to be so small that we can neglect tol 
it. The parameter a affects the frequency of 27r0duS 
the spin waves travelling in the z-direction. 05 
The fw(q) vs. g, curves for various values 
of @ are illustrated in Fig. 2 (¢,=q,=0); 04 
curves with values of @ larger than 1 have 
a valley at a non-zero value of g;, and, 03} 
furthermore, for a>1.2, iw(q) becomes imagi- 
nary in a certain region of the q-space. 
Actually, it was shown by Yoshimori” that 
for larger values of a than this critical value, 
@,=1.2, the spin superstructure of the screw 


type is more stable than that of the MnF, 4 eqz/2 
type. If actually MnF, has a value of a which 0 30 Gis mecodn 
is between 1 and 1.2, so that hw(g) has a (degree) 
valley at a non-zero g,, neutrons may excite Fig. 2. fo(q) versus g, curves for 
or absorb spin waves in. the region of this various values of a (q2=qy=0). 


valley with relatively small changes in their energies. Therefore one will be 
able to observe in the inelastic diffuse scattering of neutrons a certain con- 
spicuous peak due to this effect. In Fig. 3, we illustrate constant spin wave | 


en 
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energy surfaces on the g;—g. plane (q,=0) for several assumed values of a. 
A few comments will be given on the value of a. If the actual value of 
a is close to unity, the temperature dependence of the thermodynamic quantities 


are insensitive to the precise value of a at temperatures higher than hw(0)/kg= - 


12.7°K. The calculations of the specific heat, parallel susceptibility, and the 
magnitude of the sublattice magnetizations in the case of a=1 actually show 
good agreement between theory and experiment in this temperature region. 
However, at temperatures appreciably lower than 12.7°K, the temperature de- 
pendence of these quantities is sensitively affected by the value of a, and it is 
found from comparison between calculated and observed sublattice magnetiza- 
tions that by putting a=1.08 a satisfactory agreement can be obtained in this 


temperature region. 


Se a=1.0 
- a=0 85° KE 
holq) —49°K 
ke 
aq./2 
aqx/[2 aqz/2 
30 

(a) (b) (c) 
CQz 
ve a=1.08 z a=1,12 

" 35°K ae 35°K 

50 

40 

30 
qo 

2 

20 

10 

fi) aqzx/2 aq/2 

30 
(d) (e) 


Fig. 3. The constant spin wave energy surfaces on the ¢,—9, plane (g,=0). 
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§ 3. The scattering cross-section 


Having found the g-dependence of the spin wave frequency for MnF., we 
shall now briefly discuss the magnetic inelastic scattering of neutrons by this 


crystal. ; 
In the process of magnetic scattering of neutrons, the conservation of 


energy and of momentum in the neutron and magnon system must hold. If 
ik, and fk are respectively the in-going and out-going neutron momenta, and 
if mm) is the neutron mass, then 


ky —k-+ 227+ q=0, (7) 


sett (ke —k’?) = +ho(q), (8) 
2710 : 
where the upper and lower signs correspond to the process of a magnon emis- 
sion and that of a magnon absorption, respectively, and 7 is a reciprocal lattice 
vector. 
Formula for the differential cross-section of this inelastic scattering has 
been given by van Hove.” It can be written as 


ac. Fil Se aie Ware 3 5. Kaka 
AQd WH R?/2m») Con eer: IFC«)| pat oF K 
XL Pm SLY Se* exp(—ieR) hnonl 3 Sa exp GR) Jung (9) 


8 (*et#) +4 en Ey), 
2m Sait 
where e and m are the electron charge and mass, respectively, y=1.91 is the 
neutron magnetic moment in nuclear magnetons, c the light velocity, e=k,—k 
the scattering vector, E, the eigenvalue of the 7-th eigenstate of the spin system 
in the crystal, p, means the statistical weight of the n-th eigenvalue E,, indices 
a, 8=x, y, z refer to the rectangular coordinates in space, and f(«) is the 
magnetic form factor. 

Writing S,*, etc., in (9) in terms of a, 2, etc., and substituting (5) in 
the result, we obtain 


d’o Die) eet eRe c Ken 
dad i E]2m) a) eee ( ers, 
xX | cosh (26,) +sinh(26,) cos (w- (eq) | (10) 


x3 (2 Gr—#) at) (™*4), 


Mo Nq 


with «+q+22r=0. Here m, is the Bose factor, ie. [exp (Kw(q)/ksT) —1]", 
and w=(1/2)(a+b+e) is the vector connecting the origin to the body-center 
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site of the unit cell. Taking the argument of the 0-function as a new variable 
of integration, we can perform the above integration over (H?k’/2m)). Thus, 
we put 


RIE ue Sei eee 


2m 


so that 


a( hk’ le e dx 
2my/ — 1+ (mo/ WR) KV heo(q) 


and integrate (10) over x. Then we obtain the following final result : 


do ( ve" NS 


2 k ; Ke 
=) Eisen t+ 
x | exp(—24,) sin? (zr -w) + exp (26;) cos'(ar-1e) | (11) 


cz 
—1 

mm \ 7g’ mit) 

[1+ (2) & V,0(4) | ( bee 
To illustrate this formula, let. us consider the inelastic scattering with 
t= (0, 0, 1/c) ; for zt parallel to the c-axis, no elastic magnetic scattering should 
appear. In this case, only the sin® term in the formula (11) of the scattering 
cross-section is left and the cos? term vanishes. The factor [1+ (m)/hk’)k- 
V,«(q) | can be calculated using (6) and is found to be very close to 1 for 
any value of a in which we are interested. The main variation of do/d® as 

a function of g arises from exp(—20,), which 


dQ 


MC 


can be written 
exp (= 26.) = (Fr +71q— & (720 72g) + ay Wi 
X (Y0—T1q— & (20 — 72g) + €a) Fa 


This function is illustrated in Fig. 4 against q,, 
putting ge=q,=0, for several values of a. With 
this, we can calculate (do/d2) for known &) and 
g, calculating k with the use of the energy and 
momentum conservation laws. If we have a small 
a(<1), the peak of the cross-section for g= (0, 5 | 
0, g.) will appear at q.=9, while the cross-section 
for scattering by other spin wave modes with 


exe 


15} 


10 


g:#0 will be smaller; if, on the other hand, we cqz/2 
have a large a(>1), the cross-section for the oF 30 60 90 

scattering by modes with qe (0, 0, gz) will have a Bib. Ge Dee Mets rerlamente 
maximum at non-vanishing q. Putting, for ehives tors various valuescot 


example, 2n/k)(=4) =1.5 A and Lt 4) 3oend @ (G2=Jy=0). 


eS Oe ee 
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considering a magnon emission or absorption process, we obtain (do/d2)= 
110 10-* (for emission) 66X10-* (for absorption) cm*/4z steradian per atom 
for the mode of g=0; assuming further a=1.08, the ratio of (do/d2) q=(0,0,40) to 
(do/d®),-» is calculated to be 1.18 (for emission) 1.33 (for absorption). 

In the above treatment, we have omitted the effect of the thermal vibra- 
tions of magnetic atoms on the cross-section for the inelastic scattering. To 
take this effect into account, we have to add the Debye-Waller factor, 
exp(—2W), to the right-hand side of (11). 

In the method of Riste et al., quoted in § 1, white neutron beam was used. 
After integrating over the whole scattering surface, which is obtained from 
Eqs. (7) and (8) by eliminating g, they obtained the cross-section in terms of 
the Bragg angle /, and the missetting (J/—v,). Their method will thus apply 
only in the case where the w(qg)—g relation is simple and therefore the inte- 
gration over the scattering surface can be carried out without much trouble. . 
On the other hand, Brockhouse uses monochromatized incident neutron beams 
and measures the energy and momentum of the scattered neutrons precisely. 
Therefore, his method may be more convenient for the present case. 
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The functional analytical description of magnetohydrodynamic turbulence of an incom- 
pressible plasma flow is investigated by the method introduced by Hopf for the ordinary 
hydrodynamic turbulence. An exact stationary solution of the functional differential equation 
for the characteristic functional is given for the special case of inviscid and infinitely con- 
ducting plasma. This solution shows the equi-partition of the kinetic and magnetic energies. 
A formal general solution is also obtained by assuming the possibility of the functional 
Fourier transformation. 


§ 1. Introduction 


Not only the possibility but also the difficulty of the turbulence problem 
arises from the non-linearity of the flow equation. If the flow state at the initial 
instance is given definitely, the flow state at any later instance is determined by 
the flow equation. But in the problem of the turbulence the initial state is given 
in terms of an arbitrary function called ” fonction aléatoire ”. If the flow equa- 
tion were linear, we could obtain the general solution and discuss the problem 
with arbitrary initial condition. But actually the equation of fluid flow is non- 
linear and here arises the difficulty of the problem of turbulence. 

For the physical purposes we are sometimes satisfied with the knowledge of 
the averaged quantities, such as correlation functions, which describe the statisti- 
cal property of the field. The equations for the correlation functions derived 
from the flow equation are linear, but they are not closed but coupled with each 
other; The two-point correlations are related with those of three-point, the three- 
point ones with the four-point ones, and the sequence goes on indefinitely. This 
is in fact a reflection of the non-linearity of the flow equation. But Hopf” intro- 
duced a method of describing the field of turbulence in terms of a linear func- 


tional differential equation -for the characteristic functional. If the characteristic 


functional is determined, all correlation functions are derived by the functional 


differentiation. 
Now it was shown by Batchelor” and Chandrasekhar® that the phenomeno- 


logical theory of turbulence in magnetohydrodynamics can be developed to the 


same extent as the corresponding theories in ordinary hydrodynamics developed 
by Taylor, von Karman and Howarth, Robertson, Kolmogoroff, Batchelor, and 
Heisenberg. Here we will show how the method introduced by Hopf is applied 


|. 
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to the magnetohydrodynamic turbulence. 

The functional differential equation for the characteristic functional describing 
the magnetohydrodynamic turbulence in an incompressible plasma is derived by 
the method of Hopf (§ 2, §3). An exact stationary solution of the equation is 
given and it is shown that we have, as a special case, an isotropic Gaussian 
distribution and the equipartition of the kinetic and magnetic energies (§ 4). A 
formal general solution is also given by assuming the possibility of the functional 
Fourier transformation (§ 5). 


§ 2. The functional description of the field of turbulence in a plasma 


The method of Hopf for describing the field of turbulence in terms of the 
characteristic functional was first constructed for the turbulence in ordinary hy- 
drodynamics. But this method is applicable to any type of turbulent field, and 
here we will apply it to the magnetohydrodynamic turbulence in an incompres- 
sible plasma. | 

In magnetohydrodynamic approximation the macroscopic flow of incompres- 
sible plasma is described by the following equations, 


a + ie (ut, t— hy he) = — ; - (p+ 7 PIb|*) +¥P tau, ay 
Gee Cpe eas (2-2) 
pt =0, (2-3) 
it =0, (2-4) 


where », A, p and wu, denote the viscosity, the magnetic diffusivity, the pressure 


and the velocity respectively, and h; is a quantity of the dimension of the velocity 


defined by 


Le (2-5) 


/ being the magnetic permeability and H; the magnetic field strength. The other 
quantities such as the electric field strength E and the electric current j may be 
derived from uw; and A; using appropriate formulas. 

Now in order to describe a given flow field (2, 22, 3, Ai, hy, hs) we introduce 


a functional 


O (8, 9, t) = [eS ers PY (du dh), (2-6) 


where the arguments (&,, , €3, 1, 4 43) are arbitrary continuous functions of 


~~” e 
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ae coordinates and P*(du dh) is the differential of the probability distribution 
P* of ensemble at time ¢. The functional M(¢, 7) is called the characteristic 
functional for the (x, h) field. 


When the field (uw, h) satisfies the flow equations (2-1) and (2-2), the 
‘characteristic functional @ must satisfy the following functional differential equa- 


tion : 
Me af[c b t—a28.) or ()-94 
0 


Ey x,_\06 505, One Oqa OF) 8x, 


on, OD OD : 
sea x){ ( eee r( 
pal Bac, Ona, OF yOng is 


. | |x, (2-7) 


where // is an auxiliary functional to be determined by the simultaneous func- 
tional @ just as z=p+ (1/2) p\h|° is determined by the simultaneous field uw and h. 
Equations (2-3) and (2-4) give the following condition for the functional @: 
a A” h 
0 (E+ ao n+ <8) 06, q;)> (2-8) 
Xj Ox; 

where ¢ and ¢ are arbitrary continuous functions. Equations (2-7) and (2-8) 
may be easily proved by a straightforward application of Hopf’s method. 

The pressure functional /7 is eliminated from (2-7) by introducing a func- 


tion €;* such as 


Ox; 
with 
= x 
LAR ay, in the domain, €,;*=0 on the boundary. (2-10) 


02; 


Then Eq. (2-7) becomes, through partial integration, 


2 Sy 
Bent (ete t Joona) 
Ot Oxy \ OF p05 a O489Na <n 


weg OD OD *( 0@ ha 
ah — AVF a a Na Paes i 
+ 444i 02 Cae OF 4 ONp Z Ona a ( ) 


The functional equation (2-11) involves all knowledge about the magneto- 
hydrodynamic turbulence in an incompressible plasma. It is equivalent to the 
infinitely coupled equations for correlation functions. To solve it is equivalent 
to solving the whole system of coupled equations for correlation functions taking 
into account all orders of correlations. When the characteristic functional @ is 
obtained, all correlation functions are derived by the functional differentiation : 


tame Oo" D 
Ua (Xi) *** Ua (2) hy (21+1) hs Ln) = i” 0€,(21) + OF g (21) Oty (@r41)*** ON3( Ln) Petphats 
(2-12) 
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because 


| xa’s-uighy hy P' (du dh) 


1 a : [ et) Gava+nena 4* Pt(du dh) (2-13) 
i 06 4°08 Ony:-ONs aed be 


§ 3. The wave-number space representation 


The wave-number space representation is sometimes useful for the physical 
application. The flow field u(x) and h(x) may be expressed in terms of their 
Fourier transforms #(k) and h(k) defined by 


Ua (x) =|. (k) e™ dk, h(x) =\he (k)e"* dk. 
Then the basic equations (2-1) to (2-4) for w(2) and A(z) are converted into 


the following equations for z(k) and h(k) : 


Otia(k) _ 


ct — il ke! Za(# ip (R—#') —ha(#) hg k—K)} ak 


+i ba fa Be! tz, (R!) Gig (k—H)) — hy (Blip (k—K')} dk’ vB a(R), (3-1) 


Dha ; aN me eye S 
Hu {haa (R!) tip (R— Rl) a(R’) hig(k—K’)} dk’ —ARh(k), (3-2) 
with 
hatia(k) =0 and kyha(k) =0, (3-3) 
where the pressure term has been eliminated by the usual way of taking the 
divergence of Eq. (2:1). 
The characteristic functional in the wavenumber space representation may 


be defined by 


OG, 9, #) =| 1) Emin stn ime paz dh), 


where €(&) and 7(k) are argument functions. When the flow field z and h satisfy 


Eqs. (4:1) and (4:2), the functional (€, 7, ¢) must satisfy the following func- 
tional differential equation : 


ap a 2 
he! Fay (&) €,(B) (= Srp eee 
Ot =\\{ UE) Gea meee One (R—R’) 0% 4 (k') 
oO wd 
+ kg’ Hak) dk dk’ 
: eas bE. (k— ) BE4(R!) Oe (k— i ae 
— | 10R2,(2) AB Falk | 
|e oe tae) P| de (3-4) 


yyy a es wt 


ee 


Characteristic Functional for Plasma Turbulence 607 
where 
Rak 
TOR a Saige as (3-5) 


The relation (2-8) may be written, in k-space, as 
O(E+G (kha Jot G(k) ke) =O, ¥). (3-6) 


If é.(R) is the Fourier transform of €,(x), then that of €,*(x), defined by 
(2-9), becomes 


E*(k) =4, (k) — att, 1(R) =Tay(k) F(R). (3-7) 


This can be shown by taking the Fourier transform of (2-9) and eliminating ¢ 
by the divergence condition of £,*. If we substitute €,*(k) for ma,(R)&,(k) in 


(3-4), we may see that Eq. (3-4) corresponds exactly to Eq. (2:11). When | 


we introduce 


Fe (B) Tab) +9 B) ha =Fan () Fu(),(with $R)=— PMD) a.) 
and replace the differentiation with respect to € and 7 by 
) 2) ) 0 
ee at Oy Paro aD Ree ep nena eer 3-9 
EY Ope OH, eg 


we have, by virtue of (3-6), 


OD li lé hey ” oD O@ 
Ia! tay (Rl) a (B’)| En* (BER 3 
ap Fe Ber Et OEP REE Ne San Seach RED THR 
yy : N2 a) 
oh Qa CE ) = - ie " eae I\ A> ZI | Jaw’ aK 
Ons* (R’) 06, at C45) Cee (k") 


- AR Hak) dk, 3-10 
ieee BD 5] ber 


= OD 
m= [pp eR) --— 
[peer 


where k—k’ has been replaced by k”. 
When the characteristic functional in the wave-number space representation 
@(&, 7, t) is obtained, the correlation functions may be derived by the functional 


differentiation : 
O"@D 
a kR k h k + h Rn eh i 
al — k1)-+ tha — hr )hty(— Rrsr)-** As(— Rn) = i nr (hey) OF 6 B,)0F (Bras) Ofx(Kn) Fane 
and (3-11) 
Ua (21) “Ue (2) h, (2141) «hs (Xn) 
ey 1 \ oD et hat +08 thin en) dk,:+-dkn 
i 0G, (ki) OF g (ki) OH, (Ri +1) -ON5 (Rn) 220, 7=0- 
(3-12) 
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When fA tends to zero, Eg. (2-11) or (3-9) for the characteristic functional 
; ; see, 
reduces to the corresponding equation of Hopf for ordinary turbulence. We will 
try to obtain some solutions of the equation in the succeeding sections. 


§ 4. An exact stationary solution in the case p=A—.) 


Let us consider the case y=0 and 4=0. For a stationary case Eq. (3-10) 
can be expressed as follows : 


1| [fhe ("20 | Fe (—0 | a6," Th 3 (ey o%,* By aI 
ss ot FAG EO Ee) BE) i: 
KO(R+R +k") dk dk’ dk" =0, (4-1) 
where €,*, %.* and Z, satisfy the following relations, by definition, 
key (hy =0, oho (Eat (4-2) 
Tay lh) Sy" (h) Cat (Biteay (R) Gy eH te) (4-3) 
and 
hatay(k) =0. (4-4) 


Now it is shown that 
= F(alE.*() F.4(—B) dk +5 | 74" (8) Fa" (—B) db) 
with a=b (constants) (4-5) 


is a solution of (4:1) if F(¢) is an arbitrary function of a single variable which 
has a continuous second derivative. 

The integrand of the left side of (4-1) consists of four terms and we will 
denote the integrals involving them by fh, h, J; and J, respectively. Inserting 
(4-5) into (4-1), the first integral becomes 


=| [ee Ray (k) mas (H)EM(—B) (2a8,*(—R) F/O RAR +H") dhl! dk" 


eS 
J 0€,*(k!’) 
= (fas Sey (K’") tas (B’) &e*(—b) {2aF" 8,50 (hE) 
+ 4a7é,*(—k')E*(—R") FORA R +R) dk dk! dk". (4-6) 
The first term of the right side of (4-6) vanishes, because 
hea! ay ('") aa (BR!) Fa*(—R) by, 0(R +R") 

= —[Re! tay ( Rl") tan (RF n* (—k) OCR +R") 

=i (by (4-4)) (4-7) 
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The second term of the right side of (4-6) vanishes, because 
hep! Tay (Rl) tas (h!) Fa* (—k) F5*(—B) F* (BR) O(R+R +R") dh dk! dk!’ 
= hal &o* (Rl) F* (— hE *(—k') O(R+R +!) dk dk! dk!’ 
=k €e* (hk) Fa*(—k) Fak (—k) ORE +h") dk dk! dk!" 
(by exchanging & and k’) 
= (hy the!) Fo*(H) Fa (—B) Fak (—k) OR+H +R") dhl dk" 


= — [hal Bet (RF (RF (ROR +H +R) dhl dk 


=0. (by (4-3)) (4-8) 


Thus the integral J, vanishes. 
The third integral on the left side of (4-1) also vanishes in the same way 
as (4-8): 


tA (| (40’r2,(k”) tan (kh) Fa*(—k) a*(—R) F,* (RB) 4abF3(R+ Bi +R) dk dk dk" 


ddd 


=| (ae For ce Fa*(—k) es a) AabF" 8(k+k' +k!) dkdk! dk" 


_ -—\\\ (Re! Ea* (Rl!) \fia* (—k)Ga* (—F’) AabF" O(R+R +k") 
=) (4-9) 
The second and the fourth integrals in (4: 1) become 
Int L=— | {eter ("an #)] Fah (—B) [26F On B+) 
+7a*(—F) i*(— #40 P| + Fa* (— BE (— Fi (—k) 4abF" 
x O(R+K +k") dk dk’ dk" 
a — [ff A te oy) Raa H) [E(B MBI TAHEY 
Get (—b) E(B) (= RB) | A (ab) Ble! ta HD 
X a3 (k’) E,*(—k) js*(—#’) je (— BY) [Pat H +H”) dk dk’ dk". 
(by (4-7)) (4-10) 
The first integral of (4-10) vanishes, because 
leg! Tay (R.") ean (Rl) {a8 (= B) Ga" (— RI (BY) $5 (DERIK B DS 
xO(R+R +R") dkdk! dk" 
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= {hal He (—B') Sa (— 8) Ja" (—B) + he! Ga®(—B’) Fa*(—#) Fa*(h)} 
x O(R+K +k’) dhdk dk! 
= {kp! Fa* (—B!) Fa (—B) Fa® (—) + haife* (RB) Fa*(—k) Fa" (—k')} 
x O(R+R +k") dkdk' dk" 
= —[hp! Ho*(—k") JF a*(—k) Ga* (—h’) OCR+R +R") dh dk! dk" 
== (0: (4-11) 
Summarizing the results, we have 


l= LLP Et 
=4(a—b)b| || ka! oy (K") E *(—2) 7% (—#) 7/*(— KB) PF” 
x O(k+k' +k") dk dk’ dk". (4-12) 

This vanishes for arbitrary é* and 7* when a=b. Thus (4-5) is an exact solu- 

tion of (4-1). 
As a special case, it is found that 
Dye 
@=exp (- Z \ 


Ys 
2 


E(k) &*(—2) dp— tn io (k) Ga" (—B) dk 


Within =a, (4-13) 


is a particular solution and this is the characteristic functional of an isotropic 
Gaussian distribution.” The condition «,’=«,,” shows that the equi-partition of 
the kinetic and magnetic energies holds in this case. 


§5. A formal general solution by the functional 
Fourier transformation 


The functional differential equation (2-11) can be written in the following 
form : 


AD(<*, n) ihas ( 0 oa ( 7) | A 
SE SBD STN ECs ce ee | ics ae [eee ere 
at Qa age ion Se Ler” ion a eae. Ge 
The forms of Q, and R, may be easily given, but in the following discussion 
we need not use any knowledge of their form. 
Now we assume that the functional Fourier transformation is possible 


for @: 


0(5*, 7) =| 100, 7) et\ arearner) a2 86 dz, (5-2) 


_where 00 and dz are certain measures of the volume elements of the function 


space of 0(x,7) and 7z(2z, 72), and the functional integration by such measures 
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are assumed to exist. If we substitute (5-2) in (5-1), we have the following 
equation for 7%: 


: OU OF 0 ; 
Ji(Ee Get 0G 2) det Gi =i| EP QuO, D+ 76RD Ditde 6-8) 


‘Thus we have 


1=1, exp| i\| |." (—F"+0.(4,7)) se (- 


a+ Ra(0,7))| dade (5-4) 


where 7% is the Fourier transform of @(¢*, 7) at the initial instant and does 
not involve ¢. Inserting (5-4) into (5-2) and through partial integration, we 
have 


O(E*, 7) =\% exp| 2\\ 78 Oat 1g 6,7 O”8 
: vexp| i} | [Pa + Fa* Oal 12) +55°%9 + 9g Ra (0,7) dnd | a0 0. 


(5-5) 
For the correlation functions we have 
{that hh )=|\Ga-p rye Te1 EXP {i| Ga*4at+ya%e) dat 30 Annee 
=|\00--O4 Ty T3 Xo exp| ‘| {0,724 6." On(0=¢) +re7t 
472Re(, =)}dede| a0 oc) (5-6) 


Thus we have obtained the formal general solution in a form of functional 
integral. For practical calculation some approximate method must be employed 
such as the lattice point method or the generalized W-K-B method which are 
popular in quantum field theory.” But it is not yet clear in which case and to 
‘what extent such approximate calculations are better than the ordinary treatment 
that takes into account only a small part of infinite coupled equations for cor- 
The exact solution of the functional differential equation may 


relation functions. 
o derive some general 


not be easily obtained and it may sometimes be useful t 
properties of the equation mathematically. 


§6. The correlation functions involying odd number of h’s 


It was assumed by Chandrasekhar (1955) in an investigation of the spectrum 
cof magnetohydrodynamic turbulence that the correlation functions involving odd 
number of components of A should vanish : 


u,hjy =uhyhy hi =. =9.- (6-1) 


This assumption is natural because the flow equations allow the solutions (u, h) 
and(u, —h) at the same time, so that A and —h are equally possible for a given w. 
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Here we will give some remarks about this assumption in terms of the charac- 


teristic functional. . 
First it is shown that such correlations vanish if the characteristic functional 


is even with respect to 7: @(&*, —7) =@(&*, 7). If we put 


Ny iN 0 £ 
3 Pires (Oe ==) (im), 
S 


10: ee 10S 2* 10% y 1075 
we have 
GE*, —4) =—G, 9) 
for an odd number of os Putting ¢=7=0, we have 
q 
G(0, 0) = ua: -ugh,---hs )=0. (6-2) 

Secondly it is shown that if @(€*,7) is even with respect to 7 at a certain 
instant this is always even. When @(§¢*, 7) is even at the initial instant, its 
Fourier transform 7% is also even with respect to «. Now we see that the 
operators Q and R have the symmetry property : 


Q(0; =r) =O, rt), RU, —t)=—RU, 7). (6-3), 


Then we have 


o(E*, —7) =|% exp] il | {7 


+ (49) Ra(6, ae at 


Oces (6, tT) +T, a 7 


= 
=o exp| i] {0.2 +E." Q0(0, 2) +t6 MP4 99 RO, =") | dede | ava" 
t 


=O(*, 7). (6-4) 


Thus, the correlations involving an odd number of components of h vanish if 
they vanish at an instant of time. 
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The deuteron stripping reaction is reformulated by using completely antisymmetric wave 
functions: The amplitude of the reaction will be represented as a sum of two parts, stripping 
and heavy-particle-stripping amplitudes. 

Quite analogous to the case of the “ordinary” stripping, the amplitude of the heavy- 
particle-stripping can be represented in terms of three reduced width amplitudes of bound 
nucleons, e.g. in (d, ~) reaction, those of captured neutron and proton in the residual nucleus 
and that of the emitted proton in the target nucleus, or alternatively, in terms of two reduced 
width amplitudes of the emitted proton and captured deuteron in bound states. The latter 
formulation is natural generalization of Owen and Madansky’s. 

By making use of present formalism, one can calculate not only angular distribution but 
also the ‘“‘ magnitude” of heavy-particle-stripping cross section. 

For simplicity, the Butler approximation, i.e. the cutoff Born approximation, is employed, 
though its generalization can be performed easily, as will be discussed in the final section. 

Some qualitative discussions are given. Numerical calculations and more detailed com- 
parison between the stripping and heavy-particle-stripping cross sections will appear in our 
subsequent paper. 


§ 1. Introduction 


When a deuteron is bombarded to a target nucleus to form the final state 
of a residual nucleus and free proton, one may immediately imagine the follow- 
ing two sorts of direct-interaction-mechanism. First the neutron in the deuteron © 
is captured by the target nucleus, whereas the proton in the deuteron does not 
interact with the target nucleus, appearing at infinity as free proton. In other 
words, the neutron in the deuteron is “stripped” by the target nucleus to form 
the residual nucleus. This mechanism is called the deuteron stripping, which 
has been dealt with by many authors after the first work of Butler.” On 
the other hand, the target nucleus may be “stripped” by the incident deu- 
teron. Namely, if the target nucleus is assumed to be composed of one 
proton, say p2, and the remaining core, the deuteron may capture the core 
to form the residual nucleus, while the proton is emitted in the final.state. This 
ss the so-called heavy-particle-stripping reaction proposed by Owen and Madansky.” 


+ This work is included in a thesis submitted by T. Honda to Rikkyo University, in partial 


fulfillment of the requirements for the degree of Doctor of Science. 
+t Now, at Department of Physics, Tokyo Institute of Technology, Oh-Okayama, Meguro-ku, 


Tokyo. 
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In some experiments of (d, p) and (d, 7) reactions, there appear peaks of 
angular distribution in rather backward directions, which have usually been ex- 
plained in terms of heavy-particle-stripping reaction. . 

The theories of heavy-particle-stripping reaction so far employed, however, 
were concerned only with the shape of angular distribution and the magnitude 
of the cross section has been adjusted so as to fit the experimental data. 

The main contents of the present paper may be expressed as follows. By 
using completely antisymmetric wave function the stripping and the heavy-par- 
ticle-stripping amplitudes will be treated on an equal footing, which will be given 
in the next section. In sections 3 and 4, the amplitude of heavy-particle-stripping 
will be represented in terms of three reduced width amplitudes of bound nucleons, 
ie. those of captured neutron and proton in the residual nucleus and that of the 
emitted proton in the target nucleus, or alternatively, in terms of two reduced 
width amplitudes of the emitted proton and of the captured deuteron in bound 
states. The latter formulation is natural generalization of Owen and Madansky’s. 
The nuclear interaction appearing in the matrix element will be eliminated by 
using the Schroedinger equation of target nucleus. On the other hand, the 
amplitude of “ordinary” stripping is expressed, as usual, in terms of a reduced 
width amplitude of the captured neutron in the residual nucleus. Then one can 
calculate not only the angular distribution but also the magnitude of the heavy- 
particle-stripping reaction without explicit knowledge of the nuclear interaction. 
In section 5, the cross section for (d, p) and (d, m) reactions will be presented, 
which consists of three parts: stripping, heavy-particle-stripping and their inter- 
ference terms. Finally, in section 6, some discussions will be added concerning 
qualitative nature between stripping and heavy-particle-stripping reactions. It is 
pointed out that the energy-dependence of the cross section of the heavy-particle- 
stripping reaction is stronger than that of the stripping reaction, so that the former 
reaction will not.play an important role at higher energy of incident deuteron. 

Detailed qualitative and quantitative discussions will be presented in a sub- 
sequent paper, in which it will be discussed especially in what condition, i.e. 
incident energy, Q-value, etc., the heavy-particle-stripping mechanism might be 
preferential to (d, p) or (d, 7) reactions in comparison with the “ ordinary ” 
stripping one. The result is almost always unfavourable to the heavy-particle- 
stripping mechanism except the special case of low incident energy and some 
appropriate combination of reaction Q-value and the binding energy of the emit- 
ted proton in the target nucleus, provided the Butler approximation is adopted. 

Other reactions, for example (a, p), may be treated in quite a similar way 
with slight modification which will be discussed in the derivation of the formula. 

After completing the present work, it called authors’ attention that quite re- 
cently Nagarajan and Banarjee have performed an antisymmetric treatment of 
(d, p) and (d,m) reactions. Their formulation is almost the same as our 
“alternative” formulation mentioned previously. If needed, the differences be- 
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tween their and our formulations will be noted in the footnotes of the present 
paper.* Their conclusion obtained through the analysis of experimental data, 
however, seems to be essentially different from ours; this may be due to the 
fact that our analysis is more systematic than theirs.** 


§2. Antisymmetrization 


As is well known, the amplitude of a nuclear rearrangement collision such 
as A(a, b)B may be obtained simply as a coefficient of the asymptotic wave 
function in the final channel } of the total wave function which should obey the 
Schroedinger equation with appropriate boundary conditions. 

In the antisymmetric treatment, we must further impose an additional re- 
quirement on the total wave function, i.e. the total wave function should be anti- 
symmetric with respect to the exchange of the coordinates of arbitrary two 
nucleons in the system. Then, there appear various emitted particles (if dis- 
tinguishable) in the channel 46. The amplitude in the antisymmetric treatment, 
therefore, can be obtained as a linear combination of the coefficients of the 
asymptotic wave functions in the channel 6. 

In the present section, an elementary method will be employed, though com- 
pletely the same result has been obtained by the general method mentioned above. 


1. Simple Example 


First, we shall deal with a simple example; antisymmetrization between the 
proton pl of one of the constituent of the incident deuteron and a proton 2 in 


the target nucleus, which is assumed to be composed of proton £2 and remain- — 


ing core. Further, the spins of incident and emitted particles will be disregarded. 
For the sake of convenience, the interaction between the incident deuteron 


and the target nucleus will be denoted by 
V(p2, C; d), 

where the notation p2, C stands for the target nucleus, i.e. 2-+core, which may 
be represented as the sum of interaction between the target nucleus and_ the 
proton pl and that between the target nucleus and neutron in the deuteron: 

V(p2, C; d)=V(p2, C; n) + V(p2, C; pl). 
More explicitly, 

V(p2, C; n)=V(~2; 2) +V(C;n), 

V(p2, C; pl) =V(p2; pl) +V(C; pl). 
Here, V(C; 7) stands for the interaction between the core and the neutron in. 


the incident deuteron. 


* M, A. Nagarajan and M. K. Banarjee, Nuclear Physics 17 (1960), 341. Their paper will be 


referred to as N-B in the following footnotes. 
** Details will be discussed in the subsequent paper. 
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The wave function of the final state, i.e. residual nucleus+ one free proton, 


may be expressed as 
(1/2) fe* ™bn(n, p2, C)—e* "$n (n, pl, C)}, (2-1) 


where r; and r, are the coordinates of proton pl and p2, respectively, /r(1, p2, (3) 


denotes the wave function of the residual nucleus which is composed of the core, 


proton p2 and the neutron. 
On the other hand, the wave function of the initial state may be written, 


in the antisymmetric treatment, in two forms: 
(1/12 )ba(rn—ri) ent? bo(p2, C), (2-2a) 


and 


— (1/2 )balrn—ra)e Ont??? be (pl, C), (2-2b) 


where ¢7(p2, C) denotes the wave function of the target nucleus which is com- 
posed of the proton 2 and the core, ¢z the wave function of the internal motion 
of deuteron, r, the coordinate of the neutron and K being the wave number 
vector of the incident deuteron. The interactions in the initial state should be 
taken to be 

V (62, C3 pl)-EV (p2, Cy 7) (2-3a) 
and 

V(pl, C; p2)+V(pl, C; 2) (2-3b) 


corresponding to the forms of the wave function of initial state (2-2a) and (2-2b), 
respectively. 

After simple calculations, we obtain the transition matrix element in the 
antisymmetric treatment : 


T= | drgdr, drydC{e-®" $.*(n, 2s GC) eo en an lee 
x {V(p2, C; pl) + V(p2, C; n)}br(p2, Chek + b,(r,—1r,), (2-4) ** 


where dC stands for the integration over all coordinates of the core. The range 
of integration with respect to r,,1r, and r, will be discussed later. The expres- 
sion (2-4) has already been obtained by Owen and Madansky.” 


* Another, but equivalent expression has been obtained by French, using the final state 
interaction : 


T=\ dr, dr, dr, dC es bp*(n, p2, C)V(n, p2, C; pl) 
X {br (p2, C) MMW gr, —1,) <b p(pl, C) HK 24" Wl? g(r, —F,)}. 


** Strictly speaking, the expression (2-4) will remain correct, only if the target nucleus is 
infinitely heavy and the coordinate of emitted proton is measured from its center of mass. As a 
result, this expression includes the error of order 1/A (1/(mass number of nucleus) ), which leads 
sometimes to rather serious difference in the angular distribution of heavy-particle-stripping. The 
improvement will be performed in the next subsection. 
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Next, it may be convenient to divide the 7’ into two parts : 


T=T (direct) +T (exchange), (2-5) 


where 
T (direct) = | dr,,dr,dr,dC e-*'" b*(n, p2, C) 


X iV (p2, C; pl) +V(p2, C; n)}br(p2, C)da(ra—ri) rr? (2-5a) 


and 
T (exchange) = — \ar, dr, dr,dC-e"*"2hn*(n, pl, C) 


x {V(p2, Ce p)) +V (2, ws n)} -br( p2, C)éa(rs—Ty) Co (2-5b) 


The first term, (2-5a), represents the direct part, which has been dealt with 
by many authors” in the “ordinary” stripping reaction. As is well known, the 
initial-state-interaction V(p2, C; p1)+V(p2, C; ) in T(direct) can be replaced 
by the final-state-interaction, i.e. 


Vipzn-C > pl) =V (p2; Cs pl) + Vins pl), (2-6) 


if the Born approximation be adopted. In the case of the Butler approximation, 
i.e. the cutoff Born approximation, the same relation holds also exactly, provided 
the cutoff radii in the initial and final states be taken properly.* The net inter- 
action in (2-6) which produces the stripping reaction is known to be V(n; p1) 
and the corresponding ‘initial state interaction is given by V(p2, C; ”); the inter- 
action between the target nucleus and the neutron in the incident deuteron. 

We shall deal only with the following matrix element in T (direct), while 
the interaction V(p2, C; pl) will be disregarded hereafter : 


IM (stippine) = \ ae dr,| dr,dC-e~™ ba*(n, p2, C) 


ext 
x Vn; pl) or (p2, C)da(ti—ra) Ol, (2 -7a) 
(by means of final state interaction), 


= \ Fe dr,| dr,dC-e~*"',*(n, p2, C) 


ext 
XY V (22, C; n)Vr(p2, C)¢4(11—Tn) eh ritt/? (2 -7b) 


(by means of initial state interaction), 


where the symbol §.2drndr; denotes the integration over r, and r; with the follow- 


* The relation between the cutoff radii R; and Ry, in the initial and final states can be shown 


to be determined uniquely by requirement of “ reciprocity’. 
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ing restriction of radial integrals; 7,=R, and ri R,.* This is nothing but the 
Butler approximation, which may be verified from the short mean free path of 
deuteron in nuclear matter. For simplicity, we shall assume R,=R=R, R being 
approximately equal to nuclear radius. 

In the second term of (2-5), T(exchange), the interaction V (p2, C3 2) +4 
V(p2, C; pl) can also be proved to be replaced by the final state interaction, 
i.e. 


V(pl, 2, C; p2) =V(pl; p2) + Vn; p2) +V(C; p2), (2-8) 


in a similar way as in the direct part, though the proof will not be quoted here. 
The interaction which produces the heavy-particle-stripping mechanism of Owen 
and Madansky may be safely ascribed to V(C; p2) in the final state interaction 
and the corresponding interaction in the initial state is easily shown to be 
V(C; pl) +V(C; ) ; the remaining interactions V(7; p1)+V(p2; pl) will not 
be dealt with in the present paper. It should be added here, however, that the 
contribution of the interaction V(pl;”) has been calculated in some detail by 
French,” obtaining the result that the angular distribution arising from this inter- 
action shows the peaks in rather forward directions similarly to that of ‘‘ ordinary ” 
stripping reaction. The authors will not always believe that those interaction 
might produce such a large net contribution in the reaction because their matrix 
element may correspond to the so-called knock-on process, which seems to have 
rather small cross section contrary to the case of a-induced reaction due to very 
small internal energy of deuteron. 

Hereafter, we shall deal with the following matrix element in T7'(exchange), 
which describes heavy-particle-stripping reaction as was previously discussed : 


MACH IP Stripping ae | dr, pes dr,| dC-e*" Ont (n, pl, C) 


ext 


? 


XV(C; p2)br(p2, C) darisr,) fh tw, (2-9a) 
(when we use the final state interaction), 


as \ dr, dr: dr.) dC -e-*2,,*(n, pl, C) 


XiV(C; pl) +V(C; n)} br (p2, C)da(ri—rp) OR Oto)! (2-9b) 
(when we use the initial state interaction). 


Similarly to the stripping reaction, J,.,dr,dr,dr, denotes the integration over r,, 
r, and r, with the restriction of 7,2>-R, m=>>-R andr.<>R. The-first two restric- 


* The restriction with respect to one radial coordinate (say, 7) is automatically satisfied from 
that of another (say, 7,,), only if the zero-range nuclear force is adopted for V(pl;7) as is ap- 
parent from Eq. (3-6). Even for the nuclear force with finite range, the error in the differential 


“cross section arising from the approximate restriction 7,<R, and co>7r,>0 will amount at most to 


10% numerically, which was checked up by Nagasaki and one of the present authors (T. H.)”. 
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tions, 7,=R and r,>R may be safely applicable as was discussed in M(Strip- 
ping). But, for 7,=>R, it may not always be verified since the mean free path 
of proton £2 in nuclear matter may be expected to be long in comparison with 
that of deuteron. Nevertheless, we adopt the restriction 7>>R, though we may 
obtain somewhat underestimated value of M(H.P. Stripping), since the integra- 
tion of 7, over all space, i.e. © >7,>0, leads sometimes to unusually very large 
value of amplitude which can be easily understood by using the bound state wave 
function of 2 in square well potential. It seems to the authors that we should 
use the more reliable approximation, e.g. the distorted Born approximation in 
order to adopt the integration of r, without the restriction, i.e. 0 > 7220. 


2. Improvement arising from the correct choice of coordinate system 
Effect of recoil 

As was noticed previously, the 7-matrix element (2-4) is not correct, in- 
cluding an error of order 1/A, since the vector displacements of proton rj, r. and 
neutron r, have been taken with respect to the centre of mass of the target 
nucleus. On the contrary, the coordinate of the emitted proton in the final state 
should be taken with respect to the centre of mass of the residual nucleus, which 
consists of the neutron and the target nucleus. In the “ordinary” stripping re- 
action, therefore the wave function of the emitted proton exp(—k-r,) should be 
correctly taken to be exp|—ik{r,—(M/M,)r,}], where M, and M denote the 
reduced mass of residual nucleus and that of nucleon, respectively. Similarly, 
in the matrix element of heavy-particle-stripping, exp(—zk-r.) should be replaced 
by exp[ —zk- {r.— (Ma(rit+r,)/2+ Merc) /M;} |, where Mz and Meare, respectively, 
the reduced masses of deuteron and the core, rg the coordinate of the core. After 
appropriate transformation of integral variables, we can obtain just similar ex- 
pressions to (2-7) of M(Stripping) and (2-9) of M(H.P. Stripping), in which 
the difference appears only in the replacement of k—(M,/M,)k in M(Stripping) 
and K>K-+(M,/M,)k in M(H.P.Stripping). Therefore, it will be sufficient 
to perform the following replacement, i.e. 


k—> (M,/M,)k in M(Stripping) 
K—>K+(M,/M,)k in M(H. P. Stripping) 


in the explicit expressions of matrix elements obtained in later sections. 

The replacement in M(Stripping) can be proved to produce no serious error 
numerically for both magnitude and angular dependence of the differential cross 
section. On the other hand, that in M(H.P. Stripping) will play an important 
role for angular distribution, which will be discussed later. 


3. Generalization of the simple example 

Hitherto, the antisymmetrization has been performed between the proton pl 
in the incident deuteron and a proton p2 in the target nucleus. Further, the 
spins are disregarded of the emitted and incident particles. Therefore, the re- 
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sults previously obtained are only the antisymmetrization with respect to space 
coordinate variables of two protons. When the spin coordinate is taken into 
account, the expression (2-4) of total amplitude remains correct, only if the spin 
state of pl and p2 is symmetric, i.e. in triplet spin state. For antisymmetric 
spin state, i.e. singlet spin state, we must use the wave function which is sym- 
metric in space coordinate variables. Namely, minus signs appearing int AD aay, 
(2-2b) and, consequently, the final expression (2-4) should be replaced by plus 
signs. Then, T(direct) and T (exchange) should be simply multiplied by factors 
a(direct) and a(exchange), respectively, which are determined by relative spin 
states. When we apply the single particle model without spin-dependent force 
or the L-S coupling shell model to target and residual nuclei, we can easily 
obtain these multiplication factors : 


a(direct) =weight of triplet spin wave function 
+that of singlet one, 


a(exchange) =weight of triplet spin wave function 


—that of singlet one. 


In the case of 7-7 coupling shell model, the situation may be rather involved, since 
the z-component of proton spin in the target nucleus remains no longer to be a 
good quantum number. Nevertheless, we might calculate the multiple factors, 
obtaining the same result, provided the approximation* previously employed be 
adopted. 

Finally, we should generalize the antisymmetrization to the whole system. 
For this purpose, it may be sufficient to use completely antisymmetric wave 
functions of target and residual nuclei. Adopting the shell model, this procedure 
will be performed simply by means of “coefficient of fractional parentage,” or 


shortly “c.f.p.”.” For example, in the case of ideal j-7 coupling shell model, it 


may be sufficient to multiply square of ‘“c.f.p.”, 


Civ (AS) {lip (BI) jn) 


to T(exchange), and to perform summation over all possible states of 7, and 
eigen-energy. Here, we assume that the proton 2 is in the definite state with 
the total angular momentum /,, in which the proton exists in the target nucleus. 
The angular momentum J’ appearing in c.f.p. is just equal to the spin of the 
core for even-A nuclei of zero spin, since all other shells are filled up so as to 
form the resultant angular momentum zero. For odd-A nuclei, the spin of the 
core should be determined by the vector addition of angular momentum J and 


* Strictly speaking, the rigorous treatment of antisymmetrization is impossible between nucleons 
in nuclear bound state and in positive energy state, if the Born or cutoff Born approximation be 


adopted. It is because the same set of quantum numbers derived from the Schroedinger equation 
can not be attributed to these nucleons. 
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the resultant angular momentum of all protons in the most outer-shell for ground 
States of nuclei. 


Similarly, if there are several neutrons in the state which is occupied by the 
neutron in the incident deuteron, the following “c.f.p.” should be multiplied to 


T (direct), 
CJn (adn) { Whee Pde a: 


The applications to L-S coupling or intermediate coupling shell model, and 
further, more complex cases with configuration interaction will be carried out 
straightforwardly. 


§ 3. Amplitudes of stripping and heavy-particle-stripping reactions. I 


— Elimination of nuclear interaction 


In this section, the nuclear interaction appearing in the matrix elements of 
(2-7) and (2-9) will be eliminated. As a result, each matrix element will be 
represented as the products of reduced width amplitudes and some sorts of overlap- 
ping integrals, the calculation of which will be carried out in the next section. 

Meanwhile we shall deal with the simple example discussed in the first part 
of the preceding section. The matrix elements of stripping and heavy-particle- 
stripping reaction have been given by (2-7a) and (2-9a), in terms of final state 
interactions : 


M(Strippine) = | dradr,| dr,dC:e-*"h,*(n, p2, C) 


eut 
x V(n; pl) ¢r(p2, C)de(ri—ra) OOO”, (2:7a) 
and 


Rr EP Stipe). \ Pah dr.\ dC -e-*"2),*(n, pl, C) 


ext 


Miho p2)¢r(p2; C)¢a(r1— Fn) ewe, » | (29a) 


First, it is necessary to present the explicit expressions of wave functions of 
target and residual nuclei in the external region.* 


1. Notation 
For this purpose we shall use the following notation of various angular 
momenta, together with each z-component being written in subsequent brackets : 
(i) Nuclear spins 
target nucleus I,(Mr), residual nucleus Iz(Mz), core Ig( Me). 


(ii) Angular momenta of nucleons 


* “External region” denotes the region of r2 XR. 
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orbital total 
angular momentum _ intrinsic spin angular momentum 
captured neutron L, (Mn) 120) jn (Pn) 
proton pl PAGED 1/2 (Yp1) Joi (Ppt) 
proton p2 Lp2(7 p2) 1/2 (52) J v2 (p2) 
captured deuteron 1a(ma) 1(v24) Ja( ta) 


(iii) Channel spins 
Jn=174+1/2, (M,, = Mr+ Yn) 


Jox=Io+ 1/2, (My2= Mo+ pe) 
Ja=Ic+1. (Ma=Mc+ a) 


(iv) Spin wave functions 


neutron aj2 vn (7) 
protons Ma/2%m1(P1)> L172 vp2(P2) 
deuteron Aivg(d) 5 Ya=Yn Toi 


Further, the binding energy of nucleon and deuteron will be denoted by 
Br=(Wren’/2M) ; the binding energy of the neutron in the residual nucleus. 
By= (h’«,:/2M); the binding energy of the proton p2 in the target nucleus. 
Bn= (Wk: /2M); the binding energy of the proton p1 in the residual nucleus. 
Bp=(hW«7/2M;,) ; the binding energy of the deuteron in the residual nucleus. 


Since the state of residual nucleus formed by heavy-particle-stripping re- 
action should be the same as that formed by “ordinary ’”’ stripping reaction, the 
subscripts. 1 and 2 in pl and p2 need not be written explicitly, e.g. Byn=By=B,. 
Kpi=Kp=K, etc. 


> 


2. Nuclear wave functions 

By using the above notation, the wave function of residual nucleus appear- 
ing in (2-7a) may be decomposed into the product of wave functions of captur- 
ed neutron and that of target nucleus in the external region: 


$p(n, p2, C) = yy) (Ge 1/2 MrYn| jn Pn) CjnT 7 bn Mr|Irn Mp) 


In Mn Im Br 


xX Pr(p2, C)-(2M/W R)?-7, [hy (ikn rn) [hye Citen R) 


i 
x Yi, m6 2r,,) % Mya », (1) (3 “1° 


where h,"(i«r) are spherical Hankel functions or, for (d, ) reaction, their 
Coulomb analogues. 7, is reduced width amplitude of the bound neutron, defin- 


ed by: 
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i C/ R/2M)*? #,,,(R), (3-2a) 


where #:,(r) is the radial wave function of the neutron normalized through the 
internal region. It may sometimes be convenient to express 7, in terms of 
dimensionless parameter 9,,, that is, in the unit of Teichman and Wigner’s sum 
rule limit: 


y= (39 /2MR)"6. (3-2b) 


It should be noted, however, that the sum rule limit has not a strict meaning 
especially for the bound state; even for order-of-magnitude estimation, one may 
preferably use the formula (3-2a) to (3-2b). 

Eq. (3-1) is expressed in j-j coupling scheme, because it will be convenient 
to the direct application of j-j coupling shell model to the nucleus. The trans- 
formation of j-j coupling scheme to other representations can be performed simply 
by means of the so-called transformation brackets, which is, for the transformation 


from j-j to channel-spin representations, given by 
(1/2 Io( J) LI 1/2 1(j) ToT =[(2T +1) (27 +1)? We ge; Lieu). 


Similarly, ¢7(p2-C) in M(H.P. Stripping) may be represented as a product 
of the wave functions of bound proton p2 and the core in the external region. 


br(p2, C)= va (Lye 1/2 Mp2 Y pol J 2 Lene) CGjrtctrMe\Ir Mr) 


192 Mp2” p2 Ip2 Mp2 IgMc 


x bo(C) (2M/MR)" “Figg (AER eye 72) (AY (itp R) | 
oe Yes, myo (22) X1y2 vga P2) > 


Further, ¢,(n, pl, C) appearing in the matrix element of heavy-particle-stripping 
f three wave functions, i.e. those 


(3-3) 


reaction may be represented as the product o 
of the core, the proton pl and the neutron. It can be obtained directly by 
inserting (3-3) into the expression (3-1), in which all suffix p2 in (3-3) should 
be replaced by the suffix pl. Namely, | 


Yr(n, pl, C) = ad (Lyi 172 MY pi| J v1 Lp) Gmc Mo| Ir Mr) 


Pe PO) ge ed ig Ago 


“pi ™pl PpidpiApi Unmn »ninenteMe 
X (1/2 inVn| jn fin) Gn Lr En Mr| In Max) ho(C) 
x (2M/WR)? 1p (2M/R RYT, 
X [AS City 2) /AD City R)] [AP Citta rn) (RP Cite R) | 


x Yi 91 mips (2a) p Gea CL “Maye Vpl (p1) Xi PCE (3-4) 


On the other hand, the wave function of residual nucleus may also be de- 
composed into the product of core and “interacting ”* two-nucleon system : 


* Not necessarily interacting. When the residual nucleus can be described by ideal single 


particle model, this is nothing but coordinate transformation. 
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Salm, pl,C)= SS _(lasa! mara! |jat4a) jalo HaMo\ In Me) 


lgmard Jaba le Me 
x Po(C) -bnp(@) > (2Ma/W RY” -71, 
x [h® (dice) (AD Cea R')]+ Yigmg( Dp) Lage ng (A)> [3-5)* 


where @=r;—r,, p=(rittra)/2. Here, sa’(va) is the spin of the correlating 
two-nucleon system, which is either 0 or 1. ¢,,(@) is the wave function of 
correlating two nucleons near the nuclear surface. 

Similar expression may be quite suitable to the case of a@-induced reactions, 
though some (trivial) improvements, of course, are necessary for a-induced re- 
actions. But, for deuteron-induced-reactions, it seems convenient in the present 
time to use the expression (3-4) rather than [3-5] because of the following 
reason. Firstly, when the shell model is applied to the nucleus, it may be almost 
impossible to show explicitly that the residual nuclear states formed by both 
“ ordinary ” stripping and heavy-particle-stripping reactions are the same. Second- 


ly, we have not yet any knowledge of the reduced width amplitude 7j4. Thirdly, 


we have not yet an adequate method to obtain correlating two-nucleon function 
@np(@) near the nuclear surface: The theories of nuclear many-body problems 
so far developed especially by Brueckner” have been concerned mainly with infinite 
nuclear matter.** Moreover, it seems likely to the authors that the nuclear reactions 
induced by loosely bound system, such as deuteron, should be treated in principle 
along the line of Eq. (3-4).*** Namely, intuitively speaking, capture of deuteron 
by a nucleus may be preferably considered to be a two-step process: First, one 
of the constituent of deuteron enters the nucleus and then another of con- 
stituent enters to form a residual nucleus. This has already been fully discussed 


and formulated in detail in the previous paper by one of the present authors 
CELUI.” 


3. Elimination of nuclear interactions 


Next, we shall eliminate nuclear interactions appearing in the matrix elements 
of stripping and heavy-particle-stripping reactions, (2-7a) and (2-9a). 

For stripping reaction, V(pl ; 2) appearing in M(Stripping) may be eliminat- 
ed simply by using the Schroedinger equation obeyed by the internal motion of 
deuteron : 


* We shall use square brackets [ ] instead of curly ones ( ) to denote the formula 
derived using Eq. [3-5] hereafter. 

** It may be expected from the work of Weisskopf and his coworkers® that the correlation 
of two nucleons will be more important in nuclear surface than in its interior, because the “healing 
distance” will become longer in nuclear surface due to the weakness of the effect of Pauli principle 
near nuclear surface. Moreover, it seems likely to the authors that in nuclear surface three- or 
four-particle correlation rather than two-particle correlation may be important, which could be in- 
ferred from the careful analysis of a-induced and t-induced reactions or their reciprocal reactions. 

*** Unfortunately, however, we can not analytically calculate the matrix element of heavy- 
particle-stripping reaction by making use of (3-4), that will be discussed in detail in §4 and §5, 
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V(ri—Ta) bari —Pa) = — (/M) (82a)? 0(r1—T a), (3-6) 
where @ is defined by 
Ba=W a’? /M=2.23 Mev; binding energy of deuteron. 
Eq. (3-6) is valid only for the deuteron wave function of Yukawa type, Le. 
ba(r) =a°"/ (20)? - (ar) -exp(—ar). 


If we use more realistic wave function ¢4(7), e.g. Hulthén type or phenomenolo- 
gical one derived by the shape independent formula, the result (3-6) will not be 
much altered numerically, say, at most within the difference of 10%. 

On the other hand, the interaction V(»2, C) appearing in the matrix element 


M(H. Stripping) may be eliminated similarly by means of the Schroedinger 


equation of target nucleus, 
Hr$r(p2, C) =Er¢r(p2; ©), 

where H; is the total Hamiltonian of target nucleus which may be expressed as 

Hr=He+T,+ V(p2; C); 
where Hg is the Hamiltonian of the core, T, kinetic energy operator of the proton 
p2. Then, 
ea V (62; C)br(p2, C) =e" -[Er— Ho—T2] Pr (prs ©) 

=—([B,+E,] -e 2. bo (p2, C) (3-7) 

where Een Re /eM, 

and 

E,(total energy of target nucleus) —E,(total energy of the core) =— By». 


Here we use (3-3) for ¢r(p2, C) since in M(H. P. Stripping) it may be sufficient 
to use the wave function #7(p2, C) only in the external region. 
4. Expressions of M(Stripping) and M(H. P. Stripping) 

Inserting (3-1) and (3-6) into M(Stripping) and (3-3), (3-4) and (3-7) 
into M(H.P. Stripping), we can express those matrix elements in terms of re- 
duced width amplitudes of bound nucleons and overlapping integrals : 


M (Stripping) = D> (1/2 1/2 MpYallye) (ln 1/2 marnl Talli) 


24, My Yr In Pr 


x (jn Ir tn Mr|In Me) (—) (1°/M) - (82a). (2M/f? Ry” 7, 


x | dra: [A0 Gen Tn) /h® (it, R))- Vel nt) ei Kk) 4p | (3-8) 
ext 


and 
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M (H. P. Stripping) = De (1/21/2 Vp %»|1ya) (Lp 1/2 mr YoilJ ri pr) 


752 ™p2 In? p24 Mo 


X (For Loy: Mol Ir Mr) (ly 1/2 Tin Dn| jn Pn) (Gn Pn Mo| Iz Mp) 
X (Lp2 1/2 mye pil J pa lve) (Foe Lo bps Me| Ir Mr) (Bp + Ep) 


x (2M/R RY" rial dry: [AY Cire po ro) /Ak} (ik 2 R) | - Ve mga Lr.) en ikere 
x (2M/h? R) Tin TT | dr, dr, @a (77—T3) ; [AP (itn end /h? (i, R) | 


ent 


X [AI (ten 72) /AW Get R)]- V7, (Or, Yegume (Qn) err (3-9) * 


If the wave function of residual nucleus be expressed as the product of the 
core and the correlating two-nucleon-system as was given in [3-5], the matrix 
element M(H.P. Stripping) is represented as** 


M (H. P. Stripping) = » (lal mavaljatta) (Galea Mc|Iz Me) 
lama Jabal p2 mp2 jp2 4p21¢ Me 
x (Lye Lye My2Y p1| J pr pr) Cr To fps Mo| Ir Mr) 3} (Bp +E,) 
x (2M/i7 Ry? : “ya | dr, 3 [Air (ik yp» 72) (ALK ps R)] mi ty mys (Seng) Gane 


eaut 


x (2Mi/H RY" 7,, | do-$.5(0) bao) 


er 


x \ dp -[h' (ixae) /hY (ita R')]- Y, 4" (2,) eb. [3-10] 


a™a 
ext 


§4. Amplitudes of stripping and heavy-particle-stripping reactions. II 
Evaluation of overlapping integrals 


The overlapping integrals appearing in (3-8) and (3-9) (or in [3-10]) will 
be calculated in this section. 


1. Preparations 
For this purpose, it seems convenient to present the following formula of integral: 


\ar [AY (éer) /hP (iteR)] Ye (O,.) exp (ke-r) 


ext 


= 4ni’ YiX(2,)(R/(R +7) | Ir(k, «, R), — (4-1) 


* If we use the matrix element (2-7b) and (2-9b), which have been expressed by means of 
initial-state-interactions, we can obtain also the same result by a similar procedure. 
** This expression can be applied straightforwardly to the case of a-induced reaction, the re- 


sult of which will be published later in a separate paper together with connected problems. See 
also the footnote of the previous page. 
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in which the quantization axis of angular momenta is taken to be an arbitary 
direction n, 2; being solid angle of k measured from the axis n, or in a slightly 
simpler case, in which z-direction is taken to be that of k, (4-1) becomes 


V 42(2141)2[R/ (P+) ] i(k, «, R). (4-2) 
Here 
Ji(k, «, R) =[RRjra(kR) +er(eR) jr(RR) J, (4-3a) 
and ' ae 
c.UcR) = —ikR[hAPi (eR) /h® (ikR)], (4-3b) 


with the following properties : 
(i)  c¢(@) is real and positive for a real variable a. 
(ii) Asymptotic form, 


limc,(a)=a, for all values of J. 


(iii) Recurrence peitiow 

Crs (@) =a?/[c,(@) + (21+1)], (4-3c) 
with Guat, 
These relations can be derived directly from the property of spherical Hankel 
functions with imaginary arguments. 
2. Calculations 


By the aid of the above formula, we can easily carry out the following 
integrations* appearing in Eqs. (3-8) and (3-9): 3 


\ar, [® (ten rn) [AAD (iten RY > Yaga (Qp,) xp i (K—k) +19} 


In n Mn 


= 4ni'” Yim (Gx) (R/{|K—kP +n} | Jin UK Fel > Kn, RR); (4-4) 
and 
\ cdrs[h§2(iteya ra) (WD (ites R)]- Yiganya(2n,) eXP(— K-72) 


=4ai~” Y ipa mya (2p) [R/ (RP + 52) ] ‘Jigg(R, Kp, R). (4-5) 
Further, in the expression [3-10] of M (H. P. Stripping), 


| dp-(H8? Cina) /BP Gea RY] Yagma( Mp) ePGKP) 
eat 


= / 40 (2lg+1)74-[R'/ (BK? + Ka) | Si; Ka> RDS [4-6] 


* Hereafter, the quantization axis of the angular momenta will be taken to be the direction 
of K. (K+(M,/M;)k in the case including the recoil effect.) Of course, it is more convenient to 


use the axis K-k, (K— (M;/My)k) if we are concerned only with the stripping reaction. 


Se ree ee = 


al ee 
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On the other hand, the integration over r; and r, in the expression (3-9) 
of M(H.P. Stripping) seems to be rather complicated, since we can not carry 
out the integration over r, and r, separately due to the appearance of d4(r1—Tn)- 
In order to perform the integration separately, it might be necessary to expand 
¢a(T:—T,) in terms of Legendre polynomials P,(cos 9), where @ stands for the 
angle between r, and r,. Unfortunately, however, the convergence of this series 
is rather poor in this case, because the ranges of 71, r, and @ which are effective 
in the integral are 71~R, r,~R and 6=0, as is easily seen from the integrand 
of (3-9). Therefore, we shall adopt the steepest decent method to handle the 
integral. Namely, ¢,(r,—r,) will be taken out of the integral, in which the value 
of ¢a(r) will be fixed to ¢,(0), or more strictly speaking, an average value of 
@a(Ti—Tn) near 7;=R, rz=R and 6=0. Then, the integration over r,; and ry 
appearing in (3-9) can be performed separately by using the formula (4-2), 
chat Vis, 


\ ary dr, oba(T1— p,) g [Ai (iky Tn) [he (iKy R)] : [AD (ik pt r1) /hi} ik R)] 


eut 


X Yio, (2rd * Vigrmp 2p.) xp {eK « i+1n) /2} 


2 ™n 


= $4(0) -V/ 4 (2b +1) -V/ 42 (21, +1) i 
[R/{(K/2)* +06} ]- Joy (K/ 2s as RYR/{(K/2)* bei} ] Tig (K/2s tems R).- 
(4-7) 


Using the above results, we can analytically calculate the matrix element 
of the siripping and the heavy-particle-stripping reactions : 


M (Stripping) = )) (1/2 1/2 ¥p%-l1%~2) ln 1/2 mn Yal jn Mn) 
X (jn Tr Hn Mr| Ip Mz) (—) (1?/M) (82@)"? (2M/B? RY"? 71, 
X Ari" Y,,, me (Qin) “LR/ {| Kk]? +2} |-Sy,((K—K|, ey, R). (4-8) 
M.(HyP: Stripping) =-32.(1/2 1/2049, \4 Ya) (Lp 1/2 mprYprl jn 2) 
X Cin Toby: Mol Lr Mr) (ly 1/2 Min Dn| jn fin) (in Ir fi, Mr| In Mp) 
X (Ly2 1/2 mysYpi| J pa bye) (Fv Lo 4p» Mol Ir Mr) (Bn tE,) -(2M/? Ino digs 
X deri -[R/ (B+ tpt) | Taga Bs Wyn» BR) (2M/I R) Fin 77 Ga0) 
XV di (Zl +1) -V 4 (20, +1) «i .[R/ { (K/2)? +62} ] -Jt,(K/2, tn, R) 
X[R/{(K/2)? + epi} | Fig (K/2, thor, R) Yigampa (Pr) On, 0Ompr0> (4-9) 


or in the alternative expression of M(H.P. Stripping), Eq. [3-10], in which 7, 
is utilized, ; 


abe ii 
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MOC: P: Stripping) = 2 (lalmaval ja ta) (jalotaMo|In Mr) 
x (Lp2 1/2 M pa Ypr| J pa tena) (jrtetn: MolIr Mr) : (By2+E,) 
x (2M/W@ R)"? -7igg? Ari” -LR/ (Rt pt) ]- Tiga (Rs pas R) 


ep 


x (2M. /7? RY"r| do -$,*(w) b4(@) -\/ 42 (21,+1)i' 


x [R'/ (K? +a’) ] “tee Ka, R’) Yigamys(2r) ON [4-10] 


§ 5. Cross sections* ** 


The cross section of (d, p) or (d, ) reaction can be obtained by inserting 
M(Stripping) and M(H.P. Stripping) into the following formula, 


do MM. k sl $3 
Od tb) = ae ; : M (St 
+ M (H. P. Stripping) |’, (5-1) 


where the notation ¥’ denotes the summation over all possible states of initial 
spin 


and final spin states. Before performing actual calculations, it may be convenient 
to divide the cross section into three parts : stripping, heavy-particle-stripping and 
their interference terms, that is, 


&. Ses =< Seappine) +2 Gi Pisuippiag) 
+ a (Interference) , (5-2) 
where 
2 (Stripping) = ae ; é ee 3% |M(Stripping)|’, 8a) 
(HL. P. Stripping) = eae z. as >)|M (HL P. Stripping) P 


(5-3b) 
MMS Ro 1 
(2277)? oe ted) 
x )12{Real part of M (Stripping) M* (H. P. Stripping)}. (5:3c) 


spin 


do 


_“—_ (Interference) = 
dQ 


* The formula presented in this section are more general than those of “simple example”, 
though the geometrical factors in §2-3 are not explicitly written. On the other: hand, N-B cont- 


ains no expressions of cross section, but those of matrix elements. | as 
*k The recoil effect discussed in detail in §2-2 will be explicitly included in the formula of 


the present section, whereas it was not written in the formula of N-B. 


ype eee 


ire ON 


fe 
" + 
Pe ae ee ie 


a 5 sashnt be : a) 2 ay * 
as ee gS ee, et ee 


5 ‘ 
Se ee) eee 


we 


oo ae 
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The summation over initial and final states combined with that over various 
z-components of angular momenta appearing in the marix elements can be perform- 
ed by means of Racah’s technique, obtaining the following results : Inserting (4-8) 
4 into (5: 3a), 


“"— (Stripping) =24: (aR) -R’:(2Ig+1)/(2Ir+1)- k/K 


ie 
x do Yk (M,/M,) k|? + en?) R?}? Si (|K— (Mi/M;)k|, tn, RO; 
(5-4a) 
and (4-9) into (5-3b), 
dco Sides 9 1 k 
= (H.. P. Stripping) =— {1+ 2+ iTAR\ RC ea 
rr QUES {(1+2) (2+x)} - (aR) Baier 


Syn eta tal toate! , (OT 4-1)? (20, 41) ¥? (Lr +1)? (Ql FI)? 

(2b a1)? (Qh t 1) (jpg 1) (27 Sips (Rs Koes Le) 

BS icy (By, Keo) Oy2 Or te 

*1/[ {| K+ (Ma/ My) k|/2}?R? + ken? RY]-1/[ {| + (Ma/ My) kel /2}? Re + 0?! R*) 
Xx J7,, (| K+ (Mi/M,)k\/2, tm, R) Jt (|/K+ (Ma/My)k\/2, ky, R)O7, 97, 
x 1/[{|K+ (Ma/M,) k\/2}? R’+ et RY) -1/[ {| K+ (Ma/ My) k|/2}? R’+ 2 RB’ 
X Jaga (K+ (Ma/My)k|/2, tyr, R) + Figur (K+ (Ma/M,)k|/2, top R) ip: Fag 
XS} Cyalph00|L 0) W CLpsjnabparjnar 3 1/2 L) Pr (cos Mx) 

X D(H 1)2j po fpar — Vp Dp |LO) (1/2 1/2 Dp Da|1 Fp + im)? 

X (Lp 1/2 0 Ypr| jor Yr) pt 1/2 0 Fp1| Jor Por) (For LeP% mn Mo| Ir Mr) 

X (jt Lo! Bon Mo| Er Mr) (Ly 1/2 0 9 n| jun) Cn! 1/2 0 Dal Fn! In) (jn Try Mr| In Mr) 


x (ja! Trt, Mr|In Mz) (Joe Io% Mo\I7 Mr) (jp Te! Dp Mo|Ir Mr), (5 - Ab) 
and (4-8) and (4-9) into (5-3c), 
ae (Interference) = (—)24a-{(1+2) (2+2)}""-(@R)?-R?- — 2. & 
PA (oe Gey 


x Ly diterints. ont 1) ¥. (af, +1), Ck, tem, B)~Or, 

1/ {| K— (M,/M,)k|? R’ +6," R°} - Ji, (| K— (Mi/M,)k|, &n, R)O%, 
X1/[ {| K+ (Ma/M,) k| R/2}? + ee R’]- J, (| K+ (Ma/M,)k\/2, tn, R)O7, 
x1/[ {| K+ (Ma/ My) k|R/2}? + tpt RY} Ji (K+ (Mia/M,)k\/2, 1, RYO 
X 2) 1/2 1/2 veal va) ln 1/2 mnYn| jnYn) (Gn Irn Mz| Ie Ma) 

x (1/2 1/2 dp Yal1 va) (Lp1 1/2 0 Dprl jpYp1) (ni LoW m1 Mol Ir Mr) 


ov - 
Pe - 
: , 


¢ om 
¥ 
7, 
+ 
4 
ond 
% 

‘, 
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X (Lp 1/20 Fn jnn) Gn Lr» Mr| Ip Miz) po 1/2 map| j pap) 
x Ga Io Yn Mo| Ip Mr) 14% m, (Qie—arym rk) ae me C79) > (5 F 4c) 


which does not depend on the azimuthal angle ¢, since two vectors K—(M,/M,)k 
and k appearing in spherical harmonics and the vector K+ (M,/M,)k, i.e. z-axis, 
lie in the same plane. 


Here we have adopted the Hulthén-type wave function of deuteron : 
bar) =8™ {a (a+ 7 (2a+3)/ (27) pee SM} fr, 
therefore, $a(0) =a*?/(27)*?-{(14+2)(2+2)}*”? 
with Fee ot 
On the other hand, using the alternative expression of M(H.P. Stripping), 
[4-10], we obtain the following formula: 
ART ea Bistentmia eee. (R'/ e ROO Leta) ee 
dQ K 


e 


{635 (@) daw) ddo}?- SD see terit (tte 
X (Qlg+1)"? (Qla! +1)¥? (Ba +1)? (Qja! +1)? (pa +1)? (2lp2 +1"? 

MX (Qyjign EL)? (Qgh tI)" Figg Bo pas R) Tiga (Bs tents R) Giga Pipe 

x 1/{|K+ (Mi/M,)kP RR +0g R} -1/{|K+ (Mi/ My) kl R? + 04" R} 

x Ji, (| K+ (Mi/My)k\, «a, RB) -Tiy K+ (M,/M,)k\, a’, R') 91, Oy 

XS) (Cpalys00|L0) (Cala! 00|L0) W (lajala ja! s 1L) W ja lojd Id + TnL) 
x W (Lyej polpainr 3 1/2 L) W (jn Tojpe tc! ; IL) Px (cos 2), [5-5b] 


and 
< (Interference) = (— )32 V6: (aR) (R'/R)- RR’ 


i ir Pe a TEN ee 
Mate {| $5(@)¢ (@) do} 


ao i Not ar (21,4 1)" Sigal Ry Kaas BR) Opps 
91/4) K— (M,/M,) kl? R82 RJ, ((K— (MyM), ns R) 91, 
<1/ {|K-+ (Ma/ Mj) kl? R®-+ at RY +, (\K+ (Ma/M,)k\, €a, RO, 
XY) (1/2 1/2 ver %n|l 20) Un 1/2 env jn bln) (iin Lr ttn Mo| Ie Mr) 
xX (1ql10 val java) (Ga Tova Mo| In Mr) (lve 1/2 my2Yp1| J 2/n2) 
fade Moliig Mn). i et Gacciomju sid Viawa (One «| [5-5c] 
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As the validity of the “steepest decent method” employed in (4-9) is not 
necessarily clear, we have performed a number of numerical calculations of cross 
sections (5-4b,c) and [5-5b, c], obtaining the result that the angular distributions 
derived from both (5-4b, c) and [5-5b, c] do not coincide with each other in 
the case of a low incident energy of deuteron and a large value of B, and B,. 
Therefore, we should use the formula [5-5b, c] rather than (5-4b, c) to calculate 
the angular distribution for such a case. The magnitude of the cross sections 
should, however, be estimated by means of (5-4b,c), because there are some 
ambiguities in (5-5b, c) such as 7, and the overlapping integral over @ as was 
discussed in detail in § 3—2. 

It seems necessary to treat the integral in (3-9) without the use of “steepest 


decent method ”’. 


§ 6. Discussions 


In this section, we shall first briefly discuss qualitative properties of the 
cross sections of the stripping and the heavy-particle-stripping reactions, which 
can be inferred directly from the formula obtained in the previous sections. De- 


_ tailed discussions, especially quantitative ones, will be left to the subsequent 


paper. 
From the angular distribution of (d, p) and (d, m) reactions, it has been 
conjectured that the heavy-particle-stripping mechanism becomes not to be impor- 
tant in comparison with the ordinary stripping one in higher incident energy of 
deuteron, say, above 10 Mey, since the angular distributions can be well explain- 
ed by the theory of stripping reaction at those energies. On the other hand, the 
heavy-particle-stripping mechanism was proposed by Owen and Madansky” to 
explain the angular distributions at backward directions in low incident energies 
of deuteron such as Ez=1~4 Mev. In view of the above situations, therefore, 
the energy-dependence of heavy-particle-stripping reaction may be supposed to be 
stronger than that of the “ordinary” stripping reaction. Such circumstances 
will really be true; it can be inferred directly from the expressions of the matrix 
elements presented in § 4. Namely, in the matrix element of the stripping re- 
action (4-8) there appears one overlapping integral between an exponentially 
decaying wave function of nuclear bound state and an oscillating wave function 
of positive energy state, whereas the matrix element of the heavy-particle-strip- 
ping reaction, (4-9) or [4-10], contains two or three overlapping integrals of 
the same kind. As the energies of those positive energy state become high, 
these integrals decrease in general, because the higher the energy becomes, the 
rapider the wave function oscillates; this fact leads to larger cancelation in the 
integral. Numerical calculations will be performed in the subsequent paper. 
Next, we shall discuss the angular distribution of heavy-particle- -stripping 
reaction. It may be easily shown from Eqs. (5-4b) and [5-5b] that the angular 
distribution of heavy-particle-stripping will be isotropic in the case of la=0, or 
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symmetric about 90° direction for 1,40, provided the approximation (1/A)=0 
be adopted. On the other hand, the actual calculation of Owen and Madansky 
were confined only to the case of 7;=0, obtaining the peak at backward direc- 
tions. Consequently, we may expect that the improvement of the approximation 
(1/A), which was discussed in § 2-2, will play an important role in the angular 
distribution of the heavy-particle-stripping reaction at backward directions. 

Finally, it seems necessary to add some remarks concerning the two papers: 
The antisymmetric treatment of (d, p) reaction has already been made by French” 
and Soga and Nakumura."” The former author has employed quite a similar 
method to that in § 2-2, whereas the latter ones have used the technique of the 
second quantization. Unfortunately, however, they have not divided the matrix 
element of (d, p) reaction clearly into the “ordinary ” stripping, the heavy-particle- 
stripping and the extra terms, but into rather intricated parts. In consequence, 
they have not practically treated the matrix element eorrcspoudins to the heavy- 
particle-stripping reaction. 


§ 7. Final comment 


The formulation presented in the previous sections has been performed within 
the restriction of the cutoff Born approximation. 

It is well-known” that the cutoff Born approximation may not always be re- 
liable in the stripping reaction especially for low incident energies of deuteron. 
In fact, Tobocman™ has employed “distorted wave approximation ”, obtaining 
better agreement with experiments. Consequently, it seems likely that the distor- 
tion of the plane waves plays an important role in the heavy-particle-stripping 
reaction. Here we shall briefly discuss the use of ‘‘ distorted wave approximation ” 
to our problem. When the distorted wave approximation is adopted in our for- 


mulation, it may be easily shown that the modification will be confined to the 


_ overlapping integrals appearing in the matrix elements, all other terms including 
numerical factors remaining unchanged. 
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The formulation of the preceding paper is applied to the analysis of experimental 
differential cross sections of (d,) reactions; especially, their dependences on the incident 
energies of deuteron are compared with the results of previous workers’, in which the ratio 
(A,/42) between the matrix element of the stripping and that of the heavy-particle-stripping 
reactions has been taken to be an adjustable parameter. ; 

B11(d, 2)C12, Be9(d, m)B1°, and Cl2(d, 7) N18 reactions are treated in detail. Quantitative 
discussions are also added concerning the dependence of the cross sections on the reaction 
Q-value, on the binding energy of the emitted nucleon in target nucleus, and on the orbital 
angular momentum of the captured deuteron. 

It is pointed out that the energy-dependences of (A,/4:) obtained phenomenologically 
by previous workers are rather unreasonable: The experimental differential cross sections 
and, especially, their energy-dependences can hardly be well explained by merely the stripping 
and the heavy-particle-stripping mechanisms, provided the cutoff Born approximation be 
adopted in the calculation of the cross sections. 

It is emphasized that the calculations by means of the “distorted wave method” will 


be highly required. 
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§ 1. Introduction and summary 


The formulation presented in the preceding paper*'” will be applied to 
the analysis of experimental (d, p) and (d, ) reactions, special emphasis being 
devoted to the re-examination of the previous analyses by many authors. 

We shall use the expression of the cross section given by [I, 5-5] rather 
than (I, 5:4), because, beside the reasons discussed in detail in I, § 5, its form. 
is especially convenient to compare the previous results of Owen and Madansky” 
and others. In fact, [I, 5-5] is the natural generalization of Owen and Madan- 
sky’s. The cross section will be presented in a compact form, i.e. 


do _ do aes do ippi dep Interference), 
=(d5o7 ETt (Stripping) + 40 (H. P. Stripping) + 10 (Inte ) 


2 
(1) 
t This work is a part of a thesis by T. Honda submitted to Rikkyo University, in partial ee 
fulfillment of the requirements for the degree of Doctor of Science. a 
++ Now at Department of Physics, Tokyo Institute of Technology. : 
d to as I, while its subsections and equations Ky 


* Hereafter, the preceding paper will be referre 
will be denoted such as I, § 2-1 and (I, 2-1), respectively. 
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where 


oes (Stripping)=Cs: Ys D1 {|K— (Mi/M,) -kl? +p} R™* 
dX Lp, ip 
x Jy (\K— (M,/M,) -k\, Ky» RY Beers as (2-a) 
a (ELP. Stripping) =Ca>1$ 2 Oa? Jing (Rs Kn» R) - Oinseima* Tite (R> ne, R) 
x Orr no-ttne ees {| K+ (Mi/M,;) - k|?+4,"\ 7 
j x Jig((K+ (Ma/M,) +k 5 a, R") Or g4q° RO 


x {|K+ (Mi/M,) -k |? +447} Ju, (K+ (M./M,) -k|, i ae sa) Oy ta? 


i and 

3 a (Interference) = CAF Oa: J ins (k, Kno> R) + Ouno-Ine 

: 

: x R74 | K— (M,/M,) +k)? +4,}~*- J, (|K— (M4/M,) -k|, «p, R) -91,.4, 

: x RK + (Mi/ My) -k)? +a} 7+ J, (| K+ (Ma/M;) -k], a, R’) -014-34- 

Be (2-c) 

: Here, the constant factors C’s are given by 

A 

ag Cs=24 (aR) -R’-(k/K), (3-a) 
Cy=6(R'/R)-R”?-(k/K), (3-b) 
Cr=— 36//6 -7(aR)”?- (R’/R)"?-RR'(k/K), (3-c) 


and the factors ’s, which are mainly geometrical, are given by 
“Y5=[(2Ie+1)/(2Ir+1)], (4-a) 
Hig dna be ced tai Guoasilas Ud 0,Jan0Ja 1 lays Ensaldn Lied ly 2 teats) 
= (2Ipe+1) (testis 3 ta Va-lny—U ng 
X[(2la+1) (20a! +1) (2ja +1) (2ja’ +1) (2lng +1) (2lne! +1) (2jna+1) (Qjna! HT) FP? 
X Sy Cnabns’ 00 |L0) Cala’ 00|L0) -W la, ja, ta’, ja’s 1,L) + W (jay Io, ja’, Ie’; In, L) 


x W (lna» fies Lasts Saaes Lys i) x W Gnas Io, ag Ic! ; Tr, L) -P,(cos 2), (4-b) 


G (Ly, Tons bias Dams iD Fas Ih, Ir, Io, 12, ay 3 Qi arm pk Qi) 
= (2Ip-+1)7- ST jlothne—'a (21,41)? 


x >| (1/2 1/2 Yng Yp|1Yq) GG 1/2 My Vol ofp) GA Tp yp Mr| Ip Mr) 
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x (Zq1 Oval java) (ja Igva Me|IrMr) ns 1/2 Mr2 Yne| Jina tna) 
Galata Main) VE (Oe ta iu 55)2 Vt u (Ox): Tene) 


Up Mp 


Further, O, denotes the overlapping integral between the wave function of 
internal motion of deuteron ¢,(@) and that of two-nucleon system near nuclear 
surface ¢n,»(@) : 


O1= | 8% (0) -b4(@) do, (5) 

and J,(k, x, R) has been defined in (J, 4-3a), namely, 
Ji(k, «,R)=[RRji-1 (RR) + C, (eR) j. (RR) J, (I, 4-3a) 
C,(«R) = —i«R[AP GkR) /hY (ieR) |. (I, 4-3b) 


Other notations have already been defined in I, § 3-1.*:** 

There are various triangle relations between angular momenta, which are 
implicitly contained in the geometrical factors ~. Among them, it seems con- 
venient for the discussions of subsequent sections to present the following rela- 
tions : . 


Lio + (1/2) =Jn2> Jntto=I7, (6-a) 
lgtl=ja, Jatto=lh, (6-b) 
1,+(1/2)=j,,  jottr=h. (6-c) 


On the other hand, as has been discussed in I, the above expression of 
cross section involves several ambiguities about the magnitude of the cross 
section such as O, and 9 so we shall use another expression of the cross 
section (I, 5-4) to check its magnitude. 

In analyzing experiments, the reduced width amplitudes appearing in the 
cross section will all be taken to be the sum rule limit” of Teichman and 
Wigner. Further, the overlapping integral O, between the internal wave func- 
tion of deuteron ¢,(w) and that of two-nucleon system ¢,,(@) will be assumed 
to be unity, ie. O;=1. Consequently, the cross section calculated in the pres- 
‘ent paper may correspond to the most preferable case to the heavy-particle- 
stripping mechanism. 

Since (2-a, b, c) does not contain unknown energy-dependent parameters, we 
can directly calculate the energy-dependence of cross section by using the pres- 
ent formalism. On the contrary, in the previous treatments, the ratio of cross 


sections of stripping and heavy-particle-stripping has been taken to be an adjust-. 


* The expression of cross sections presented here has been represented for (d, 7) reaction, 
while that in I, §5 was written for (d, p) reaction. Therefore, the subscripts » and p in I have 
been interchanged in (2-a, b, c). 

** Notice the footnote in I, §5. 
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able parameter, which has been determined in each energy of incident deuteron 
so as to fit an experiment at this energy. Consequently, we can examine the 
reliability of the previous treatments through the energy-dependence of differ- 
ential cross sections. 

It should be noted that quite recently Nagarajan and Banerjee” have de- 
veloped an antisymmetric treatment of (d, p) and (d,m) reactions, which is 
very similar to ours. They have also analyzed experimental differential cross 
sections in such a way as to fit the experiments at a fixed energy without 
imposing the restriction on the value of the reduced widths. Moreover, they 
have not treated the energy dependence of the cross sections. Their conclusion, 
therefore, seems to be essentially different from ours. 

In the next section, B"(d, n)C™” reaction is analyzed, which was first treat- 
ed by Owen and Madansky, obtainting fairly good agreement with experiment 
through the method mentioned previously. As can be seen from Figs. 1 and 2, 
we cannot reproduce the energy-dependence of the cross sections. 

Next, Be*(d, n)B” reaction will be treated in § 3, which may be considered 
to be the most favourable case to the heavy-particle-stripping mechanism due to 
very small binding energy of the outer neutron in Be’. Though we can obtain 
rather large possibility of the heavy-particle-stripping reaction at low incident 
energy of deuteron such as #,=1 Mev, the agreement with experimental energy- 
dependence is again rather poor at higher energies, contrary to the result by 
Hasegawa and Ichikawa." 

In view of the above situations, therefore, the magnitudes of the adjustable 
parameter, with which the fairly good agreement with experiment was obtained 
by previous authors, seems to be rather unreasonable. 

In § 4 we shall treat C?(d, n)N“% as an example of an unfavourable reac- 
tion to the heavy-particle-stripping mechanism, i.e. since the binding energy of 


_neutron in C” is very large, while that of the captured proton in N"™ is rather 


small, it seems to have a large cross section of “ordinary” stripping reaction. 
In fact, it has been shown by our calculation that the cross section of the 
heavy-particle-stripping reaction is very small compared with that of the strip- 
ping reaction. 

In summary, the conclusion of the present paper may be expressed as fol- 
lows: The experimental angular distribution of (d, p) and (d,n) reactions 


at larger angles in low energy region of incident deuteron, especially its energy- 


dependence, can hardly be well explained by conventional theory of heavy- 
particle-stripping reaction, provided the value of adjustable parameter previously 
adopted be reasonably revised. 


It should be noted that in our theory as well as in the conventional one 


the cutoff Born approximation has been adopted. Our conclusion, therefore, 


will not immediately convey the meaning of the unimportance of heavy-particle- 
stripping mechanism ; this will be discussed in detail in the final section. 
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In § 5, some discussions will be added ‘concerning the dependence of the 
cross sections on the reaction Q-value and on the binding energy of the 
emitted nucleon in the target nucleus. 


§ 2. B"(d, n)C” reaction 4 
y 


The reaction B"(d, 2)C” was first analyzed by Owen and Madansky” in i 
terms of both stripping and heavy-particle-stripping reactions. In this section, 
we shall re-examine their result by making use of the method mentioned in i 
the preceding section. at 

The quantities used in our calculation will be summarized as follows: 


Spin of target nucleus B”: I7=3/2 (—), 

That of residual nucleus C”: Ip=0 (+), 

Reaction Q-value =13.731 Mev. 

Binding energies of neutron, proton and captured deuteron in nuclei, 

B,=11.464 Mev (B">B" +n—B,- Mev), 

B,=15.958 Mev (C”->B"+ p—B,- Mev), 

Bp=25.195 Mev (C”°>B"”+d—Bp-: Mev) 

(or Bp>=B,+B,—B.E. of deuteron), 


Kn» Kp and xq are calculated by means of these binding energies. 

From the nuclear shell model, it may be reasonable to assign the orbital 
angular momentum of the captured proton /, as 1 and that of the emitted 
neutron /,, as 1: 


BR a EN a SG MPT, aes ae EP oe We : ae 
OD EPL a M Me AS} OX ee eae A NA tO. ye ae ee 
4, = f wm ’ 4 ae — we 


l,=1, and fle 


On the other hand, the orbital angular momentum of captured deuteron J, and 
the spin of core J, can be assigned in various way so as to satisfy the conser- 
vation law presented in (6-a,b,c). ; 

First, we shall assume 7,=0; Consequently, the spin of core is determined 
uniquely as J,=1(+). These assignment is the same as those of Owen and 
Madansky. The other choices of J, and J, will be discussed later. 

In Fig. 1, the result of Owen and Madansky” is presented together with 
the experimental angular distributions.” Fig 2 is the result of our calculation, 
in which we take the cutoff radii of initial and final states, R and R’, to be 
R=3.80X10-%cm and R’=5.00X10- cm, respectively. The calculations are 
also performed in terms of other values of the cutoff radii; the results are 
almost the same as that in Fig 2. ; 

As has been mentioned in §1, in the analysis of Owen and Madansky, the = 
ratio of probabilities of stripping and heavy-particle-stripping reaction was taken j : 

a 
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6 B'(d, n)C” B(d, 2)C# 
do h=0 dQ, 


differential cross section in arbitrary’ unit 


differential cross section in 10-*°cm? unit 


My ain eae 24 


= 0 ~ — 1 = 4 re e 
* : Os ‘ 40° 80° 120° 160° Om 40° 80° 120 160 
8,(C.M.) 4,(C.M.) 
Fig. 1. B'%(d,n)C. The solid curves are the Fig. 2. B'M(d,)C!. Our calculated results for 
result of the analysis by Owen and Madansky E,=1, 2 and 4 Mev, in which we adopted 
at deuteron energies of 1.0, 2.4 and 4.1 Mev, Ip=1, 1,=0, R=3.8X10-l8cm and R/=5.0 


4 
:§ 
. 


in which they assumed /p=1, 7z=0 (in their 
‘notation, /,=0) R=R’=4.5x10-8cm. Dotted 
curves are that for R=R’=3.8x10-3cm. 
Points represent the experimental data of 
Ames, Owen and Swartz quoted in Owen and 
Madansky’s. 


X10713cm. 


4 


to be an adjustable parameter (/;/2.), which was determined so as to fit the 
experiment at each energy. On the other hand, in our analysis, the cross sec- 
tion is represented in terms of energy-independent parameters, i.e. reduced 
width amplitudes, the other quantities needed in the calculation being almost 
the same as those of Owen and Madansky. From Figs. 1 and 2, the value of 
their parameter (/,//,) and, especially, its energy-dependence can be seen to be 
rather unreasonable. 

In the calculations, we have assumed O,=1 and 6,;=0,=1. In order to 
check the validity of the above assumptions, we have performed the calculation 
by making use of another expression of cross section (I, 5-4), in which we assume 

~6,=9,=1. In this case, several values of core-spin are available. Assuming 
all c.f.p. appearing in the cross section to be unity,* we have performed the 


* Accurate treatment, based on the shell model, of the wave function of BU may be quite 
involved due to its basic configuration (ls)4(1p)7. 


ms 5% 
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calculation by taking into account all available combinations of angular mo- 
menta. Then, the resulting magnitude of the cross section does not differ from 
that derived by (4) in order-of-magnitude: the latter is smaller than the former 
by a factor of about 1/2. The factor 1/2 seems to have little meaning because 
an ambiguous approximation, i.e. the steepest-descent-method, has been adopted 
in (J, 5-4). 

Next, we shall present in Fig. 3 the calculated cross sections of B"(d, n)C” 
for the case of 7,40. 

Nagarajan and Banerjee® have already mentioned qualitatively that it may 
be sufficient to take into account the smallest 7, which is determined by the 
conservation law of angular mo- 
mentum and parity. In the B” | 
(d, n)C” reaction, this is J,=0. NN 
In order to assure their argument at 
quantitatively, calculations are 
performed for the cases of Jz=1 
and J,=2. In the former case, 
li=1, the spin of core [, should 
be taken to be L=1(—) and 
2(—), while the neutron should. 
be emitted from the (1s) state 
because of the conservation of 
parity. Although «, and «,. must 
be taken to be larger than those 
used in the case of 7,=0, we adopt 
the same values as those in /,=0, 
since the purpose of the calcula- = 
tion is to show. the dependence a 
of magnitude of cross section upon 4 ae 
the orbital angular momentum of 0° 40° 80° 120° 160° 


4 0,(C.M.) 
captured deuteron J,. In the same 
8 Hires savailable Fig. 3. B'(d,)Cl2, The calculated cross section 
NEES 4Nvaraa Reg : at 1 Mey of the heavy-particle-stripping reaction 


values of core-spin J[,=1(+), for /4=0, 1 and 2. The figure is presented as 
2(+) and 3(+)° for 1,=2. © In an illustration of the dependence of the cross 


Fig.:3; the calculated cross scetions section upon the orbital angular momentum of 
are presented for J,=0, /4=1, and captured deuteron /q. 

1,=2, in which all available J, are taken into account, but the c.f.p.’s are 
assumed to be unity. From the figure, it seems to be sufficient to take only 
the smallest 7, in the calculation of the heavy-particle-stripping reaction. Such 
ircumstances may merely be due to the effect of the penetrability for different 
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§ 3. Be’(d, n)B" reaction 


Spin of target nucleus Be’: [;=3/2 (—), 

Spin of residual nucleus BY: Ip=3 (+), 

Reaction Q-value =4.358 Mey, 

Binding energy of the proton in B”: B,=6.585 Mev, 
Binding energy of the neutron in Be*: B,=1.667 Mev, 
Binding energy of captured deuteron in B": Bp=6.025 Mev. 


Be’(d, n)B” reaction may be a 7 7 
considered to be the most favour- Behe) ae 
able case to the heavy-particle- 
stripping mechanism, since the 
binding energy of outer neutron in -4 
Be’ is exceptionally small. | es j 

We can safely take the orbital + Was AND adores E.=2 f 
angular momenta, J/,, J, and J; to 
be et) a le and t=O). Gon 
sequently, J, is determined as 
T,=2(+) and 3(+). Further, 

~we adopt R=4.24xX10-"cm and 
hoe o.o% 10" cm, 

In Fig. 4, the calculated cross 
sections of stripping and heavy- 
‘particle-stripping reactions are 
presented for the incident energies 
of 1 Mev, 2 Mev and 4 Mev, the 
interference term being omitted 0k 
in the figure for convenience of 
illustration. When the  inter- 
ference term be added in the 


3 Py 
. 
~ 


8 


r . ° ‘ =%6,. 
differential cross section in unit of 10-°cm 


9,(C.M.) 


Fig. 4. Be9(d, 2)B!. Calculated cross section of 
the stripping and the heavy-particle-stripping 


figure, the shapes of differential reactions at 1, 2 and 4 Mev. The parameters 
: adopted are /»=1, 1z=0, R=4.24X10-3cm and 
cross sections do not change ; 3 
: R’=5,.23 x 10713 cm. 
drastically. 


Then the heavy-particle-stripping mechanism may play an important role 
in this reaction at low incident energy of deuteron such as E,=1 Mev.* 


* It should be noticed that the spin of ground state of Be’ is 0(+). Therefore, if accurate 
wave function of Be? be decomposed into a neutron+core, its main configuration may correspond 
to the core with 0(+), others being probably smaller. In order to take account of the core 0(+), 
the larger 7, will be needed, that leads to small cross section of heavy-particle-stripping reaction, 
Strictly speaking, therefore, the calculated cross-section presented in Fig. 4 may not correspond to 
actual situations of Be9(d, 2) B10, In the experimental angular distributions® at low incident energy 
of deuteron, the cross section at backward direction seems to be not so much pronounced as expected 
from Fig. 4. Careful analysis will be presented elsewhere, 
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It should be noted that Be°(d, n)B" reaction has already been analyzed by 
Hasegawa and Ichikawa.*’ They have improved the original theory of Owen 
and Madansky in such a way as to factorize the matrix elements of the strip- 
ping and the heavy-particle-stripping reactions, respectively, into two terms: 
energy-dependent dynamical term and nuclear matrix element which is inde- 
pendent of the incident energy. These nuclear matrix elements would be rep- 
resented in terms of reduced widths, if they could perform the derivation. 


Their result of analysis seems to be very similar to ours at low incident energy 
of deuteron up to about E;=1 Mev. 


do not coincide with ours. 


§4. C’(d, n)N” reaction 


Spin of target nucleus C”: I7=0 (+), 
Spin of residual nucleus N*: Ip=1/2 (—), 


Reaction Q-value : 


Binding energy of proton in N”¥: B,=1.941 Mev, 
Binding energy of neutron in C”: B,=18.722 Mev, 
Binding energy of captured deuteron: Bp=18.436 Mev, 


The reaction C(d, n)N” is 
represented as an example of the 
opposite case of Be’(d, 7) B” reac- 
tion, since the relation between the 
binding energies B, and B, is just 
opposite to that of Be’(d, 7)B.” 
Then, the cross section of the 
stripping reaction may be expected 
to be large due to the small B,, 
while that of the heavy-particle- 
stripping reaction is likely to 
be very small.” Such circum- 
stances may be clearly seen from 
our calculations in Fig. 5, in which 
we have assumed /,=/,=1, l4=0, 
R=4.49x107% cm and R’=5.00 Xx 
10=** cm. 

Experiment of this reaction 
has been performed by Elwyn, 
Kane, Ofer and Wilkinson” in the 
range of deuteron energies from 
1.45 to 2.95 Mev. They have 
analyzed their data by making use 
of the simple stripping theory of 


At higher energies, however, their results — 


O=— 0.286 Mev, 


C2(d,n)N® . 
150 | tp=1 R=4,49 
la=0 R’=5.00 


a (Stripping) 


s 


50 F 


x 


do Ry Sy 
2X70, ELP. Stripping) ~>s. 


differential cross section in unit of 10-**cm? 


B 0° 40° 80° 120° 160° 
0,(C.M.) 

Fig. 5. Cl2(d, 2) N¥. Calculated cross sections of 
the stripping and the heavy-particle-stripping 
reaction at 1.45 and 2.95 Mev. The parameters 
adopted are/»=1, /y=0, R=4.49x107 cm and 
R’=5,00 ¥ 10738 cm. 
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Butler, obtaining the result that, even at low incident energy of deuteron such 
as E,—2 Mev, the differential cross sections at angles smaller than 90° can be 
fitted by the Butler theory and that there appear little evidences of the heavy- 
particle-stripping reaction in the angular distributions of backward directions, 
though some rises have been observed at larger angles. 


§5. Dependence of cross sections on the binding energies 


In this section, we shall briefly discuss the dependence of the cross sec- 
tions on the binding energy B, of the captured proton in a residual nucleus and 
on the binding energy B, of the emitted neutron in a target nucleus. In all reac- 
tions treated in the previous sections, we have adopted the same set of the 
orbital angular momenta Z, and J,, i.e. Z,=1 and J4=0. Further, the cutoff 
radii R and R’ have been taken to be similar to each other for these reactions. 
Therefore, the dependence of cross sections on B, and B, can be inferred 
directly from Figs. 2, 4 and 5, since the calculated cross sections have all been 
written in the absolute scale in the figures. 

Then, the magnitude of the cross section of the heavy-particle-stripping 
reaction depends rather sensitively on the binding energy B, of the emitted 
neutron in a target, while that of the stripping reaction is rather sensitive on 
the binding energy B, of the captured proton in a residual nucleus. Conse- 
quently, the heavy-particle-stripping reaction will not play an important role 
when B,>B,. In this connection, it may be expected that the heavy-particle- 
stripping mechanism will become more unimportant, if the residual nucleus be 
left to the higher excited states. 


§ 6. Discussions 


As has been mentioned in §1, in the conventional theory of the heavy- 
particle-stripping reaction as well as in our formalism, the cutoff Born approxi- 
mation has been adopted. 

As energies of incident deuterons become lower, the cutoff Born approxi- 
mation becomes, as is well known, rather unreliable even in treating “ ordinary ” 
stripping reactions. By making use of the “ distorted wave approximation”, one 
has been able to explain, at least, the average behavior of angular distribution 
of the stripping reaction. Actually, when this approximation be -applied to the 
calculation of the stripping cross section, the differential cross section at smal- 
ler angles is appreciably reduced usually, the forward peaks being displaced 
toward larger angles, in comparison with the result of the cutoff Born approxi- 
mation. In fact, if the distorting potential be taken to be of a Coulomb type, 
the angular distribution can be calculated analytically” for the case of 7,=0 in 
the limit of zero energy of incident deuteron, and the result shows that the 
angular distribution has a maximum at 180°, monotonously decreasing: to mini- 
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mum value of zero at 0°, while it shows the well-known Butler curve in the 
cutoff Born approximation. Consequently, it seems to be quite likely that, when. 
the distorted wave approximation be applied to our problem, the angular distri- 
bution at smaller angles due to the stripping mechanism will be strongly re- 
duced, whereas its backward parts arising from the heavy-particle-stripping 
mechanism may not so much be reduced as in the forward parts. Such circum- 
stances as mentioned above are evidently a preferable tendency for the explana- 
tion of the angular distributions in the energy range dealt with in the present. 
paper. 

In view of the above situations, therefore, calculations by means of the 
distorted wave approximation seem to be definitely necessary,* by which we 
might explain the angular distribution over the whole angles and its energy- 
dependence by the stripping and the heavy-particle-stripping mechanisms without 
introducing other more complicated mechanisms. Then, we are allowed to 
hope that more informations of nuclear structure of lighter nuclei will be ac- 
cumulated through the determination of the reduced widths and, further, of the 
behaviors of two-body correlations at nuclear surface through Oj. 

In applying the distorted wave approximation, we should pay attention to 
the cutoff assumption of the radial coordinate in the overlapping integrals: the 
cutoff R<r<co may be safely adopted for the integral over r and 1, ie. 
(I, 3-9), due to rather short mean free path of deuteron in nuclear matter, 
while in the integral with respect to the radial coordinate of emitted nucleon 
r, the cutoff may not be available due to long mean free path of nucleon in 
nuclear matter, that has already been discussed in I,§ 2-1. Just the same inte- 
grals of the latter type always appear in the theory of direct excitation of 
single particle mode in the case of the inelastic scattering of nucleon by nuclei.” 
In fact, in this case, Levinson and Banerjee” have performed most elavorated. 
calculation by making use of the distorted wave approximation without cutoff, 
obtaining fairly good agreement with experiment. 

The authors are much indebted to Prof. T. Toyoda for reading the manu- 
script and helpful discussions. 
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The contribution from K meson cloud to s-wave pion-nucleon scattering is estimated under 
the assumption that there exists strong KKzz-interaction. Some discussion about the effect 
of this interaction on high energy phenomena is made. 


§ 1. Introduction 


It may be expected that some important problems such as the so-called diver- 
gence difficulty inherent in the current field theory will be able to be solved by 
the realization of the correct dynamics in the region of nucleon core. With the 
object of pursuing some knowledge about the dynamics we have previously ex- 
amined both the problems of s-wave pion-nucleon scattering’ and those of s-wave 
K meson-nucleon scattering.” And we have obtained some different kind of 
knowledge about nucleon core by the study of these processes, because in the 
former process the nucleon core does not undergo any essential change in the 
course of collision in the meaning of perturbation, while in the latter process it 
undergoes some remarkable change in the course of collision. Particularly, the 
following character of pion-nucleon interaction has been pointed out. If the 
practical effect brought by the application of the correct dynamics to the phe- 
nomena in the region of nucleon core is expressed in terms of the change of the 
value of coupling constant, the value of coupling constant averaged over the 


spread of nucleon core should be reduced in appearance to (/4/2m)g=f in spite 


of the fact that its value in the neighborhood of pion cloud is g. (and m are 
the masses of pion and nucleon respectively, and g is the renormalized (un- 


_ rationalized) pseudoscalar coupling constant.) 


But, so far as the description for pion-nucleon scattering is concerned, the 
K meson cloud may be regarded as a part of nucleon core. We think it worth- 
while to study the contribution from this K meson cloud to pion-nucleon scat- 
tering in order to discuss the interactions in nucleon core. As our first approach 
to the interactions we should like to examine how the phenomena in nucleon core 
are described by a possible model within the framework of current field theory. 
Recently K meson-nucleon scattering has been investigated by taking into account 
the- effect of KKzz-interaction.» This type of interaction may be regarded as 
one of the suitable forms to consider the property of pion-nucleon interaction 


ob sl 
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within the range shorter than 1/2m,~1/m, because pions interact with nucleon 
through the exchange of two K mesons. (Where mx is the mass of K meson.) 
The purpose of this paper is to examine how the K meson cloud has an effect 
on the phenomena in the region of nucleon core, if this KKzz-interaction plays 
the most important role. In §2 we try to estimate the contribution from the 
KKrz-interaction to the amplitude of s-wave pion-nucleon scattering by means of 
perturbation theory. In §3 some discussions about the effect of this interaction 
on high energy phenomena are made. In § 4a method to examine the existence 
of strong KKzz-interaction is suggested. 


§ 2. KKyrz-interaction and s-wave pion-nucleon scattering 


When there is some kind of direct KKzz-interaction, Fig. 1* shows the 
diagram corresponding to the lowest order perturbation. In the case where z*-p 
scatterings take place through such a process as Fig. 1, the interaction range 
will be of the order of 1/(2mx)™=1/m because of the 
exchange of two K mesons. Therefore such a process 
as this may be regarded as one of the phenomena in 
the region of nucleon core. In our previous paper” 
we have mentioned that the effects due to the internal 

K/ \*k structure of nucleon core are almost cancelled out in 
et en DO) =1/ 21D.) =D, GO), while. the: etects: playgam 

fe: important role in D®(#)=1/2[D_(4)+D,(#)], where 
D_(#) and D.() are the real parts of the forward scattering amplitudes for 
m-p and z*-p scattering respectively at the energy w=y. Of course we now 
pay attention to the problem of D” (+) because of our approach to the interac- 
tion in nucleon core. 

As the possible types of KKzz-interaction, there are the following three 
kinds of interactions as was mentioned by I[gi.” 


Ay=A Ky* K,2j7;, (1) ae 
H,=/,i(K* 7,9, K—9,K*t4K) (2X 9,7) as (2) 
Hy=)3(K¢* 3, K;) (29,7). (3) 


But we here adopt the H,-type interaction among them on account of the fol- — 


lowing reasons. 
(i) There is no divergent quantity in the calculation for pion-nucleon 


scattering when this type of interaction is used (ef. Fig.) 4** 


* The notation of Y in Fig. 1 indicates A or 3-particle. 


** With regard to the notation, see reference 3). 
*** When H,- or H-type interaction is adopted we are obliged to use the cutoff theory. The 


cutoff theory is not so useful in describing the phenomena in nucleon core. This is the main reason 


why H,-type interaction is adopted here. 
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(ii) he effects of this KKzz-interaction on D_() are equal to those on 
D.(f) if the scatterings take place through the process shown in Fig. 1. In 
other words, only D®(#) is affected by the introduction of this H,-type interac- 
tion. Since D®(#) can be explained by the current pion field theory, this 
KKnrz-interaction may be one of the suitable types in order to examine the phe- 


- nomena in the region of nucleon core. 


As the K meson-hyperon-nucleon interactions, the usual interaction Hamil- 


tonians are used, that is, 


Hye =I Odndxot + O¢,ox+*) = ree (4) 
Ayskr=9s(/ 2 Pst Od p Pxo* +12 ps- O¢nGx+* +50 O¢, bxt*—Ps0 OUnGxeo™) 
+h.c., (5) 
_ {te 
O= ie (6) 


where ¢#+ corresponds to emission of K*meson or absorption of K~meson, and 
similarly for ¢%. The subscripts (A, 3, p and ) in ¢ are used in order to 
discriminate the baryons. g, and gy are the rationalized KNA and KN cou- 
pling constants respectively. 

The straightforward calculation gives the following results. 

(1) When both KNA and KN interactions are of pseudoscalar type 
(O=i7; in Eq. (6)), 


1 Aloe Az) GF SAx 
DiC) 2 Sa) | a es ee Ea 7 
Hx Hx m+pe 4x l4ax 22 Ag Qa 7) 
where the suffix (Kz) in D.(f) stands for the contribution from the process via 
the KKzz-interaction to scattering amplitudes. A, and Ay are obtained by 
replacing hyperon mass M in the following expression for A by M, and M, 
respectively (MZ, and My are the masses of A and S respectively). 


Basle (M—m) +m(2—y) 


8 
Mi(a—y) —m{ (2-9) — (a—y)"} +mx'(1—2t+y) oe 


0 
=+|-1 qe (M? + m’?— Mm—mz,’) log (M/mx)? 
m 2m 


1 / 


ae | Mt + me) +2mx(M? +m’) + Mm(M?*+m'—mz)} 


-1 (M?+m'—m,’) eA -1 (M*—m*— mz’) 
x | tan PE Eee) — tag t Mmm) (9) 
where 
Cav {M*—(m=mx)*} {((m + mx)’ — M? (10) 


2m? 
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(2) When both KNA and KN®S interactions are of scalar type (O=1 in 
Ba (6); 


2 : 2 
Dn=D r= | Sa Be 4 OF 322, (11) 
Masel Ag 270 Arm 25 


where B, and By are obtained by replacing M in the following expression for 
B by M, and My respectively. 
1 x 


B d\ —(M+m)+m(2—y) (12) 


ore Shi 7M a—y) =m (e—y) (a=) ted ay) 


In order to get the explicit form of B, we have only to replace M in the ex- 
pression of Eq. (9) by —/™. 
Putting the values of M,=1115 Mev, M;=1190 Mev, m=938 Mev and 
Mr=495 Mev into Eqs. (9) and (12), we obtain 
i= 0520 Ae — 0,509), Bay. 320, bs 22075 (13) 


At the present stage it will be difficult to estimate correctly the values of 
D..() x, because we have not yet the reliable values of coupling constants /,/4z, 
94/42 and g;°/4z. With the object of obtaining some knowledge about the order 
of magnitude of D.(/)x,, however, let us tentatively adopt the values of 


1,/4n = —0.1, 97/42 = 2.5, 937/40 = 4.5 (14) 
which have been given by Igi® in the case of pseudoscalar coupling. Then we 
get the following result from Eq. (9), 

Df) x.=D, (ae (2s —0.123/m. (15) 


This value of |D%(/)x,| is much smaller than that of |D™(/),| which was 
obtained by the usual perturbation theory, 


D® (pf) ,=—9'/m = —14.5/m. (16)* 


If D®(#)x, is regarded as the correction for D”(#), in Eq. (16), the magni- 
tude of this correction will be so small that it may be neglected. But it must 


be noted that the value of Eq. (15) is nearly equal to 
D® (2) =—f?/m or —2f?/m 
=—0.08/m or —0.16/m TO) as 


which have been obtained previously.” Since the values*** of Eq. (14) may be 


* Note that g in Eq. (16) and f in Eq. (17) are the unrationalized coupling constants. 
** S-wave phase shifts for pion-nucleon scattering could be explained satisfactorily by using 


the results. ; ; ; 
*&* The values of coupling constants in nucleon core may differ from those in the neighborhood 


of pion cloud or K meson cloud. With regard to this problem some discussion will be made in 


another place. 
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considerably modified in future, our result mentioned in Eq. (15) should not be 
interpreted seriously. Moreover we must pay attention to the fact that the sign 
of D®(/)x, depends on that of /. 


$3. The effects of KKzz-interaction on high energy phenomena 


It may be expected that the pion cloud and K meson cloud spread over the 
region of ~1/# and ~1/mz, respectively. Therefore pion and K meson will be 
produced within the range of 1/# and 1/mx respectively in the course of col- 
lision. If there exists some kind of strong KKzz-interaction, we may expect the 
large. probability with which pions are produced through the mechanism via 
KKr-interaction even the case where KK-pairs are considerably emitted within 
the range of 1/m x. The pions produced through this process will undergo both 
z-m interaction and z-N interaction until they will be observed.* In such cases 
it may be difficult to observe directly the KK-pairs which are produced in nucleon 
core. 

The experimental results for proton-antiproton annihilation in the low energy 
region have shown that the observed number of produced K meson is much 


-smaller than the theoretical one predicted by the statistical theory. According 


to the Koba-Takeda model,” the number of KK-pairs produced in nucleon core 
is nearly equal to that of the observed ones.°?® 
about this problem has been made by Frautschi,” we want to point out the fol- 
lowing possibility. Even if KK-pairs are produced in the region of nucleon core 
with considerably large probability, the number of KK-pairs may turn out to be 
small owing to the strong KKzz-interaction. 

Moreover there is an important problem to be discussed, that is, the energy 
dependence of the KKzz-interaction. Let us consider some K meson phenomena 
at very high energy. When a considerable part of the available energy is sup- 
plied to KK-pairs production, we may suppose the following two possible cases 
with respect to the wnobserved K and K mesons which will hereafter undergo 
various kinds of interactions until they will be observed. 

(1) Mean energy of the K and K mesons is low, that is, the multiplicity 
of KK-pairs is large in the region of nucleon core. 

(ii) Mean energy of them is high, that is, the multiplicity of KK-pairs is 
small in the region of nucleon core.** 

In the case (i), we may expect the similar situation with that discussed in 


Although some investigation 


* Although there may be the inverse process through which two pions are absorbed and 
KK-pair is produced within the range of 1/mx, this pair will mostly be changed again into two 
pions through the AKKzrz-interaction in the region between _1/mx and 1/y until the KK- pair will 
be observed. It must be noted that under our assumption KK-pair may not be produced with large 
Eyene pity in the region between 1/2mx and 1/p. 

* If there exists some strong K-K interaction, for example, ¢x(x)-type interaction, we shall 
not be able to expect such a case as this, 
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the problem of proton-antiproton annihilation. In the case (ii), the observed 
value for the number of KK-pairs may be affected by energy dependence of the 
KKaz-interaction. If the magnitude of the cross section for pion production due 
to the KKzrz-interaction turns out to be small with increase of energies of the 
K and K mesons,* it may be possible to observe directly the KK-pairs of high 
energy which are produced in the region of nucleon core. Thus we may say as 
follows. If the KK-pairs of high energy are observed in experiment with large 
probability, the experimental results may be consistent with the above model 
and may be used to determine what kind of KKzz-interaction among the three 
types mentioned in § 2 is appropriate in describing high energy phenomena. 


§ 4. On the existence of strong KK7v7z-interaction 


In order to examine whether there is some kind of strong KKzz-interaction 
or not, we: want to suggest a method, that is, the measurement of transverse 
momentum /f, of nucleon in the reaction K+N—-K+N-+2, for example 
K-+p20K°+p+27 or K*+p>K°+p+n*. If the K+N>K+N+2 reaction 
is induced mainly through the KKzz-interaction as is shown in Fig. 2a, 


NK KA 
\ BX Tw 
\ / 
N ‘ os N 
Fig. 2a. Fig. 2b. 


the collision in periphery of the nucleon will play the most important role. 


Such a model as this may predict that during a collision the nucleon does not 
change its direction remarkably and that the mean value of p, will be small. 


On the contrary, if the K+N>K+N-+z= reaction is induced mainly by Yukawa- = 


type interactions (for example, the process mentioned in Fig. 2b), the situation 
is very different from that in periphery collision. In this case there are odd 
number of 7;-type interaction** independently of the type of K meson-hyperon- 
nucleon interaction. This model may predict that the mean value of p, will be 
considerably large. Thus we may conclude as follows. If the experimental data 
for this reaction show the small mean value of p,, then it may be said that the 
results are consistent with the existence of strong KKzz-interaction.*** 


* Whether such a situation as this may be realized or not will be examined with respect to 


some high energy phenomena, for instance, z-N collision. Another note will be given on this point. _ 


** Only the pseudoscalar-type of pion-nucleon interaction is now taken into consideration, 
because the pseudovector-type can be derived from the pseudoscalar-type by the well-known trans- 


formation. 


*#k The situation in this reaction will be similar to that in 2-27 process,®) 
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The author would like to express his thanks to Prof. M. Koshiba for his 


helpful comments. 
After completion of this paper Igi kindly informed me that the following 
values of coupling constants had been derived from his latest study, 


jy A= — 0.9, 43/40 ———- Oo: 


It will now be natural for us to regard the value of coupling constant as an 
open question. 
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On the Stability of the Hartree-Fock Solution 
in Many-Body Problem 


Katuro SAWADA and Nobuyuki FUKUDA 


Department of Physics, Tokyo University of Education, Tokyo 
(Received December 14, 1960) 


A necessary condition for the stability of the Hartree-Fock solution in many-body problem 
is presented. If this condition is not satisfied, then the solution becomes no longer stable as 
was discussed by Overhauser in connection with the one-dimensional spin wave model. A 
variational method is proposed in this case to construct a stable solution which has definitely 

_ a lower energy than the Hartree-Fock value. The workability of our method is tested in 
some realistic examples like the B.C.S.-Bogolyubov theory of superconductivity. Then the 
method is applied to field theory which seems to be inconsistent in view of the presence of 


“ghost states”. A canonical transformation leads to a new vacuum state with lower energy, 


but the high momentum part of the coupling is not damped. 


§ 1. Introduction 


Recently, a serious question has been raised concerning the stability of 
the Hartree-Fock solution by Overhauser” who treated the one-dimensional 
system of interacting fermions and found a new solution which gives a lower 
energy than the Hartree-Fock value. In such a system, the free ground state 
is not connected with the true one adiabatically, but rather with some kind of 
excited state. The B.C.S. theory of superconductivity” is another example where 
the ground state is far from the Fermi distribution. 

Now in the Overhauser model, one can show that the propagator for a 
pair of particle and hole with spin either parallel or antiparallel according to 
the sign of force has an imaginary pole, the corresponding excitation being 
completely unstable. In the-B.C.S. theory, the propagator for a pair of particle 
cor of hole with opposite momenta and spins has also an imaginary pole at 
the momentum close to the Fermi value.” One may expect that this difficulty 
is intimately connected with the instability of the Fermi distribution, that is, the 
Hartree-Fock solution against the deformation in accordance with such an excitation. 

Following this observation, one will introduce in § 2 an approximate col- 
lective operator by applying the method of normal mode,” calculate the 
variational energy with respect to the deformed state corresponding to thier 
collective excitation, and then show that the second derivative of this energy 
at the Hartree-Fock state is actually positive if the eigenfrequency is real, but 
is zero if this is imaginary. In the former case the Hartree-Fock state is stable 
within the family of variations employed and in the latter case it is unstable. 
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Then a family of variational functions are suggested which would make the 
energy lower than the Hartree-Fock value. In order to assure the absolute 
stability, one will in principle have to look for a complete set of these excited 
modes, but from physical grounds lower excited states will usually play an 
important role. 

In the following three sections, the criterion of instability is applied to the 
three-dimensional model of Overhauser, to the B.C.S. theory of superconductivity, 
and to the Bogolyubov Hamiltonian of liquid He‘ with negative scattering length.” 
It is then shown that our new variational solution will actually turn out to be 
the lower energy state. The new excited eigenmodes, phonon spectrum, for 
instance, based on this ground state now have real frequencies. 

In §6, the method is applied to field theory by taking the meson-nucleon 
system as an illustration. The meson spectrum now includes an imaginary 
frequency which is made use of to derive a new ground state with lower energy. 
The canonical transformation leading to this state has two effects. One is to 
change the effective coupling between the meson and nucleon which becomes 
weaker than the original one. The high frequency part of the coupling is how- 
ever not altered. The other effect is that the eigenfrequencies of the meson 
are now all real. 


§ 2. Stability condition for the Hartree-Fock solution 
of a Fermi gas 


As an orientation of our basic idea, let us first consider a Fermi gas in 
which particles are interacting through ordinary two-body forces. The Hamil- 
tonian of our system is given in the second quantized form as 


2 
ik 
H=2) C,* Ge ze eens Sp tig OK) Ory Cy Cad Ciogs (2-1) 
where p’s are the momentum and spin of a particle, C,’s and Cx’s are an- 
nihilation and creation operators of a particle, respectively, and v(q) the 
Fourier transform of the potential. In the hole theory formulation in which’ 
the Fermi distribution is taken as a vacuum, C,’s are replaced by 


ap, tor |p|> pr, 
C= (2-2) 
b,*, for |p| <pr, 
where a, and &, are the annihilation operators of a “ particle” and a “hole”, 
respectively, and py the Fermi momentum. 

It is one of the most important objects in the recent many-body problem. 
to find some kind of approximate normal modes in the interacting system which 
are usually called collective oscillations. The condition for the normal mode 
is given by the presence of operators A, and A,* which satisfy an equation 


—s y 
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As*; H\|_=—oa, A,*, (2+3) 


where w, is the frequency of the collective oscillation. These A,’s are a func- 
tion of original operators a’s and #’s, and obey the canonical commutation 
relation, plus or minus according to the Fermion and Boson type collective 
motion. One of the typical examples is the plasma oscillation at high density 
discussed by us and others.” In some cases, however, the collective frequency 
w, becomes imaginary as will be shown in the following sections, which turns 
out to be connected with the instability of the Hartree-Fock solution. 

A theorem concerning this instability can be formulated as follows. Sup- 
pose there is an operator S which is an m-th order ordered polynormial of a’s 
and #’s and satisfies 


[S*, H]._=—wS*+C (2-4) 
where C is composed of products of more than » ordered operators.* w may 
be real or imaginary. Denoting the free vacuum, that is, the Fermi distribu- 


tion by ® which is known to be the Hartree-Fock solution of our system, we 
will consider a family of variational functions defined by 


P(A) =e? 9 D,, F (0) =D. (2:5) 
Then the variational energy is given by 


E(A4) =(¥ (A), H¥ (A) )={%, Bp ORE ae eet Da (2-6) 


which is of course equal to the Hartree-Fock energy for 4=0. If one takes 


the first derivative of Eq. (2-5) with respect to 4 and makes / tend to zero, 


one has 


5B) =(—2)(®, [S*+S, H|_%> (2-7) 
4 r~=0 


which is zero on account of Eq. (2-4). This is the ordinary statement that — 


the Hartree-Fock solution is the variational one. If one takes a, or &,, itself 
as S, one will have the Hartree-Fock single particle energy as o. 

In order to see whether the solution is really stable, one has to look into 
the sign of the second derivative of E(/) at 4=0 which is given by 


| =(—AX@%, [S*+5[S*+5, H]-]-%) 


=(w+w*)(D%, [S, S*]_-D), (2-8) 


since the commutators of S’s and C’s have the zero expectation value. In the 
case where all w’s are real and positive,” one can show that the expectation 


value of [.S, S*]_ is positive and one has 


* § and C are assumed to have no constant terms. 
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SOT On tor 2) 2.0: (2-9) 
aR <0 

The Hartree-Fock solution satisfies, therefore, the minimum condition within 
the family of variations employed here. However, if some of w’s are imaginary 


(w=i!l"), then one has 
om : 
eS (Ae, =O" LOL =a (2-10) 
On r=0 
and the minimum condition is usually violated.* It will be shown in the fol- 
lowing sections that there exists in this case another ground state solution with 


lower energy which is to be obtained by the variational principle by making 
use of trial functions similar to Eq. (2-5): 


P (a) == et (F(A)4+5O)) D | (2eit5 


where the function S(@) has the same structure as S with respect to operators, 
as and b’s, but the coefficients contain some variational parameters. 


§ 3. Spin wave model of Overhauser—Three-dimensional case— 


As an application of our stability condition, let us consider in this section 
a model discussed by Overhauser” where the potential is assumed to be of the 
dfunction. For the sake of convenience, one will separate the spin index and 
employ the two-component operator defined by 


Ces (3-1) 


PY 


‘Then the total Hamiltonian is written as 


pl 


te 6) * ies: * * 
H= <p C, CE» dea —pp'q C, (C Coreg) Cy-¢> 


Ep / 2m: (3-2) 


where 7 is the strength of the potential and is positive for repulsion and nega- 
tive for attraction. 


Now one takes as the operator S* a form suggested by the study of col- 


lective oscillations in a Fermi gas,” in particular the plasma oscillation, and 
puts 


Hy ae * * * ; 
S =2'p(Pp; qAp+q7 by + 6p ;qD_pFA_p-g+ Up; gAprq 0p + Sp ,qD_-pFb*y_q); 


(3-3) 


where o is 1 or any of the Pauli matrices, o,, o, and o,, and q is an arbitrary 


* We will put the special case out of consideration in which Eut(0)=0 and E!"(0)>0. 
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momentum. The meaning of a and Bb is clear from Eqs. (2:2) and (3-1). 
The coefficients @’s are to be determined from Eq. (2:4), where the operator 
C now consists of products of more than three ordered operators. Putting: 


Wpig=Lpig— Eps (3-4) 
and taking o=1 one has the following coupled integral equations for @’s; 


(w— Wp: Dee Oty Otay) 


Gi 
(w+ p:q) 9p: q= ”? ? 2”? ? 
1 
(aia) Lo: a= ”? » ” ? 
pl = 
(a Opty “p:q— » >» ” ? (3-5) 


from which the secular equation for w is obtained as 


1 1 
LF ss ( a =0. (3-6) 
IP+qi>Pp \O—-Wp;qg  OFWp:¢ 

IPI<P yp, 
If one takes o=c,, o, or o,, the sign in front of 7 is changed and one has, 


instead of (3-6), an equation 


ye se ( 1 «iy af 7) =0. (3-7) 
IP+O>Pme \WO— Wp; 4 OT Op; 4 
IP|<Pp 


From the stability conditions, Eqs. (2:8) and (2-9), one can conclude that 
if the coupling is sufficiently large, either Eq. (3-6) or Eq. (3-7) according 
to the sign of 7 has an imaginary root for w and the Hartree-Fock solution 
becomes unstable. In the one-dimensional case, this instability always occurs 
for q equal to 2P,y irrespective of the strength and sign of 7 as pointed out 
by Overhauser. More specifically, for the repulsive case (y>0), Eq. (3-6) 
leads only to real w, whereas Eq. (3-7) has always an imaginary solution in 
the one-dimensional problem. For the attractive case (7<0), the role of Eqs. 
(3-6) and (3-7) is interchanged.” ; 

In order to get the Overhauser solution for the one-dimensional repulsive 
case (y>0) according to our procedure, Eq. (2-11), one puts 


== 1 Ct EO Create (3-8) 
k 


which generates the transformations 

(St) C., e848" — cosa, Cy, —Sin ay Cotas 

et StS CO, eo HS+8 = COS Ay_g* Cey +SiN Meg Cea - (3-9) 
The minimum condition for the expectation value with respect to /(@) deter- 


mines the function a by 
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3 i W: ¢/ |r: 4\ 
Syn ed pe SNA Spe) — alee ee 
soya K,4 Lee : CC | Pr) ( +4 br) V ot:¢+ Ba 


‘The transformed Hamiltonian takes the form, disregarding the constant term 
which is actually lower than the Hartree-Fock energy, 


Tide. Fug Cok Con + D>) Ey Ct Gg (4 operatorerordered) to tl) 
k k 


with 

faa ae 
= Ey t+ Eee V Wn:atPq O34 
KR oat, 9 ti = + > as 


> 
4 2 |e: a| 


Bete Eyt Eee LV Ob ot Be Opig (3-12) 
2 2 |e: @| 
There is another form of S(a@) in this case given by 
S71) Gy oO, Gag ne, (3-13) 


which however leads to a higher ground state energy than the value obtained 
above. 


The above result is identical with what Overhauser has already obtained, 
but our criterion seems to work in more general cases in finding the varia- 
tional trial functions. It should be noticed that the Hartree-Fock solution will 
be stable in the three dimensional case within the family of variations employed 
here, if the coupling is sufficiently weak.” 


§4. B.C.S. theory of superconductivity 


Let us now turn to the difficulty which one encounters in de@ing with the 
B.C.S. model Hamiltonian of superconductors. In this case, one can sum up 
all ladder type diagrams up to infinite order following the technique of Gell- 
Mann and Brueckner,” the remaining diagrams being inversely proportional to the 
total volume to be neglected, but the propagator for a pair of electrons has 
an imaginary pole.” This situation can be easily reproduced in our language 


and is shown, as expected, to lead to the instability of the Hartree-Fock solu- 
tion. 


The B.C.S. Hamiltonian is written as 
Agcs= Dan /s aks ak» s Tee ot 8 bi br. s Ex 
+7300 (ak, + dren) (a*ny + OK) oe (anny + bx: 4) (axrr + bin); (4 ; 1) 


where E;,’s (0 according as |k|Sp,r) are measured from Ey. Consider the 
operator S defined by 


S= Vie ( Anak, any + Br bien Brass . (4-2) 


_ Then the coefficients A’s and B’s are to be determined from Eq. (2-4), where 
the operator C now consists of products of four ordered operators, One has 


» = 
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in this way 


(o rs 2Ex) Ay= Yaa (Ar = Br) : 


(w— 2Ex) Be=7 Din (An — Barr): (4-3) 
From which follows the eigenvalue equation for w: 
1 1 
re ee pts). 4. 
: nome wo—2E, moan o— 2E), Se 


This result is identical with what was obtained in the diagram method.” 

For the repulsive case (7>0), all the eigenvalues (w=0) shift from 
zero to the outer side with respect to zero and are of course real, but for the 
attractive case (7<0), this shift occurs to toward zero and the eigenvalue 
adjacent to zero goes over into an imaginary value. According to our criterion, 
the Hartree-Fock solution @ becomes unstable in the latter case and the new 
trial functions should be looked for in the form of Eq. (2-10), namely 


W (2) = et Ek MO) Cert C—Ky+ V0) (4-5) 


which generates the Bogolyubov transformation.” Thus one sees that our cri- 
terion works also in this case. 

It should be noticed at this point that the collective mode discussed here 
is a special kind of scattering mode for a pair of opposite momenta and spins. 
The general treatment of scattering modes for the full Hamiltonian (2-1) has 


been presented elsewhere by one of the authors (K.S.),“” which will serve as. 


the instability criterion for the Hartree-Fock solution when the interaction 
includes an appreciable attractive part. 


§5. Liquid helium with negative scattering length 


Another example to which our instability criterion can be applied will be 
found in the model Hamiltonian derived by Bogolyubov and others for the 
discussion of a dilute Boson gas.” This is written as 


H= Da Pat fu Ext 1 mia t Dagny 2eimat (5 Set ByaPafe HC), 6-1) 


where , and 8,* are the annihilation and creation operators for a Boson with 
momentum q, respectively, and the constant @ is proportional to the scattering 
length. The sum in Eq. (5-1) does not include q=0. The Hartree solution 
is in this case the state in which all the particles are degenerate in the state 
K=0. If this solution is stable, then one will obtain, following Bogolyubov, 
the excitation energy of the form 


V Ey? +2aNE;,= 0x; (5-2) 


where WN is the total number of the particles. 
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In the language of normal mode, one can equivalently obtain the result by 
choosing the operators S in Eq. (2-4) as” 


S,*=Anea + Peers (5-3) 


Then, putting 2—=N—SJy%q and /%*o=.N, one has, omitting (S3y%q)? term com- 
pared to N, 


Saree | =A la aN) §;,*—aNp_,} + Br{ (Ex +eN) f-.t+aNi,*} 
= — ox(AnPx*+Brb_x); (5-4) 


from which follow the equations to determine the coefficients A and B: 


{on— (Ey, +aN)} Ay +aNB;,=0, 
—aNA;.+ {o.+ (Ex +N) }B,.=0. (5-5) 


The solubility condition for this leads to the eigenfrequency w;, given by Eq. 
(Sear 

If the scattering length (a) is negative, then w, becomes imaginary for 
low momentum q~0 and the Hartree solution is unstable. One may expect 
in this case to obtain a stable solution by adopting the variational trial func- 
tions, 


P (2) — ilk (ak (>) Aue POPE ODD (5-6) 


One of the authors (K.S.) and Vasudevan” have recently determined the pa- 
rameter a@ from the variational principle and actually obtained the ground state 
energy lower than the Hartree value. It was shown moreover that the real 
excitation energy was derived in this way. 


§ 6. Application to field theory 


It is anticipated also in field theory that some of the approximate eigen- 
modes of strongly interacting elementary particles may be imaginary and the 
free vacuum state becomes unstable according to our criterion. Then one may 
choose some appropriate variational trial functions to obtain the stable vacuum 
state with the real eigenmodes for excitation. The effective coupling will be 
changed in this case. 

Let us consider, as a typical example, a system of the nucleon and the 
pseudoscalar neutral meson which are interacting each other through pseudo- 
scalar coupling. The Hamiltonian is given by 


H= Der. Y;.* Pree + Dae 18 Cr C,’ En 
+ Ii Cat Gri) Diaper CE (US Pree) Cook: (6-1) 


where ¢;’s are the meson operators and C’s the nucleon operators with positive 
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and negative energy, s being the spin index.* The function w is the ordinary 
Dirac spinor and 


g 

g — > 

© 5(20,'2)” 

waVRETE, &=+tV p +m’, (6-2) 


where 2 is the normalization volume, and # and m the masses of meson and 
nucleon, respectively. In the hole theory, one usually puts 

Gg MOTn > 0} 

C,'= (6-3) 

Don olecs 20, 
where a is the annihilation operator for the nucleon and d for the anti-nucleon. 
In order to avoid the divergence difficulty, one will occasionally introduce the 
high momentum cutoff. 

Let us first look for approximate eigenmodes for the meson by choosing 

the function S in Eq. (2-4) as 


S*#=) ep An On* + LoeBr Px + 3 Dips CHG (6-4) 


Then the coefficients A’s are to be determined from Eq. (2-4) where C now 
consists of products of three ordered operators. One gets in this way 


(o— 7) Ar =— 9k Dae sl sy: { Teas (2 Up-) ean (0p Pa Uy ) \ ? 
(w+) Be=—Ik dop,s,1 (Same as above), 
(o— (Een) De =n pe Pattyn) (A;,+ Br), (6-5) 


where p~’s (or p*’s) refer to the negative (or positive) energy state hereafter. 
The eigenvalue equation for w becomes 


7 5 5) Te +) ie | (u,* ER |? | 
wy P+29 2 Un pao hee es . = f yay ae ae 
x 2 hs dup, : wt |Ep| + |Ep-al —w+ |Ep| + |Ex-al 
namley, 
oat ae : 2 lEnccciny| + \Sp-ceiyl) {\€,|?— (1/4) Eps al — |En—cei2|) >} : 


eel a ert eae ( |Ep+ c/a) As |Ep—cej2)|)"} |Ep+c/2)| |En—ci2y| 
(6-6) 
from which one sees that if the cutoff for the sum is large enough, an imagi- 


nary solution is o 
tion will be seen clearly in the Appendix for the special case k=0. 
The following variational trial functions are now tenable from our criterion 


to obtain the stable solution: 


* The unit #=c=1 is taken. The Dirac operator p. is equal to? 74 75 in terms of the ordinary 


7-matrices. 


btained and the free vacuum becomes unstable. This situa- 
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P=exp[>dn(AnGn* — An* Gx) +2 pa D3ipr Ch’ el ‘Dy (6-7) 


P,P! 8,8 


which generates the transformations 
Dy." mae Gx = Ax*, Gr Pr aie Ar ? 
CRs ist s! Ce ge alee (6-8) 


The new Hamiltonian has the form 


H—- Ftransy. = H+ H+ Eo, 
=P On Or Yet Lipt pr : hi en (Cae phGol eee 
+ Gn (An+ A*n) Lips (e”) prp (Up P2tp-x) (20") ett Gone 
+ don Ir (Pn + P= =n) a Cir (Gy Javeieee: PxUp—1) Ca ree of 2 


ro Py - 


jae oe o;,* {Ux A, + 9k pm Ces BEC a Patip+k) Cae _ EL a 
pl st pst 
y= Dee Aj.* Ag Pie Lipp' (eo?) pr “He Ep (e”) pp - 
ss 
= yas 9x (An + AX) Dilpimeker) or -p (up (2 i x) (e ig pea ike a (6 9) 


The stationary condition for H, with respect to A and A* leads to the equa- 
tions 


Vr Ja a2 Ik igieipee (22) as (ujs* (2 Unik) (Exon k Me hard 0, 
yi At ages SSprsrpst (Same as above) =0, (6-10) 


which makes H, vanish. To make variation with respect to D, one must take 
into account the condition 


ME CASES (eo) ea : (6-11) 
By introducing the Lagrange indefinite multiplier, one obtains another equation 
(On,pi- Cn — iD) (Ca sir Op, Dee ar Ir (A; “f Axe) x (ups Po ty) Cae ee =0, 


(6-12) 
from which it follows that 


Apr =O; (e322 arbitrary. ; (6-13) 
For the sake of convenience, one may therefore replace Eq. (6-12) by 
(Ep— Aor) (€) Bor + Di Ge An + A*.) De (ud prug_x) (e?) 5 p=. (6-14) 
Multiplying this with (eye and taking sum over s and #, one gets 
Dips (e a aie Ene) por — Ayn Oster Opry 


+ don Gn (An + A®,) 2a) (er) puip (ap * 0,Up—n) CEOS pi. (6-15) 


ei | 
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One can now rewrite the transformed Hamiltonian, Eq. (6-9), and Eqs. 
(6-10) and (6-14) in terms of the function 
vel(P) = Cacseyy tl Ce?) gs (6-16) 


where (+6,) means the sum over the sign of the energy with momentum p- 
Namely, one has 


AE * 2 15 9h 
Tl anth, = put Or PK Vy > ps : CrC, : Ap 


+ Dn Ix (P+ Ex) 2s : Cp 2 Cop (p" Psp (p"— bk) Ca 


pis! 
+ dn An* Anve+ dipsdp- § (6740 )e 
Vr Ant In 2 (uf* (p’) P2vp- (p’ +k)) =0, (6-18) 
(ap+fm—Ag') vq (Pp) + din In(Ant+A*n) P2vq (p—k) =0. (6-19) 


In deriving Eq. (6-17), use has been made of Eq. (6-15). The last two equa- 
tions lead to a non-linear equation for v, the general solution of which is dif- 
ficult to obtain, and one is obliged to content oneself with. the following par- 
ticular solution. Let us put 


Og (P)=05. 9 Wy. (6-20) 
Then Eqs. (6-18) and (6-19) become 
Vp Ap + Or: 0 Tk Dugt (Wa Pa Wo-) =0, 
(aq +m +29 AoPr— 4g’) Wo’ =9, (6-21) 


which has a solution 


(ae 1 | (1+ 29 Ao t : 
Aya ala ae be ee cake Ve (6-22) 
Wy Ce 7, Ape Ve ai aes 2} Uq 


where u,’ is the ordinary Dirac amplitude and 


hg=V bq + (29 Ao)’; forges 0: 


= —/E,7+ (29) Ar)’, for &,<0. (6-23) 
The function A; is zero for k¥0 and Ay, satisfies 
2 — 
ip es ys ee ES (6-24) 
Yo 2q 


which hag the solution if the cutoff is sufficiently large.” Our transformed 
Hamiltonian (6-17) has now the form 
> Firanst.= Don On* CK Yet Mire : Oa Cr pec V Ey + (29% Ay)? 
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2 
1 (ut"- (1 (29 Ao) ) 
De VR he Tee 
i i {29 Ao/ (Ap-n+€p-n)}?)? ; | ‘ (4565) Open +ep-x) 


+24 Ao 5 re =a 7 ae )f ur) x pty : oD len + JE), (6-25) 
Dp Pp p—k: p—h 


with 


4E,=— ae (6 (290 Ao)"— IEnl)” (<0), (6-26) 
V Ey + (29 Ao) 
which is the energy decrease on account of our transformation. 

It should be noticed here that the solubility of Eq. (6-24) leads to the 
condition for the cutoff momentum and the coupling constant, which is con- 
sistent with the condition that Eq. (6-6) has an imaginary solution. The rea- 
sonable values for these quantities adopted in the cutoff theory give 


2 
LM oe ee 5 Sp (6-27) 


which is the condition that Eq. (6-6) with k=0 has an imaginary solution for 
w (see the Appendix) and is at the same time the condition that Eq. (6-24) 
has a real solution for 29)A). Thus our criterion seems really to work. The 
effective coupling in Eq. (6-26) has now a scalar term in marked contrast to 
the original coupling in Eq. (6-1), but these interaction terms becomes ‘always 
smaller with respect to the positive-negative component and vanishes in the 
strong coupling limit. 

After the transformation, one can construct the eigen-value equation cor- 
responding to Eq. (6-6) again, but in this case on account of the deformation 
of vacuum (or mathematically due to Eq. (6-24)) there is no imaginary root 
(see the Appendix), and the free vacuum defined by our new Hamiltonian Eq. 
(6-25) is now stable against the deformation considered. 


§ 7. Conclusion 


A criterion has been presented to see the stability of the Hartree-Fock solu- 
tion for the given dynamical system. If one can construct any kind of approxi- 
mate collective modes which may have an imaginary frequency, then the Hartree- 
Fock solution becomes unstable in the sense that a state deformed in accordance 
with this collective oscillation will give a lower ground state energy. A method 
of choosing appropriate variational trial functions is proposed in this case and 
is actually shown to give stable solutions in some examples, that is, the three- 
dimensional spin wave model of Overhauser, the theory of Liquid He! with 
negative scattering length and the B.C.S. theory of superconductivity. This 
method is then applied to field theory, in particular a meson-nucleon system 
which in fact shows the instability mentioned above, and one sees that the 


‘the assumption that the instabili- 


—_—. 
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‘ 


‘zeroth order” vacuum is deformed into another which now includes virtual 
pairs and mesons and that the effective coupling is changed in such a way that 
the new eigenfrequencies of the meson and nucleon become real. The high 
frequency part of the original coupling is not altered, but there might be some 
collective modes, e.g. nucleonic level strucutre, arising from this part, just like 
the plasma oscillation which screens the long-range tail of the Coulomb force. 


Appendix 
The eigenvalues of the meson 


The eigenvalue equation, Eq. 
(6-6), can be evaluated explicity. . Cota 
As an illustration, let us consider 
the special case k=0. Then one 
has to solve the equation 


Beek! 


pes AGo Ys 
Ep? —a7/4 


2 —p 


2 
(@) — Vo 


The right-hand side is shown 
as a function of w in Fig. 1, on 


ty condition Eq. (6-27) is satisfi- 
ed, which means the point B lies 


above 1. (2, is, of course, smaller 
than m.) The point A corre- 


sponds to an imaginary eigen- 
value. If the stability condition 
is satisfied, one has Fig. 2 in 
which the point B lies below 1 
and a collective mode of excita- 
tion associated with the point C appears which lies between 0 and Min(’, 4m’). 


Fig. 2. 


But as stated in the text, any reasonable cutoff momentum and coupling strength pelt 


can hardly satisfy the stability condition. 
In the system which is described by the Hamiltonian Eq. (6-25), we can 


again construct (approximate) normal modes corresponding to Eq. (6-4), and ay Be 
the eigenvalue equation has a similar form to Eq. (6:6), the only difference y 


being that «’s and &’s are now replaced by a’s and #’s which satisfy Eq. 
(6-21), namely 


SK sf! 3k s/ 2 
= Py Wyt x) |” | (w+ 07 @Wp-—n) | 
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This leads to the eigenvalue equation (for k=0) 
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Ady oe |En|? 
Se 
aye (Uso ges 
The right hand side is an increasing function of w ranging from — to 0, 


and at w’=0 we have 


102 lin lene 
right hand side= A9o ip | el 
Yo VAplealae| 


> 


owing to the eigenvalue equation for A,, Eq. (6-24). One has therefore no 
imaginary solution for w. There appears instead a solution for w which lies 
between 0 and Min(%, 2\4)|) and is to be connected with the solutions for 


k3<0 to make a continuous spectrum. 
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A method is proposed to investigate the pion-nucleon interaction with recourse to the 
multiple-production experiments at extremely high energy. The method consists of calculating 
theoretically the characteristics of the collision event with small multiplicity of meson 
production and comparing the results with the extrapolation from the experimental data for 
the multiple production. Along this line of thought we have performed the perturbation 
calculation for the single-pion production process. Although the fit of the results with the 
extrapolations is not so satisfactory, we might still conclude that the pion-nucleon coupling 
of the pseudo-scalar type is rather preferable to that of the pseudo-vector type. 


§ 1. Introduction and summary 


One of the most challenging problems in the physics today is to explore 
the behaviour of elementary particles in the higher and higher energy regions.” 
Now, are we well equipped with experimental and theoretical methods for this 
exploration? As to the experimental methods, this question may be answered 


affirmatively to some extent: Although we have no means to measure accu- 


rately the energy of an extremely relativistic particle,* to discriminate particle 
species and so on, the experimental materials are being accumulated and the 
information increased on the extremely high energy collision (by this term we 
mean in this paper the collision with Exax=10" ev in the laboratory system) 
with production of particles. In addition to the evidence for the multiple pro- 
duction of mesons, we have data, not sufficient but much, on the multiplicity, 
the angular distribution and the composition of the collision products.” On 


+The preliminary reports of this paper were submitted to the Conference on the Cosmic Ray 
Physics at Moscow and the Conference on the High Energy Nuclear Physics at Kiev, both in 
1959, under the title “ Impact Parameter and Perturbation Treatment of the Distant Collision of 


Nucleons with Pion Emission” and “To deduce the Type of Meson-Nucleon Interaction from the 


Multiple-Production Experiments”, respectively. 
* In the course of the preparation for the publication of this paper, we received a preprint 


from N. A. Dobrotin and S. A. Slavatinsky, which presents us some interesting results of their 
‘« calorimetric ” measurement of the particle energy. 
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the contrary, no affirmative answer might be given to the theoretical side of 
the question, since it does not seem satisfactory that the investigations hitherto 
made are based, more or less, on the intuitive models, the theoretical bases 
of which are still left obscure. Indeed, this obscurity makes it difficult to 
deduce what the experimental facts imply about the behaviour of elementary 
particles in the extremely high energy region. 

When Heisenberg” pointed out the possibility of the multiple particle 
production, his interest was concentrated around the possible role of the inter- 
actions of the second kind. 

Since then, the main theme of our exploration into the higher energy re- 
gion has been to detect the effects of the second kind interactions, or, when 
the meson-nucleon interaction is concerned, to solve the problem whether it 
belongs to the second kind; this problem remains still unsolved. One of the 
authors (H.E.), in collaboration with Umezawa and Tomozawa,” has once at- 
tempted to solve this problem by examining the equation of state of the meson 
assembly which plays a central role in the Landau theory of the multiple pro- 
duction.» The second kind interaction, if existed among mesons and nucleons, 
was proved to be detectable through the measurement of multiplicity 7 as a 
function of the energy FE of colliding nucleons in the centre-of-mass system 
(C.M.S). Contrary to their expectation, however, experiments have revealed 
the fact that the multiplicity 7 widely fluctuates collision by collision even when 
we restrict ourselves to a narrow range of the energy E,°” thus making it 
difficult to proceed along the line described above. 

It is this situation that compelled us to invent an idea which we call 
“extrapolation philosophy ” (§ 2). This philosophy enables us to deduce some 
characteristics of the collisions with the smaller multiplicity from those with 
the larger multiplicity. The point is that the theoretical calculations are ex- 
pected to be easier for the former while the experimental materials are much 
ampler for the latter. One of the authors (H.E.) presented an argument which 
made it plausible that the collision with the smaller multiplicity has corres- 
pondingly the larger impact-parameter.” This argument has stimulated us to 
try a perturbation calculation for the nucleon-nucleon collision producing a small 
number of mesons, because the distant collision is expected to disturb the nucleon 
proper field very little. 


As a conclusion from our calculation for single pion production process | 


the pseudo-scalar interaction between nucleon and pion is proved to yield results 


satisfactory to some extent (§3). That the nucleon recoil is in fact small 
confirms our anticipation of distant collision. On the contrary, the pseudo- 
vector interaction fails at all (§ 4), as far as the perturbation calculation of 
the lowest order is concerned. As for this coupling, however, the predomi- 
nance of the large nucleon recoil makes the applicabililty of the perturbation 
method dubious. In spite of the uncertainties thus resulting, we might still 
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conclude that the meson-nucleon coupling is preferably of the pseudo-scalar 
type. This conclusion of ours is in conformity with the suggestion once made 
by Umezawa and others” that all the strong interaction should belong to the 
first kind. This is, however, not in accordance with the conclusion recently 
obtained by N. Hoshizaki and S. Machida. 

We may note again that the above conclusion has been obtained through 
our extrapolation philosophy. Moreover, the extrapolation is not so ambiguous 
as it may appear at first sight, and therefore it will help us also in the further 
investigations. 


§ 2. Extrapolation philosophy 


As described in the introduction, our aim in investigating the phenomena 


of multiple-particle production is to explore the behaviour of elementary parti- 


cles in the extremely high energy region. In view of this fact, it does not 
seem satisfactory that the investigations hitherto made are based, more or less, 
on the intuitive models.” 

Thus it is highly desirable to attack the problem through a direct applica- 
tion of our field theory. We have, however, no appropriate way for this pur- 
pose. Although we admit Heisenberg’s philosophy of investigating the structure 
of interactions through the multiple-production phenomena, his method of 
calculation is not more than a heuristic one.*’” 
due to Oppenheimer and others,” and Imamura, Kobayakawa 
duce the angular distribution of secondaries. The statistical theories,” origi- 
nally due to Fermi, calculate only the phase volumes and therefore these theories 
have yielded little information on the interaction of elementary particles. The 
hydrodynamical theories, due to Landau and others, can not but push the prob- 
lem of interaction behind the assumption of the hydrodynamical picture (see, 
however, reference 4)). Investigations on the validity of hydrodynamical picture 
have not succeeded, so far, in deducing information on the interactions.” 

We have been looking for some characteristic features of high energy 
phenomena which are useful as a guide for our investigations. Now, the 
method that we propose at this stage originates from the observation that a 


® can not repro- 


variety of events arises in the extremely high energy region. For example, 


the multiplicity of meson production has been found to widely fluctuate event 
by event even if we restrict our attention to a narrow range of the energy of 
colliding nucleons.” This variety is nothing but the indication that we have 
a liberty to select some events which are especially suitable for our purpose. 
Taking nto account that the events with the smaller multiplicity should be 
handled rather easily as far as the theoretical consideration is concerned, we 
have decided to examine the single-pion production process as a first step. It 
must, however, be admitted that there has been no experimental finding about 


The sudden approximations | 
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the single-pion production at extremely high energy. Then, is it possible to 
compare our theory with experiment ? 

Yes, it is possible! There may be no direct evidence, yet we can still 
make guesses by the use of those experimental data on the multiple-pion pro- 
duction. It has been found, on the one hand, that the transverse momentum 
of the secondary pion is almost constant over a wide range of the multiplicity 
n and the energy E of the colliding nucleons.°”®”” And, on the other hand, it has 
been pointed out by one of the authors (H.E.) that the angular distribution 
of pions varies rather systematically with » and LE.” These relation may be 
extrapolated to yield the characteristics of the single-pion-production process, 
thus making the comparison possible between the experiments and our theo- 
retical calculations. 

The idea can be summarized as follows: Of the variety of events at 
extremely high energy, i.e. the collisions with the smaller multiplicity and those 
with the larger multiplicity, we calculate the characteristics of the former and 
then compare the results with the extrapolations from the latter. 

This constitutes our “ extrapolation philosophy ”’. 

As the application of our philosophy to the analysis of the angular distri- 
bution, we have to add one more comment. In this paper, following Hoang™ 
and the Bristol group,” we use index m to represent the sharpness of the 
angular distribution. It is defined for each event through 


« 


(cosec 9 ay=1.25,/m (2-15 


where @ is the angle of emission in the C.M.S., and the average is taken over 
secondary particles event by event. It is noteworthy that this m has been 
found experimentally not to fluctuate so much if 2 and E are fixed. Along 


the line of our philosophy, we also define m in the case of single-pion pro- 
duction through 


do I do Yin 
cosec 6 -=— dd?) \——d@=1 25V/im. 2- 
| 30 70 Vm (2-2) 
In this case, the theoretical calculation tells us the variation of » with the 


energy E of nucleons in the C.M.S., which might be approximated by 
i= Cin (2-3) 


where c and @ are some constants. In the case of the multiple-production 
also, there must be a relation like (2-3) at least for fixed multiplicity . In 
other words, c and a must be functions of the multiplicity, c=c(n), a=a(n).* 
_ Now, if the changes of c(m) and a(n) with the change of » are not so 
fast and if the theoretical value @(1) is correct, the plot of the experimental 


* Note that » discriminates mutually orthogonal out-going channels in the sense of quantum 
mechanics. : | 
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data, n against m/E*, will look like Fig. 1. 
From this experimental plot, we can 
infer the value of m for n=1, and compare 
this with the theoretical value.* 
This example shows the way how our 


log 2 


extrapolation philosophy works. Of course, 
| there may be many other ways of extrapola- 
tion also. If we could use not only the 
log [m/7.#2) cosec 6-moment but also the other moments 


igo an illustration of the extrapola of the angular distribution, the production 
tion philosophy. 


process and therefore the interactions of 
particles would be investigated more thoroughly. 


§ 3. Perturbation treatment of the single-pion-production process. I 


Pion-nucleon coupling of pseudo-scalar type 


Along the line described in the previous section, we investigate the nucleon- 
nucleon collision with single-pion production. The following reasoning will 
allow us to try the perturbation method. As a heuristic argument, one of the 


authors (H.E.) has once introduced the concept of impact parameter into the 


analysis of experimental data.” There has been shown the possibility of infer- 
ring the impact parameter of each nucleon-collision from the experimentally 
observable quantities, especially the angular distribution of mesons. In addi- 
tion, there has been found a fact, quite an understandable fact, that, for the 
nucleon-nucleon collision with energy E=>30mc? (m=nucleon mass**), the multi- 
plicity of meson production is a decreasing function of the impact parameter. 
Then we may safely apply the perturbation method to those events with the 
smaller multiplicity, since it would be a reasonable expectation that the larger 
the impact parameter, the smaller the disturbance which the nucleons should 
suffer during the collision process. 

Many papers have been published on the perturbation calculation of the 
single-pion-production process,” but none of them treated the angular distri- 
bution at extremely high energy. 

At first, we make a tentative calculation for the reaction ptproptet; 
at extremely high energy the situations will be similar for other reactions.*** 
In this section, we take the meson-nucleon interaction to be of the pseudo- 
scalar type, Géysr¢, and obtain the matrix element for the process just men- 


tioned (see Fig. 2): **** 


* The relation thus found in this paper among 7, m and E is somewhat different from the 


relation in the previous work.” 
** Not to confuse the mass of nucleon with the index of peakedness, Eq. (2-2). 
*** This point will be discussed at the end of Appendix A. 
+e We use the unit system A=c=1, throughout. 
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1 Stent Gen 3-1 
| M=-i Can Seek Pig (3-1) 
* (on)? N 20 EEE, 
with T= (1—-Dy»— Put Pu Du) Tin (3-2) 
and 
To=| tg tape rap La (pore) 
2(pick)—pP 2 ps k) +H (po— pa) — Ft 
(3:3) 
ps ps ps p» where p;, p, are the four momenta of incident 
Re protons; p;, p, and k are those of out-going 
Be - protons and z’ meson, respectively. m and # 
k are the masses of proton and z° respectively. D 
----4 + \\ }---- is the Pauli exchange operator for the protons. 
\ Other notations will be self-explanatory. 
In the C.M.S. the cross section is given by 
b e . »  do=(2n)?+ S§MiM 
Fig. 2. The Feynman diagram anf" 
corresponding to To, Eq. (3-3) XO (pitpor— ps— pr k) B® psd*pid*k (3-4) 


and Eq. (4-2). Os 1 
where v is the speed of the incident nucleons, v~1. 


Because of the identity : 


T'T= (1 + D1) (1 +D) [T'(1—D— DutPuPu)T ol, 
it is sufficient to calculate the contributions from the terms in square brackets. 
Taking into account that we are investigating phenomena at extremely high 
“energy, we may safely neglect the masses in the numerators,* while in the 
denominators we may not, since such neglect sometimes makes the denominator 
zero. As will be seen in the following, the masses in the denominators play 
‘an important role in determining the angular distribution (see Eq. (3-6) and 
(3-7)). In this approximation, we have 
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: (ps) (ps) | 
a . 
Bi Sone eee VQ, 
eee ates 


* In Appendix A, we discuss the errors hereby introduced, 


_—s ee 
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SSTIPuTv= + Px) — Ee Ba Pe Pe Oe), 


(Qmy'L2 2G: D—# 2b. +e 2p-A+e 2 
cath Gizk) (ps po 1 ie 1 t 
2 po: (Pst ps) —2m?+ fF \2(pirk)— 2 ps-k) +" 
1 2( pick) 
a8 = -V 2,4 > 
2(prk)t+e re aL ee 


SST IP uPuTo=0, 
with Vos 
(pa— Pa) — 

The calculation to follow is straightforward (cf. Appendix A), and only 
the results will be summarized below. The incident energy of nucleons in the 


C.M.S., E=E,=E, is taken to be 
Beate AOE SOS ex 


(i) The angular distribution of the pion The angular distribution of the 
pion with its energy w fixed is peaked forwards and backwards, and is given 


by 


do nN ee ) 0) | FE? 
as E, wo, 0) +c(E, o, 4 
dwd2 O+Px) 82 \4a/ E* (- — A) GSC ae 
TE pee =f a(—, w, @) 
=er\4r/ Eel, 1 m us pie 
(1 cos #) + (Ft cos 
+E, Q, 0) | (3-6) 
+[6>2—6], 


where @ is the angle between p; and k. a(E, a, ®) and c(E, w, 4) are given 
in the Appendix [Eq. (A-7)]. As is exemplified in the Table I (the case of 
E=10" ev), they depend not strongly on @, and so the dominating factor in 


the angular distribution (3-6) is 1/[ (pik) — (4/2) | which stems from the — 


nucleon propagator. | 
In these tables, we also include the data which we obtain by neglecting 
the Pauli exchange effect. The reason for this inclusion is twofold: to show 


the large cancellation due to the exchange effect on the one hand and to make 


the future reference easier on the other. As will be seen later, the angular 


distribution and the transverse momentum distribution are rather better fitted 


to the calculation without the exchange effect. 
Now, the sharpness of the forward and backward peaks may conveniently 


be represented by the half-width [see Eq. (3-6) ]; 


Wee hia aaa meee. Fa Gee oe ee eae 
Sy ee ye Sr SP, 22 Joly Eee ot, SO nee 


ee ae AP Ree 


ee 
— ee 


he fs 
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Table I. Illustration of a(E,,6) and c(E, o, 6). (The case of E=10" ev.) 
(A) With the exchange effect taken into account (Eq. (3-2) in full). 


a(E, a, 9) 
j 0° 10° 45° 135° 
o/E ay 
0.1 0.083 0.090 0.20 0.41 
0.4 0.50 0.54 1.14 1.89 
0.9 6.8 8.9 9.8 13.2 
LE DIS ae aes (a ee Re Perea ae A 
c(E, o, 0) 
i Oo oo 10° 45° wise, a 
o/E 2 ; . x “'s z 
0.1 0.83 1.17 1.34 1.43 
0.4 2.9 41 4.9 | 6.9 
0.9 BA 5.7 75 23 


ack, a, 0) 
Se 0° 1 45° 135° 
w/E pelt ou, , {it ERG Sit: 
0.1 41 41 4 3.9 
0.4 6.2 6.2 5.9 4.2 
0.9 18.2 18.0 12.0 Pg 
c(E, o, 0) 
a0 0° | 10° 45° / 135° 
Opa ear = 
0.1 9.4 11.7 | 13.0 13.1 
0.4 12.8 15.5 | 15.3 12.0 
| 
0.9 33 35 | 22 10.1 
~~ m uP Pin ewe 
ip Noe aa SS ee (3-7) 
“Hw 


We see, from this formula, that the transverse momentum is of the order of 
WO p= U~m. 

The angular distributions integrated over pion energy do/d®2, are shown 
Ine Mige 3: 

For the sake of easy reference, we present there the angular distribution with- 
out the exchange effect (at E=10" ev). Also, there is shown the angular distri- 
bution (at H=10" ev) which would be obtained if a(E, w, 0) =1, EU we) =O, 
This fictitious angular distribution will illustrate the effect of a and c. 


(ii) The index of peakedness, m Now, according to Eq. (2-2) we calculate 


do 


(Normalized at maximum) 
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ee 


bs (pv)- E=10"ev 


m 


S 
10-2 
10-3 10% 101 10” 
E(ev) 
Fig. 4. The relation between the index of 
peakedness m and the energy E of the 
: incident nucleon in C.M.S., which is ob- 
10- tained by the lowest order perturbation 
(a=1, c=0) theory for the pion-nucleon coupling of 
pseudo-scalar type. 
the index of peakedness of the an- 
—5 5 . « . 
fae , gular distribution, Eq. (3-6), obtain- 
ps (ps) E=10"ev ; ; 2 
aes = ing those values presented in Fig. 
TOS eee 
- 4 (see also Table II). 
Of 102 20"=2. 302 45° 60 90° ( : ) 
From this figures we see the 
o° approximate relation* correspond- 
Fig. 3. The angular distribution of the meson ing to Eq. (2-3): 
calculated by the lowest order perturbation theory. 
Note that the ordinate is in the logarithmic scale. mock, (E= 104 év)-** (373) 


15 is independent of 


In the case of the single-pion production, therefore, mie 
+, (for 7-210’), where 7, is the Lorentz factor of the incident nucleons in the 
C.MS., E=mc’y,. Along the line of our extrapolation philosophy explained in 
§ 2, we try arelation »,=9(m/7.’) by plotting the experimental data on Fig. 5. 
The first thing we obsérve on this figure is that the experimental points lie 
along a rather smooth curve, allowing the extrapolation to the case of single- 


pion production. This fact supports the result (3-8) of our calculation and 


* The fictitious angular distribution (a=1, c=0 in Eq. (3-6); illustrated in Fig. 3) gives 
m= (4/5) xE2/In E2, where energy E is measured in unit of the nucleon mass. We obtain a similar 


relation to this when we neglect the exchange effect. 


** This restriction may be regarded as corresponding to that in the impact parameter diagram,” 


Tz 30. 
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a 
4100S7- 
® 50S7-<100 
n=3n;/2 e 30S7-< 50 

® 10S7-< 30 

100 

50 att 5) Eg: | 

©. 
ae) 
® 
® 
® 
os @? 
A 
5 @9 
B, ps(ps) 
a 
E=10" ev 10” ev 10° ev 
/ A 
‘0 Beil OpoelOna 5:10? 107 S10 a? 5. 10 


er m/re* 


Fig. 5. The plot corresponding to Fig. 1. The experimental materials are due 
to the Bristol group,® A. Debenedetti et al.22) and M. Schein et al. The ques- 
tion mark beside the point tells us that the corresponding event has not forward- 
backward symmetry of the angular distribution and so the 7,-determination is 
uncertain. The multiplicity 2 is taken to be three-seconds of the number of 
shower tracks 7,. 


moreover justifies our method of approach, the extrapolation philosophy. The 
second is that the point B, the result of our calculation for single-pion pro- 
duction with ps-coupling, disagrees with the point A of extrapolation from the 
multiple-production data by a factor of ~10°. This disagreement shows that 
the forward-, backward-peak should be higher than those illustrated in Fig. 3 
by a factor of ~10 [cf. Eq. (2-2) |. 

As is suggested by the comparison between Table IA and IB, the angular 
distribution without the exchange effect yields a good fit with the extrapolation, 


-and for this case, m oc 7,”.* 


Gil) The transverse momentum of the pion In Fig. 6, there are shown 
the distributions of the transverse momentum pr which is normalized to 1 at 
pr=600 Mev/c. Although the peak position is independent of the energy E in 
accordance with experiment,” the positions themselves are somewhat higher 
than the experimental finding, pr~450 Mev/c. In addition, the widths of the 
distributions are too broad to be consistent with experiment. As to these 
points, we may note that the neglect of the exchange effect yields better results, 
again. 

(iv) The inelasticity The mean energy of the pion is calculated approxi- 
mately to be 0.37 E for all energies E under consideration. Therefore, the 
mean inelasticity (7), that is, the ratio of the mean energy of the pion to 


* These facts were reported in our paper submitted to the 9th Conference on High Energy 
Nuclear Physics at Kiev, in 1959. 


Pion-Nucleon Interaction and the Multiple-Production Experiment 677 
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600Mev/c) 


da/dp7>-—_——— 


S 
on 


(normalized at pr 


=—=— 


pr (Bev/c) 


Fig. 6. The distribution of the transverse momentum of the meson calcu- 
lated by the lowest order perturbation theory. The distribution cor- 
responding to the hypothetical angular distribution is also shown, 
which is almost the same as that which would be obtained by neg- 
lecting the Pauli exchange effect. 


the available energy of the nucleon collision, comes out to be 0.37, which is not 
inconsistent with values suggested by the multiple-production experiments.°7”™ 
Note that the simple phase space calculation yields 1/3 for the inelasticity. 
This means that the interaction favours the high energy side of the pion spec- 
trum. : 

(v) The total cross section The total cross section o calculated for the 
process p+ p—>p+p+7° is tabulated in Table II together with other character- 
istics mentioned above. 


Table II. 
E(ev,C.M.S.) 1010 1011 1012 
o(mb), ae 15 156 3.0 0.049 
m 8.7 142 4800 
Opes 0.36 0.37 0.37 


i 


The energy dependence of the cross section can be written as 


o(p+pop+pta)=12( 2)" (4 ) (2) in (4 ), H>me), 8-9) ) 


Ast mc m 


and is almost in agreement with the approximate calculation due to C. Morette.™ | 


(vi) Nucleon recoil In connection with the impact-parameter argument 
presented at the beginning of this section, we have examined the nucleon-recoil 


oD Ty oo ST ee 
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momentum transverse to its direction of incidence. The distribution of it has 
turned out to have a pronounced peak near fc, thus justifying our anticipation 
of the large impact parameter. 

In conclusion, we hope that it should improve the fit of the theoretical 
calculation with the extrapolation to take into account some corrections, for 
example, the final state interaction. The calculation for the two-pion-produc- 
tion process would be helpful for the extrapolation. 


§ 4. . Perturbation treatment of the single-pion- 
production process. II 


Pion-nucleon coupling of pseudo-vector type 


In the case of the pion-nucleon coupling of pseudo-vector type, 7(F//) - 
dys" $0,, the matrix element corresponding to Eq. (3-1) becomes 


act 2m : Pao: 
Ma ee ( P) (eae 4-1 
: (277) pe UL 20h, FLEE, ( ) 
where TJ is defined by Eq. (3-2) together with 


Kee een eal « 
2(pik)— 2 pak) +H 


T= 00) ie a jap.) | [ep rep.) V(2, 4). 


(4-2) 
The cross section is given by Eq. (3:4). In the approximation described in 
the previous section, only the term (1/m- )u(ps)u(pi) survives in the first brackets 
of Eq. (4:2). Then, the equations corresponding to Eq. (3-5) becomes as 
follows: 


5 2 
SST 'T > =——_—— (fp: - ps): V2, 4), 
SST mnt (pips) + V(2, 4) 
SSTIP wT = (14+ Pa) | (be ps) - (pbs) (Ps: po |-ve 4) 
fi (2m) *2m” (pit pa) fi— 2m? +P oh 
SST ,' ag (1+ sre nese CH LY Nia (Pi P2) (Ps: pa) |. 
yao. Pp Ps eke Ps) - pa: (pst ps) —2m7? 42 ne) 
SST IPP uF o=0. (4-3) 


The nuclear force factor V(2, 4) is defined by Eq. (3-5). The calculation to 
follow is similar to that for the case of pseudo-scalar coupling (see the Ap- 
pendix), and we obtain the cross section given by Eq. (A-9). The angular 
distribution do/dQ2 at E=10" ev is shown in Fig. 3 together with the angular 
distribution in the case of pseudo-scalar coupling. As is seen at once from 
this figure, the pseudo-vector coupling cannot yield the reasonable value of m 
Eq. (2-2), as far as the perturbation calculation of the lowest order is eos 
cerned. However, the examination on the nucleon recoil transverse to its 
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direction of incidence, which turns out to be comparable to E, suggests the 
invalidity of our perturbation calculation in this case. 


Acknowledgements 


We would like to express our sincere thanks to the members of the 
Research Group for the Extremely-High-Energy Physics, especially to Prof. 
H. Umezawa, Prof. H. Fukuda and Prof. M. Namiki for their valuable discus- 
sions and encouragement. We are very glad to take this opportunity to express 
our sincere thanks to Prof. S. Hayakawa and Prof. Z. Koba who kindly took 
the trouble of reading our preliminary report at the Conference on Cosmic 
Ray Physics at Moscow and the Nineth Conference on High Energy Nuclear 
Physics at Kiev, both in 1959. Thanks are also due to those who sent us their 
preprints before publication. We are indebted to Miss H. Shinra for her help 
in the numerical computations. Two of the authors, K. Mori and T. Yoneyama, 
are indebted to the Yukawa Yomiuri Fellowship for the financial aid. 


Appendix 
‘The calculation of the cross section 


A. The total cross section of the process p+p—>p+p+° due to the 
pion-nucleon coupling of the pseudo-scalar type is given by [cf. Eq. (3-4) and 
Fig. Al] 


1 ®nax Lat Ww 4 
es dices ( GC y ja cos 8) do |dlx\d6(2m)'{SST'T Jeo, (AT) 
162Ey/ E?—m? \ 4x Cage fi 
; Piteyt 


where the matrix T is given by Eqs. (3-1) ~(3-3). The bracket Co Deon ameans 
that the d-function in Eq. (3-4) has already been integrated out, i:e. we should 
set pitpr—ps— ps—k=0 in the matrix elements. And, 


Omax= LE? — m?+ (1/4) /E, 


Va ~Y CEP O) = (w’— /) — vier 
VY 2E—w)?— (w’— ”) 


In the following we shall sketch the integration procedure for (A:1). 
Almost the same procedure applies to the case of the pseudo-vector coupling, 


(A-2) 


ne=t|2E- ot 


too. os 
To explain the approximation involved, we begin by writing the exact 


expression, for example, 


(2m)‘SST ST 
fi 


et Sees | 
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iE 9 aL 1 00g, (pe (rs) +n"). 
pe a ne ae 


(A-3) 
Rewriting this into the form: 
c 3°R) (pik) | 
‘SST IT = {2| — Pe) + dal 
(2m) ee o+0 Tee ie 2(ps:k) +H 
i 7 
ae) {_t __| : -k) — (ps-k) 
screamer cee cme et, 
terms with O(p’, m’) as a , Lope 
: 1 oy Ae 
+ factor but without eae (A-A) 


with VQ, o=—_1 __. 
(po— pu) sft 


We take the first line only as the main contribu- 
tion. The reason why we have singled out the 
term in the second line is that the factor 
1/[2(~.-k) —#] makes its contribution, solely - 
at @=0, similar in order of magnitude to the con- 
tribution from the term in the first line and 
we are interested in the index of peakedness, 
- Eq. (2-2). We have calculated the contribution 
at 0=0 of the terms such as that shown in the 
second line of Eq. (A-4), and found that it makes 
‘the forward, backward peaks due to the main 
terms lower by a factor 1—& with €=(1—7)/12 
Fig! Al. and 7=w/E. Since the energy spectrum of the 
- meson favours large 7, we can neglect this €-correction. 
Now, we take the polar coordinates as shown in Fig. Al, and use the 
unit system R=c=E=1. 
We consider the integration over ¢ of the nuclear force factor V <2) A). 
The scalar product is given by 


(po: ps) =E,+|p.|-|ps| (cos @ cos %+sin @ sin x cos ¢). 
Since 
; (pak) = (Pit pr—ps—k) -k 
=20— (ps-k) —#, 
(bs-k) =[ (pst k)?—m*— 2/2=[ (pit pr— ps)*— m?— 41/2 
=2(1—E,) — (7/2), 


(A-5) 


where A, B and C are Bivens in the form expanded in powers of masses, by 
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\ps| cos % can be written as 


— Huo (park) _ _ 27) Fy +-2(1 =a) — ("/2). 
|ps| cos X= Eke S. phar 


Making use of these equations, we obtain 


2x 


‘. fine 
———_—_ dg=nV.0 Fo R-\/AE?+BE ; 
leone o) R > Y +B stC 


Table AI. 
Table AI. The coefficients of the series expansion of A, B and C 
(x=cos @) 
m°, p° / m, 9 we, mo 
A (oes ney ZAC Saye eyavesine (6) pan 
B AE =o) (2— gr iz) 2(4—60 +02 +02) PB SHBH dur deco. 
C 4(1—w)? Sear pec <0 2(1—o) (1+o2) 


Then, calculating the scalar products in the same way as in Eq. (A-5) | 
and integrating over E,, we get 


max 


1 aa 
=|d cos 6 \do Qn Ce (A-6) 


Fs f 
The integrand is defined by Eq. (3-6) together with the following coefficients : 
(x=cos 9) : 


Lag+lo—Z—a)z E 2 et 7 ah wT | [Joo x) 
w 


2 (2—w—wx)? De OL 2 


ey lag * J 1 o+Q-a)z 
oe. 2 (0 a dee 2 (2-—w+02x)’? 


aF : (i—-; Es ) Joo, 2) +4 (o- 2) Ao, 2); 
(@) 


wo 2-—o+02 
c= Res. a) —4 (1) J1(a, x) te 2/3d—e) eK 3c) ef ile, a) 
ai iB ty fre fee oe ite 5 (A:7) 
2-—w-—ax 


where 


—. 
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(UE. a 1 18 4(1—w) (2—w—o2)’ 
He =| R aye WX | g 
Es 
zyt y 
C 2 dite 1 ] | 16(1—a)* 
Ji, 2)=| pe I~ po =O ioe: Th}—— : | » 
(pitp) -p—2m? +e R 20—e) | y | 
Eg 
era dE, 1, \8o(1—o)*(1—z) @—w—e2)| 
es) = —x)| Eadie g 
(ps-k) + (H'/2) Rew | sJ 
Hi 
ce 2 dE il 1 160°(1—)* 0 +z)? 
= ee a Za n . 
J3(a, De OREO rme array) R w(1—«a) | sg 
Ba 


and (A-8) 
s=o'n’ + (1—o) P’, 
g=(1—2)?w'm? +2 (2—w— oz) (1—o) ’. 


One remark is in order about the cancellation described just after Eq. (3-6). 


This cancellation due to the Pauli exchange effect amounts to the complete 


vanishing of the coefficient of In[1/g]in a(E, w, 8) at @=0. As we have seen 
in the text, this cancellation makes the value m smaller and so the fit with 
experiments worse. Similar calculation shows that such cancellation as this 
occurs also in the case of p+p—-n+p+2", the only reaction that the p-p 
collision brings about producing a single pion other than that treated in the 
text. 

B. For the case of the pion-nucleon coupling of the pseudo-vector type, 
Eq. (4-1) and Eq. (4-2), we can use Eq. (A-1) with a replacement G>(2m/p) F 
and the calculation similar to the above one gives the cross section Eq. (A-6) 
with 


2 3 
ae Dale | 1 Pr | ee 
dwdQ2 162m? 


4m \ ps 
xl 4—Solotox—22) , {oe ee eae ee) 
(2—w—w2) 2—-—w-wx 
+400) A(o, 2) | 
+[terms with x replaced by —2}. (A-9) 


The error introduced by our approximation neglecting masses is greatest at 
#=0, z and is estimated to be ~—20% there. 


11) 
12) 
13) 


14) 


15) 
16) 
17) 
18) 
19) 
20) 


21) 


22) 
23) 


Pion-Nucleon Interaction and the Multiple-Production Experiment 683 


References 


An excellent survey on the theory of multiple particle production is available: 

Z. Koba and S. Takagi, Fortschritte der Physik 7 (1959), 1. 

A comprehensive list of literature is found in reference 1). We shall refer to the individual 
papers, old or new, where the necessity arises. 

W. Heisenberg, Zs. f. Phys. 101 (1936), 533; 118 (1939), 61. 

H. Ezawa, Y. Tomozawa and H. Umezawa, Nuovo Cimento 5 (1957), 810. 

L. D. Landau, Izv. Akad. Nauk SSSR 17 (1953), 57. 

S. Z. Belefkij and L. D. Landau, Usp. Fiz. Nauk 56 (1955), 309. 

S. Amai, H. Fukuda, C. Iso and M. Sato, Prog. Theor. Phys. 17 (1957), 241. 

G. A. Milekhin, Soviet Phys. JETP 35 (1959), 682. 

B. Edwards, J. Losty, D. H. Perkins, K. Pinkau and J. Reynolds, Phil. Mag. 8 (1958), 237. 
H. Ezawa, Nuovo Cimento 11 (1959), 745. 

H. Umezawa, M. Konuma and K. Nakagawa, Nuclear Phys. 7 (1958), 169. 

N. Hoshizaki and S. Machida, Prog. Theor. Phys 24 (1960) 1325. 

Among others, we mention here the following two trends: 

K. Niu, Nuovo Cimento 10 (1958), 994. 

G. Cocconi, Phys. Rey. 111 (1958), 1699. 

P. Ciok, et al., Nuovo Cimento 8 (1958), 166. 

J. Gierula, M. Miesowicz and P. Zielinski, preprint. 

and 

N. Yajima, S. Takagi and K. Kobayakawa, Prog. Theor. Phys. 24 (1960), 59. 

W. Heisenberg, Zs. f. Phys. 126 (1949), 569; 183 (1952), 65. 

H. W. Lewis, J. R. Oppenheimer and S. A. Wouthuysen, Phys. Rev. 73 (1948), 127. 

T. Imamura and K. Kobayakawa, Prog. Theor. Phys. 21 (1959), 477 (L). 

K. Kobayakawa and T. Imamura, Prog. Theor. Phys. 23 (1960), 137. 

E, Fermi, Prog. Theor. Phys. 5 (1950), 570. 

Since then many papers have been written on this subject concerning, however, rather 
lower energy region. Of these, we mention the most recent one, which contains a list 
of literatures: B. C. Barashenkov, Usp. Fiz. Nauk 72 (1960) 53. 

M. Namiki and C. Iso, Prog. Theor. Phys. 18 (1957), 591. . 

C. Iso, K. Mori and M. Namiki, Prog. Theor. Phys. 22 (1959), 403. 

Co-operative Emulsion Group in Japan, Suppl. Nuovo Cimento 8 (1958), 761. 

O. Minakawa et al., Nuovo Cimento 10 (1958), 125. 

G. B. Zhdanov, Soviet Phys. JETP. 34 (1958), 592. 

M. Schein, D. M.. Haskin, E. Lohrman and M. W. Teucher, Phys. Rev. 116 (1959), 1238. 
T. F. Hoang, Journ. Phys. et Rad. 14 (1953), 395. 

S. Takagi. Prog. Theor. Phys. 4 (1949), 5d7, 

C. Morette, Phys. Rev. 76 (1949), 1432. 

A comprehensive list of the previous works is given in this paper. 

S, Matsumoto and S. Mikamo, preprint. 

J. Iwadare, Nuovo Cimento 12 (1959), 630. 


A. Debenedetti, C. M. Garelli, L. Tallone and M. Vigone, Nuovo Cimento 4 (1956), 1142. — 


R. G. Glaser, D. M. Haskin, M. Schein and J. J. Lord, Phys. Rev 99 (1955), 1555. 


RT Pa ae ite eet 


“ay wen 


Fa I lt 


le 


684 


Progress of Theoretical Physics, Vol. 25, No. 4, April 1961 


Strange Neutrino and a Composite Model for Elementary Particle. I* 


Tadashi OUCHI and Kei SENBA 
Department of Physics, University of Hiroshima, Hiroshima 
(Received November 26, 1960) 


A composite model of the elementary particle is proposed by taking the stable particles, 
namely proton, electron, neutrino and strange neutrino (v’), as the basic particles. The 
strange neutrino was introduced by mass reversal theory as the f-decay product of A-particle. 
It differs from the usual neutrino by mass parity and carries a unit of strangeness. Two 
neutrinos are both left-handed two-component Dirac spinors. 

This model simplifies the mechanism of interactions very much because the basic particles 
are limited to the stable ones. It is noted that the charge independent strong interactions: 

' uniquely require “ vacuum-cloud” which is always attached to the core of the elementary 
particle. The important role of the vacuum-cloud will be revealed throughout this series of 
papers I—III. 

The interactions observed are empirically classified by the three independent reactions 
inside the core as follows: (a) The origin of the strong interactions is the reaction P<>7x° 
P where zis just the symbol for the state PP, (b) the reactions responsible for the leptonic 
decays of baryons are only py<>ev and p< ev’, and (c) the non-leptonic decays of 
baryons take place through the strangeness non-conserving reaction, v’<>z%. The complete 
selection rules for the leptonic events are established. In our model the event S+>N+et++y/ 
is possible, while Sakata’s model forbids this. The existence of a new neutral pion x” 
belonging to J=0 is suggested. 


§ 1. Introduction 


We present in this paper a possible composite model for the elementary 
particle, using the information obtained in the previous paper” entitled “ Mass 
Reversal and Weak Interactions”. Among several mass reversal theories? 
Nishijima’s theory” and ours are consistent and have the explicit operator of 
mass reversal, while others such as chirality theory” seem to have some diffi- 
culties. The operator of mass reversal takes the simpler expression in the 
Heisenberg representation in Nishijima’s theory and in the interaction represen- 
tation in ours. Nevertheless, the individual mass reversal MR(1) of our theory 
seems to contain some obscure points. One of our purposes is to find out the 
correct interpretation of MR(1) and the way to modify the universal V—A 
theory to produce the better fit with the experimental evidences from the model 
established. We take for granted the correctness of charge independence, the 


* This series of papers is essentially the rearranged version of the reports (1) — (II) which 


appeared in the Soryushiron-Kenkyu (mimeographed circular in Japanese) 20, 470; 21, 500, 684 
(1960). 
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conventional strangeness theory and the V—A theory in general cases. 

The stable leptons including the strange neutrino and the stable proton are 
chosen as the basic particles. There arises a fundamental but very difficult 
‘problem as to how the leptons can be bounded to proton. We do not tackle 
with this problem directly, but try empirically the classification of the interac- 
tions based on the composite model to see if there are some evidences which 
may concern with the solution of this problem. The classification is rather 
satisfactory. One of the important features of our composite model is the appearance 
of “vacuum-cloud”’ which comes from the fact that neutron and A-particle are 
not the elementary particles but the composite ones. The empirical discrimina- 
tion between the characters of usual neutrino and strange neutrino is also at- 
tempted because there is no other way at present to distinguish between them. 

For convenience sake, let us review two important results of our mass re- 
versal theory in the following. 

(1) The neutrino » produced in f-decay of neutron is not completely the 
ssame as the neutrino v’ accompanied by #-decay of A-particle but they differ only 
in mass parity. We call the latter the strange neutrino vy’. Both neutrinos v 


and v’ are left-handed two-component Dirac spinors. We are at present far from 


having a new Dirac equation for neutrino which will explicitly distinguish be- 
tween vy and v’. Therefore, we try in this paper to find out the difference of charac- 
ters between v and v’ empirically. The importance of the strange neutrino will 
‘be easily understood from the facts that Sachs’ strangeness theory was derived 
from the definite relation between mass parity and strangeness” and that the 
interactions between hyperons and heavy mesons taken to derive Sachs’ rule 
-were experimentally approved. 

(2) It was proved that the strange particle produced at least one neutrino 
in its leptonic decays. The process K*—z*+»’+» was forbidden by the invari- 
‘ance under mass parity conjugation. 

In § 2 we make a fundamental hypothesis that the basic particles should be 
the stable ones, namely proton, electron, neutrinos v and v’, and the other parti- 
cles are the composite of these. Examining the role of the basic particles, it 
is found that proton, electron, v’ and » are the carriers of nucleon number, 
charge, strangeness and zero element of the additive group respectively and that 


in the hyperon-meson system, proton, /-particle and neutron, which are the basic | 


particles of Sakata’s composite model,” can be regarded as the carriers of charge, 
strangeness and zero element of the additive group respectively. Then the com- 


posite particles are constructed regardless of the type of interactions with the , 


help of the charge conservation and the nucleon number conservation. 

In §3 the charge independent strong interactions are translated into the 
expression of the composite particle theory. This translation is unique and the 
results are stated as a theorem. The strong interactions occur through the re- 
action PonP (2°=PP) inside the “core” of the elementary particle and there 
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appears around the particle a new type of cloud having the character of botk 
cloud and vacuum, which is, therefore, called “ vacuum-cloud’’. This vacuum- 
cloud is apparently related to the hermiticity of the hamiltonian. The parity 
conservation in the strong interactions is quite natural in our standpoint, since 
the two-component neutrinos, which are the parity violating factors, have 
nothing to do with the strong interactions. It is important that the symbol PP’ 
represents both pion z’ with isotopic spin J=1 and a new pion x” with J=0 
which is just the excited state of the usual pion z°. That the mass of a” is. 
301 Mev is suggested from the following type of the very accurate mass formula, 
originally due to Ohmae,” 


Mass=R[1/(4n+m)?—1/(4n+m-+m'/2)"] (A) 


where n=1, 2; m=0, 1/2; m’=1, 2, 3, ---, and R=38.3 Bev, which is the new 
Rydberg-like constant. 4a+m and 4n+m-+m’/2 are called “mass quantum 
number”, of which the details will be explained in the third paper of this 
series. 

Section 4 is devoted to the leptonic weak interactions. In our model the 
leptonic decays happen when the constituents of the elementary particle just 
come out of “core”, if necessary, through the reactions /#(v')eev(v’) only. 
And we can deduce from the experiments now available an empirical law which 
may reflect the difference of the couplings of »y and »’ in the core. The empir- 
ical law J states that the universal weak coupling constant f associated with v 
production is a little larger than the universal coupling constant /’ associated 
with v’ production when H=c=r,=1 is taken, 7) being 10°*cm. The possi- 
bility for explaining all decays only by the selection rule 4J=1/2 seems to be 
open to us if the doublet of universal coupling in the weak interactions and a 
new neutral pion z” are taken into account. We also refer to the general fea- 
tures of vacuum-cloud. 


In §5 a new interpretation of MR(1) is suggested in connection with 
Heisenberg’s unified field theory” and the non-leptonic decays of hyperons are 
analyzed in order to find out the empiricallaw characterizing the slow decays. 
The empirical law II states that the non-leptonic decays of baryons take place 
through the strangeness non-conserving reaction v/oz2y and that the up-down. 
asymmetry in the decays becomes maximum only when the hyperon decays into 
the ground state, which is proton. The independence of two reactions py(v’) 
ev(v') and v/v are generally guaranteed by the mass reversal theory. A 
modification of universal V—A theory is also indicated by means of MR(1). 
It is a remarkable fact that the two reactions responsible for the slow decays: 
take exactly the form of V—A couplings. 

In §6 it is shown that the leptonic decays accompany the leptons in a pair 
such as (e,v), (4, »), (e,»’) and (4, »’). It is noted that the unwanted proces- 
ses H+ p>pte and #->e+e*+e™ are forbidden because of the structures of ele- 
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mentary particles and the special situation of muon. We also refer to the pos- 
sible decay }*—N-+e*+v’, which is allowed due to the special structure of 3*- 


particle, but forbidden in Sakata’s model. Finally a comment on the mass parity 
conjugation is added. 


§ 2. Fundamental hypothesis and structure of elementary particle | 


As is well known, a boson can be composed of the fermions, but the con- 
verse is not true. It will, therefore, be the simplest way to take the fermions 
only as the basic particles, although it is also possible to choose the fermions 
and several bosons as the basic ones. And if some of the basic particles are 
unstable, it is doubtful whether the stable particles can be composed of these 
or not. For these reasons we take the following assumption : 

Fundamental Assumption Only the stable particles can be taken as the 
basic particles and all other unstable “elementary” particles are the composites 
of the basic particles. 

Thus in our model the proton (P), electron (e), neutrino and the strange neu- 
trino are taken as the basic particles. On the other hand, Sakata’s model has the 
unstable A-particle and neutron in the basic particles. But his choice is not 
against our principle as long as the leptons are kept beyond the scope of the 
discussion, for the stable particle concerned is only the proton which is not the 
composite but the basic particle. 

In addition to the above assumption we have another clue to ‘making the 
composite model of the particle, namely, the fact that all the elementary par- 


Table I. Fermions. The anti-particles are excluded from the table, for the situation is 
not changed by the inclusion of the anti-particles. 
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Table II. Bosons 


, xt x0 a Kt Ko 
N 0 0 0 0 0 0 
OQ : 1 0 =i 1 0 
Ss 0 0 0 0 il iH 


an tT 


ee ONE oe =, 


Lee eee ee 


Nae d= 


te tes 


Son 


ep re as 


688 T. Ouchi and K. Senba 


ticles including leptons are very well distinguished by the eigenvalues of nucleon 
number (N), charge (Q) and strangeness (S) as shown in Tables I and IL. 
But there are a few exceptional cases. The discrimination between /~ and 
e- or between 3° and A must be done by a new quantum number like the mass 
quantum number because both ~~ and e~ or both 3° and A have the same 
eigenvalues of (N,Q, S). The strangeness of 1 which is the carrier of S in 
Sakata’s model can be transferred to »’, because the relation between strangeness 
and mass parity is applicable even to the leptons, and the leptonic decays 
always produce at least one neutrino. In this way the strange neutrino is re- 
garded as the carrier of strangeness in our model,* proton and electron being, 
of course, the carrier of nucleon number and charge respectively. Then, what 
is the role of neutrino »? If we remember that the eigenvalues of N,Q and 
S satisfy the additive law, the neutrino is easily found to be the zero element 
of the additive group. 

Let us carefully examine the roles of P,e,» and v’. » and e , both belong- 
ing to the eigenvalues N=0 and S=0, have Q=0 and —1 respectively. This 
means that they can be regarded as the elements for building up the particles 
with various eigenvalues of Q. And» and »’, both belonging to N=Q=0, have 
S=0 and 1 respectively, which means that they can be regarded as the elements 
for making up the particles with various eigenvalues of S. Therefore, it is 
concluded that the stable leptons, namely e~, vy and »’, are the minimum number 
of elements for setting up the particles with the various eigenvalues of Q and 
S but with the same eigenvalue cf N=0. In this sense the lepton family can 
be said to have the simple character. If this statement has any sense, muon 
(-) and e~ will be expected to be the minimum number of elements associated 
with a new quantum number. 


In order to apply the same argument to the particles with N=1 we must 
introduce the auxiliary basic particles as many as we need. Because the proton 
with N=1 can be regarded as the carrier of charge, a neutral particle with 
N=1 and S=0, neutron, is needed to form together with proton the necessary 
elements of the additive group for Q. Further, another neutral element with 
Q=0 and S=—1, which is called A-particle, is required to form together with 
neutron (NV) the elements of the additive group for S. The effectively funda- 
mental particles for making the various particles with N=1 are, therefore, 
proton, neutron and d-particle which were the basic particles in Sakata’s model. 
In this sense the information obtained by Sakata’s model is available for the 
assignment of the specific structures to the elementary particles and the actual 
assignment is done by using Tables I and II along with the estimation of 


* In the extended strangeness theory!) in which the strangeness is assigned to the leptons too, 


the statement as “4 S =1 for the weak interaction” is not always correct as it depends on the decay 
interactions. 
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mass value. The structures’ obtained independently of the type of interactions: 
are as follows: 

proton > P (stable) 
neutron — Pe v (1) 
A> Pe" v' 
3*—(APN)=Pe7v'PPetv 
3° (APP) =Pe-v! PP 
or (ANN) = Pei! PPe-ve*v +> Peo’ PP (2) 
or (AAA) = Pe-v' PPe-v' e* v! 
S- > (APN) = Pe-v! PPe-v 


z* > (PN) = PPe* v 
m—> (PP) =PP 
or (NN)=PPe-vetv +>PP 
or (AA) =PPe-v'e*v! (3) 
z- > (PN) =PPe-o 
K*—> (AP) =PPe* y' 
K°-> (AN) = PPe* v'e7¥ 


where the simplest structures with Q=0, N=1 and S=0 and with Q=0, N=1 and 
S=—1 were assigned to neutron and /-particle respectively and mz belonging 
to the eigenvalue (0, 0, 0) of (N,Q, S) is shown in §3 to be reduced to the 
simpler structure PP and accordingly x is reduced to Pe7~v’PP. 

There will be several arguments against the structures (1)—(3). One of 
the most serious problems will be as follows. Can the leptons having no strong | 
couplings be bounded to proton core? We do not know the correct answer for 
this at present, but there are some possibilities. 

(a) One easy way is to take into account the fact that the structures (1) —(3) = 
have the ambiguity by the matters with-CN, O;,S)==(0, 0, 0). lf PPaeay seo 
chosen as the matter with the value (0, 0, 0) and added to the structure (1), 
the structures of P, N and A turn out, by means of (3), to be 


P—>P, NSPaz and A> PR- (A) 


which resemble Goldhaber’s model" in the point that K-particle carries a unit 
of strangeness. Corresponding to this change we make an appropriate change . 
for the structure (2) so that all the baryons can be considered to be composed 
by the strong interactions. Thus the problem is reduced to find the way in 
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which the leptons are bounded to bosons. The relation (3) suggests that a 
boson will be formed if the leptons are sandwiched in between P and Pa Bias 
will be possible because the clouds of P and P will have the leptons as sug- 
gested from the §-decays of A and N. 

(b) Another answer will be given if it is realized in nature that the weak 
interaction of leptons belonging to the second class with regard to the renormaliza- 
tion becomes stronger than the usual strong interaction at short distance. If this 
is the case, the high energy leptons will be bounded in the small domain called 
“core” of the elementary particle. In addition to this it may be possible in 
the core that the forces working are non-local and that some of the conven- 
tional conservation laws are broken. These situations will be favorable for the 
leptons to be bounded to proton. 

However, we do not take the above easy way but keep the original structure 
without mod. (0, 0, 0) just assuming that the structure (1) can provide the 
observed mass values of Nand A-particle. In order to explain the mass difference 
between N and /-particle from (1), the knowledge about the binding forces of 
neutrinos » and »’ inside the core will be required. Unfortunately, we do not 


- know any satisfactory theory which suggests what kind of force is effective in 


the core. In such a situation we attempt in this paper to find out empirically 
the laws which may give the information on the unknown binding forces con- 
cerning the neutrinos. 


§ 3. Strong interaction 


In this section it is aimed to express the content of the charge independ- 
ence of the strong interactions in terms of the composite particle theory. Let 
us first assume that the interactions having 4S=0 are strong. Then the fol- 
lowing important theorem is derived as a diréct consequence of the structures 
(1)—(8) for the elementary particles. 

Theorem The origin of the strong interaction is the reaction Pox P in 
the core of the elementary particle where x° is a state represented by the 
symbol PP. And a new type of cloud named “ vacuum-cloud” must always 
be attached to the core and it is symbolized by [(e7¥-etv), (e7v'-e*v’)], 
When the isotopic spin is taken into account, the state PP splits into the usual 
pion @ with I=1 and a new pion x” with I=0. 

Hereafter the symbol z° is used in place of the state PP, unless otherwise 
stated, and the vacuum-cloud will be symbolized simply by Cea eh OL (eae esi) 
depending on the parts to be emphasized. In virtue of the vacuum-cloud the 
structure of 3° is reduced to a simpler one Pe~y/PP. From the theorem it is 
obvious that strong interactions conserve parity. 

Proof Among the interactions obeying 4S=0, we take, for example, 


N3SP+2-, AS Pe (5a) 
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P->N+n*, P>A+K* (5b) 
P>P+7, N>N+7° (5c) 


which are, from the structures (1)— (3), expressed by means of the basic parti- 
cles as 


Pe-v > P+ PPe7v 


a a cie (5a)’ 
Peat =P. EP Pe ve } 
P> Pe-v+PPe*»v 
5 at (5b)’ 
P-> Pe-v'+PPe* vy’ 
P- P+PP(a+ Pe-vetv+ye-v'etv’) 
(5c)! 


Pe-v—> Pe-v+PP(a+fe-ve*v+yre ver’) 
where 2° is assumed to be a linear combination of PP, NN and AA, and a, 8 
and ; are the arbitrary constants satisfying a°+/?+7°=1. 

Now we must consider the mechanism of the interaction in a general way. 
Suppose that every elementary particle has the several channels of interaction 
between the inside of elementary particle and the outside. Each channel will 
be specified by the way in which the available basic particles supplied by the 
elementary particle itself and the vacuum-cloud are separated into the several 
groups in the inside of the elementary particle. During the passage of interac- 
tion channel each group will continue growing into the actual composite particle 
by means of the unknown binding force. We further a speculation about the 
properties of this unknown force. Once the group is formed, the members of 
the group and some of symmetry properties which are the attribute concerning 
the groups will not be changed by this binding force until the group becomes 


the particle. And the basic particles in the group will behave inside the core 


as if they were the free particles. 

From the speculation mentioned above Egs. (5a)’/—(5c)’ can be regarded 
he reactions among the basic particles in the core corresponding to the strong 
interactions: (5a) — (5c). Thus the solution of Eqs. (5a)’—(5c)’ provides the 
origin of the strong interaction. Because the basic particles are stable and in- 
dependent of each other, the solution is uniquely obtained by comparing the 
number of each basic particle in both sides of the equations. The solution is 


as t 


Peo PPP=2'P, from (5a)’ ) ae 
e-p-et v=ev'-e* v’= (0, 0, 0) =vacuum, from (5b)’) 


which automatically satisfies Eq. (5c)’, x’ being reduced to PP. Even when 


the charge independent interactions are taken instead of the strangeness con- 
serving ones, the solution (6) is derived again. Therefore, we think that the 
essential point of the charge independence lies in the mathematical formulation 
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of the theory to produce the definite relations ‘about the primary couplings- 
Let us forget the isotopic spin of the baryons and perform the reaction 


P->7°P to A-particle, for example, then 
A= Pe-v! > (Pa )e7' > P+K- 


fe 
Ni A4a, 7) 


Here appears a new channel A->A+z° which is not contained in the charge 
independent theory. When we remember the isotopic spin, the pion appearing 
through the new channel should be a new pion 2” belonging to J=0. In this 
way 2” can be put within the framework of the charge independent theory. 
But it is assumed for the present that x” interacts with the strange particles. 
only, for there are no strong experimental evidences to require this pion 2”. 
It is easily seen that the same argument is valid to all the other interactions 
‘of the charge independent theory, completing the proof of the theorem. 

Note that the general mechanism of interaction is much simplified in our 
model because the basic particles are limited to the stable ones, and that the 
hermitian conjugate interactions (5a) and (5b) have played an important role 
for the solution, which suggests the important relation between the vacuum- 
cloud and the hermiticity of the hamiltonian. In the next section we shall 
study the effect of the vacuum-cloud in a general way. In the third paper it 
will be suggested that the mass of z” is 301 Mev. Here we just mention ‘that 
nm” is an excited state of PP(== 2°). The reaction Peozx’P can be rewritten as. 
PPPP#0, which means. that PPPP is also a state similar to the vacuum-cloud. 
In the second paper the vacuum-cloud will be shown to be a highly degenerate 
state containing many pions and kaons, etc., and to be symbolized by 


[(PPPP), (e7b-etv), (e7v'-e* v’)]. 
If the reaction P->z°P is applied to pion and kaon, the boson-boson inter- 
actions come-out through the following processes, 
a* == PPe* yp Pr Pret yon 4242", etc., (8a) 
K* =PPe?* v! > Px Pr e* Jot +Kt, 
(When vacuum-cloud is taken into account) (8b) 
Pr! Pret v' (eb -e*v) 9 K° 4242+ 


whose couplings may be taken to be of the same order as the strong nucleon- 
pion coupling. On the other hand it may be useful to find the difference of 
behaviors between two neutrinos » and »’ inside the core in the fact that the 
pion-nucleon coupling g is a little stronger than the kaon-nucleon one g’. More 
exactly speaking, we assume that when the factor coming from the charge: 
independence is discarded, the interactions between nucleons have the universal 
coupling constant g and the couplings between nucleon and strange hyperon 
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are universally g’ and presumably that the couplings between the strange hyper- 
ons are g” in such a way that g/g’=g'/g". This assumption does not seem to 
meet with any evidences against the experiment, but to favor the description of the 
non-leptonic decay of baryon under the selection rule 4J=1/2 only. It is a 
remarkable fact in connection with the origin of the strong interaction, namely 
Pex'P, that the decay events violating the selection rule 4J=1/2 always con- 
tain the neutral pion in their decay products. 

In order to illustrate the usefulness of the above assumption let us con- 
sider the branching ratio (K*->2*+7°)/(K°>2* +727) under the selection rule 
4I=1/2. The event K*-z*+2° is evidently forbidden by the 4J=1/2 rule 
when x’ has J=1. Fortunately, we have another neutral pion 2” with J=O. 
And if z” is really participating in the decay of K*, the selection rule allows 
the event K*—>z*+72” where z” comes through the interactions like A->A+2” 
in the intermediate state. Therefore, the branching ratio is proportional to 
(f9'9")?/Cf9'9)*= (9/9)? where f is the coupling constant of the weak inter- 
action responsible for the above decays. When 9”/9?=g'"/g?~1/10 is assumed 
from the spirit of the global symmetry, the observed branching ratio 1/500 
will come out because the contribution to the ratio from the mass difference 
between 2” and pion and from the matrix elements concerned is estimated to be 
only a factor. And it remains to be examined whether or not the above expla- 
nation of the branching ratio is consistent with the other decay modes of 
kaon, of which the details will not be discussed here. 


§ 4. Leptonic weak interaction 


From the general mechanism of interaction it is almost evident that the 
leptonic event is just the separation of the constituents from the core through 
some reactions like the alpha particle emission from nucleus. In our stand- 


point there must be a great difference in the contribution to the masses of N — 


and /-particle between v and »/.* Is there any experimental evidence which 
reflects such a difference of character of two neutrinos as the above great one? 
The answer for this is summarized in the following empirical law. 

Empirical LawI The leptonic decay events are observed when the basic 
particles come out from the core of elementary particle through the vacuum- 
cloud. The reactions in the core required for the leptonic decays are only 
evopy and ev'opy'. And for all the weak interactions there is the universalt- 
| ty of strength of the coupling constants in the system of the unit h=c=r,(~10™ 
cm) =1 in such a way that the coupling constant f is realized when v takes 
part in the interaction and the coupling constant f' is observed when v' is 


produced, (f'/f)’ being the order of 1/10. 


* To express this great difference we will assign the different mass quantum numbers to y and 


y in the third paper. 
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The reactions evo» and ev’opy’ are required for guaranteeing the well- 
known invariance of the decay hamiltonian under the exchange of pee. Fol- 
lowing Empirical Law I, let us write down the possible decay modes to know 
their coupling constants. 


N->P+e +» (coupling constant: f ) 


Ay Pee sy ee ON cae 
= cl f / 
A>P+p +9 (Graxee ig (9) 
geese + Cm jr) 
Ne es eao SC) oe io 
Ktow+prty’ ( ,, f) 


where 2° stands for the usual pion 2° or 2”. The mode z—>2°+e+» was first 
introduced by Feynman-Gell-Mann™ in order that the vector part of ;3-decay 
coupling requires no renormalization. 

Next let us refer to the effect of the vacuum-cloud. When the pion in the 
three-body decays of bosons in (9) is absorbed into the vacuum-cloud (PPPP) = 


(x°-7°) by means of strong reaction PoP, there come out the two-body decays 
such as 


K*e* +0’, and K*>yp*-+v’ (coupling: f£’) (10) 

m—>e+yv and 7> p+» (coupling: f ). 
Although stressed in § 3, the vacuum-cloud is in any case inevitable to derive 
the hermitian conjugate interactions. For example, the hermitian conjugate 
interaction P—+>N-+e*+» of the slow $-decay is possible through the following 
processes. The proton surrounded with the vacuum-cloud is denoted by 
P-(e-v-e*v) and is separated into Pe yt+etv>N-+e*+», which is just the 
wanted interaction. In the similar way the hermitian conjugate ones of the strong 
interaction and the non-leptonic interaction are obtained by taking into account 
in addition the reactions Poz’P and »/er'y respectively. On the other hand, 
the hermitian conjugate interactions have the same coupling, which will allow 
us to propose a rule concerning the vacuum-cloud as follows: 

Rule The interaction appearing through the effect of the vacuum-cloud 
and the reactions characterizing the interaction itself has the same coupling 
as the original interaction. . 

Obviously, this rule is correct for the hermitian conjugate interactions. If 
this rule is applied to the general case, the interaction (10) can take the cou- 
plings as indicated in (10) and also the interactions (8a) and (8b) take the 
couplings gy and g’ respectively. The interactions (10) differ from the corre- 


sponding ones in (9) by the contribution of strong interaction in the virtual 


state. Therefore, the contribution of the strong interaction to the matrix 


ils 
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element of the above decay processes must be almost a unity, which is 
just Ogawa’s empirical law.” In this situation we expect that the above 
rule is valid not only for the weak interaction but also for the strong inter- 
action. 


On the other hand, Wakasa’® pointed out that f’ could be written as f’/=f€& 
where € was considered to represent the non-local effect in the decay hamil- 
tonian and that the better fit with the experiments was given by choosing 
€=1/4~1/10. In our model the non-local effect due to the space-time exten- 
sion of the elementary particle is always expected and the rule concerning the 
non-local effect € is determined a priori from the structures (1)—(3) as sum- 
marized in Empirical Law I. But in Wakasa’s approach we must choose the 
interactions showing the non-local effect in such a way that the best fit with 
the experimental evidences is obtained. 

Finally, let us examine the consistency of Empirical Law I, taking some 
examples. Detailed calculation is not made in this paper because of the lack 
of the dynamical theory for the composite particle. The decay A>P-+e7 +0’ 
is known to have the smaller decay rate than the prediction in the universal 
V—A theory by, at least, one order of magnitude. The same is true for the 
K-yp-+v’ decay whose rate in the V—A theory is about 20 times shorter 
than the observed one. These are the reasons for taking the different cou- 
plings f or f’ as indicated in (9) and (10). The consistency of the assign- 
ment of the couplings as in (9) and (10) will be easily recognized from 
the approach by Sakita’ who calculated the partial lifetime of K+’ by 
dispersion technique on the basis of the V—A type Fermi interactions with the 
couplings as in (9) and also from the several works by Oneda’” who made 
the comprehensive discussions along the similar line to ours. Add that the 
ratio W(A>P+e7 4+’) / Weep (A>P+2-) 1/1000 where the decay proba- 
bilities W(A>P+e7 +p’) and W(A+P+z27) were estimated by taking as the 
primary interactions K,,>7°+e +’ and K°>z*+z~ with the coupling /’ re- 
spectively and W,,,(A>P+z~) is the experimental value. 


§5. Non-leptonic decay interaction and MR(1) 


When the non-leptonic decays of hyperons were examined in connection 


with the possible reactions inside the core, a distinct regularity about the re- 
action responsible for the non-leptonic decays was found. This regularity is” 


stated as follows: 
Empirical Law II The strangeness non-conser ving reaction van’ y is the 


‘origin of the non-leptonic decays of baryons.* The asymmetry parameters 


* K_, and K,, take place through the reactions » /<>n°v, P<>7°P and the effect of vacuum- 


cloud. 
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for the decays of hyperon become maximum only when the hyperon decays 
into the ground state, which is the proton. 

The latter statement of Empirical Law II seems to suggest the existence 
of mass levels for the elementary particle and such is the case as shown in 
the third paper. The reaction »/oxy has in general nothing to do with the 
leptonic decays of baryons because in the extended strangeness theory the 
leptonic processes and the non-leptonic decays of hyperons statisfy the selec- 
tion rules 4S=0 (mod. 2) and 4S=1 respectively. The deduction of Empirical 
Law II is presented in connection with Heisenberg’s unified 
theory because our model apparently has several points in 
common with his theory. The discussions in this section 
are partly based on the speculation about the mechanism 
of interaction in §3. Infact the symmetry property of the 
weak interaction is derived by treating all the particles 
concerned as free. And the results obtained on this as- 
sumption seems to be in accordance with the experiments. 


In the Heisenberg theory” the nucleon is evidently 
represented by the graph in Fig. 1. Comparing the graph 
with the structure of nucleon in our model, we can say 


Fig. 1. The full line 
(G) indicates the 
Green function of 


that the full line corresponds to the neutrino and the two the particle “wait 
dotted lines to proton and electron. This resemblance zero mass and the 
of graph and structure will give us an important sugges- dotted ones (S) rep- 


resent those of the 


tion about a new interpretation of MR(1). Moreover, in F ¢ 
particles with non- 


the Heisenberg theory the wave function ¢(z) for the one- 
particle state satisfies the equation in a certain approximation 


(7.q9.)O(—¢) ¢(x) =0, (11) 


which is invariant under the transformation ¢(x)—7;¢(2). In his theory this 


zero mass. 


transformation is due to the neutrino-like property of the field operator, which 


suggests in our model the 7;-transformation for the particles containing the 
basic neutrinos. 

Let us permit the invariance of the°interaction hamiltonian under the 
following transformation : 
i dp Pp 

(12) 
Pu>7roPn, Prr7s$s. and $s—>7s¢z, 

where ¢p is not changed because the proton does not contain the neutrino. 
Assuming the interactions responsible for the non-leptonic decays to be 


FV at,OVe O,Px hich) 


the matrix O is determined by the requirement of the invariance of (13) under 
the transformation (12) as follows: 


me 
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O=1+47; for A> P-+2-, (14a) 
O=a+h, for A>N-+2°, (14b) 
O=1+47; for S+>P-+7°, (14c) 
O=a'+b'y; for other decays of ¥, (14d) 


where a, a’, b and b’ are the arbitrary constants. By the same procedure the 
interactions of §-decay and /-capture are shown to be the same as those pre- 
dicted by the V—A theory. The MR(1) theory also yields the same results 
as the above except the cases of (14b) and (14d). This is the reason why 
the invariance by MR(1) is considered to be correct for all the weak interac- 
tions. But we rather take the view that the operation of MR(1) will simply 
be the gauge transformation of the neutrino field. 

Now we are ready to obtain some evidences for Empirical Law Il. First 
of all let us demonstrate how the decay event A->P-+z2~ takes place. The 
strange neutrino »’ parting from the main part of A-particle changes by the 
reaction »/>2°y into 2°” which will come out straightforward from the core of 
A-particle. The zy must always accompany e~ leaving proton alone, otherwise 
mv cannot be the particle listed in (1)—(3). Thus the event A>P-+ 77 takes 
place through the following process: 


A= Pe v' > Pe- (xv) > P+ e7v > P4227 (14a)’ 
Similarly the event A+N+z2° occurs through the diagram as 


A= Pe™ v' > Pe (x°v) > 


and further the separated neutrino y makes the recombination into proton to _ 


finish the decay as 
— Pe7~v4+n> N+7°. (14b)’ 


There is apparently a difference of the reactions between the events (14a)’ and 


(14b)’. The same thing happens in the decays of S-particle. These are the 
reasons why Empirical Law II is presented. Let us carefully examine the pro- — 
cesses (14a)’ and (14b)’.. The wave function of A-particle, say ¢4, seems to 


behave like the operation which is proportional to the creation operator ¢> of 


neutrino in case of (14a)’ and to the operator ¢; 43, in case of (14b)’. Cor- — s 


responding to the gauge transformations ¢,>7.#, and $7, of the neutrinos, 
the event (14a)’ must be invariant under ¢,—>7/,, while in the event (14b)’ Vs 
does not undergo such a transformation, hence produces the results (14a) and 
(14b) again. 

By the same argument the decays of -particle are distinguished. Under 
the reaction v’—>7°v, 3-particle changes as 


+ = Pe-v'- PPet v> Pe7(2°v) -PPe* v> 


; 
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and (a) when the neutrino ¥ produced runs away from the core of »-particle, 


carrying e~ to the outside of the core 
> (Px) -PP(e7v-e*v) 
+ P+ PP+(vacuum-cloud) > P+2° (14c)’ 


and (b) when the neutrino ¥ makes the recombination before going out of the 
core 
> (P2")e- 0+ PPe* v > Pe“ v + PPe* v—> N+2* (14d)’ 

where for both events the strong reaction Px°—P and the effect of vacuum- 
cloud are taken into account. Now it will be evident that (14c)’ is invariant 
under ¢/;—7;/y, while (14d)’ have not such a transformation property, thus 
leading to the results (14c) and (14d). It is important that the decay events 
(14) are sharply distinguished by the reactions such as “run away” and “ re- 
combination”? and that the above procedure can be taken to be another inter- 
pretation of (12), suggesting more clearly that the transformation (12) is due 
to the gauge transformation of neutrinos. 

The application of such a procedure to Fermi interactions should be done 


carefully. In Fermi interactions the neutrino leaving the fermion keeps the 


neutrino-like character, while in the non-leptonic interaction it loses its charac- 


ter to be transmuted into a boson. Thus in )-decay and /#-capture interactions 


wave functions of proton and neutron are not allowed to perform 7;-transfor- 
mation as (12), producing the following results : 


for S-decay, H=f(r7,(atbys)by) (Pert $.) | 
for p-capture, H=f(Ppy,(a’ +575) x) (Gar(1+75)%,) | 


where a, b, a’ and 0! are the arbitrary constants. These hamiltonians are more 
favorable for explaining the ratio Cy/C4 of couplings of $-decay than the uni- 
versal V—A theory in which the coupling ratio seems to be hardly explained 
even when the effects of the strong interactions are taken into account. But in 
our model this ratio is arbitrary. 

It is known from the experiment that the asymmetry parameters for (14a) 
and (14c) are maximum. The results in (14) are, therefore, consistent with 
the experiment. The discussion about the decays of 3-particle has several 
points in common with the orthodox method by Takeda and Kato. These 
points are that for the explanation of the asymmetry parameter of decays of 
*-particle both the strong interaction and the structure of +-particle, which is 
dissociated like A-z, have played an important role. Note that the similar 
discussions in this section will be applicable to the decays of the cascade par- 
ticle. In the conventional theory having the 4I=1/2 rule only for the decays 
the asymmetry parameter of the decay A—N-+2" is shown to be the same as 
that of A>P-+z2-, while in our case it is not always the case. Therefore, it 


(15) 
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can be a test of our model to see whether the event A->N+72° has the maxi- 
mum asymmetry parameter or not. 


§ 6. Selection rule for decay events 


It is easily seen that all the unstable particles produce the leptons in their 
leptonic decays in the pair of (ev) and (ev’) or (#y) and (f’) because in our 
model they always keep the neutrinos.in the form of (ev) and (ev’) or (py) 
and (f#’). Therefore, the selection rule will become complete if the following 
three modes can be forbidden. 


pot+P>Pt+e, poetett+e” and poet+y (16) 


This is the main problem in this section. 

When the muon is captured by the proton core, there is no other route than 
the usual one to N-» because in our model the reactions in the core are limit- 
ed to fev, ty'!<ev’, Pon’ P and v’<nv; besides Pry is not the proton itself. 
In this situation »-+P—>P-+e~ is not observed. If the necessary reaction 
py<sev is considered to be responsible for the decay ~->e+v-+y, the reaction 
ft-e<>e-e would be required in order to make the process “->e+e*+e~ possible. 
Fortunately such a reaction was not needed at all. We hope that this fact may 
be the correct answer to the question why the three electron decay of muon 
is not observed. On the other hand, the study of the mass formula (A) sug- 
gests that the muon is in a certain sense the “excited state” of the electron. 
The unique decay mode of muon is, therefore, the transition to the ground 
state, which is just the event #->e+v+yv. Thus the possible mode ¢>e+e*+e7 


is forbidden. 
The F,, type interaction for the process 4->e+7 can be forbidden, provided 


the invariance of hamiltonian under mass reversal and the universality of the 
electromagnetic interaction are satisfied. Therefore, #>e+7 can rarely occur 
only through the two weak Fermi interactions because the #—>e+e* +e™ has 
been forbidden. Thus the complete selection rules are established for the 
leptonic decays. For the same purpose the intermediate charged boson theory 
has been investigated by many authors. But such a theory has the defect 
that the —e-+7 is possibly observed as shown by Feinberg et al.,"” whereas in 
our model the proton plays the similar role as the charged boson, so that the 
defect of the charged boson theory does not appear. 

It should be mentioned that a special situation exists in the leptonic decays 
of 3*-particle. In our model the decay xs++N+et+v' is possible through the 
reaction v’<o7v, although in Sakata’s model it is not allowed. This strange 
situation comes from the fact that »*-particle contains two kinds of neutrinos 
» and v’ in the core. K® also will have the special situation in the leptonic 
decays. Look at the structure of K® in (3). Now let us show the diagram 
leading to the actual decay. For S*-particle, the reaction v’<>x°y is just the 
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simultaneous reactions v/v and v2’ and S*-particle changes as follows : 
S* = Pe-v!'- PPet v—> Pe- (v2) « PPe* (x"v') 
— Pe->- PPe* v' > (P-PP)e7v-e* v' > Pe v-e* 
—+>N+e*+0/ 


where PP in the final stage is absorbed into proton by means of the strong 
reaction Pz°>P. Note that this decay obeys the rule 4S=1 in the conven- 
tional strangeness theory but satisfies the rule 4S=2 in the extended one. This 
cannot be the reason for discarding that event, because the mass reversal theory 
demands the selection rule to be 4S=0 (mod. 2) for the leptonic decays. 
Finally a comment is added on the possible process K->z+v-+v’', which 
was forbidden in the mass reversal theory by requiring a new symmetry named 
“mass parity conjugation”. The mass parity conjugation, which implies the 
invariance by the interchange of » and »v’, is possible from the fact that the 
reactions in the core are invariant by the interchange of v and v’. And fortu- 


nately the structure of kaon itself does not allow the process K>z+v+v’. 
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It is examined whether the strangeness and isotopic spin assignment for leptons proposed 
by Gamba, Marshak, Okubo and Klein fits the leptonic weak interactions to the same extent 
as in the case of the weak interactions between baryons and mesons. It is shown that there 
should exist two kinds of neutral massless lepton (ordinary and strange neutrino) in order 
to accept the selection rule |4S|=1. Then the all observed weak interactions satisfy this 
rule, but the strangeness assignment allows some strangeness conserving leptonic processes 
such as K®sy++e~ and Kt-y*t+e-+zx*. Further, there are some undesirable processes in 
which strangeness changes by one unit, for instance, ywt—>2e++e- and y-+popte-. At the 
present status of experiments, it is impossible to get any definite conclusion about the isotopic 
spin selection rule. It is however shown that, except for w—e+y+y, p+pont+y and 
probably z—>y+y, the selection rule |4//=1/2 may be regarded to hold in fairly good 
approximation, if we restrict ourselves to the interactions in which the strangeness change is 
+1. The significance of the existence of the aforementioned important exceptional cases is 
discussed, 


§1. Introduction 


As to baryons and mesons, baryon number, strangeness (or hypercharge), 
isotopic spin and its third component can be regarded as such a set of quantum 
numbers that descriminates each state of elementary particles. Namely, they are 
not only sufficient to specify the states of elementary particles, except for leptons, 
but are the most suitable quantities to describe the selection rules in the inter- 


actions between baryons and mesons. On the other hand, there are many attempts ; . 


to assign isotopic spin to leptons, and by one of us (T. O.) it is pointed out 


that leptons also should have the internal degree of freedom of hypercharge,” 
and the existence of a similar relation for leptons between electric charge, hyper- a 


charge and the third component of isotopic spin to the one of baryons and mesons 
is suggested.” But any definite answer to these problems is not yet obtained. 
Among many attempts the recent assignment proposed by Gamba-Marshak-Okubo” 
and Klein” called our attention,** because it exhibits two kinds of analogy between 


* The content of this article was read at the Meeting of Physical Society of Japan held on 
October 16, 1960, at Kytisht University. 


** Here it may be noticed that the assignment assumed in Heisenberg’s unified theory of ele- . 


mentary particles») coincides with their assignment. 


—.* 


Se 


- = 
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baryons and leptons, that is, the one in the expression of electric charge and the 
other in the mass spectra of (», e, 4) and of (p, 7, A). Further a new selection 
rule is proposed on the basis of the analogy by them, but this selection tule has 
nothing to do with the isotopic spin and strangeness selection rule in ordinary 
sense. 


Their assignment allows the following expression for electric charge, 


B 


a 


Q=1,+ 


where S is the analogue of strangeness for baryons and mesons and L is the 
lepton number. Further, e~, ~ and » are assumed to bé leptons. Here we may 
ask why J, appearing in the above equation is not a simple parameter and must 
be regarded as the third component of a vector in a three-dimensional rotation 
space (isotopic spin space). For baryons and mesons, there are strong interctions 
which are invariant under the rotation of the isotopic spin space, and it is quite 
clear that the isotopic spin is a very convenient concept to understand the be- 
haviour of elementary particles. Usually the various kinds of the isotopic spin 
assignment for leptons are based only on the mass spectrum and charge multip- 
licity. But the other important role of isotopic spin, the selection rule with re- 
spect to it in the leptonic process, is not taken into account. Unfortunately, 
leptons seem to have no strong interactions. Therefore, we should consider that 
as to leptonic processes the invariance under the rotation of isotopic spin, space 
does not hold in any case, if we keep the parallelism between the isotopic spin 
of baryons and that of leptons. The only way to justify the isotopic spin assign- 
ment of leptons may be to ascertain whether it fits the selection rules for weak 
interactions, putting aside the problem why leptons have no charge independent 
interactions. The same arguments hold on the quantity S. 

In non-leptonic weak interactions, the selection rule |4S|=1 on strangeness 
S is well established, and the the selection rule |47|=1/2 on isotopic spin I holds 
in the fairly good approximation.” In this article, it is investigated to what 
extent the selection rules |4S|=1 and |4J|=1/2 and the assignment of S ‘and J 
for leptons proposed by Gamba-Marshak-Okubo and Klein are adopted to the 
leptonic weak interactions. 


§ 2. Strangeness selection rule and the existence 
of two kinds of neutrino 


At first, we want to point out that there must be two kinds of neutral 
massless lepton (ordinary and strange neutrino). in order to accept the proposed 
strangeness assignment for (/4, e, v), (Table 1), and the selection rule |4S|=1. 
As easily seen, the neutral lepton emitted in the ?-decay of neutron must have 
the non-zero value of strangeness. Therefore, this lepton must be considered 
different from the ordinary neutrino, », which is the member of the iso-doublet 


the strangeness is conserved. 
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(vy, e). Further, taking account of the relation (1), this must be the anti-particle 
of a neutral massless lepton w with S=+1 and J=0O (strange neutrino), that is, 


n—>pte +o. 


Table I The other possibility* that w is the neutral 
member of an iso-triplet is rejected if we 


| | bee i exclude the existence of the doubly charged 
Uy ee Yea 0 | +1 elementary particles. The assignment ado- 
I | 0 | 0 pted here is listed in Table I. 
I | 0 | fa = On 0 In the following the main leptonic in- 


+p, 
tm 
e’ +a, 
oY yp) 
Boe 
e +o+a, 
fo +ponry, 
+a, 
[ar Oa tS 3 
=> 5 
e*+v+z° 
e* +y, 
At+e* +a, 
21> 
nt+e*+y, 
and 
A>pte +». 
The unobserved decay mode 
Ktop*+e*+n* 


is forbidden, as there the strangeness change is two units. But, in the similar 


reaction, 
+ + 1 pF : 
K*#5p* +e7+7*, 


Concerning neutral K-mesons, the situation is somew 


in ta => pe 


* There remains one more possibility in which and 7 constitute an iso-doublet. 


scheme is of little interest, as no difference between (v,e7) and (@,u47) appears there. 


teractions satisfying the selection 
|4S\|=1 are shown, in order to specify the neutrino appearing in various processes : 


hat complicated, due to 
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the particle mixture character of neutral K-mesons in their decay processes. The 


observed decay 
K,>e*+v+a7 


0 . 

is consistent with our selection rule. The same decay scheme for Ky’ is also 
possible. The reaction 

fe +o+n 

Ki 

po +o4+n 
can be regarded as allowed in the sense that the upper mode occurs through 
K°-amplitude and the lower one through K°-amplitude in K,’. We have the same 
situation about the decay mode 


K°, 292+ ++ pF+eo(). 
Our scheme fails not only to reject the mode 
12 e +f, 


but imposes a strong interaction between K°-(K°®-)meson and p*e7(pe*) 
pair, becuase in K°>y*+e7 and K°-5p- +e* strangeness is conserved. But this 
decay mode is expected not to occur in nature,* and to be forbidden by some 
other selection rules or assumptions. 

Finally it may be remarked that there are some undesirable leptonic processes, 
which have the property |4S|=1, for instance, u*—-e*+e*+e7 and p+ p pte. 


§ 3. Isotopic spin selection rule 


The second problem is to examine to what extent the selection rule |4/|=1/2 
fits the leptonic weak interactions. At the present stage, we can not give a de- 
finite answer to this problem, because the sufficient results about the concerned 
experiments are not obtained yet. 

The only one observed process which satisfies the above selection rule exactly 
is K*—+y*+<a, and this is due to the iso-singlet nature of # as well as w. But 
this process is the main decay mode of charged K-meson, and amounts to about 
88 percent of the observed leptonic decay of K* meson.” 

The main objection to the |4I/=1/2 rule is the decay ~oe+yv+b and the 
/ capture process #”+p-n-+y. By the selection rule the interaction which dis- 
cribes the former process is restricted to such a combination of two terms: 


(Erx) (ETE ) 


* The reaction K++y++y, which is the counter reaction to K0>y*++e- from the point of 
view of isotopic spin is also a stangeness conserving process. The observed K,2 decay is inter- 
preted as K*+->y*+w, as mentioned above. 


«x 2 


* 


— 
L: . 
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=20 p) (@ »)— (@ HG »)—e)] 
= p)(@») +(e") e), 


where the type of interaction is assumed to be vector and axial vector, the con- 
cerned 7-matrices being omitted, and the Fierz’s relation” is used in the transition 
from the second expression to the last one. Further, the spurion technique” is 


used and 
pa(ej: sett), ya(3) 


The other expression (Ex)“(EE) gives the same combination. Therefore, the 
single term (#4) (@v) does not satisfy the selection rule |4/|=1/2, and by the — 
tule the process #~—>2e7~-+e* should be observed at the equal probability to the 
ordinary p-e-decay. But, the anomalous /-e-decay has not been observed. The 
only way to avoid this objection in this scheme is to forbid the process #—> 
e+v-+b entirely by some unknown selection rule, and to assume that the neutral 
massless leptons in p-e-decay is w and @. The process p>e+w+@ exactly 
satisfies the |dJ|=1/2 rule, owing to the iso-singlet nature of # and w. The 


capture process is accompanied with the process p+p—>p+e and/or n+/-> n+e 


in the spurion interactions, because we have 
(NrN)p(2*rE) =2(pn) (fy) — { (pp) — (an) } (Fe) 


and we cannot isolate the term (pm) (#v) from the others without violating the 
|47|=1/2 rule, even if we combine the above interaction with another one 


(N N)p(x*E) = { (pp) + (nn)} (Fe). 


On the other hand, the recent experiments” report the reaction rate 


W(e-+N>e + NOS (473) x 10s, 
W(p+N>r-+N) 
‘n contradiction with the |4J|=1/2 rule which predicts for this ratio to be nearly 


equal to 1/2. 

As to z-/, m-e, 9-decay processes of nucleon and of A-particle, fortunately 
the unwanted modes which appear in the concerned interactions are dropped out 
for some other reasons. In the first two problems, by our selection rule the com-— 
binations of the interactions are 


V/2 (By) —(fe)n 
and . 
V2 (@ e)x* + (wv)z", 


respectively. But the decay modes m—>e+ji and x°>v+@ are not observed in 
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both cases,* because the 27-decay of x’ meson is much faster than them. The 
f-decay interaction for nucleon is coupled with the two undesirable processes in 


such a way that 


(Ery)o(NtN) =2(@e) (pn) + (Yo) { (pp) — (in) } 


_ 


But the probabilities of the modes p>p+v+@ and n>n+v+@ vanish because 
the concerned volume in phase space is zero. The §-decay of A-particle A> 
p+e-+% is accompanied with the processes A->n+yv+y and A>n+e~+e* in the 
spurion interaction 


(Nrx) A(ETE) =2 (pA) (év) — (7A) { (vv) — (ee) }. 


Among them only the first process is observed.” The second one cannot be 
observed, but the last one is observable even if it is very difficult to detect the 
process. Further, the interaction (7) (@e) induces the unobserved decay process 
K°>7+e*+e- through the chain K°>A+7>A+n+7°>e* +e +7°. But the 
concerned interaction term (7A) (@€e) can be eliminated without violating the 
|4I|=1/2 rule, if we couple the above spurion interaction with another one, 


(Nx) A(EE) = (7A) { (@e) + (bv) }. 


Of course, under the present stage of experiments the branching ratio of the decay 
mode K°->z°+e*+e™ to other modes need not be zero and may be very small. 
Therefore, the interaction term (7/)(@e) may remain, if it is taken into account 
that we have observed very few examples of the reaction A>p+e7 +». 

’ About the other processes, at the present stage of experiments we can say 
neither yes nor no to our question about the |4/|/=1/2 rule. 

The remaining observed decay modes of charged K-mesons are K*— e+ +y+7° 

and K*->y*+w-+7°. The second process is coupled to K°>-+6-+2"*, and the 
spurion interaction is 


(y*rK) (cop) = (of) (°K * + )/92*K°), 
Therefore, the decay rate should be 


W(K°or- +6+47*) = 
where the particle mixture problem is put aside.** This naturally coincides with 
the previously reported conjecture by Okubo et al.,!? but we have no experimental 
value to this ratio. There are three kinds of spurion interactions for K>E ee +7; 


* The appearance of the term (Ze)z° in the above combination may be regarded as the one 
of the objections against the selection rule |4J|/=1/2. Because the existence of this term brings 
about the reaction N+p2N+79+p>N+e, and the probability for this reaction must be very small 
compared with the y-capture process, as mentioned above, even if it was not zero. 

** Tf we consider that K,9>~-+o+z* can only occur through K® amplitude in K,° as was 
mentioned in § 3, this mode should not occur in nature in virtue of our selection rule. 
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and 


Similarly, for K°= ce = we have 


Hy=(2*tK)(EE)x 
=(\/ 32 K*—7'R®) ((v v) + (ée)), 
Hy,=(2*K)(ErE)x 


=K" (vd v)2°+ 1/2 (ve)a* +1/9 (€v)t- — ( e)2"] 


Hj (at) ow) ETE) 
iy/ 2 


a 


=— (bv) K* 27+ (ve) (K°x* +)/29 K*2") 


— (év)K°n- 4+ (@e)K* x. 


~ 


Ke 


H,=(y*rK°) (EE) x 


= (Kn —1/2 K~ x*) (Uv) + @e)), 


H,=(y*K’) (ErE)x 


=K* (Dv) 41/2 e)t- +4/2 (€ v)x-— (@e) x", 


Hg=—_—((y*tK*) Xx) (ErE) 
iy/ 2 


=— (¥ v)K-2*— (0 e) K°x* 


+ (av) (K° 2744/2 K-2) + (@e)K-a"*. 
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In decay interaction the neutral A-mesons should appear in the modes K,’= 
15/3 (K°+ K% and Kv=1/)/2 -(K°—K, and we must combine H; with H,°(i=1, 
2, 3) in suitable ways. Namely, for K,” we must consider H,®=1/// 2 - (i,’— fh), 
H,? =1/)/ 2 - (Hi’+H,) and A,” =1/,/ 2 -(H;’ — H,),and for KS HP=—1/7 2° 
(if +H,), H,?=1/)/ 2° (A.— Hy) and H;” =1/\/ 2 -(Hs’+H;). The possible 
interaction terms and their coefficients are tabulated in Table I. For these 
decay modes we have very little experimental results. Among of them only 
Kt et +v+7° and K,—-e-+v+2"* are observed. 
The missing decay mode K*—e* +» is coupled with K’ y+» and K">e* +e 
in our scheme. But the former is forbidden in consideration of spin angular 


‘momentum. The latter is also unobserved yet, and can be separated from the 


others in such a way that the |4/|=1/2 rule is not violated. 
H,=Hi-A, 
where 
H,=(2*1K) (EtE) =2K* (ve) —K°{ (wv) — (ée)} 
and 
H,= (aK) (EE) =K°{ (ée) + (vv) }. 


If §-decay of S-particle is to be considered,” there are two possibilities, that 
is, the daughter baryon may be either A or m. In the former case the spurion 
interaction is 


(A3) o(y*TE) 
= (A3") (ov) +)/2 (AS*) (we), 


and the observation of the decay described by the first term is very difficult. If 
the daughter is neutron, the branching ratio between various possible modes is 
complicated. Here we do not give the explicit forms of the spurion interactions, 
which are obtained by writing down (Nrx)X(EE), (Nx)3(ETrE) and (Nr 2x)x 
XZ)(ETE). 


§ 4. Summary and discussions 


In the preceding sections, we have examined how far the selection rules 
|4S|=1 and |4J|=1/2 fit the leptonic weak interactions, when we accept the 
strangeness and isotopic spin assignment proposed by Gamba-Marshak-Okubo and 
Klein. More definitely speaking, we have checked whether the assignment can 
have the same competence as the one for baryons and mesons. In § 3 we used 
the spurion technique to check the |4J/=1/2 selection rule, but the inter- 
actions may be regarded as the effective ones describing the concerned processes. 
Therefore, we may consider that the discussions hold as the kinematical analysis 


—s 
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between the initial and final state for the decay processes, and the results remain 
valid even if any interactions, which do not violate the |4J|=1/2 selection rule, 
are taken into account. Further, as previously emphasised,” the spurion technique 
has the merit that it enables us to correlate the selection rule |4I|=1/2 with 
the |4S|=1 selection rule phenomenologically. 

As to the strangeness selection rule, firstly it is remarkable that the two 
kinds of neutral massless lepton should exist: the ordinary neutrino » and the 
strange neutrino w. Some authors’ also proposed the theory of two kinds of 
neutrino which are different from each other in the sign of chirality. But our 
discussions do not refer to the chirality character, and the ordinary and strange 
neutrino may have either the same chirality or ‘the opposite chirality. Here the 
difference between them is in the isotopic spin and strangeness assignment. The 
existence of the two kinds of neutrino may be checked by the experiments to 
see whether the neutral massless lepton emitted in the decay 7*—>y* +» gives rise 
to the inverse §-decay w+n—p+e™, which in our theory should not occur, or 
any combinations of such two leptonic processes listed in § 2, that is, the one 
refers to » and the other to w. All observed weak interactions satisfy the 
selection rule |4S\|=1, if we add the strange neutrino to the previously proposed 


scheme. But by the assignment there appear many strangeness conserving leptonic > 


processes such as K°>y*+e7 and K*->yp*+e*+2*. Further, there are many un- 
desirable reactions which have the property |4S|=1, for instance, #+—2e*+eF 
and. 4+ p> p+ e>. . 


Except for poe+y+y, uw +pon-+y and probably z->y-+», the selection rule | 


| 4I|=1/2 might be considered to hold fairly well for the interactions with |4S|=1, 


if we remember the extent of approximation of the rule for non-leptonic weak . 


interactions. Unfortunately, we cannot say much whether the isotopic spin assign- 
ment is to be accepted or not, as the experiments of the branching ratio in the 
decay processes are incomplete at the present stage. 

Now the important exceptional cases for the selection rules |4S|=1 and 
| 4I|=1/2 have a remarkable character. Namely, they refer to the neutral lepton 
currents such as (fie), (@e) and probably (vv), if we use the terminology of the 
conserving current hypothesis.’” Therefore, it seems sufficient only to prohibit 
the neutral lepton current, in order to remove the objections. But if we exclude 


the neutral lepton current, the interactions with |4J/=3/2 are coupled with the _ 
spurion interactions, and strongly violate the selection rule |4J|=1/2. On the — 


other hand, the interaction with |4/|=3/2 is limited to be smaller than ten 
‘percent for non-leptonic processes.” 
Another possiblity to remove the objections might be to assume y*, instead 
of -, as particle. It is well known’” that this assumption and the conservation 
law of lepton number prohibit many undesirable processes such as #e+e+e 
and #+popte. On the other hand, in order to explain the experimental results 
on /-e-decay under this assumption, the neutral lepton coupled with / in the 
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Fermi type interaction must be assumed to have the opposite chirality to the one 
of the neutral lepton coupled with e in the interaction.” If we identify these 
neutrinos with our strange and ordinary neutrino, respectively, the y-e-decay is 


described as 
Hoe t+u+oa. 


Further, if we assume * as iso-singlet, according to Eq. (1), the strangeness of 
wu’ becomes +3. Then the strangeness change in the process is two units. If 
we assume that #* and w constitute an iso-doublet, Eq. (1) requires that this 
doublet has S=2. Then the y-decay process satisfies the selection rule |4S|=1, 
but the z-decay and -decay of nucleon cannot satisfy the rule. Therefore, these 
alternatives are not preferable either. 

In this article we have discussed the selection rules for leptonic processes, 
under the assumption that the strangeness and isotopic spin of leptons assigned 
by Gamba-Marshak-Okubo and Klein play the same role as the ones for non- 
leptonic processes originally discussed by Nishijima and Gell-Mann. Here no 
discussion is given about the formal scheme to express the phenomenological 
_ selection rule. But we may say that the strangeness assignment is not promising. 
Further, there is no suitable physical parameter that may enable us to set up an 
additive selection rule for leptonic processes, as easily checked by the method 
explained in the appendix of the previous article.’ In the light of the failure of 
strangeness selection rule discussed above, we may refer to the previous article 
by one of us-(T. O.).” There it was proposed to reinterpret hypercharge* of 
baryons as the expectation value of a hypercharge operator, and then it was 
. pointed out that in this theory leptons also should have this internal degree of 
freedom. By this procedure the new treatment of hypercharge gave rise to a new 
kind of selection rule to leptonic processes as well as to non-leptonic processes, 
and the undesirable leptonic processes were selected out. ° 

Concerning the isotopic spin selection rule, if the undesirable leptonic pro- 
cesses discussed above are selected out by a suitable method which is independent 
of isotopic spin, the results of our analysis show that the selection rule |47|=1/2 
becomes a fairly good approximation. But the isotopic spin assignment is inti- 
mately related to the strangeness assignment, as will be seen from Eq. (1), and 
the isotopic spin assignment would be changed when the treatment of strangeness 
is modified in any sense. Therefore, it is very questionable whether the success 
of the |d4Z|=1/2 selection rule reached here will remain in the future stage. In 
the previous article by one of us (T. O.),” it is proposed that in a zeroth ap- 
proximation the new isotopic spin defined in such a way that all baryons are 
iso-doublet seems to be more suitable. The reason was that by the assignment 


* In the article the terminology “hyperonic charge” was used instead of “ hypercharge ” 
deliberately, as there the relation between electric charge and hypercharge was put aside. 


isotopic spin is conserved in weak non-leptonic interactions as well as in strong 
interactions. Further, there it is also proposed to consider that all leptons are 
iso-singlet in that scheme. Some authors”? attempted to extrapolate the Lan =iy2 
selection rule to the conserving baryon-meson-currents. The experimental check 
of their results will offer some clue to this problem, because in such theories it 
can be regarded that the isotopic spin of leptons are effectively assumed to be 


Zero. 


Some authors technically use two types of iso-doublet (», e) and (», 2) with 
the same », but it will be non-sense. However, it may be possible to set up a 
theory in which sometimes neutrino effectively plays the role of a counterpart of 
the doublet. (v, e) and in other times of that of the doublet (», #). The scheme 
proposed by Schwinger is of such a character, and there leptons are combined 
in an iso-triplet. 

Here we may raise a formal objection to regarding electron and neutrino as 
an iso-doublet. Neutrino can have definite chirality, but it is not the case for 
eléctron due to the non-vanishing mass. Therefore, it seems rather difficult to 
accept the idea of electron-neutrino iso-doublet. The only way to overcome this 
objection within the scheme may be to assume that the bare electron has no rest- 
mass and that the electromagnetic interaction such as the magnetic interaction 
or the one with cutoff, in which the constant with the dimension of length is 
included in some sense, gives rise to non-vanishing mass. Further, there is no- 
leptonic interaction without neutrino, but electron is not the essential partner of 
leptonic weak interactions. 

Concluding this article we may emphasize the importance of seeking some 
physical quantities, which not only specify the states of leptons but also describe 
the selection rules for leptonic processes well, in order to understand the problem 
of the mysterious difference between electron and #+meson, both of which show 
very similar character except for their difference in mass, and the fact that leptons 
have no strong interaction. 


A Remark on the Strangeness and Isotopic Spin shy alt 


References 


. Okabayashi, Prog. Theor. Phys. 20 (1958), 583. : 
. Okabayashi, Prog. Theor. Phys. 21 (1959), 867. 

. Gamba, R. Marshak and S. Okubo, Proc. Natl. Acad. Sci. 45 (1959), 881. 

. Klein, Arkiv fér Fys. 16 (1959), 191. 

_ P. Diirr, W. Heisenberg, H. Mitter, S. Schlieder and K. Yamazaki, Zeits. f. Natforschg. 
14 (1959), 441. a 
See, for instance, M. Gell-Mann and A. H. Rosenfeld, Ann. Rev. Nucl. Sci. 7 (1957), |) 
407. : . 
M. Fierz, Zeits. f. Phys. 104 (1937), 553. 

G. Wentzel, Proc. 6th Ann. Rochester Conf. on High-Energy Phys. (New York, 1956). 
B. d’Espagnat, C. R. Acad. Sci. 245 (1957), 527. 

The existence of this reaction is experimentally not clear. 

R. Sardet et al., to be published. 


MOrpry 


12) 


15) 
16) 


12 
18) 


T. Okabayashi, S. Nakamura and Y. Nisiyama 


F. S. Crawford et al., Phys. Rev. Letters 1 (1958), 377, 

P. Nordin et al., Phys. Rev. Letters 1 (1958), 380. 

S. Okubo, R. E. Marshak, E.C.G. Sudarshan and W. B. Teutsch, Phys. Rev. 112 (1958), 
665. ; 

J. Leitner et al., Phys. Rev. Letters 3 (1959), 186. 

Y. Tanikawa and S. Watanabe, Phys. Rev. 113 (1959), 1344. 

T. D. Lee and C. N. Yang, Phys. Rev. Letters 4 (1960), 171. 

S. S. Gershtein and J. B. Zeldovich, Jour. Exp. Theor. Phys. (USSR) 29 (1955), 698. 
R. P. Feynman and M. Gell-Mann, Phys. Rey. 109 (1958), 193. 

E. J. Konopinski and H. M. Mahmould, Phys. Rev. 92 (1953), 1045. 

M. Konuma, S. Nakamura and H. Umezawa, Nucl. Phys. 6 (1958), 282. 

I. Kawakami, Prog. Theor. Phys. 19 (1958), 459. 

B. Sakita and S. Oneda, Nucl. Phys. 16 (1960), 72. 

J. Schwinger, Ann. Phys. 2 (1957), 407. 


a i tal al ail 


713 


Letters to the Editor 


The opinions expressed in these columns do not necessarily reflect those of the Board of 
Editors. Communications should be submitted in duplicate and should be held to within 100 
lines (pica tipe) on standard size letter paper (approx. 21X80 cm.), so that each letter 
may be arranged into two pages when printed. Do not forget to count in enough space for 


formulas, figures or tables 


Low Density Fermion System 
with Strong Attractions 


Yasushi Wada 


Department of Physics 
University of Tokyo, Tokyo 


January 4, 1961 


In the previous note” it has been 
shown that if the scattering length of 


two-particle system is negative low 


density system of Fermions must have a 
distribution which is drastically chang- 
ed from that of degenerate Fermi gas. 
In the case of attractive interaction 
strong enough to create a bound state 
the scattering length takes a positive 
value. In this note the structure of 
such a system in the low density limit 
will be studied. The parameter &) 
used in I refers to the magnitude of 
diffuseness of Fermi surface. As the 
distribution in the momentum space 
is then determined by the internal 
structure of two-particle bound state 
& will take a value independent of 
the density. Thus we will assume that 


 @=2mé/ke’ is inversely proportional 


to k» which will be verified later. 
m is the effective mass and ky is the 
Fermi momentum. One can simplify 
Eq. (2) in assuming that the two-body 
interaction v(r) has a hard core at 


r<c and a square well with depth V 
at c<r<a=b-+c. Here distances are 
measured in the nondimensional unit, 
i.e. in the unit of the reciprocal of 
the Fermi momentum. In a low density 


‘system range parameters a, b and c 


are small as compared with unity, 
but well depth parameter a@’=mV/kr’ 
becomes large. In this case the solu- 
tion at a<r can be obtained as 


follows, 


where C is an arbitrary constant. As 
the integral along 0<«<1 gives small 
contribution, it may be modified suit- 
ably and we get 


u(r) =Ce~*. 


The solution at c<7<a can be simi- 
larly derived and is given by 


u(r) =C! sin/a?—#(r—c), 


where C’ is an arbitrary constant. 
The boundary condition at r=a gives 
the condition for the existence of the 
non-trivial solution. It is the same as 
the condition for the existence of the © 
bound state in the two-particle system. 
€ is then found to be equal to half 
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k?/2m 


b c 


k?/2m k?/2m 


kr? /2m kr? /2m 


kr’ /2m ES 


Fig. 1. Distributions of particles in momentum space. &?/2m means kinetic energy of 
a particle, kp Fermi momentum and £p is diffuseness parameter. Distribution in the 
case of repulsive interaction (a); weak attraction (b); and strong attraction (c). 


the binding energy which is independ- 
ent of the density. Our assumption 
is thus verified if there exists a bound 
state in the two-particle system. 

The characteristics .of the low 
density system can now be stated. In 
the case of repulsive interaction 
(positive scattering length and no 
bound states) &) vanishes and Fermi 
distribution is stable. On the other 
hand, for weak attraction (negative 
scattering length) & is proportional 
to ky and diffused Fermi distribution 
is stable. Finally, for strong attraction 
(positive scattering length and bound 
states) € is independent of kp and 
Fermi distribution is diffused com- 
pletely (see Figs.) since the diffuse- 
ness parameter &) is sufficiently larger 


than ky’/2m. This represents the fact 


that the system is an assembly of the 
composite particles. 

The above results can also be 
derived shape-independently, that is, 
by means of the discussions which do 
not make any particular assumption 
regarding the shape of the two-body 
interaction. This will be treated in a 
subsequent paper. The author wishes 
to thank Drs. Iwamoto, Terasawa and 
Yasuno for discussions. 


1) Y. Wada, Prog. Theor. Phys. 24 (1960), 920. 
This will hereafter be called I. 


The Cerenkov Self-Excitation of 
the Electron* 


Thomas Erber 


Illinois Institute of Technology 
Chicago, U.S.A. 


January 9, 1961 


An interesting variation of the 
Cerenkov effect has been discussed 
by Frank.” Consider a charged parti- 
cle having internal excited states 
traversing a medium at super-light 
velocities ; under these circumstances 
not only will the particle emit Ceren- 
kov radiation but it can also make 
simultaneous transitions upward into 
its excited states. 

Quantitatively this situation is de- 
scribed by 


4U=>=— E,(1— a, cos@) (1) 


where E, is the Cerenkov energy, at 
frequency », radiated into the cone of 
half angle 6; JU is the increment of 
internal energy; n, is the correspond- 
ing index of refraction; and 8=v/c. 
Clearly if $n,cos@>1 then dU>0; 
and this is the condition for Cerenkov 
self-excitation. 


* Supported by the National Science Foun- 
dation. 
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We should like to consider some of 
the possibilities which arise if this 
principle is applied to a hypothetical 
electron-muon interaction. 

A semi-classical precedent for this 
already exists in the proposal of Bohm 
and Weinstein” that certain mesons 
may be regarded as excited states of 
the electron. We recall briefly that 
according to a number of classical ex- 
tended-electron theories the electron 
should be capable of carrying out 
highly oscillatory motions even with- 
out the action of any external forces 
(classical Zitterbewegung). These 
oscillatory modes can persist only 
for certain characteristic frequencies 
(10 sec) which have a_ natural 
interpretation as excited states of the 
electron. 

The connection with mesons arises 
through a rudimentary quantization: 
If the smallest of these characteristic 
frequencies 


3 
pay sere CL (2) 


is converted into its energy equivalent, 
one finds that the total energy of the 
lowest excited state is given by 


mc?(1+3/(2e@)) =105.54 Mev (3) 


(a=fine structure constant) a value 
close to the observed muon rest mass 


M,,=105.65 +t .01 Mev. 


Note that (3) is a slight modification 
of Nambu’s formula.” 

Whether one takes this interpretation 
literally or relies on a phenomeno- 
logical muon-electron coupling,” it is 
now possible to consider the effect of 


a Cerenkov self-excitation: In the ex- 
treme relativistic case (1) simplifies 
to 


4U=E, An, (4) 


where 4dn,=n,—1. If we now identify 
4U with the electron-muon energy 
gap~10* ev and overestimate E, by 
E, the energy of the incident electron, 


(4) becomes 
E>10°/4n,. (5) 


Finally we require the observation 
that dn, can be significantly different 
from zero, even at these enormous 
frequencies, in a “medium” provided 
by the vacuum polarization in the vicin- 
ity of anatomic nucleus. Ata distance 
of approximately one (electron) Com- 
pton wavelength from the nucleus, 
the Euler-Kockel theory” should still 
be a qualitatively reliable guide; on 
this basis one can estimate that 


dn, ~ - vas Za (6) 
180 


where Z is the nuclear charge. At 
Z=10, for example, 4n,~6X10~°. In- 
serting this estimate back into (5), we 
finally obtain . 

E>1.6X 10% ev. (7) 


The Cerenkov self-excitation could 


therefore drive a direct electron-muon 
conversion at very high energies.” If 


this process has a significant cross 
section, one could expect observable 
consequences in the structure of high- 

energy cosmic-ray cascades. 


1) I. Frank, J. Phys. (U.S.S.R.) 7 (1943), 49. | 

2) D. Bohm and M. Weinstein, Phys. Rev. 74 
(1948), 1789. 

3) Y. Nambu, Prog. Theor. Phys. 7 (1952), 595. 
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4) S. Weinberg and G. Feinberg, Phys, Rev. 
Letters 3 (1959), 111, 244. 
J. L. Ferreira and Y. Katayama, Prog. 
Theor. Phys. 28 (1960), 776. 

5) H. Euler and B. Kockel, Naturwiss. 23 
(1935), 246. 

6) See also M. L. Good and W. D. Walker, 
Phys. Rev. 120 (1960), 1855. 


Nucleon-Nucleus Scattering and 
the Choice between Sets of 
Nucleon-Nucleon Phase Shifts 


Alvin M. Saperstein 


Department of Physics 
University of Buffalo 
Buffalo, IN.Y., U.S.A: 


January 9, 1961 


It has become fairly common prac- 
tice to use the elastic scattering of 
nucleons from nuclei to differentiate 
between various sets 
nucleon phase shifts.’” 


of nucleon- 

The usual 
procedure is to use the impulse ap- 
proximation to calculate a nucleon- 
nucleus optical potential and then to 
obtain the scattering polarization from 
this potential in first Born approxi- 
mation: In effect this gives the scat- 
tering resulting from the direct 
‘interaction between the incident 
nucleon and one nuclear nucleon, 
the nucleus then recoiling as a unit. 
If the scattering angle is sufficiently 
small, it is assumed that the effects of 
being off the energy shell can be 
neglected and the nucleon-nucleus 
scattering amplitude can then be ex- 
pressed in terms of free nucleon- 


nucleon scattering phase _ shifts. 
Sakamoto” has carried out such a 
calculation at several energies in an 
attempt to distinguish between the 
phase shift sets given by meson 
theory,” by Gammel and Thaler,” and 
by Signell and Marshak.” The pur- 
pose of this note is to point out that 
multiple scattering effects can be ex- 
pected to 


obscure the differences 


between polarizations calculated with 
different sets and hence make choices 
based upon the Born approximation 
unreliable. 

At 150 Mev, the predicted polariza- 
tion is the same for all three phase 
shift sets at scattering 
angles less than 5°, so that an ex- 
perimental choice between the three 
calculations of Sakamoto” is only 
possible in the range 5° to 15° where 


laboratory 


the predicted polarizations differ by 
about 0.1 and the experimental points 
range from 0.4 to 0.6.” Over this 
angular interval, the meson polariza- 
tion rises from 0.3 to 0.5, the Gammel- 
Thaler polarization goes from 0.4 to 
0.6, and the Signell-Marshak curve 
goes from 0.5 to 0.7 so that the 
Gammel-Thaler phase shifts are pre- 
ferred if the Born approximation 
polarization is to be believed. 
However, over this same angular 
interval, absorption effects due to 
multiple scattering can decrease the 
Born approximation polarization by at 
least 0.1, bringing the Signell-Marshak 
curve down so as to give an excellent 
fit to the experimental data and drop- 
ping the Gammel-Thaler results below 
the data.” At 90 Mev, absorption effects 
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are expected to be even greater, the 
effect decreasing with increasing 
energy.” One could then assume that 
it is the Signell-Marshak phase shift 
set which is now to be preferred. 
However, it would be wiser at this 
time, before multiple scattering effects 
are more thoroughly understood, to 
make no such conclusions and to rely 
on additional free-nucleon scattering 
data which is becoming available for 
a differentiation among the different 
sets of scattering parameters. 


1) See, for example, Y. Sakamoto, Prog. Theor. 
Phys. 24 (1960), 783, and references listed 
therein. 

2) A. M. Saperstein and D. Feldman, Nuovo 
Cimento 14 (1959), 457. 

3) S. Otsuki, Prog. Theor. Phys. 20 (1958), 171. 
W. Watari, Prog. Theor. Phys. 20 (1958), 181. 
R. Tamagaki, Prog. Theor. Phys. 20 (1958), 
505. 

T. Hamada, J. Iwadare, S. Otsuki, R. 
Tamagaki and W. Watari, Prog. Theor. 
Phys. 22 (1959), 301, 566; 23 (1960), 366. 

4) J. Gammel and R. Thaler, Phys. Rev. 107 
(1957) )ea2Ole 33% 

5) P. S. Signell and R. E. Marshak, Phys. 
Rev. 109 (1958), 1229. 


Elastic Seattering of Fast Electrons 
by the Helium Atom and the 
Interelectronic Correlation 


Mitio Inokuti 


Department of Applied Physics 
Faculty of Engineering 
University of Tokyo, Tokyo 


January 20, 1961 


The cross section for elastic scatter- 


ing of fast electrons by the helium 
atom given by the Born approximation 
is calculated by using some accurate 
wave functions describing the ground 
state of the atom. It is the purpose 
of this work to examine the dependence 
of the results of the Born approxima- 
tion on the choice of the ground 
state function. This study is also an 
extension of that of Huzinaga,” who 
recently pointed out the importance 
of the problem. 

The Born approximation gives the 
differential cross section 271I(0@) sin 0dé 
for elastic scattering into the small 
angle element dé near 6 of an electron 
with the incident energy E by the 
atomic potential V(r) as 


[sin(Kr)/Kr] 
Kr 


1) =4)| 


he 


0 


where K=2)/2E sin(0/2) and all the 
quantities are expressed in the atomic 
units. The potential V(7) is given 


in terms of the normalized ground 


state wave function w(r, r.) as 


v= f{[ sa 2 : | 
lars, we) tdridre (2) 


The following analytic ground state 
functions are used in our calculation: or 


1) Correlated closed shell” 
uw, ~ exp[ —1.8497 (71+ 12) |] 
x (1+0.3658 712). 
2) Correlated open shell” 
Uz ~ (14+ P,,) exp(—1.4367,— 2.208 7-2) 
xX (14+ 0.29247,,). 


The calculated differential ctoss 


ee 
Vir)r'dr'\, 
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section strongly depends on the ground 
state function only at small scattering 
angles and so we give our results for 
6=0 in the Table. It should be not- 
ed that J(0) is independent of the 
incident energy according to (1). 
For convenience, we adopt the dif- 
ferential cross section J,(0) for @=0 
calculated from the simplest (un- 
correlated closed shell) function 
uy ~ exp| —1.6875(71 +12) | 

as standard and give [(0)/1,(0) for 
and wz, in the Table. The value of J,(0) 
is 0.49327 in atomic unit. Further 
Huzinaga’s result obtained from the 
uncorrelated open shell wave function 


ug a! +P») exp(— Te) T1— 2.184 73) 


is also included in the Table for 
comparison. The symbol Py, in the 
expression for uw, and uw; means the 
operator interchanging the space coor- 
dinates r,, r, of the atomic electrons. 
To indicate the accuracy of various 
functions, the non-relativistic energy 
as well as its precision compared 
with the exact non-relativistic eigen- 


value —2.90372” is also given in the 
Table. 


Table I 
Pena | energy (precision) I(0) /Ip (0) 
uy  —2.84767 (98.0696%) i 
u | —2,89112 (99.2217%) 1.0447 
U, | —2,90142 (99.9208%) 1.2714 
us | 2.8756 (99.0316%) 1.367 


Now it is well known that the 
observed scattered intensity at small 
scattering angles is much greater than 
that calculated from the simplest wave 


function w according to the Born 
approximation.” For instance, the 
observed value of I(0) is I(0)/1,(0) 
~1.5 for the incident energies 
350~700 eV. The discrepancy has 
been ascribed to the neglect of polariza- 
tion of the helium due to the incident 
electron.” However, Huzinaga sug- 
gested that considerable improvement 
of the theoretical value could be 
brought about by the use of the more 
accurate function w; within the Born 


approximation. 
As shown in the Table, our calcula- 


tion based on the functions « and 
uw, Which are more accurate than zw, 
gives smaller values of I(0). In view 
of our result, Huzinaga’s conclusion 
turns out to be too optimistic, though 
qualitatively correct. The reason for 
the large value of 7(0) obtained from 
uz; is that ws has a too long tail at 
the outer parts of the atom, which is 
necessary for taking the interelectron- 
ic correlation into account within 
this restricted functional form. On 
the other hand, the functions wz and 
uw, describing the correlation more 
precisely yield smaller values of J(0). 
In particular, the value calculated from 
wy should be regarded to be the most 
accurate. Consequently, the improve- 
ment of the theoretical differential 
cross section by the use of accurate 
functions is not so remarkable as 
Huzinaga claimed, although the choice 
of the atomic wave function is im- 
portant to evaluate accurate values of 
cross sections. 

The author wishes to thank Mr. K. 
Katsuura for helpful comments and 
checking calculations. 
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On the “ Nagoya Model” of 
the Elementary Particles 


Nikola St. Kalitzin 


Institute of Physics 
Bulgarian Academy of Sciences 
Sofia, Bulgaria 


January 24, 1961 


Gamba, Marshak and Okubo” have 
observed that, at least as far as the 
weak interactions are concerned, the 
three baryons A, N, P are equivalent 
to the three leptons /, e7, », in the 
sense that any reaction permitted or 
observed for one of the two groups 
is permitted for the second and con- 
versely. It is remarkable that the 
three baryons entering the Gamba, 
Marshak and Okubo principle are the 
fundamental particles of the Sakata- 
Okun model. On the basis of this 
principles Z. Maki, M. Nakagawa, Y. 
Ohnuki and S. Sakata” have propos- 
ed a unified model of elementary par- 
ticles (called “the Nagoya Model ’’) 
in which the three basic baryons are 
supposed to be composed of a matter 
B* together with », e~ and /” respec- 
tively. So they denote 

P=(B*»), 


Nex ier), 
A= Bye». 

It is also supposed that separation 
of a baryon into B* and lepton is 
very hard or may be impossible. So 
they write (p. 1178): ‘We have de- 
scribed a new model of elementary 
particles which, unifying all elementary 
particles into the three leptons (», e7 
and #-) and a new kind of matter B*, 
could account for the existence of 
three basic baryons (P, N and A) 
strongly interacting in charge in- 
dependent ways”. 

In 1955 and 1956 I have proposed 
and investigated a composite baryon 
model in 3), reported 4) and 5), and 
in 6), reported in 7). In this model 
the nucleon is supposed to be com- 
posed of a very heavy boson (called 
“ nuclonid’”’) and a fermion with spin 
1/2 (called “ electronid”’). The hy- 
perons are excited states of the nucleon 
(of the system nuclonid-electronid) in 
this model. The stability of the nucleon 
against fission in nuclonid and elec- 
tronid is guaranteed by a very great 
mass defect in the system nuclonid- 
electronid. The interaction between 
the nuclonid and the electronid in 
nucleon is due to the K and other 
mesons. To this model I have applied 
the Heitler-London theory of the 
hydrogen molecule and have found an 
explanation for the repulsion between 
nucleons at very short distances, and 
for the stability of the @-particles. 

There are many differences between 


the “ Nagoya Model” and mine which - 


consists chiefly in the conformity of 


the ‘“ Nagoya Model” with the princi- - 


{cee Teen ae i “ : 
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‘ ples of Gamba, Marshak and Okubo 
ta on the one hand and Sakata-Okun 
on the other. (My model was given 
before the establishment of this prin- 
ciples). Nevertheless the basic idea 
consisting in composing the nucleon 
and the A-hyperon of a nuclonid (or 
B* matter) and a fermion-electronid 
(or v, e~ and #7) is almost the same 
in the both models. Therefore it 
would be better to call the “‘ Nagoya 
Model” the “ Sofia-Nagoya Model”. 


1) A. Gamba, R. Marshak and S. Okubo, Proc. 
Nat. Acad. Sci., USA, 45 (1959), 881. 

2) Z. Maki, M. Nakagawa, Y. Ohnuki and S. 
Sakata, Prog. Theor. Phys. 23 (1960), 1174. 

8) N. Kalitzin, Izv. Bulg. Akad. Nauk., Seria 
Fisitcheska, Vol. 6 (1956), 13, summary in 
German. 

4) P. Roman, Physics Abstracts 62 (1959), 
7Al, 9944. 4 

5) V. S. Barashenkov, Referativnij Journal, 

Fisica 7 (1958), 15030. 

6) N. Kalitzin, C. R. Acad. Bulg. Sci. Vol. 10, 
INOse 1851957): ah 

7) V. S. Barashenkov, Referativnij Journal, 
Fisica 5 (1958), 10148. 


Double Dispersion Representation 
of Vertex Function 


Kunio Yamamoto 


Department of Physics 
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We denote the three external lines 
of the vertex function by A, B and C, 
and the corresponding mass variables 


by 2, 2, and z3, and the lowest thre-' 


sholds of the three particles A, B and 
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C by a, b and c, respectively. 

In the present note, we shall prove 
that, if one of z's, say 21, is. real 
negative, the vertex function F(2i, 22, 
23) satisfies the following double dis- 
persion representation, 


F(21, Z25 23) 


Ass (21 > o3, co; ) 


(o;’— 22) (o3'— 23) , 


(1) 
The representation (1) makes use of 
the information derivable from the 
local commutativity and the mass 
spectral conditions. 


co co 
1 c 
ou 2 2 
yey | do, { ao, 
4 $2 J 


. 
c2 


As is well known, if two of 2s, 
say 2, and z,, are real negative, for 
the vertex function the following dis- 
persion relation holds, 


o 


His 
F(z, 225 23) =| des 


2 As(21, 22, o3) 


2 
Og —23 


(2) 
For fixed o;°, the absorptive part 
As(21, %,03,) defined by (2) is an 
analytic function of z, and zg, and has 
the integral representation in the 
form” 


T 
c2 


BNSt os Oe) = \ dm,dm,dmyz 

“X G(os, 1, M2, Ms) 

X A? (21, 22, Os; M1, M2, Ms), (3) 
where A” is the absorptive part of 
the lowest order perturbation theory. 


The non-vanishing region of the weight 
function ¢ is” 


¢=0 unless 
(m2, —0, mM = 0, ms; — 0, M+ M,N, 
M+ m3 = a, ms3+m, = b. 


(4) 


Pe rer ae re ENS) WSR hues 
eS yon « Do cmv : v5 ” 


— 
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The concrete expression of A” is” 


X+ Y"? 


p— 2 —1/2 
A?=[A(z1, Za, 03°) | log er yaa? 


where 
X=2m; +03 — (23+ 2.+m7+m,") 
—"(2, > 23) (mf — ms) /oF (5) 
and 
Niel (OR eae Gin VAM 5 Wigs. Te) Os 
with 
A(z, y,z)Ha'+57+27 
= 2( ry-+-ye+22)- 


From (5), we easily see that A” can 
be rewritten as 
a+e 
Ar= \ de 


a—B 


2 [LZ C55 o2, o; ) be 
2 


> 
Gg 2s 


where 
a=m; +m (z1—ms— ms ) 
xX (o3?— my—m.’) / (2m?) 
and (6) 
s=LL (21; My", Ms ) 
x A(m2, m2’, o3) }?/ (2m). 
If z, is real negative, @ and are 
real positive, and a—/ becomes mini- 
mum at 
‘m3 (o3— my — M2’) 
+m, (z1— m2— ms) =0, (7) 
as a function of o; defined in © >¢;° 
>(m,+m,)’. Inserting (7) into a—f, 
we see that the minimum value of a—? 
is (ms+m.)?. The minimum value of 
(ms+m1)? in the region (4) is, of 
course, 0°. The above discussions are 
sufficient to complete the proof of the 


double dispersion representation (1). 


(21 


1) K. Yamamoto, Prog. Theor. Phys. 25 (1961), 
361. 
G. Konisi and K. Yamamoto, Prog. Theor. 
Phys. 25 (1961), 461. 


The Equivalence of Hamiltonians 
of Holstein-Primakoff and Dyson in 
Spin-Wave Theory in 
Ferromagnetism 


Takehiko Oguchi 


Tokyo University of Education 
Otsuka-Kubo-machi, Tokyo 


January 27, 1961 


The Heisenberg model of a ferro- 
magnet is described by the following 
Hamiltonian, 


H=9eH Y Se39 5S. See 


<l,m> 


Here the notations are those that are 
commonly used. Following Holstein 
and Primakoff,” we express (1) by the ve ‘ 
creation and annihilation operators of 
spin deviation as follows, ee 


16 =9pH Y} (S—ar* ai) 
HOF DCS ai" ai) (Sant Ge 


Rpm? ; j s 

+S( fai dn fn tar fifndm) |, 2) oi 
where | a 
f2d—a*u/2Zs soe 


We have calculated” the spontaneous ~ 2) 
magnetization from (2) by the spin- i 
wave method taking account of the | Bis 
spin-wave interactions as the perturba- 
tion and obtained the same result to 
the first order in 1/S as Dyson’s” 
which is regarded as rigorous at low 
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temperatures. Now we shall show 
that (2) can be reduced to Dyson’s 
Hamiltonian J6, by a simple transfor- 
mation so that (2) is completely equi- 
valent to J6p. 

Let us transform 26 by a non-unitary 
matrix T as follows, 


H'=T? KT, (A) 


where #6’ is expressed by aj’, a'*, etc. 
instead of a,, a,*, etc. ; a,/ and a,’* are 


defined by 
Cy) AC = Lie Oe els GD) 


and they satisfy the following com- 
mutation rule, 


aes Am |=; me (6) 
We note that a,’ and a’* ‘are not 
Hermitian conjugate to each other, 
therefore 36’ is not Hermitian. The 
eigenvalues of 36’, however, are the 
same as those of 36. We introduce 
the operators a, and a,* in the forms 
OH = Cl —a,* @,/28) ae a 
a,!* st el —a,* a,/2S) ore (7) 
where a, and a;* satisfy the follow- 
ing relations, 
Oa, a’, (8) 
[a,, Bn” |= Or re (9) 


Using (7) to (9), 36’ can be written 
as follows, 


He ' = NopSH— NzJS?—gpH Lay 


+25 32 (04* aq) (a, ay) 
<0, m> 


sy ay Ge (a; ae) a (10) 


<l,m> 


This is perfectly in agreement with 


US. 


A similar method can be applied to 
antiferromagnetism. We use the 
operators a, @,* defined in (7) for + 
spin sublattice and Bn, 2n* which are 
derived from the annihilation and 
creation operators bn’, On’* of the spin 
deviation for —spin sublattice as fol- 
lows, 

Dat = (1 ~ Bm™ Bm | ae ; 
2S 


* 1/2 
BEN De x6) tee Ee J) aah 


[Bae onan tes Oairere (12) 
Thus the Hamiltonian can be written 
as 

I! = —z|J|NS?*—KNS? 
+2|91S 2a (aj* a; +-2..* Bea 


2; Bn +O,” Bm) 
+qpH(— 2 a,;* a+ pz ee Bn) 
+ 2s(1—1/28) 
x Co HX A Bin id 
—|J| pa (ay +2 8h") 7 2 
—K( oS eel ea y= Bar ee)y 
U m 
(13) 
where H is directed along the anti- 
ferromagnetic axis, and « is a constant 
proportional to uniaxial anisotropy 
energy. It is a very interesting prob- 
lem to obtain a ground-state energy 
from (13). 
The author thanks Dr. Yoshiharu 
Kitano for his helpful discussions. 
1) T. Holstein and H. Primakoff, Phys. Rev. 
58 (1940), 1908. 
2) T. Oguchi, Phys. Rev. 117 (1960), 117. 


3) F. J. Dyson, Phys. Rev. 102 (1956), 1217, 
1230. 
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‘On the Critical Scattering of 
Neutrons 


Hazime Mori and Kyozi Kawasaki 


Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 


February 6, 1961 


Van Hove” proposed to describe 
the inelastic part of the critical scat- 
tering of neutrons by a ferromagnet by 
introducing spin diffusion, and argued 


‘that the diffusion constant of spin 


would be zero at the Curie point and 
would increase linearly with temper- 


ature in the vicinity of that point. 


De Gennes” gave a very concise theory 
of critical scattering and calculated 
the diffusion constant. However, his 
treatment, although very ingenious, is 
still phenomenological in nature and 
a microscopic basis of his theory re- 
mains to be elucidated. 

In this short note, we shall give an 
expression for the diffusion constant 
in terms of the correlation functions 
of certain spin operators, and calculate 
jt adopting the Heisenberg model of 
ferromagnet. 

First define the Fourier transform 


of spin operators, 
S(k) = din Sm expl[ik- Rn], 
and consider a time-displaced correla- 
tion function of the z-components of 
two spin operators, 
({S*(—k), S*(ky )}), 
where the curly bracket means the 


symmetrized product. 
Above the Curie temperature and 


in the absence of external magnetic 
field, we have the following identity : 
Sk), ok; t)} > 

Se Cid (Ie )y 35. Ue) 


t 


== | dr@e—1){S*(—), $12), 


0 


(1) 
where the dots imply the differentia- 
tion with respect to time. The in- 


tegrand on the right-hand side is the 
correlation function of torques acting 
upon the respective spins and is some- 
thing like the correlation of forces 
acting ona particle performinga Brown- 
ian motion. Our basic assumption 
here is that the correlation function 
of torques decays very much faster 
compared with the macroscopic relaxa- 
tion caused by the diffusion process. . 
Then, if the time ¢ in Eq. (1) is com- 
parable with the macroscopic relaxa- 
tion time, the right-hand side of Eq. 
(1) reduces to 


eo 


= 1 ded {S*(—h), $*(h, *)}). (2) 


On the other hand, the diffusion 
constant A is related to the left-hand 
side of Eq. (1) for small values of k 


-as follows :® 


—th AC {S*(—k), S*(k)}).  B) 
Thus, equating Eqs. (2) and (3) leads 
to the following expression for the 
diffusion constant : 

5 ik 
=| 
A= PASO) 
x | aed {S*(—B), SC, DF). 


0 
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The use of the equation of motion for 
spin operators further reduces this ex- 
pression to the following: 


LEER SAO 75,0) \CUY 
x J (p) J (Q{F(p), F(q, )}); 
(4) 
where 
$0(0) = T= SOs) 2 


F(q)=(S(q), S(—4)} 
~({5(q), S(—@)}), 
JQ = dim J. mp OXp[iq: (R,,—R,) ], 


where Z is the susceptibility of the 
system, % the paramagnetic suscepti- 
bility of an isolated ion, and S the 
magnitude of spin of an ion. The 
Fourier transform of the exchange 
integral J(qg) will be assumed to be 
the parabolic form with the cutoff at 
Q=Qm defined by gn?/6z7= N/V. Thus 
the problem is reduced to the calcula- 
tion of the 
appearing in Eq. (4). 

_ Inthe absence of any reliable method 
to calculate this correlation function, 
we have assumed the Gaussian decay : 


no[-4(4]] 


Then, Eq. (4) leads to 


LOLs =o(-2t 
3 h 


x ( es 6) 


correlation functions 


) S(S1) (eles 


2 


“kL y o ZY 
= : = cot , 
FY) + Pr ROR Ye er y ¥ 


and «,, r; are the parameters charac- 
terizing the static correlation of spins, 
which have been calculated by Elliott 
and Marshall.® The magnitude of ex- 
change integral between nearest neigh- 
bors, and the lattice constant have 
been denoted by J, and a. The decay 
constant t, is nearly constant with 
respect to temperature. Thus the 
temperature dependence of the diffusion 
constant in the vicinity of the Curie 
temperature is determined by the 
inverse of the susceptibility %/%= 
(x, r1)*, which is in agreement with 
the phenomenological theories of van 
Hove and de Gennes. 

Explicit calculation of Eq. (5) has 
been done for iron in the neighbor- 
hood of the Curie temperature, assum- 
ing 200°K for J), and replacing «, and 
r, by the observed ones obtained from 
the elastic part of the critical scatter- 
ing of iron.” Thus, Eq. (5) yields 


A=0.9X10"°(T—T;) cm’/séc, 


which is about one half of the obsery- 
ed value,” but is reasonable consider- 
ing the uncertainty of the quantities 
&,, 7 and the exchange integral. As 
a matter of fact, a factor of two can 
be easily restored by using another 
set of values for these quantities still 
consistent with the experiments.” 

Detailed account will appear shortly. 

The authors wish to express their 
thanks to Professor T. Matsubara and 
to Professor K. Tomita for their 
enlightening discussions and en- 
couragement. 
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P-Wave Resonance in Pion-Pion Scattering 


Miwae YAMAZAKI 


Department of Physics, Tokyo University of Education, Tokyo 
(Received December 17, 1960) 


Pion-pion scattering in the 7=/=] state is treated by the Tamm-Dancoff method. By 
making an approximation in which configurations containing up to three particles of meson 
and nucleon pair are taken into account in the 4th order pion-pion interaction kernel, 
the existence of resonance is concluded. By adjusting the coupling constant g?/4z between 
pion and nucleon so as to fit the pion-pion scattering length a=0.1~0.3y73 in the 7=/=1 state, 
we have found the resonance level of 600~400 Mev and resonance width of 140~40 Mev, 
which is quite consistent with what adopted by Takeda et al. in their theory of the 2nd~3rd 
maximum in pion-nucleon scattering and also by Frazer-Fulco in the explanation of isotopic 
vector magnetic form factor of a nucleon. We adopt g?/4z=6.1~6.8, which is somewhat 
smaller than the conventional one. This small coupling constant is interpreted as due to 
the inclusion of the effects of scattering and annihilation.of a virtual nucleon pair. 


§ 1. Introduction 


The resonance formula for p-wave pion-pion scattering has been obtained theo- 
retically by Miyamoto,” recently. This formula was derived by solving Chew- 
Mandelstam’s equation, and predicts the location of the resonance level and its 
width as the function of pion-pion scattering length a. He has also shown 
that the same formula can be deduced from the chain approximation taking 
the Hamiltonian as —27a(¢.9,02—$09,a)* for the p-wave interaction. 

In the present meson theory, pions can be considered to interact mutually 
through the virtual nucleon-antinucleon pair formation and annihilation. In 
the above Hamiltonian, the nucleon loop is replaced by a point interaction. 
However, it seems to be worthwhile to investigate the pion-pion interaction 
taking into account the effects of virtual nucleon pair. As for the p-wave scat- 
tering, we can calculate the matrix element for the process going through 
nucleon loop, for example, for the process of Fig. 1, without ambiguity, because 
it does not involve any divergence. Igi and Kawarabayashi” calculated the 
matrix element for the process of Fig. 1, by using the perturbation and k/M- 
expansion (& is the pion momentum, M the nucleon mass), and obtained the 
attractive potential for the J=/=1 state. We try to calculate the matrix ele- 
ment for the pion-pion scattering in the better approximation than the lowest 
perturbation theory, and to see whether or not the existence of resonance level 
can be derived on the basis of the ps meson theory. 

For this purpose it is desirable to solve the Bethe-Salpeter equation for 
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the process of Fig. 2. However, it is not easy to do so even approximately. 
If we performed it by the expansion to power series of k/M, there would ap- 
pear a divergence, and the cutoff of a virtual momentum should be introduced 
to get a finite result. Then it has a quadratic dependence on the cutoff mo- 
mentum. In order to avoid the difficulty of sensitive dependence on the cutoff 
momentum, we employ another more powerful method, such as the Tamm- 
Dancoff method, which was extensively used by Dyson-Bethe-in the problem of 
pion-nucleon scattering. The advantage of our method is that we are free 
from any divergence. In this method, we make also the following approxima- 
tion, namely for the 4th order pion-pion interaction kernel, we restrict the 
configurations of states to (2,0), (1,1) and (0,1), where (m, 2) represents 
the configuration containing ™ pions and 7 nucleon pairs. Then the potentials 
for pion-pion scattering which should be taken into account are those shown 
in Fig. 3. These interaction kernels involve the scattering in the J=/=1 state ~ 
in the main, because they always contain as the intermediate state the state 
(0,1) which can be in 4S state. In our approximation of Fig. 3 there is only 
a small amount of J=O state, since J=O state involves (0,1) states of *P, °*P2 
which contribute less than °S by the centrifugal penetration factor. There- 
fore, this approximation is favourable for taking up only the J=/=1 state. If 
we want to treat the scattering in J=0, or 2, it is necessary to include the 
state (2,1) at least. 


ft aN ka —ksg 
ee Wi eal \ ' \ | | \ | 
\ A \ A A 
A A Er NOG: uy 4 
ene [_| 
at 
fa ! 
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: ; ‘ ki —k/ 
Fig. 1. Feynman ve ‘ ‘ 2 
diagram for the Fig. 2. Feynman Fig. 3. Diagrams for the 4th order pion-pion 
lowest order pion- diagram for higher interaction kernels which are taken into 
pion scattering pro- order  pion-pion account in our approximation. 
cess. ' seattering process. 


§ 2. Equation for scattering amplitude and its solution 


We start from a set of Schrédinger equations for a,\"™ : 


CW ee Gee en) Q, m., n\ HH" |X, m’, n’) ay, ™, (1) 


Mm! nr 


where a," is the amplitude corresponding to the configuration (m, 2) in the 


expansion of Schrédinger functional ¥ in terms of the eigenfunctions of number 
operator, i.e. 
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P= Sala, m,n), (2) 


Xm, 7 


and nem is the energy of the state |, m, ). 2 represents the momenta, spin 
and isotopic spin of particles which are involved in that configuration. W is 
the actual total energy of the system. We adopt as the interaction Hamiltonian 
= 99" 0x7 ba. After we deduce the integral equation for the amplitude a,” 
which has the 4th order interaction kernel corresponding to the processes 
shown in Fig. 3, we separate the equation for the J=/=1 state, by using the 
expansion of a,” in terms of the partial wave amplitudes a/(k, ho), 


ao Ss » (21+1) P, (cos) P’a,"(k, ko), (3) 


where P’ is the projection operator for the isotopic spin state J, and k, & are 
the magnitudes of momenta in the c.m. system of the intermediate and incoming 
pions, respectively. The integral equation for a,'(k, ky) is 


> ‘ty L,/ ,/3 , 
(or anar(k, ke) =—G*_| dR ER” T(k, k; ky) ahlk’, hs), (4) 


Wr Wy 


where 


SS dE,V E,’— M?(2E,’+M’) 
pV Ey t+RY Ey +k? (E,—«) (Ept+ V EZR +0,.—2) * 


*(E,AV Ey +R? +e — 200) 


yCepe i) =| 5 


M 


CARS hee Ro), (5) 
ri ho Seige 1 ed pk 2 

SG ay a oe nist ( BRET ores 6 
0) 5 oF 24M? E,2+k +( y+ > ( ) 

W=Zar: 

and 
2 2 

4 
G=( g ee 7 
And Ox? Y 


I(k, k'; ko) is the integration corresponding to nucleon-antinucleon loop. Its 
integrand is expanded in powers of (pk/E,2> +R)? and (pk'/E,’+k”")*, and 
A(k, kh’; ko) represents the power series in these expansions. In the following 


calculations we take into account up to the second order terms in A(A, Bek 


but the contributions from the second order terms can be shown to be the 
order of several percent of that from the first term. 
For the non-singular amplitude /(A, ko) introduced by 


ail(k, be) =0(W—20,) + Po —FUk, be), (8) 


_ the equation is obtained as 
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SEGIH TG opt Oe | EE Se ae 
DO ee i E: ae ee 
(9) 
and scattering phase shift 0 is given by 


f(y, by) =— tan d. 
wT 


In order to solve Eq. (9) we rewrite it as 


is doy bE T(k, k’ 5 ky) TR, kos ko) ep py, (100) 
FC, ho) =1+G| xr (Wx — Oo) I(k, Ro 3 ho) 


kko 


Wz 


F(R, Ro =—f(k, k)/G I(k, Ros Ro)- 


Here we notice that the dependence of I(k, k’; ky) /I(R, ko; ko) on & is very small 
as shown in Appendix I; so, we can neglect this dependence with good ap- 
proximation. In this case, F(k’, kj) becomes independent of k’ and we can 
immediately write down the solution of Eq. (9) as follows, 


ee Ca eee ral (1) 
Ox 
where 
( d@we Ik, RICE, Bo) E 
J R; k = > (12) 
( 0) - Wx) (wx mie Wo) I(k 5 ho) 


and I(k, k’) is the abbreviation of I(k, k’; k)). The solution has the same form 
as the solution obtained by the variational principle of Schwinger. The inte- 
gration on £, in I[(k, &) and the integration on k’ in J(k, &) are both diver- 
gence free, and we can evaluate them without making use of any cutoff pro- 
cedure. 


§ 3. Results and discussions 


I(Ro, Ro) and J (ko, ko) are calculated numerically, and the results are shown 
in Figs. 4 and 5 respectively. It is noticed that the value of J(h, &) is con- 
siderably large. If we adopt 9’/4t=15 (G~10), GJ(k, k) becomes always 
larger than 1, and the pion-pion force becomes repulsive, though it is attractive 
in the Born approximation. Then the resonance phenomenon does not take place. 

These circumstances seem to depend. on the treatment of nucleon loop. 
Because the nucleon pair can be in the *S state for p-wave pion-pion scattering, 
they would be in short distances and interact with considerably strong and 
unknown forces. These interactions, which correspond to the exchanges of 
many mesons between them and to the annihilation of them into four or more 
mesons, are not taken into account in our approximation. And yet it might’ 
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Fig. 4. I(ko, &o) obtained by numerical Fig. 5. J (ko, ko) obtained by numerical 
integration on Ey. calculation of the &’-integration in 
G2): 


be impossible to treat these effects of virtual nucleon pairs correctly in the 
present field theory. In the treatment by Miyamoto, the effects of scattering 


{and annihilation of virtual nucleon pair are included in the scattering length 


a. In our case, it is considered that these effects diminish the value of g°/4z 
effectively. This circumstance is similar to the case of pion decay, for example, 
where it was necessary to suppress the effects of virtual nucleon loop in order to 
obtain an adequate value for the lifetime. According to the idea of Miyamoto, 
we will determine the value of effective coupling constant so as to be given 
the experimental value to the scattering length. The scattering length is defined 
as a function of g’/4z, as follows: 


Dee Ge De 
hee me IR OEN CR OS Us) 


When a value is given to a, the effective coupling constant is decided as the 
function of a. .By analyzing the experimental data on one pion production in 
pion-nucleon collision, Rodberg” has given ; 


a= 02a 


When we adopt a=0.1~0.3/%, the magnitude of g’/4z is decided as shown in 
Table I. At this time, the resonance takes place. The resonance energy 2, and its 
total width /’ (against an abscissa «) can be obtained and are also given in Table I.* 
The values in parenthesis are those that are obtained from the resonance formula 
by Miyamoto. 2, and /’ in Table I are consistent with the values assumed by 
Takeda® and Itabashi at el.” or Frazer and Fulco.® In the former, 2w,~600 Mev 


* After the calculation reported here was performed, we found in the reports of the Ninth 
Conference on High Energy Nuclear Physics in Kiev that the cross section of pion-pion scattering 
had also been calculated on the basis of the Tamm-Dancoff approximation by Silin and Tamm, 


and that the resonance in the /=/=1 state had been found at~500 Mey only with g?/4z=5. 


*Yable- Ii. 
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was assumed for the interpretation of high energy maximum in Pe 
scattering, and in the latter, 2v,~500 Mev and /’~60 Mev were assumed in the 
analysis on the structure of nucleon. These results show the possibility that 
the pion-pion force can be explained on the basis of the conventional ps meson 
theory. 


Table I 
a(p-*) g?/4z 2w, (Mev) T (Mev) 
0.1 6.1 600 140 
0.2 6.6 455 | 50 
| 
0.3 6.8 400 | 40 
(0.24) (560) (130) 
Table II 
ee en nn eee en eae 
1 age 1.4 M | 15 M 
ese, PO MRS VES a NE oe 4 00 2M 3M 00 
a (3) | 0.13 | 0.16 | 0.19 0.21 0.29 0.45 
20, (Mev) | 630 | 569 | 510 | 510 440 390 
T’ (Mev) | 200 | 140 | 95 90 55 30 


Instead of using the effective coupling constant, we can use the cutoff 
procedure in order to suppress the effect of virtual high energy nucleon pair, 
while 9?/4z=15 is retained. We introduce a cutoff Hypa, phenomenologically 
instead of taking into ac- 


count the virtual annihila- 2w, -- 
tion of a virtual nucleon (Mev) 
_ pair. We interpret 2E naz 700 | 

as a radius within which 

a nucieon and an _ anti- eens 

nucleon are annihilated. 

We select the values. of 

Loe ANd Was SO as to Sel 

give the reasonable value 

for the scattering length inant 

a... For the :cases of Ey. 

=1.4M and 1.5M, and ple ce aS aye yar a Gn) 


for some values of War, a 


is calculated as shown in Fig. 6. Relations of 2, to a. Curve (a) corresponds to 


that given in Table I, (b) and (c) to those of Tone old 
and 1.4M, respectively, given in Table II. (d) and (e) 
are those obtained from the resonance formula by Miya- 
moto with the cutoff momenta 2M and M, respectively. 


The resonance 
level 2w, and the width 
/’ are also given in Table 


OE a 


e* 
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Il. As it was anticipated, the results depend considerably on the value of Enax, 
while the apparent independence on Wya, indicates the dominance of low energy 
part in the pion-pion scattering. By making this analysis with cutoff, we find 
that the resonance level is almost uniquely determined, so long as we take the 
cutoff Ea, SO as to give an experimental scattering length. This analysis also 
confirms our philosophy of polology. 

The relation of 2w, or [’ to a in this case with cutoff is consistent with 
the case of Table I. Fig. 6 graphically shows the relation between a and 2w, 
which are given in Tables I and II. Curve (a) corresponds to the case given 
in Table I, which is obtained by changing the magnitude of g’/4z. Curves 
(b) and (c) correspond to the cases of Emazx=1.5M and 1.4M, respectively, 
given in Table Il. ‘The starting points of these curves are those for Wnac=©. 
Curves (d) and (e) are those that are obtained from the resonance formula by 
Miyamoto with the cutoff momenta 2M and M, respectively. 


§ 4. Conclusion 


As mentioned above the simple meson theoretic treatment on p-wave pion- 
pion scattering gives the plausible results for resonance when the effects of 
virtual high energy nucleon pair are included in g’/4z or scattering length a. 
The effects of virtual high energy nucleon-antinucleon interaction in the *S 
state should not be predicted by the present meson theory, but these effects 
which occur at relatively high threshold energy 2M can be included approximately 


in the scattering length a in accordance with the principle of polology. Then 


the remaining p-wave pion-pion scattering can be treated rather correctly in 
the present meson theory, if we limit ourselves to low energy scattering prob- 
lem. As is shown in Fig. 6, the resonance level is almost uniquely determined 
by the value of the scattering length. Accordingly, it is desirable to decide 
the scattering length a accurately by the experiments of pion production by 
pion z+ Noz+2+N. 
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tion F(z’, &) in Eq. (10) become independent of k’. Fig. 7 shows the k-depen- 
dence of I(k, k’; Ro) /I(k, ko; &) for wm=24 and k’=0, M, and 2M. In the 
k/-integration, most contributions are given from the region up to k'~2M, 
where the change of I(k, k’; ky) /I(k, ks ko) with & is very slow; so, this de- 


pendence may be neglected in good approximation. 


Appendix I 


If we include one more configuration (2, 1) in the 4th 
order pion-pion interaction kernel, the kernel of type 
shown in Fig. 8 must be taken into account in addition 
to those shown in Fig. 3. In this case, [(k, k’) becomes 
to be replaced by I(k, &')[1+ (E,—a@)/(2E,+o,+0n— 
2m)]|. It is estimated as a result of this replacement 
that the magnitudes of g?/4z in Table I are decreased by 
about fifteen or smaller percent in the approximation 
treating the pion energy a, as to be small compared 
with the nucleon energy £,, and all above mentioned 
but the magnitude of g?/4z remain unchanged. 
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Considering the quantum statistical electrodynamics, we prove an identity which corre- 
sponds to Ward’s in quantum electrodynamics. In the course of the discussion, an emphasis 
is put on the periodicity properties of the functions which appear therein. 


§ 1. Introduction 


In the recent developments of the quantum statistics, the techniques of the 
quantum field theory have been applied extensively. These applications are 
made possible by the observation of the formal analogy between the partition 
function and the S-matrix. Indeed, Matsubara” was the first to show that the 
Feynman-diagram technique could be successfully applied to the perturbation 
expansion of the partition function. The point was.to reduce the calculation 
of the trace to a kind of contraction procedure. In those works along this 
line of thought, attention has been concentrated mainly around the non- 
relativistic systems. 

When we tackle the relativistic systems, we confront with a difficulty, the 
ultraviolet divergence which is familiar in the quantum field theory. Also in 
the case of quantum statistics, one may expect to bypass this difficulty through 
the renormalization procedure. The discussion of the renormalization presents 


some interesting problems, which we shall work out in a separate paper. As _ 


a preparatory step, we show in this note the parallelism between the quantum 
electrodynamics (Q.E.D.) and the statistical quantum electrodynamics (S.E.D.) 
with respect to the gauge invariance which, as is well known, plays an impor- 
tant role in the renormalization programme. In the course of the preparation 
for the publication of our work, we found Fradkin’s paper on the same subject.” 
Because of the difference in the method of attack, we think it worthwhile to 


publish our work, too. 
§ 2. Temperature-Heisenberg picture 


Let us begin with the field operator F’s(x) in the Schrédinger picture and 
hereby define the temperature-Heisenberg operator on the one hand: 


F(x, c) =p) Fs() 0), (221) 
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with density matrix defined by 


s 
ry. o(c) =exp[— (H—#N)=], (2-2) 
: and, on the other, the usual Heisenberg operator : 
Rix Hee Flee, (ena) 


where -, ¢t, H, N and y are the inverse temperature 1/AT, time, the total 
Hamiltonian, the number operator (negaton number minus positon number), 
and the chemical potential, respectively. Then, the temperature-derivative of 
F(x,7) is connected with the time-derivative of F(x, f) : 


- SECS es) =p "'(7)[H—yN, F(x) |e(<) 


=p-!(r) et jee t) —plN, F(x, ‘)}} et o(z). (2-4) 


Keeping this equation in mind, we can interpret the relations among the usual 


Heisenberg operators into those among the temperature-Heisenberg operators 
by the correspondence : 


els 


F(a, 2) 7-2 F(x, 1), (2-5) 
Oz Ot 


when the operator / commutes with the number operator N. 
Then, the equal-temperature commutators in S.E.D. can be written down 


easily, e.g. 
| Ane, eis 2 A, (x’, =) |=0,.0(2— 2), 
[W(x 7), jo(x’, 7) J=ep(x, 7)d(x—x’), ' (2-6) 


LA Ge <4 foley.) 10, 


where A, and y are the field operators for photons and electrons, respectively. 
The current operator j. satisfies 


. D jJi=—CA,, 
- with ae 
= a 1s at . 0° past 0° ; ea ) 
D4, 9.25 On" Om, ope 


In the same way, the equation of continuity in Q.E.D., 


3 ea: 0 
Jn +——jo=0 . 


hg 4 Ear. 
Mae ) %= (2, Ly, Xs), and t=2, we write simply (x, t4)=2. The Latin index appearing twice 
implies the summation over it from 1 to 3, the Greek index from 1 to 4. 


(continued on next page) 
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implies 
fe] fe] 
i Soars cher eer 
OF, pe org Jo 
or, with the notation c=2, ijp=ju, 
Cui 
——j, (xz) =0. (2-9) 
Oz. 

Now, to establish an identity in S.E.D. which corresponds to Ward’s in 
Q.E.D., we here follow Nishijima’s formalism developed for Q.E.D.® The basic 
equation is the following relation among the temperature T-products : 

O,T[A,(2x), A,(2’), +, vy), FO"), ] 
=— Fiz), Ailes 34h) s FODe ] 


—~_*__ T[A,(2'), =, bly), ¥O"), 


0A,,(2) 
where 
0 
—_—_—A,(2’')=0,,0(2—2z’'), (2-10) 
0A,(2) athe ) 
and 


4 
O(2—2')= I 6(x2,—2,;,’). 
pat 


Making use of Eqs. (2-6) and (2-9), we can eliminate j, and arrive at 


2 sae TAD A). Oh FO) 


pies % 
fe) 2) ayn 
ane ee a la AC). oe, 5 of (2-11) 
Fe aa cs) T[A,(2’) vy), v9"), J 
As special cases, we get 
2a; T[A(2), 4(2'))=-— 02-2), (2-12) 
OX, Ox, 


* 2) If j, were defined to be the current operators solely of the electrons, this equation would 
sometimes lead to apparent contradiction: Take the statistical average [cf. Eq.(3-2)] of both 
sides of this equation, then the right-hand side vanishes identically since (A,(x)) is independent 
of x, while the left-hand side (the 0-th component) does not in the case that «<N)#0. Thisets 


not so surprising.. Because we are dealing with the infinite homogeneous system, the non-zero 


charge density makes the electromagnetic field mathematically indefinite. To avoid this difficulty, 
there is a quite natural way, i. e. to define the current operator as 
Fp =F 2-65, LP) 


where the first term, j,2”?= (ze/2) Id, 7,?], is the contribution from the electrons and the second 
term is that from the back ground ions (the total system is assumed to be neutral). 
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<2, TTH2), vy), 4,(9) J=ie[O(2—y) —8(y— 2’) TIVO), FOI. 


7 


(2+13) 


§ 3. Green functions 


Some remarks are in order about the periodicity properties of the Green 
functions in ‘S.E.D. 
The Green function for a photon in S.E.D. is defined by* 
D,,' (2-2!) =(T[A, (2), 4.(2')])—-(4, (2) KALLE) ), (3-1) 
(Ossa7 ae 8), 
where the statistical average of an operator Q is defined by 
(OQ) Tr[e()Q)/ Trl) J, (3-2) 


with the temperature of the system T and #=1/kT. From these definitions, 
it follows immediately that 


D,,(%, p—7)=D,,'(x, mete for OSSe S25, (3-3) 
and especially, 
Dy, Cx, i= Da (xs 0). 


Taking these properties into account, 
we can extend the Green function all 
over the real x,-axis in such a way that Pod \ 
it becomes a periodic function with the 
period . This situation is shown 
schematically in Fig. 1. —B =o B—r B tA 

Now, the statistical average of Eq. 
(2-12) gives Fig. 1. 


for the open interval —§<2,—2,/<f. The derivatives of the left-hand side 


of this equation at x,—2,/=+f are determined by the periodic extension of 
D,,,’, and consequently 


where 


(3-4) 


* Because of the chemical potential, Furry’s theorem does not necessarily hold. So, we 
keep the second term, which, however, does not depend on x and 2’. 
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is the periodic extension of 0(2,) with the | s' 
period 3.* J | 

In the same manner, we define the yea 
Green function for an electron: 

1 Seah 
S’(a—2')=CT (v(x), ¥(2z'))), Si 0 B—t B “as 
USES Se ees op (3-5) os 

Due to the relation which stems from the : 
definition itself, Fig. 2 


S’(x, 8—7)=—S'(x, ie) for O78, (3-6) 


we can extend this function “anti’’-periodically all over the real x-axis. This 
situation is shown schematically in Fig. 2. 


§ 4. Identity corresponding to Ward’s 


Let : 

fku, 0) =(T[v(2), #2’), 4.0), (4°41) 

where the space-coordinates are suppressed in the left-hand side and 
U=Li—- a, Vs ', 

then, we can establish the following property from this definition (Figse.3): 


fut, v)=—f, Ce, v) \ 
—B<u, v,ut+P<f, 


fOr (2,0) el, ie. 
—P<utyv, utvte<F, 


and f.(u, v+8)=—f,(u, v) es 
—P<u, v, vt+8< 


for (0) el} ie. 
—B<utv, utvt+p<B,, 


As before, we can extend the function Eq. (4-1), all over the (w, v)-plane with 


the aid of these “anti ”-periodicity properties. 

Now, we take the statistical average of Eq. (2-13). The periodicity 
properties of the left-hand side described by Eq. (4-2) tell us that the ¢-functions 
in the right-hand should be replaced by its “ anti’-periodic extension :** 


5 = b 
* It must be taken for granted here that \ 8 (x4) f (tq) dx4=1/2-f(0) for b>a=0 or 0=b>a. 
a 


This 6,-function acts on the periodic functions with period @(the functions with “even” frequencies, 


see Eq. (4:5)) as if it were the usual 6-function. 
*& See the footnote above. This 6,-function acts on the “anti”-periodic functions [the func- 


tions with “odd” frequencies, see Eq. (4-5)] as if it were the usual 6-function. 
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aa! RiGZ jae 
0,(x2) =4(x) : 34 exp| —i = ) | (4-3) 
| nr 


=—-o 


The vertex function I’, is connected 
with the function defined by Eq. (4-1) : 


(Tl(2), ¥(2'), 4,(y)]) 
=ie|S'(x—2)T(E—7, CS Cla 2) 


x Dn! (G@—y) dsdydt —S'(a—2x'KA,(y)), 
(4-4) 


where, for example, 


xe.) 
F 
8 
+ 
8 
b 
8 


( i= (a8, | a4, | | dee 
jas fas fas far as 


We may note here that the periodicity properties of the left-hand side, Eq. (4-4), 
are consistent with those of the right-hand side. As is shown in the Appendix, 
the vertex function has also the “ anti’’-periodicity properties and can therefore 
be expanded into the Fourier Series, 


1 2 +0 +0 ° ‘ 
Tr’ net | Sat iy dx'T ! 
MOS lrg ipa p\dp'T.(p, P') 
x exp|—ipx—ipinx,| exp|—ip! x’ —ipsm zi | (4-5) 


with the “odd” frequencies : 
pa= (n+), (k=n, m). 


Making use of Eq. (3-4) to eliminate D,,’ in Eq. (4:4), we obtain, since 
the second term in Eq. (4-4) does not depend on y, 


< |S%a—8) FTG 9, y-O)S'(C— 2) dé dy 


=S'(y— 2) 0(2—y) -S'(a2—y) 0 (y—2'), (4-6) 


where we have made an integration by parts with the aid of the fact that 
T',(¢—4, 7—€) is a periodic function of 7, with the period 2. We define the 
Fourier coefficients of S in a manner similar to Eq. (4-5), then Eq. (4-6) 
yields 


iS'(p) (p—p'),T.(p, p')S'(p') =S'(p')—S'(p), \ 
or ip—p'), TV, pOS(S ple LS oo 


4 4-7 
where, as is seen from Eq. (3-6), ais 


ae aa ome 
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p= (2n+1) —, pi = (2n' +1) gag Oe ee ea 
t t 


This is just the quantum statistical analogue of the generalized Ward’s iden- 
tity.” Of course, our result, Eq. (4-7), coincides with Fradkin’s.” 
Appendix 


In this Appendix, we show that the vertex operator I',(p, p’) has odd 
frequencies, p, and p,’. We begin the proof by adding to the Hamiltonian a 
term due to the external source” J,(2): 


Hex(2)=—e | J, (2) 4,(2) de. (A-1) 


We assume that the electron Green function S[.J|z, ¢], which includes the effect 


of the source, has its inverse such that 
\Sl7lx, ISL 1s, y]dF=0(a@—y), (OS, SP). (A2) 
Then, the vertex operator is given by 


apn oe SEs eA Thala) A-3 
T.(a—-z,z—-y) ae A o)S [J\z, ¥] (A-3) 


This equation can be rewritten as 


P,(2—2, 2-9) =—|9*(2—4) jlim —S[J\e4]} 8g») 4 dy, 


30 OCG od, (z)) 
(Ase) 


where the electron Green function is given by 


S'(2—§)= lim S[J|z, $1, 
J> 
S(2-—S)= lim Sli aoe e1; 
J> 


According to Eq. (A-4), the periodicity properties of T',(u, v) with respect to 
u=x“4,—z, and v=2,—ys4 are governed by S~ 1¢¢—€&) and S’!(y—y) in the 
right-hand side, respectively. 

Now, as is shown in the text, S’ is “anti’’-periodic with pare Bavttieny 
we can see from Eq. (A-2) that S’~ 1(€—y) is also “anti “-periodic, because 
this function has the variable y in common with the @-function in the right- 
hand side which must be replaced by the “anti” -periodic 0, in the limit J->0, 
S[J|z, €}oS'(a—§). This completes the proof. 
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Extending the usual framework of the quantum theory, we have succeeded in getting 
a new mathematical framework. The most essential character of the usual theory is preserved 
in the new theory, that is, the set of physical quantities can be represented by an operator 
algebra in a separable Hilbert space. In the new theory, on the other hand, we can rigorously 
treat the interaction Hamiltonians, which cannot be treated in the usual framework. In our 
new framework there are always solutions of the Schrédinger equation for any Hamiltonian. 
However, the most serious defect of our theory is in the fact that we have no guarantee 
of the uniqueness of solutions. 


§ 1. Introduction 


The outline of the mathematical framework of the usual quantum theory 
is as follows. For any physical system there is a separable Hilbert space $, and 
every physical quantity is represented by an operator a in and every state 
by a vector Ye of norm 1. The expectation value of a ina state ¥ is given 
by the inner product (V7, a/). The change of the system with time can be 
described by a one-parameter group U(¢) of unitary operators, and in the 
Schrédinger representation Y(t) is given by ; 


Wiry= Ut) FO): (Lady 
Stone’s theorem indicates that there is a self-adjoint operator H in such that 
i(d/dt) U(t) = HU(t), U(t) =exp(—7Ht), (1-2) 


and H is called the Hamiltonian of this system [ref. 1), p. 598]. Since U(¢). 
are unitary operators in §, it is possible to use the Heisenberg representation 
and consider that physical quantities change with time in accordance with the 


equation 


a(t) =U“ (4) a(0) U(@), (1-3) 


and that states are unchanged. 
On the one hand the usual mathematical framework of the quantum theory 


is in harmony with the physical contents of the theory, and at first sight it 
seems to be almost impossible to separate these two aspects of the theory. 
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But, on the other hand, there is little room for doubt that the improvement 
of the framework is inevitable in order to deal rigorously with the* quantum 
theory of interacting fields. This is due to the fact that, because the usual 
interaction Hamiltonian H cannot be an operator in §, U(¢) cannot be a one- 
parameter group of unitary operators in §. In fact, if U(¢) is to be physically 
meaningful, it should be continuous in some sense. But, since $ is separable, 
even the weak measurability of U(z) implies the strong continuity of it. Namely, 
if (¥,, U(t)¥.) is measurable for any two vectors ¥,%,€, U(t)¥ is strongly 
continuous in § for any ¥€ [ref. 1), pp. 74, 598], and there is a self-adjoint 
operator H in § which satisfies Eq. (1-2). This means that, when we deal 
with the interacting fields, U(z) in general cannot be weakly measurable, and 
the incompetence of the usual framework is obvious. 

Now we must seek for an extended framework which, on the one hand, 
preserves most of the essential character of the usual theory and, on the 
other hand, enables us to overcome the above difficulties. In our opinion, that 
the set of physical quantities at a time ¢ forms a *-algebra is the most essential 
part of the usual theory, and this almost inevitably implies that the *-algebra 
is represented by an operator algebra %f in a separable Hilbert space %.” 
Therefore, in this paper, we accept this assumption from the outset, and fur- 
thermore we consider the set 8 of bounded operators instead of Y for brevity’s 
sake. It is well-known that 8 forms a B*-algebra [ref. 1), pp. 22, 160; ref. 3) ]. 

As to the definition of “state,” however, there is much room for improve- 
ment. The most essential role of a state is that it. is a linear functional on 
8,” and it is rather secondary in importance that a state f can be represented 
as 


Flav=(Y, a¥), a&B, Veh, ||¥\|=1. (ia) 


With due attention to this point, we assume that a state / is ai positive linear 
functional on 8 but not necessarily written as in Eq. (1-4). Further we 
assume that a state f is of norm 1, namely 


SUPjjaj<i| f(a) |=1. 


This is nothing but to assume that f is continuous. Let the set of all these 
functionals be S. Then it is clear that functionals in S are not necessarily 


written as in Eq. (1-4), but it is known that the set S of linear functionals 
of the form 


(a) = oy (Y;, aF), . >) FAP=1, (1-4’) 
is everywhere dense in S in some topology [ref. 4), p. 300]. Therefore it is 


very natural to assume that a state can be represented as a limit of a sequence 
of functionals f,(a) = (Pn, aP,), n=1, 2, ++, in some sense. 


ee 
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In order to treat the extended notion of states on the line parallel to the 
usual one, we introduce a non-separable Hilbert space , in which is con- 
tained. Then we can show that 8 is isomorphic to a B*-algebra B of bounded 
operators in §,' and that every state fcan be represented by a vector Wes as 


f(a) =(¥, a¥), acB, VeH, ||'¥||=1. (1:4) 


Consequently it is possible to say that our new framework is a natural exten- 
sion of the usual one. 

All the above arguments refer to a system at a time ¢. Now it is neces- 
sary to introduce a one-parameter group U(t) of unitary operators which satis- 
fies Eq. (1-2) in some appropriate sense. As stated above, it will be impos- 
sible to define such U(t) in §, but the obstacle disappears in $. In fact, even 
if U(z) is weakly measurable, namely, even if (V,, U(z)¥V.) is measurable, U(¢) 
is not necessarily strongly measurable, and Stone’s theorem does not hold. 
Hence, though U(¢) is an operator in $, H in Eq. (1-2) is not so in general. 

The fact that U(¢) is an operator in § and not in § is most significant 
in our new theory. This implies that the unitary operator U(t), which de- 
scribes the change of the system with time, does not belong to &, that is, 
U(t) is not a physical quantity and not “observable” in the original sense. 
Therefore, in our theory, the Schrédinger representation is more adequate than 
the Heisenberg one. In fact, since 


a(t) =U (t)a(0) U(t) (153%) 


is an operator in § but cannot belong to &%, the problem becomes troublesome 
in the Heisenberg representation." On the other hand, the equation 


V (4) =U(t) ¥(0) (1-1) 


has a clear-cut meaning in our theory and causes no trouble. 


§ 2. Non-separable Hilbert space 9 


As a preliminary we begin with a definition of a /-Limit of any bounded 
sequence. Let € be a bounded sequence of complex numbers, that is, 


E={a,;n=1, 2, ++}, supla,|<+™, 
n 


and m be the set of all these sequences. By defining addition and scalar multi- 
plication by 


E4t7= {an} ae {Bn} a {@n+ Bn} >| (2 “1) 
| a 


as=a {Qn} = {aa,} > 


+ In this paper we use symbols of bold face letters in order to indicate that they refer to 
§ and not to 9. 


++ When we consider the Lorentz invariance of the theory, it becomes clear that the interaction 
representation is most adequate, but, in this paper, we do not enter into this problem. 
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and the norm of € by 

||F || =sup|@,| > (2-2) 
m becomes a Banach space [ref. 5), pp. 11, 53]. Let ¢ be the set of all elements 
of m each of which has a finite limit lima@,. Then c is also a Banach space 


and is a closed linear subspace of m [ref. 5), p. 11}. 
In this paper we use the following conventional notation : 


0= (0, 0, oo 1= {1, ile Ries 


J 
by S =1Ga) a, == teal, 


|F|= {lan 

where @ is the conjugate complex number to a. Further we write 
M={&; eM} 
for any subset M of m. €={a,} is said to be real if all @, are real. It is 
said to be positive and we write 20, if a,>0, n=1, 2,---. If a linear func- 
tional # on m or ¢ satisfies the condition that ¢<>0 implies 4(¢)—=0, then + is 
said to be positive. 
Put 


fo(s)=lima,, €={a@,}ec. 2-3) 
1U-> CO 


Then /4 is a positive linear functional on ¢ of norm 1, and, by extension, we 
can get a linear functional ” on m of norm 1 by virtue of Hahn-Banach’s theo- 
rem [ref. 6), p. i111]. Now we shall show that / can be taken to be positive. 
Theorem 1. There is a positive linear functional » on m which is an 
extension of [ and of norm 1. 
Proof. Putting 


Bi =B+1, BEA Visa ems 
and 
Mo= 4 ; fo(F) =0, F ech, 

we can show that B,; is an open convex set, and that BOM =6. Let wee 
and M," be the subsets of all real elements of m, B, and M,, respectively. It 
is easy to show that m* becomes a Banach space over the real number field, 
and that M,” is a linear subspace of it. Furthermore, B,” is open and convex 
in m* and B,“M M,"=¢. Hahn-Banach’s theorem indicates that there is a closed 


hyperplane M* which contains 4” and does not intersect with B,” [ref. 6), 
p. 69], that is, 


M?2M.2, B® M®=¢. (2-4) 


Let M be the linear subspace in m which is generated by M®. Then M is a 
closed hyperplane in m, and M=M. Further, Eq. (2-4) implies that 


M>M, “By wMae (2-4') 
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In other words, there is a continuous linear functional # on mt which is 
an extension of /, and M is defined by the equation “(¢)=0. It is obvious 
that, if € is real, “(¢) is real, too, and that 

WE > Or on B,”. (2-5) 
Put 
Bn(¢) = Min {Max((a,/|l€||), €), A@—€)} 
for some 0, and 1/2>€>0. Then 
9 (E) =18n(€)} € B®, 
and 7(€)—¢/|lF|| as €>0. From Eq. (2-5) and the continuity of y, it follows 
that ¢>0 implies “(¢)—0, that is, is positive. 

Lastly we shall prove that ||v||=1. As #(1)=1, we have ||u\|=1. Con- 

versely, if €€B, and |a|=1, then 1—ase«B,, and 
|#(1—az) |=|1—apz(S)|>0, 


namely |#(€)|A41 on B. This means that |“(¢)|<1 on B, that is, ||#||<<1. 
O-E: D: 
Now we can define a y-Limit of any bounded sequence by the equation 


p-Lim a,=p-Lim(¢) =4(F), §= {an}, (2-6) 


and this #-Limit plays an essential role in the following. 

Lemma 1. Jf €>0, then the two equations p-Lim(¢)=0 and p-Lim(s*) =0 
are equivalent to each other. 

Proof. We can assume that ||¢|| <1 without loss of generality. Since 
1>a,>0, a> (a@,)? and #-Lim (¢) =/Lim (¢). Thus, p-Lim(¢) =0 implies 
p-Lim(€) =0. Conversely, if #-Lim(s*) =0, then for any real @ : 

o< (1—aa,)’?=1—2aa,+a’(a,) i 
and 
0 < p-Lim (1 —a@a,)?=1—2ay-Lim a, +0" p-Lim (@,)*=1—2ap-Lim @, .. 
Thus p-Lim a,=0. Q. Pal 


Lemma 2. 


p-Lim (|¢|) = |#Lim (¢) |. 


Proof. Let the closure of B, be (B,)*. If Fe(B,)’, then the real part of 
p-Lim(¢) is not negative. If ||| <1, we can show that |¢|—*¢(B;)°. Put 


p-Lim (¢) = |/-Lim (¢) | exp (74). 
Then |¢|—€ exp(—74) belongs to (B,)", and 
p-Lim (|€|—¥ exp (—7#) ) = p-Lim|¢|— |#-Lim (¢) | 


is real. Therefore, 
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p-Lim (|¢|—¢ exp (-74) ) =0, 
that is, 


p-Lim (|¢|) = |#-Lim (¢) |. OLED. 


— 1/4 


Now we shall show that we can define a non-separable Hilbert space 9, 
which can be regarded as an extension of the separable Hilbert space . Let 
w be a bounded sequence of vectors in $, namely 


= {P, 5 ie De veh sup||Y,,|| ee 400, 
nm A 


and 2 be the set of all these sequences. By defining 


1 2 fap 1 pgs © rd r 2 
vte'= {Py} + {Fr} = (Pe +7 7},) 


r (2-7) 
awn=a {Pn} = {al > ) 
2 becomes a linear space. 
Lemma 3. Put 
2Q= {w; \lo||=0}, |lol?=4-Lim(¥,, ¥,). (2-8) 


Then 2) ts a linear subspace of 2, and 2/2, is also a linear space. 
Proof. Lemma 1 shows that, if weQ, then »4-Lim||¥,|/=0. Further, from 
Lemma 2 and the positiveness of /, it follows that 
[Lim (Yt, Pn?) |S p-Lim| (Pt, F,’) | 
Sp-Lim (!F,'| -!P,711) S (4Lim||¥,"])) -sup|!¥,7|| . 
Thus, for every pair of {¥,"}, {¥,7}€Q,, 
Lim (£,', le) =0, 
and 
peLim(e, +2,7, PY +0,") =0. QO. Neel). 


Theorem 2. Let @€2/2, be the class containing w. Then we can define 
an inner product (',@°), and 2/2, becomes a non-separable pre-Hilbert space. 
Proof. The proof of Lemma 3 shows that, if {¥,'}¢€2, then 


f-Lim (£,, ,,”) =0 
for every {¥,"}«€2. Therefore, we can uniquely define an inner product by the 
equation 
(0, o*) =/-Lim(Y,', Pe), ee: Ea’, PM, Eo", (2-9) 
and we can show that (', 6°) is an inner product in a proper sense [ref. 1), 
p. 17], that is, 2/2 is a pre-Hilbert space. The non-separability of 2/2 can 
be easily shown. Q.E.D. oe | 


Let the completion of 2/2 be §. Then % is a non-separable Hilbert 
space, and we write $, with a subscript ” in order to express explicitly that 


. tril Sh in te 
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$ is defined by using the functional 4. In the following we write W=({¥,} 
when We is a class containing the sequence {¥,,} for the sake of simplicity. 
Since the set of sequences {/, /,---}, €, is isomorphic to §, can be 
regarded as a subspace of $. For any element a in %, we can define an 
operator @ in § by the equation 


aV= (a¥,}, (2-10) 


and it is easy to show that a is also a bounded operator and that |!a\|=|lal|. 
We denote the set of these operators by &, and it follows that B is iso- 
morphic to 8. It is obvious that any state f, which is the limit of a sequence 
of functionals {(¥,, a¥,)} in a sense, can be written as in Eq. (1-4). Thus 
we have succeeded in getting a new framework as stated in § 1. 


§ 3. Physical consideration 


In this section we shall consider the main features of the physical contents 
of our new theory. A state f which is given by Eq. (1-4”) differs essentially 
from that in Eq. (1-4) in the following sense. Since f is a continuous hnear 
functional on %, it can be split uniquely into two parts f; and /:, where /; is 
a linear functional on a subset YC% of all completely continuous operators, 
and fy is orthogonal to & [ref. 3), p. 49; ref. 7), p. 396], namely 


fafhithe, Ries foes. (ei) 


Since f; can be represented by Eq. (1-4’), it belongs to the same category as 
the states in Eg. (1-4), that is, f; is the same state as those in the usual theo- 
ry. On the other hand, /; is of very different nature, and the following example 
shows the difference clearly. Let e be the unit element of %, {%;; 7=1, 2, ---} 
be a complete orthonormal system of 9, and P; be a projection on each one- 
dimensional subspace generated by /;. Then 


filey= fill, fo( Pi) =9, g=1, 2, -- 
Therefore, ‘though e=P,+ Fi") 


fre) = SAP). 


At first sight this seems to be very curious. Nevertheless it is possible to 
consider that this feature is rather appropriate for the representation of the 
state of a particle accompanied with the cloud of the so-called proper field. 


For example, there is a state V, in which we may say that all states ¥;, 7= 


1, 2, -:, are equally probable. 
When a Hamiltonian H is not an operator in ), a one-parameter group 
U(t) of unitary operators. can be defined as follows. In general, H can be 


represented by the equation 
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= Sha, | (3-2) 


where h; is a self-adjoint operators in $. Put 
U.() =exp(-iH,), H= Dh. (3-3) 
Then we can define U(t) by the equation 
U(t)V= (U,(t) Pat, (3-4) 


and it is easy to show that U(t) is a one-parameter group of unitary operators 
in $. By formal differentiation, we get 


i(d/dt) (Ut) ¥, aU(t) ¥) =(U@)Y, [a, H|U() WY), (3-5) 


where 


AY= {H;%,, H,%,, ---}. (3-6) 


Thus we may say that U(t) satisfies Eq. (1-2) in a sense and that it is the 
required one. It is, however, necessary to note the following two points. 
First, in order that Eq. (3-5) may hold, the two operations i(d/dzt) and s+Lim 
must be commutative. Secondly, HW does not belong to $ in general, and the 
right-hand side of Eq. (3-5) is merely a formal inner product. 

When the renormalization is necessary, the situation becomes more compli- 
cated, but the essential character of the problem remains unchanged. Let 
Ayree(mo) and Hin(e@o) be the free Hamiltonian and the interaction one respec- 
tively. Putting 


HA = Tyee (1tto) + Hine (20), 
and 

lim Fine (€o) = Hine (eo) 5 
we get the sequence {U,(¢)}={exp(7H,t)}. Now we must renormalize the 
mass and the charge in each U,, and each U, should be written by the observed 
mass m and the observed charge e, instead of 12) and e). Then we must take 
the #-Limit of this renormalized {U,}, and we get the desired one-parameter 
group U(t) of unitary operators in $. As m and e are definite, m and e 
should have definite values m2” and e” corresponding to each H,. But it is 
not necessary that the sequences {/2"} and {e,"} have finite limits which are 
not equal to zero. In fact, it is very plausible that e">0 as no, that is, 
Ayu (éo") 0. If this is the case, we cannot write the Hamiltonian in an ex- 
plicit form. But this is no matter to us, because U(t) is defined completely 
without using’ such a Hamiltonian. 

Moreover, our theory has several formal advantages. For example, in 

Dirac’s positron theory, two kinds of vacua %) and W, coexist in . Asa 
matter of fact, if Ye is the vacuum in which no electron exists in any posi- 


oe en a end 
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tive and negative energy state, then the vacuum W,e% in which all the negative 
energy states are occupied can be represented by 


Lae ; F 
y= Po, HaF, A, A, a Fo, vaah 


where a,;,i=1, 2, ---, is a creation operator of an electron in a negative energy 
state and a, is a normalizing factor. There is another example. As the Ham- 
iltonian H is not necessarily an operator in §, the so-called zero-point energy 
causes no difficulty. In fact, even if H=a@,+a,+--. =+ 00, 


U(t) = {exp(—7H,p)}, H,=a,+a,+::-+a,, 


properly defines a one-parameter group of unitary operators in 9). 

All the above arguments show that our new framework is wide enouen 
to contain the present quantum theory of fields. Unfortunately, it is too wide, 
and it contains many unphysical contents. Before we can apply our theory to 
a concrete seine: problem, we must solve several problems: Which of the 
infinitely many %, has a physical meaning |see the Appendix]?; do the different 
representations at HT in Eq. (3-2) give the same result toa he eA problem ? ; 
and so on. All these problems will be studied on another occasion. 


Appendix 


In this Appendix we shall show an example of reasonable extensions of 
/, which is uniquely defined in a subspace nDc of m. We believe that every 
physically meaningful functional should coincides with this. extension on n. 
Let < be an operator on m such that 


Se eerily, Ay) Ay. y = (Os a =e (A-1) 
Then < is a linear operator and ||r||=1. Put 
Kk 
f= (Lie) ee (A-2) 


l=1 
for any fem. If {¢,} has a limit in m, we denote it by ¢., namely 6,2 nate 
mas k->co. Let mbe the set of all elements each of which has a correspond- 
ing ¢.. Then we can show that 1 is a closed linear subspace of m, and that 
itD>c. We can also show that, if € is “ periodic” or at least “almost periodic, ” 
it belongs to n. Since |lzj/=1, ¢,>*. implies 7¢,7¢., that is, Fé€1t implies 


sSén, and <$,=%a, because 


k 


k tL 
[7o4— Sell =(1/k)|) = HE y 1c! S|| = (1/k) |ie*E —24|| 0. 
1 


Therefore, ¢.. is constant, and we write 
pot (A-3) 


Putting 
ee eon, SSE Tt, (A-4) 


Pease Cah ts toe eee 
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we can define a functional 4, on n, and it is easy to show that / is an ex- 
tension of /. / is a positive linear functional of norm 1 on n, and we can 
extend it on m, getting such a functional on m. It is obvious that 4 is a 
reasonable extension of /, and we may rather say that /; is a “mean” of §, 
instead of a “limit.” In fact, “% corresponds to the so-called Hélder’s sum- 
mation (H,1). We shall be able to utilize any other method of summation, 
but we do not know which of these methods is most suitable for our purpose. 
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A general formalism is given in order to investigate the type of the AK-A-nucleon and 
.-Y-nucleon couplings together with the AKAzz interaction by applying the Cini-Fubini 
approximation to the Mandelstam representation for the A-nucleon scattering. By taking 
suitable combinations of invariant amplitudes for A+-p and K+-n, we are able to isolate 
the effects due to the isospin independent and dependent type of the KAzz interaction. 
Necessary experimental data which make the independent determination of these coupling 
types possible are suggested. 

We discuss in particular a simple method which allows us to determine the isospin 
dependent AKzrz interaction and then propose a suitable experiment for it. 


§ 1. Introduction 


The dispersion relations for the scattering of K-mesons by nucleons, as 
important clues for interpretation of K-meson data, were first written down by 
Sakurai,” by Amati and Vitale? and by the present author” in order to deter- 
mine the type of the K-coupling and the magnitude of the coupling constant. 
Preliminary attempts to apply the dispersion relations to the fixing of the K- 
meson parity, by making use of a few data available at that time, were made 
by Matthews and Salam,” by Goebel” and by the present author.° 

The dispersion theoretical approach indicates that a repulsive K~-p potential — 
unambiguously leads to scalar K-mesons while an attractive A’-p potential 
favours a pseudoscalar type of the K-baryon coupling, if we assume the relative 
parity of the 4 and 3 hyperons to be positive and take the K-p potential to 
be repulsive. The special difficulties caused by the presence of the unphysical 
region due to the absorption of K~-mesons by protons below the threshold 


were then investigated in detail by the analytic continuation of the physical 


amplitudes into the unphysical region with extensive use of the perturbation 


theory for the various possible parity scheme by Tuan: 
Now there is some evidence which seems to indicate the existence of the 


KKza interaction. For instance, pion production was reported” in K* colli- 


* This paper was submitted to the University of Tokyo in partial fulfillment of the requirements 


for the Doctor’s degree. 
+ Present address: Tokyo University of Education, Tokyo. 
The address from this September: Department of Physics, University of California, Berkeley, 


California. 
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sions by protons at 220 Mev above the threshold for elastic scattering. Some 
calculations have been successfully carried out? using the mechanism of KKrz 
interaction which can also be expected to occur theoretically from the Feynman 
diagram through the virtual nucleon-antihyperon closed loop. Such an inter- 
action, if it does exist, will play an important role in various strange particle 
reactions, such as K-nucleon scattering, K-hyperon production, and so on. 

In a previous paper,’ we investigated the KKzz interaction from the view- 
point of the Hamiltonian formalism in which the K-meson was considered to 
be scattered via the exchange of two pions between the nucleon and the K- 
meson. 

By applying the above theoretical scheme to the A-nucleon scattering, we 
have arrived at the conclusion that the AAzz interaction of both isospin in- 
dependent type and isospin dependent type are amalgamated into the direct K- 
hyperon-nucleon interaction to play an important role in the three K -nucleon 
scatterings. 

The above-mentioned dispersion theoretical approach, however, is not alter- 
ed even when the KKzz interaction exists, since the forward scattering ampli- 
tude arising from the KKzz interaction* is isospin independent and so was 
dropped from the dispersion relations used before; hence the above dispersion’ 
theoretical approach is not suitable for investigating the AAzz interaction. _ 

In this paper, we shall derive a formalism for investigating the AKKaz 
interaction simultaneously with the A-nucleon-hyperon interaction by applying 
the approximation introduced by Cini and Fubini.” They considered that only 
the contributions from the singularities of the scattering amplitude near the 
physically interesting range of variables need to be taken correctly into ac- 
count, while the contributions from distant singularities can be expressed in the 
form of polynominal. expansions. Such an approximation applied to the K- 
nucleon scattering amplitude postulated by Mandelstam leads to the fixed 
momentum dispersion relations. in the energy variables which are valid at low 
energies, and allow us to estimate the AAvzz interaction via KK- resonating 
pions NN. 

The effect of pion-pion resonance on low energy pion-nucleon scattering 
was successfully investigated by applying the same method by Bowcock, Cot- 
tingham and Lurie.” By confining our considerations to the suitable combi- 
nations of invariant amplitudes for K*-p and K+-n, we can separate the effect 
due to the isospin independent and dependent type of the KKzz interaction. 

In order to investigate the isospin dependent KKaz interaction the S-wave 
threshold behavior is powerful while the P(3/2) state threshold behavior is 
useful to get information about the isospin independent KKzz interaction. 


* We take the standpoint that the isospin independent K*Krjz; form can exist as a basic 
interaction from the renormalization requirement and that the isospin dependent (K*70,K—0,K*rK) 
x (xT0,x) type of interaction comes from the effective interaction of the closed loop. 
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§ 2 is devoted to the kinematical considerations, § 3 to the fixed momentum 
transfer dispersion relation for the K-nucleon scattering by applying the Cini- 
Fubini approximation to the Mandelstam representation, and § 4 to the calcula- 
tion of the weight functions by making use of unitarity. In §5 the general 
discussion is given for determining independently the direct interaction and 
KKnz interaction and necessary experiment for the purpose is suggested. In 
-§6, a simple method which allows us to investigate the isospin dependent 
K Kaz interaction in the near future is suggested and an appropriate experiment 
is proposed. In §7 some final remarks are given. 


§ 2. Definition of variables and kinematical considerations 


We will consider a K-nucleon scattering as given in Fig. 1. Let the four- 


vector momenta of the incident and outgo- 
ing K-mesons be &, and &, respectively, 
while those of the initial and final nucleons 


ub 
Q= tk) are p, and p, Let us define the Lorentz 
invariant variables 
pareve (2+1a) 
Fig. 1. (Tiare (pi—ke)’, (2-1b) 
: p= — (hj kb), (sIe) 


which are just the square of energies in the center-of-mass system of the follow- 
ing three reactions : 


I) Pith pot ks (K+N>K+N), (2 -2a) 
I) pi— ka pr—k (K+N>K+N), (2-2b) 
IID) kik pa— pr (K+K>N+N). (2-2c) 


In (2-1a, b,c) there are of course only two independent variables since we 


have the usual relation 


stu+ti=2N’+2K’, . (2:3) 


which comes from the energy-momentum conservation. The masses of the pion, 
K-meson, nucleon, 4 hyperon and 3 hyperon are denoted by /, K, N, A and 
X, respectively. For the kinematical analysis of the K-nucleon scattering we 
shall employ the same notation as what Chew, Goldberger, Low and Nambu’ 
(hereafter CGLN) adopted in the pion-nucleon case. 

The S matrix can be written as 


N ja 9 
ike ale 4-4 ae eee —— Ti, 2-4) 
S67 (2:r) 10 (pot Rs pi ) rae ge 
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where E, and F, are the initial and final nucleon energies and, a, and w, the 
initial and final K-meson energies. Let 7‘, T,'”, T,‘”, Tn‘ denote the T 
matrix for K*-p, K’-n, K~-p and K~-n scattering, respectively. If T is to be 
invariant under Lorentz transformation, it must be of the form 


T= — A+ (hi +h) BEB, (2-5) 


where A and B are functions of s,« and ¢t. Here we will introduce for the 
sake of convenience the following combinations of the invariant functions : 


(-) (+) 

A® (sa, ) = fee Ce Biles Gio (2-6a) 
cS) Sie) 

AL (s, u, 1) = APS OT Bn (2-60) 
yok. (+) 

BORG tint) = Brin (Sy UM, 2 ies als, U, ue (2-6c) 
(-) _ BO) 

BGO CS3 18) tee Byun (5, & 0) wot OEE) : (2-6d) 

which satisfy the convenient crossing relations 

BEA eS u)= Ay, (a, s) ) (2 4 7a) 

Ap nls; 2) = AD a Ss); (2-7b) 

Bens: i= Bau, es (2-7c) 

Dige Sxae) Be, aes ye (2-7d) 


The conventional scattering amplitudes f;, f, which are simply related to the 
scattering cross sections in the center-of-mass system as 


7OG8 SK FlA-S re gehel Ai yi (2-8) 


may be written as 


PLEIN AL WSN: 


2W dz ey 
£=> N. —A+(W+N)B 
t= 2 W An ? (2 ‘ 9b) 
where W-=total energy, (2-10) 
:=total nucleon energy, (2-11) 


and we have suppressed the suffices referring to charge states. The decom- 


position of f; and f; into states of definite angular momentum is given by 
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Fi=Difis Piss(cos 0) — 31 fi-Pi-' (cos 9), 2-12a) 
f= 2 fi-fis) P;' (cos @), (2-12b) 


where fj, is the scattering amplitude in the state with parity — (—1)' and total 
angular momentum J=/+(2/1) and @ denotes the scattering angle in the 
center-of-mass system. 


§ 3. Mandelstam representation for the scattering amplitude 


In this section we shall assume that the invariant functions A and B satisfy 
the Mandelstam representation which correctly shows the location of singul- 
arities for elastic processes, and then apply the approximation introduced by 
Cini and Fubini2? By this approximation the two-dimensional representation is 
reduced to the one-dimensional one, which turns out to show the correct 
analytic properties in all variables, fulfilling the crossing symmetry and ap- 
proximate unitarity. We shall use this one-dimensional representation in order 
to obtain an expression for the partial wave amplitudes by means of Eqs. (2-9) 
and . (2-12). 

Now for the K-nucleon forward scattering the dispersion relations have 
been proved in every order of perturbation theory, but any rigorous proof 
has not yet been given based on field theoretical formalism even for this case,” 
let alone for the Mandelstam representation. 

As a tool for the phenomenological analysis of experimental data, however, 
we shall optimistically assume the Mandelstam representation for the K-nucleon 
scattering to be valid. Let us consider this representation for one of the invariants, 
eg. A,‘ for K~-p scattering 


a pea 
A, XS, 2, 1) == SAN Gt 15" 
—5§ 


1 ( { AS2, Cst i) 
Sa \\ro/ ‘| a! Lea CED) eae 
+2 |du (s'—s) (t/—t) 
(A+ 4)? 44? 
1 j | / Ages CAS #) 
du’ \ dt 
ri (u'—u) (t'—t) 


(A+ 4)? 44? 


co 


Lf ASG (s!, w') 
i sas! | du Se ee (3-1) 
(Atm)? (Atma 


iw 


oscalar (scalar) 


Here the upper (lower) sign is to be taken in the case of pseud 
For 


coupling and g,’, gs’ are the rationalized, renormalized coupling constants. 
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simplicity we will hereafter omit the one-dimensional term which does not alter 


any of the essential results obtained below. 
We shall apply the Cini-Fubini method for the location of the singularities 
in order to obtain a simple one-dimensional representation. With ¢ fixed, Eq. 


(3:1) leads to 


Pe, A—N Sa. 
AOS, dt) 2 gs ee 
A’—s S?— 5 
r () (of e T (-) (>,/ 
ak jas! OS Ae capedl peg wet (Ua) (3-2) 
7 SS J u’—Uu 
(A+ #)2 (A+ p)2 


The unitarity of the S mafrix gives /,'~(s, ¢) and I,'(u, t) in the form of the 
sum over intermediate states involving K~-p reactions and K’°-p reactions, res- 
pectively. Hence we can split J,'~(s, ¢) in the following form, 


I, (s, 2) = Tap. (s, 2) 415 (s, ) + ID(s, ) +IG Gs, 0), (3-3) 
where JS;)(s, 4) =0 for s<(A+2y)’, since all possible states with baryon number 


one and strangeness minus one are to be taken into account. PRS t); [72D 
and J‘3)(s, 4) represent the contributions coming from the intermediate states 
with one K-meson and one nucleon, with one pion and one J particle, and 
with one pion and ' particle respectively ; JS (s, t) is the contribution from 
all many-particle states with higher mass. Quite similarly J,‘ (w, 2) can be 


separated into two parts: 
I, (u, t) mr beg eS 
aidigy ict) lay et Cerne) g (3-4) 


_ where JS (uw, t) =0 for «<(N+K-+ )’*, since in this case all admissible interme- 


diate states have baryon number one and strangeness plus one. Substitution of 
(3-3) and (3-4) in (3-2) leads to 


pss es 
Aro ts: i, t= ale = as 
A —s Ss’ —s 
te (-) “ lash . 
ae uN jas Tp (s, t) =. 1 ds! I, t) ok 1 as Hie (s5 t) 
ra sl—s Sri) aa r— 78 f— 
(W+K)2 (A+p)2 ae (eee ane 
= (+) 
a5 i | du’ Tp (GES t) 
uu —u 
(N+K)2 
for) 8 
Ly 2) el a Te ae 
Spee o\i7f ene? WOE TM dul 2m 4» t) 
=| s'—s =] uw—u ana. 


(A+24)2 (N+K+ ,)2 


ae 
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Let us now investigate the dependence on the variables of each term in 
the above expression separately by analyzing the corresponding perturbation 


graph. 


i) \és Ty (s', t) q (3 -6i) 


p 
P 
Fig. 2.. Determination of Fig. 3. Determination of Fig.4. Determination of 
the opted singularity the lowest singularity the lowest singularity 
in ¢ of [kp (5, t)- in ¢ of Tee Ge: ny in ¢ of 2G iD) 


In the above integral the lowest cut in the ¢ variable begins at 16y’, while the 
cut in s begins at the elastic threshold (N+K)*. This is graphically shown 
itis Pig 2: 

From the location of the singularities we see that the integral (3-6i) has 
a strong s dependence and a weak ¢ dependence and we are allowed to expand 
(3-61) in powers of ¢/t/ when ¢ is small. Hence 


Tp (s!, 1) ay (5!) +alxp (s!)t+0-. (3-7) 
For simplicity we shall keep here only the first two terms, which means that 


we take into account only the S and P waves in the K~-p scattering in the 
low energy and low momentum transfer region. 
¢ H) (4/1 
ii) | du" paste) ny (3 -6ii) 


u'—Uu 
(N+K)2 


A quite similar discussion can be applied to Fig. 3 and yields 


I) (u', t) ak? (u’) al? (u')t. (3-8) 
* ce) / 
ii) (ay AD. (3 -6iii) 
Siac) 
(A+)? 


In this integral the lowest cut in ¢ starts at 4(K+ p)? whereas the cut in s 
begins at (1+/)” below the elastic threshold (Fig. 4). Here also the expan- 
sion of [Gs',2) about £=0-can- be justified : 
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(3, 1) a (s') +a Ds). (3-9) 
is) as Tra) (s!, t) (3-6iv) 
ss 
(r+)? 
Similarly from Fig. 5, ID(s’, t) ~aQ@ (s') +a’ya (s‘)t. (3-10) 
Koo 
P 
T 
oe 
nm) 6K 
tT 
p K~ 


Fig. 5. Determination of 
the lowest singularity in 


Fig. 6. Determination of 
the lowest singularity in 
Ss of Tes Ieee. 


Fig. 7. Determination of 
the lowest singularity in 
c=) 
t of InKe. 


z.of >? (aan 


v) fag BGO (3 -6v) 
si—s 
(A+2y)2 
We shall divide JS;)(s’, t) as follows 
IO) Sie Ge DI OE ese) (3-11) 


sp Rios t): 


For the first and second integrals, | de Vinn(s!, t) and 


(A42n)2 s'—s 
o ds Live bs OD 
J (2+24)2 si—s 
tively, while the cut in ¢ begins at 4K* (Fig. 6). Therefore we cannot dis- 
regard its s dependence but can expand J%(s’, 2) and IS.(s’, 2) about ¢=0. 


, the lowest limit of s is (A4+2y)? and (3+2#)?, respec- 


Lev eae Cay ae eCae. (3-6va)_ 
Tes se t) see (s’) +a'S?. GSD: (3 -6vb) 


cine et oo TS. (5! 
For the third integral \ dst tie(s's t) however, the lowest cut in ¢ 


(N+ K+y)2 s'—s 

begins at 4° whereas the cut in s begins at (V+K+y)’, which is larger than 

(N+K)*: (N+K+ )’—(N+K)’?~20. Accordingly, we cannot disregard the 

¢ dependence but can make an expansion in powers of s— (N+ K)?/s’— (N+K)*. 
By making use of the Mandelstam representation (3-1), we have 


~~ d 
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hg (ow Ce eee Rete eee 
jay Tyi a » t) ~| ae Ce, (3 -6vc) 
tat et 
(N+ K+ p)2 42 


where 
a,” (s, t') ~a,'? ((N+K)’, 7’) +.@,' ((N+K)’, t’) (s— (N+ K)}. 


Here also we shall keep only the first two terms. Most of the contribution 


coming from RS) (s’, 2) can be absorbed into the integral (3-6vc) through the 


following diagrams (Fig. 8a, b). The weight function a(s, ¢’) can be calculated 


Fig. 8a. Fig. 8b. 
by making use of the KKzz interaction through KK- resonating pions>NN. 
vi) (a Lak (3 -6vi) 


(SP 
eee ye 


IS (w’', t) can also be split as 


mp 
fe Mar t) = = Ihe. (Ce t) + Rp es t) (3 ¥ 12) 


and similar consideration leads to the (3-vc) type of expression. 


Collecting all our results together obtained above from i) through vi), we 
have for A$(s, wu, 2) the simple one-dimensional representation : 
SAN og S-Ni 


(-) = —_— — g aa op —Y y 
AS (s, u, t) rae Ja x, Is 


1 (av ak (s') +a’; p(s )t 4 ae es aku!) + ak, (ut 
iT 


aes 7 
i s'—s ue—u 
(V+ K)2 (N+K)2 
4 i [as Ged 6s’). +a, (s!) tae D (st +d’, u(s')t 
ra si—s 
(A+ p)2 
(A>) 
Lay a {(N+K)% th Sale | » 2S {(N+K)?, € 
ra t'—t = t'—t 
42 42 
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+ const. term. (3-13) 


The last constant comes from a term which has only a weak dependence since 
the cuts are all distant. 

Quite a similar discussion can be made for the invariant amplitude A, 
for K*-p scattering; it is more convenient for later use, however, to write 
down the one-dimensional dispersion relations with respect to A$’., B,© 
rather than AS*)‘, BS'? “ because of the simple crossing relations (2-7a, b, c, d). 


Thus: for LAS (s; w,.£), 


2 
AP (s,m, = — 0 (4A wy |=* ++ | os (+2 w= + | 
PA rae vet f 


75s A—xyu 2 


(+) 


ds! [as (o) +a? sal] se irs | 
as 


a 
Aes 


(N+K)2 
ole ie / / Keil N=) fo 1 
Jas’ Sao) +aQus!) 44'S ()e-+a'Q(0) 4] 54+ >| 
z ey aa Sam hs 
(A ae 
i a) / 
+2\ ar Ss ‘') 
42 
+C%, (3-14) 


where the real constant C%? stands for a contribution which has only a weak 
dependence on all three of the variables and 


ad(\= oes aky (8) (3-15) 
dO(s))= a’ a on (s") take) (3-16) 
a (su, = aaa : (3-17) 
a’O(s, u, t= igh nae (3-18) 


a 


2) } . . . 
A; has a similar representation except that the constant must be zero, since 
it must be odd under interchange of s and wu from crossing symmetry. So we 
obtain 


2 q 
A as: u, j=— 4 +A—N ES — dh -& va ‘L: iI : 
: oak eran = (+ S—N)| + — | 


2 
A u aS: = —Uu 


+2 asta) eae (al ae ee : | 


(N+ K)2 
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o 


+—\as' = Sey aS) Faseats!) + ale SOEa Wea by || Pierce 
cs s'—s si—u 
(A+ #)2 
+ (A>) 
¢ Qi. ’ 
41 jad CLO (3-19) 
a ee = 
where a) (3) = _ ary (5) mos ees etc., (3-20) 
and a (s, u, t)= ee ee Clee (3-21) 


“a 


which is odd under interchange of s and uw. 


Similar forms of the Mandelstam representation hold for both BS and BS 
except for a difference in the Born term. 


ik 1 1 Gs. y 1 
Pacis? Z c= ake 2 pe ay 


co 


v 2 fares s) +899 SA] : = | 
7 Si == 8) $ SU 
(N+ K)2 
= pee 2 [6D (s!) +05 (8) +0 set HQ Ve] aye ] 
ia ——= 5; ae aay? 
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B® also must be odd under interchange of s and w, so that the constant must 
be zero. 
As for B®, we have 
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+C$%. 
Here 


There are four other relations for the K-neutron scattering which are 
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ly the same except that the protons are replaced by neutrons throughout, the 
term in gy, being put equal to zero, and that g;° is replaced by 29,’. 
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Therefore 


we get the following representations for the four invariant amplitudes A%?™, 
Bo» (2) : 


(3-28) 


where a{j’(s’),’s are the weight functions in the case of K- “neutron absorption. 
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The above mentioned approximate representations are valid for Is—N"|S2NX 
(K+p), |ju-N"|S2N(K+~) and |t|<16. The range of validity includes the 
physical regions of reactions I and II in §2 up to the threshold for pion pro- 


duction. 
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§ 4. Calculation of the weight functions 


In § 3, the eight independent invariant amplitudes A$?,© and By, were 
expressed as simple one-dimensional dispersion integrals over some weight 
functions a, 62, aS. and 89,, etc. These weight functions can be 
calculated by making use of Sy 

i) The weight functions ley (s, t), etc., are equal to Im Agwy (s, 2) at least 
for s and ¢ in the physical region of reaction J, and Im Agy (s’, 2) can be expand- 
ed as a sum over partial wave K-nucleon scattering amplitudes according to 

(2-9) and (2-12). Keeping only the S and P waves in the polynomial 


expansions, we have 
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Similarly Im BS (s’, 2) can be expanded as follows: 
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DONG) ez. | (4-8) 


The weight functions J')(s, 2), etc., are also equal to Im AS(s, ¢) for s and ¢ 


in the physical region, and if necessary, it should be continued analytically into 
the unphysical region.*»”” Thus, 
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Dp! 2 (4-10) 
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BE 24s) =0, (4-12) 


and so on. 
Quite similar expressions can be obtained also for a%’® and b9 except 
that the protons are replaced by the neutrons. 
ii) Evaluation of the two-pion contributions 
We now turn to the problem of determining 
Ee ko, L the weight functions a. and PS... According 
to the discussion in § 3, these functions can be 


Is|Q2 
5 determined by making use of the unitarity con- 
i _ dition : 
p a u(p')[—a, +7Q8, |u (p) 
Fig. 9: ao Tacky (27) io \aa| d°q.0 (ki— ka Gi — G) 
x (plain, a! u(p)<a', @\ Jil [Ar ), (4-13) 


where the notation introduced by CGLN”™ (Fig. 9) is adopted. Here the mesons 
of the intermediate state have four-momenta gq, and q with isospin indices 7 and 
j, while the incoming K-meson of four-momentum &, with isospin index & is 
scattered into the outgoing K-meson of k with index 1. <p'lylqi', q’> and 
(qi, q'\Ji\ki*) are the T-matrix elements for the processes NN->xa and aa—>KK, 
respectively. Although the KKzz interactions are extended, we shall make here 
a point interaction approximation by requiring Lorentz invariance and charge 
independence with the restriction that no derivative of order higher than second 
will be admitted. These requirements will also exhibit the characteristic features 
of the KKzz interactions, which now take the following types: 


H,=/),K;*Kigi; ; | (4-14) 
elas io (K*7%0, K— Ou re) (oT 0,9) : (A F 15) 
= a (K,*8,Ki) (¢9,95)- (4-16) 


We choose hereafter H, as the isospin independent and H, as the isospin 
dependent KKzz interaction since the other isospin independent interaction H; 
is not essentially different from H;. In our approximation, as discussed in 
detail in §3, it will be sufficient to take into account only the S and P wave 
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two-pion states. H, is responsible for the S wave and H, for the P wave state, 
respectively. It should also be noted that if we use for (p'|7|m', q’») the physical 
NN->rz matrix element including the zz interaction, the effect of the resonat- 
ing pions, and so on, (see Figs. 8. a, b) can automatically be included in the 
weight functions through (4-13). 

As was defined in (3-17), (3-21), (3-25) and (3: 97), we have 
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and so we shall first calculate, for example, @,x+, 8px+ and @px-, 3,x- by making 


Mase of: £,. 


Calculation of @yx+ and 8yx*+ arising from H, 
We can now get the current J, from the effective Hamiltonian of the isospin 
dependent type H, according to 


A= OFT, = 2128 se 0, Ke PS A 003, (4-17) 


which leads to 
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Substituting this equation into (4-13) and noticing 7 -7=1 since the pK 
system has the total isospin one, we have 
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where use has been made of the property 
ki(q— 2) =Q(ki+ha). (4-21) 


It should be noted that the expression 1(4-20) has the same form as the 
isotopic vector part of the nucleon electromagnetic structure,” and so may be 
written as 


i uidg ae ae s 
(4:20) =—, os Lira (sth) I 100 © (4-22) 
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Redefining — 4 —Q@=h,—-h=— 2k (4-23) 
together with OQ=1/2-(k,+&,), we obtain 
ty, (Rv+ he) p= 27 ,Q, > (4-24) 
(Ri + Re) pF pty = —4(«?— Nv, —iNy,Q,)- (4-25) 
By using Eqs. (4-24) and (4-25), Eq. (4-22) becomes 
(Asoo) 4 D0) ee Et gS) 
7 omg 9 Ore 
+ i7 Qian (t) +2NG2xe0) (t) }j (4-26) 
where v, is the incident K-meson energy in the laboratory system. Therefore 
we get 
nee (Nit (t/4) ) Jaan) (t), (4:27) 
Boxt = [9iem) (t) +2NGx2n) (¢) J. (4-28) 


Calculation of @x- and ?yx- arising from FH, 
We shall first rewrite the effective Hamiltonian H, in the case of pK™ 


scattering. 

Define K=( o if (4-29) 
K=(K°* K-). (4-30) 

Then Gilad Glare Sa E Rie: 


In order to define the total isotopic spin of the K-nucleon system, we must 
make the following substitution, 

K*=— Kir, (4-32) 
or K=iz,K*, (4-32)! 
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in the expression (4-15) to obtain 


Hy=i 2 (—Re8_ R* 4.8, R*) (GT 9,9). (4-33) 


The current J, in this case becomes 


OH. Bo i Aen _ 
Jj a 3 =i RK? Oho = QT F093. (4 34) 
By a calculation similar to that of the previous case we obtain 
4) ie ‘ 
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oy} 
Bre = — [Flan © +220 (0). (4-36) 


Next we shall calculate the weight functions arising from H, along the same 
lines. 
Calculation of @px+, &px-» Bpx+ and Byx- arising from Hy, 

The unitarity condition (4-13) together with the effective Hamiltonian of 
the isospin independent type Hy, leads to 
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where the notation of CKGZ!” has been used. 
Pux*=Pex-—0. (4-39) 
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Here we have set all partial cross sections, except that for the (3/2, 3/2) 
state, equal to zero for the pion-nucleon scattering and approximated the latter 
by a delta function. In Fig. 10, we have plotted f(t) for various values of ¢. 
The weight functions for the K-neutron scattering can also be calculated by 
making use of the unitarity relation (4-13) together with the relations: 


The Thy ; (4-40) 


Dispersion Relations for Kaon-Nucleon Scattering 771 


10 fle) 
z t 


50 
t(u?-unit) 


—p5 

Fig. 10. Spectral function f(¢), arising from H,, devided by ¢; it is 
the contribution from both the Born approximation term and the 
3-3 isobar term. 


fiom] GY PANO URS Teka ap (4-41) 
where, on the right-hand side, the upper and lower indices denote strangeness 
and isospin, respectively. 

Calcutation of @x+ and Byx+ arising from Wek 
We now get 


dpe (ND elgg), (4-42) 
eK 
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Calculation of A x- and Byx- arising from HF, 


Quite similarly we have 
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where f(t) is given as (4-32). 
Baxt =Pnx-=0. (4-47) 


Collecting all our results concerning @,x+, Bpx+, @x+ and Pnx+, we obtain 


- 4 2 1 (2) 
the weight functions aS, a, B® and BY w 


hich were introduced in (3-14), 


(3-19), (3-22) and (3-23) and those a®, a®, B® and $f introduced in 
(3-28), (3-29), (3-30) and (3-31), respectively. Namely, 
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§5. Type of the direct interactions 


and KKzr7z interactions 


Because of the lack of enough experimental data on the K-nucleon scatter- 
ing and absorption processes and also of the ambiguity caused by the presence 
of unphysical regions due to the absorption of K~ by protons below the thre- 
shold, the independent determination of the type and magnitude of the K-N-A 


and K-N-S' and KKrz interactions is very d 


iffcult at the present stage. Al-. 


though no definite conclusions can be drawn because of the lack of the ex- 


perimental data, the analysis has been made 


on each of the interaction types 
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K-N-A and K-N-S' by making use of the dispersion relations for the charge ex- 
change scattering K*n—K*p and for the elastic scattering K*p—>K*p by Sugano 
and Komatsuzawa.’” : 
In order to investigate both the direct and KKzz interaction, we shall 
employ a method which allows us to make maximum use of the limited experi- 
mental data available at present. In what follows we shall optimistically assume 
that the dispersion relations for the eight invariant amplitudes A%?,, BOY, are 
all valid without subtraction and connect these amplitudes to the S-wave scat- 
tering length by making use of the relations (2-9a, b), (2-12a, b) and the ap- 
proximate expressions for the A’s and B’s (3-14), (8-19), (3-22,) (3-23) 
evaluated in the Cini-Fubini approximation to the Mandelstam representation. 
Then the four relations can be derived as follows. First of all, we have 
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where the upper (lower) sign is hereafter to be taken in t 
scalar (scalar) coupling, and apx- and a»x+ are S-wave scattering lengths for 
the K*-p and K*-p scattering, respectively.  s0= (NAIK) Sw N SB)" and 
f(t’) is given in (4-32). Next we have 
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It should be remarked that Re (a,xn-+@px+)/2 and Re (Qar-+anx+)/2 are de- 
pendent on the KKzz interaction of isospin independent type (4-14) which cor- 
responds to an intermediate z-7 resonance of J=0, while Re (a,x.-—apx+)/2 and 
Re (anx-—@nx+)/2 are related to the KKzz interaction of isospin dependent 
type (4-15) which corresponds to an J=1 z-z resonance state. Therefore, 
Eqs. (5-1) and (5-3) are suitable for determining 7; and Eqs. (5-2) and (5-4) 
for A, CS C® etc., being, however, left as arbitrary parameters which come 
from high energy contributions to our dispersion integrals in the z-meson 
case.” 

Now we shall make the following conjecture. When we introduce the 
experimental S-wave scattering length in Eqs. (5-2) and (5-4) to get 4, we 
can set C2, C® equal to zero because the high energy contribution to the 
dispersion integrals seems small because of the Pomeranchuk theorem,” while 
C®, C® are not expected to be small because of the bad convergence of 
the dispersion integral. Hence in order to investigate the isospin independent 
KKnz interaction it is reliable to use, rather than Eqs. (5-1) and (5:3), a re- 
lation in which the P-wave scattering length is expressed as the sum of the 
dispersion integral and the contribution coming from the 7,-type KKAaz inter- 
action. 

We think it preferable to analyze the p(3/2) state rather than the p(1/2) 
state because the scattering length of the p(3/2) state f}@jz is expressed as 
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phere thie relations (3°14),4.(8*22). are fo~be introduced in the case of K-p 
scattering and Eqs. (3-28), (3-30) in the case of K-n scattering. In this way 
good convergence is assured and moreover free parameters completely vanish. 
On the other hand, difference of f$dj and ffi) is expressed as 
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where the dispersion integrals have bad convergence and moreover, the arbitrary 


s parameter does not disappear. 5 
iA Summarizing the above discussion, we see that the S-wave scattering lengths 


Re{f,”}, and Re{f,”}, are connected as 
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by Eqs. (5-2) and (5:4). Here @z.ns, Ps.ps, O's,n2. 7 and 7’, etc., are quantities to 
be calculated and the dispersion integrals are expressed in terms of the partial 
wave cross sections in Eqs. (5:2) and (5-4). On the other hand, we get 
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‘Hence from Eqs. (5-7), (5-8), (5-9) and (5-10) we can determine indepen- 
dently the coupling type of K-N-A, K-N-¥ and the /,, 7, of the KKzz interaction 
if appropriate experimental data can be obtained. For this determination we 
would like to propose the following three investigations : 

i) To choose a suitable solution from the Dalitz solutions. 

ii) To investigate the threshold behavior for the P-wave phase shifts. 

iii) To get the S- and P-wave cross sections separately for the K-nucleon, 

K-nucleon and absorption processes. 


§ 6. One proposal to get i, 


In the last section we discussed that if appropriate experimental data are 
given, independent determination of the direct interaction and the KKe-z inter- 
action is possible. In this section we shall discuss a simple method which 
allows us to determine the isospin dependent KKrz interaction, and then pro- 
pose a suitable experiment. 

The dispersion relation for the K-nucleon forward scattering amplitude 
which was obtained in the previous analyses®’*’®” js, 
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by making the partial wave expansion up to P waves. Now we shall make the 
following assumptions concerning (5-2): 
i) The contribution from higher mass configurations is small because of the 
large denominator and of the Pomeranchuk theorem™ as indicated in the last 
section; hence C$) can be neglected. 
ii) o(K poz) /o(K~ pA) is small in the low energy region as is shown 
from experiment. 
Then comparison between Eq. (6- oe and. Eq. (5-2) under the above two 

assumptions leads to 
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+p)? 


aa 


‘p bonis ce ae K) | 


=le3k 1 ae Diem (t!) (6-3) 


eK a J4 ri 


If the left-hand side is positive, we can get positive 7, which corresponds to 


a repulsive interaction, while if it is negative we obtain negative 7, which cor- _ 


responds to an attractive interaction. Hence it is to be hoped that the partial 
wave cross sections p12 and Gy for the low energy K-p and K-p scatter- 
ing {o,4} p12 and {0,4} ps2, etc., for the absorption processes will be investigat- 
ed as soon as possible. 


§ 7. Concluding remarks 


General discusions have been given in order to investigate the direct K- 
coupling and KKzz interaction. It turns out to be convenient to use Eq. (5-2) 
and (5-4) for obtaining information about /. It should be noted here that we 
have to calculate the contribution coming from the two-pion state in the iso- 
vector part of the electric form factor, 


CaN =+\ a / Sen@) sie (7-1) 
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This value gives 0.67¢ in the Born approximation (see Fis 119: But a re- 
liable value coming from the (3,3) isobar state has not yet been obtained be- 
cause of its unreliability. The function f(¢)/t in Eq. (4-32) is also plotted 
in Fig. 10. When we investigate the P and D wave threshold behavior, we 
need, moreover, the mean square radius of the anomalous magnetic moment 
and charge distributions due to the two-pion intermediate state, which was 
calculated by Y. Fujii.” 
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Fig. 11. Spectral function 9;@,) (4), arising from Hy, devided by ¢: 
the contribution from the Born approximation term. 


If we get the K-N-A, K-N-S coupling constants, 7; and /, from the threshold 
behavior for the S and P wave phase shifts, we can predict the energy dependence 
of the S, P and D phase shifts by making use of Eqs. (3-14) (3-19), (3-22) 
BRIE (S223) e 

It should be remarked that in order to determine the coupling types in- 
dependently the K*-p, K*-n elastic scattering amplitudes have been used here, 
but a similar discussion can be made by making use of the K-p elastic and 
charge exchange amplitudes.” 

We hope that experiments will be carried out to get the S- and P-wave 
cross sections separately for the K-nucleon, K-nucleon and absorption processes, 
to get the threshold behavior of the S- and P-wave phase shifts, and to choose 
a suitable solution from the Dalitz solutions as soon as possible. 
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Low-Energy Limit Theorems and Dispersion Relations 
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Low-energy limit behaviour of various collision processes is re-investigated from the 
dispersion theoretic point of view, which turns out to be a powerful approach for obtaining 
low-energy limit theorems. Some low-energy limit theorems for the processes involving 
collisions of a boson with a fermion are obtained, using this method. 

It is shown that for pion-baryon scattering, certain isotopic spin combinations of the 
P-wave spin-flip amplitudes satisfy simple low-energy limit theorems. In particular, for 
pion-nucleon scatering, isotopic even part of the P-wave spin-flip amplitude is shown to be 
simply related to the renormalized pion-nucleon coupling constant, from which the magnitude 
of the coupling constant can be determined : 


F ?/4x=0.09+0.02. 


It is also shown that this determination is insensitive to the presence of (3, 3) resonance 
and a possible T=J=1 pion-pion resonance. 


§ 1. Introduction 


Thirring” was the first to treat in full generality the low-energy limit 
behaviour the zero frequency limit behaviour of the Compton scattering 
amplitude. His result was later generalized by Low” and Gell-Mann and 
Goldberger® who proved that the amplitude for Compton scattering of the 
nucleon is completely expressed up to terms of first order in the frequency of 
the photon by the Born approximation computed for a nucleon with renormal- 
ized charge and Pauli anomalous moment, interacting with arbitrary local and 
renormalizable fields. An analogous theorem for S-wave photo-pion production 
was proved by Kroll and Ruderman,” which states that “the matrix element 
for charged photomeson production at threshold, correct to all orders in the 
meson coupling constant, approaches the weak-coupling result in the limit of 
vanishing meson mass, provided that the meson coupling constant and nucleon 
mass are replaced by their renormalized values as conventionally defined ”. 

This theorem was applied to the determination of the pion-nucleon coupling 
constant. 

On the other hand, for pion-nucleon scattering, it is known that there is 
some ambiguity in the renormalization procedure of the coupling constant” 
and the low-energy limit theorem for this case does not hold if we take the 
Watson-Lepore renormalized coupling constant. 

The general procedure for obtaining low-energy limit theorems, including 
the above-mentioned cases, is investigated in detail by Klein® and Schwinger” 
using the Green function method and it is shown that two additional para- 
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meters are needed there to determine the low-energy behaviour of the ampli- 
tude for pion-nucleon scattering. It seems very natural, at first sight, that the 
scattéring amplitude is expressed correctly, in the low-energy limit, by the 
Born approximation with renormalized (observable) quantities. So it is neces- 
sary to investigate the condition under which the low-energy limit theorem 
holds or not. In §2, we shall study the derivation of this theorem based 
on dispersion theoretic approach which turns out to give us a simple picture 
about the contents of the low-energy limit theorem. In § 3, low-energy limit 
behaviour of the amplitude for pion-baryon scattering is studied and it is 
shown that isotopic even part of the P-wave spin-flip amplitude of the pion- 
nucleon scattering satisfies a simple low-energy limit: theorem, from which the 
magnitude of the pion-nucleon coupling constant can be determined, using 
low-energy P-wave phase-shifts data.’” 
so far obtained. 


The result well agrees with the values 


For pion-/-hyperon scattering, it is necessary to introduce one parameter 
to establish the theorem for S- and P-wave scattering, respectively. It can be 


shown that P-wave spin-flip amplitude is suppressed compared with the cor- - 


responding pion-nucleon P-wave scattering amplitude on account of the. mass 
difference between m, and ms, and can be expressed, in the low-energy limit, 
in terms of the S-wave scattering length. 

It is also shown that we require, for pion-S-hyperon scattering, three ad- 
ditional parameters to determine the low-energy limit amplitudes but P-wave 
spin-fip amplitude can be determined by the renormalized coupling constant 
Jss/4z alone. 

In § 4, low-energy behaviour of the amplitude for photo-pion production is 
investigated based on the analysis made in §2 and we have exactly the same 
result with those given by Kroll and Ruderman and Klein. 

The final section is devoted to the discussion of the derivation and the 
contents of the low-energy limit theorems and related problems. 


§ 2. General consideration 


We shall consider first the scattering of a boson, mass # with a fermion, 


mass m. Let the four-momenta of the incident and the outgoing boson be q ~ 


and q’, respectively, while those of the initial and the final fermion are p and 


p’, respectively’ (Fig. 1). Moreover, let M/(s,t) be one of the invariant scat-_ 


tering amplitudes and be assumed to satisfy the following dispersion relation 
in the neighborhood of zero-momentum transfer =0.” 


foe) 


= Ci ( es, t) h 
MG,)= Uo t+ | tes (2-1) 
(5,4) 24 Mm; —s ‘ s'—s ; 
(m+ @)2 


where s=—(p+q)’, total energy in the centre-of-mass system 


A > 


~ aed = si 
Pet. eee yee ene ON 
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and t= +(g—q), momentum transfer. 


The first term of the right-hand side of Eq. (2-1) represents the contribu- 
tions from discrete states and c,(i=1,-:-,2) are some constants independent of 


sand 7. Their positions 7,?, which are the square 
of the intermediate fermion mass and may in general 
be different from the square of the initial fermion 
mass m?, naturally lie in the unphysical energy region 
on account of the stability condition. The second 
term is the contribution from continuous spectrum, 
physical regions in the case of the forward scattering. 

Now, we turn our attention to the limit of the 
vanishing external boson mass 7(=//m’")—0. For 
this purpose, it is convenient to rewrite Eq. (2-1) 
as follows, changing the variable s into §¢, 


co 


L fal 
a Z 4 Se = 
MG.) = gag + | oe aS pale 2) 
2, | 


where s=(m+yp)?F and m?=(m+p/)’§;. 


The structure of the imaginary part of M’(¢, 2), as is 
easily seen from Eq. (2-2), is graphically shown in 
Fig. 2. In the limit of 7=0, positions of poles ¢; 
moves as follows, 

lim €,>6, (=m?/m?’). (2235 


n>9 


From (2-3), we see that in the limit of 7=0 the 
particular pole, position of which is the same as the 
initial fermion mass m,’=m’" and lies in the unphysi- 
cal energy region, moves to attach the continuous 
spectrum in the physical region for the case of the 
forward scattering. These situations are illustrated 
in Figs. 2 and 3. | 

So, in this limiting case, the low-energy scattering 
amplitude M’(€~1, t~0) is completely dominated by 
the contribution from the pole attached to the physical 
region and can be determined by the residue of its 
pole. This is the content of the so-called low-energy 
limit theorem when seen from the dispersion relation 
approach, which is nothing but an application of the 


Fig. 1. Scattering of a 


boson with a fermion. 


ImM (é, t) 


vy 
ty 
vip 
_ 
wy 


Fig. 2. Structure of the 


absorptive part of the 
scattering amplitude. 
The threshold corre- 
sponds to €=1. 


ImM’ (6, t) 


Fig. 3. Change of the 


structure of the ab- 
sorptive part in the 
limit of the vanishing 
boson mass. The pole 
€,, moves to attach to 
the physical region, 
while other pole re- 
mains in the unphysical 
region. 


idea of “polology”. From this point of view, it is clear that the Compton 
scattering is a special case in which we do not need the limiting procedure 


ee 
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in order to get the low-energy theorem. 

In practice, however, we must expand the scattering amplitude with respect 
to a properly chosen complete set which satisfies general invariance require- 
ments and assume for each of its coefficients invariant amplitudes the 
dispersion relation like Eq. (2-1).’ Then, the scattering amplitude is deter- 
mined, in the low-energy limit, by the contribution from a particular pole which 
attaches to the physical region, only if contribution from the pole appears in 
all invariant amplitudes, and in this case low-energy limit theorem holds. If, 
on the other hand, the contribution from the pole does not appear in some 
invariant amplitudes, the low-energy limit theorem does not in general hold 
and we must leave those amplitudes as free parameters to determine low-energy 
forms of the scattering amplitude. The former is the case of Compton scat- 


tering and photo-production of pion, while the latter corresponds to the case 
of the pion-baryon scattering. 


We have so far assumed non-subtracted dispersion relation in Eq. (2-1) 
but this assumption is not essential for the derivation of the low-energy limit 
theorem, as is clarified in the final section. 


§ 3. Pion-baryon scattering 


3.1  Pion-nucleon scattering 
Dispersion theoretic approach to the low-energy pion-nucleon scattering 
has already been made by Chew et al.” 
We follow their analyses, devoting our attention to 


the low-energy limit behaviour of the scattering amplitude Nbr taal 
as considered in §2. We shall begin with reproducing ‘ 
their kinematical analysis for convenience. Let g, 7(7=1, 

2,3) be the state of the incident pion and q/’, j that of \ 
the outgoing one and p and p’ are the initial and final nfe \i 4 


nucleon momenta, respectively (Fig. 4). Then, the S- 


matrix element can be written as* Fig. 4. Pion-nucleon 


scattering. The 
9 9 m Iie ara de isotopic spin of the 
S=0,,— (22)'0(p'+q'—p-@ ( Per ) u(p’)Tu(p). Ftc ancl 
going pions are 
(3-1) denoted by 7 and j, 
The scattering amplitude T is decomposed, explicitly respectively. 
writing the isotopic spin dependence, as follows : 
2 ae Ee ems | 
T = (—A* +i7:QB*)0;,+(-A $772 0B sakes 7; | (3-2) 


where Q is given by 


* In this paper four-dimensional inner product is defined according to p-g=p:4—po% and 


spinor normalization is a(p)u(p) =1. 
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Q= * (tq). 


A* and B*,* called invariant amplitudes in § 2, are functions of s and ¢ and are 


proved to satisfy the following dispersion relation in the neighborhood of 


70? 


A+ / 
1 pik Ge t) / 1 Pan (se > t) a / 
= fs Z Bae LAS 
ANS, = ra s'—s aa Teaser Sc! — Se 
(m+ p)2 (m+ mw)? 
1 a , 
B*(s, )=9(—1-+—}_} (3-3) 
16 f are 1) Va Si 
$e i oe ae} 
1 pik (s", t) , it | Pax (s > t) d / 
1 fae 
e s'—s Ci, 7 \ Se Se : 
(m+ p)2 (m+ p)2 


where 5S (P+) ime (PO ya 


If we define physical scattering amplitudes f;* and /,* according to 


- Sad (@ meal : (3-4) 


where E is the total nucleon energy and W=E-+w, in the centre-of-mass 


systems. 
Then, fi* and f.* are simply related to the phase-shift of the scattering : 


Ce sage P/..(cos 0) — sft Pi_1(cos@), 
(Ct) t=2 (3 -5) 


= D1 (fet) Pi'(cos0), 


where fj, is the scattering amplitude in the state of parity —(—1)' and total 
angular momentum j=/+1/2. 

It is first to be noticed that the contribution from the pole does not ap- 
pear in the amplitudes. A*, the fact essentially dependent on the spin and 
parity of the pion. In the limit of the vanishing external pion mass we have 
from Eq. (3-3) low-energy forms of A(s,0) and B(s, 0), expanding them in 
power series of the pion energy, as follows :** 


* A* and B+ can be expressed in terms of the total isotopic spin as follows: 
At*= (1/3) (Al/24+2A3/2), A-= (1/3) (Al/2— A3/2), etc, 
** Note that from crossing symmetry, At+t(w) and B-(w) are shown to be even functions of 
w, while A~(m) and Bt(w) are odd functions of o, 


—— 
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; tire Ons Hees oe eee 
BM Vora tt | ds! + O(08) 
rr s’—m g jsl—m : 
(m+ p)2 (m+ p)2 
A-(w) =0+ O(a), 
(3-6 
Bi) oa! LOG 
m ow 
bee ane Toren Bee: 
B- it ed V1N Piet ele ae hy 
OR aes | sam a Nghe | so — me? Ba Osea: 
m+ p)2 (m+ p)? 


On the other hand, we have from (3-4), in the same low-energy region, 


\ 
Lm aad (1 Saece {A*(w) +wB*(o)}, 
m1 


: (3:73 
A; Fond -g- ae. wo ae oPy Wes w ae if 
nfit = 1 (1 2) | A*(w) 12m (+22 (w)}. 
Inserting (3-6) into (3-7), we obtain 
t+w~ (@) ( g° 
Anf,* = (1———] 1A* (0) ——— wo 
nf & (1-2) {A*(0) 2+ Oly}, 
My (1-2) {A-(w) +wB- (0) + O0(w’)}, 
(3-8) 


2 
dnp — Ff (i= 2} (+24 +2 )+0(w9), 


27 w m 2m 
Arf,” =~ 0+ O(w’). 


Eq. (3-8) shows that we require two independent amplitudes A*(0) and 
A-(w) +B-(0) to determine the low-energy behaviour of the pion-nucleon 
scattering amplitude, which correspond to two parameters introduced by Klein. 
We know that in order to have an agreement with experiment on S-wave scat- 
tering, A‘*(0) must be positive and almost cancel out the second negative 
(repulsive) term —g’/m in the right-hand side of fi*. Numerically we require 


uf Ord a; 1 
a= AO ~( + )w2.24 F 3-9 
An (0) 4at m An pL . ( 


where a‘ is the S-wave scattering length.* 


* Numerical values of S-wave scattering lengths 
a* = (1/3) (a, +243), 
a- = (1/3) (a;—4s), 
are given, according to the recent analysis, as follows, 


at=0.001-£0.003, 
(in unit of p74) 
a7 =0,088= 0,003. 


a a a Ney a =, aaa er get idan en i ei — he els ck me ee oi 
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This value is very large and one-of the difficulties in handling the S-wave 
problem seems to lie on this point. We also see that the amplitude /,*, the 
spin-flip amplitude as is seen from (3-5), can be written in terms of the eigen- 


state phase-shifts : 


2 3 
Vet Op Oe =O : ie Leawae (1 o ce Ga 


2 
Ag) mn Oo 


(0) +2 1: 


(3-10) 


where we have neglected the contribution from higher wave (/=2) amplitudes 


and set approximately the amplitudes f;, as follows: 
Srg=errs sin dy,/¢~e—— Ons. (3-11) 
q 
Inserting (3-9) into (3-10) and neglecting the contribution of a*, we obtain 


2 3 
dn +20: 0-205 =—6 (L—) fF. (14 09). (3-12) 


Az/ w 


Now, we can estimate from (3-12) the magnitude of the pion-nucleon 
coupling constant, using low-energy P-wave phase-shift data which are sum- 
marized in Table I. 


Table I. Low-energy P-wave phase-shifts data 


Phase-shifts 1958 CERN Conf.) 1960 Rochester Conf.12) 
633/43 0.2344-0.019 0.234+0.019 
031/73 — 0.048=-0.068 — 0.0320.022 
033/73 —0.055+0.062 —0.044+0.005 
84/73 —0.016-£0.11 0.038-++0.038 
Cede geet — 0.527 —0.526 


a se ee ee 
From Table I and Eq. (3-12), we obtain the following result,* 
f?/42=0.09 +.0.02. 


This result agrees well with values estimated from many other methods.” 
In this connection, it will be worthwhile to touch upon the effective-range ap- 
proach. According to the effective range formula,” P-wave phase-shifts are 
given : 


a)» > a3) 


* We use the data from the Rochester Conference (1960). 
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where 
: 8 2 2 2 
‘== = —— fave A33= coat | As =A — J. > 
3) Aa 3 Are Ble kes 
1 
T33 = > Tnu=li3=7 31 = — 133, (3-14) 
WO, 


w,: resonance energy. 


It is to be noticed that resonance energy which appears in the effective 
range rz (3-14) is completely cancelled in accordance with (3-12) when we 
make the combination such as (3-12), that is, 


Au Put 2431 P31 — Ara P13 — 2793733 ~ 0 (independent of w,). (S15) 


Thus, our method for the determination of the coupling constant is almost 
unaffected by the presence of the (3, 3) resonance. The same is true also for 
the effect of TZ =J=1 pion-pion resonance which is easily shown to contribute 
only to the odd amplitude of the isotopic spin. 

It should also be noticed that good agreement can Peps 


be achieved only when the isotopic spin even part of Fd 
the S-wave scattering length a* is negligible. Hence, 
we see that the smallness of the S-wave scattering length : 
a* is consistent with the low-energy P-wave phase-shifts pp Lig 
data. Pegaen 
Fig. 5. Pion-d-hyperon 


8.2 Pion-A-hyperon scattering 


scattering. 
Kinematics is the same as the case of the pion- 

nucleon scattering except for the isotopic spin dependence, so we shall not 

repeat it here.* The result is summarized in the form 


T=(—A+i77QB) op, (3-16) 


A(s, £1) =(ny—ms) Ga a nae += ae st 


ms —Ss Ms — Se 


ih ¢ Bias) t) Wd += ( Pad Sent t) ds / 


=| eee ae hater Se» 
4 ee - c 
(m4+ w)? (mate * 
1 1 
DG 4) = Pe Seren ts (3:17) 
Ms 2__ 5 My —Se 
tee i ea) 
? Ss ib ( (24 Se 
wt 1 tC ) ds’ 4+— < s ; = ds, ; 
° = $ =e 
(m4+e)2 s (mat#)? 


* Notations in this and following subsections are the same as the treatment of the pion- 


nucleon scattering as far as no confusion occurs. 
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where g;,? is the renormalized pion-hyperon coupling constant and my, and my 
represent masses of A and 3 hyperons, respectively. 

The first difference from the case for pion-nucleon scattering appears in 
the contribution of the Born term to the amplitude A. Owing to the mass 
difference between m, and ms, this contribution does not disappear. The 
second difference is that we nevertheless require the whole amplitude A(0) to 
determine the low-energy form since the Born term and the remaining term 
both contribute in the same order to the scattering amplitude even in the low- 
energy limit.. This is again due to the mass difference m, and ms and the 
above analysis suggests us that mass difference plays a rather important role 
in the treatment of the low-energy pion-hyperon scattering. 

Following exactly the same procedures as in the pion-nucleon scattering, 
we find 


42 f,=A(0)+O0(a), 


2 3-18 
An f,=—t _ {— A(0) + O(w) } . ( ) 
Amy 
From (3-18) the S-wave scattering length can be determined as 
a= A(0) (3-19) 
Ar 


and using this scattering length a, P-wave spin-flip amplitude /; can be deter- 
mined : 


3 

O prj2— 9 p3/9 = — a q ; (1+0(w)). (3-20) 
Amy 

It should be noticed that the P-wave spin-flip amplitude is suppressed compared 

with the corresponding pion-nucleon scattering amplitude. (See Eq. (3-12).) 


3.3 Pion-X-hyperon scattering 
Kinematical considerations are made in Appendix A. As is seen from 
(A-6), there are two kinds of pole contributions one from a /-hyperon 


intermediate state and the other from a ¥-hyperon intermediate state. In the 
low-energy limit we have from (A-6) 


foe} fo) 
297 ° 0979 e 02 
Ao= aan ZA Petes: v7 (Vas oy 9 
mat+tms f sm; ee Se — ms" ds. + OC); 
(my + #)2 (my+p)2 ° 2 
at Kh 
At 20 i pis Pas. 
we zi 22 / 2 
matms s'—m; aoe si— ms dsz + O(a"), 
(ms w)2 (ms+ mya °° = 
A-~=0+O(a), 


B'=0+0(w), ee 


re “7 
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Mls ow 
co 
2G Ors ° oP 
Se eR ey are M2r asin 
Ge deer tcpeg mantel Wie epee a 
Why — 11 4 S>Ms Se — 
(my + »)2 (my + 4)2 


Inserting (3-21) into(A-5), we obtain 
4 f,'= A*(0) + O(a), 
Anf*= A*(0)— i Het Oo), 
dn f,=0+0(w), 


Fee Ae {— A°(0) +O(w)}, 


2 Cae \ 
anf =—L, | A* (0) — 2g +O(o) , 
Ams 


w 


2 
Az f; =—1 _ {+ 2m;B-(0) + O(w)}. 
Ams 


From (3-22), we see that there two independent 
amplitudes A* and A® are necessary to determine the 
S-wave scattering amplitude* and for P-wave spin-flip 
amplitude we have the following low-energy limit 
theorem, 


2 
Of1pp— OF3)2 = — (-222 | vi (1+O0(@)). 


2m; \ 4x / w 


(3-23) 


Eq. (3-23) can be applied to the determination 
of the coupling constant gss’°/4z if low-energy P-wave 
phase-shifts are known. On the other hand, we have no 
analogous theorem which determines another coupling 
constant gs//4z. This is because even in the limit 
of the vanishing pion mass, the pole from a /A-hyperon 
intermediate state cannot attach to the physical region 
on account of the mass difference between m, and my. 


(Fig. 6) 
§ 4. Photo-pion production 


We shall consider the following three reactions, 


a ase + O(w’). 


(3-22) 


ImM(S—z) 


2 
Iss 


2 
Is 


Fig. 6. Change of the 


structure of the absorp- 
tive part of the pion- 


S-hyperon — scattering ° 


amplitude in the limit 
of the vanishing pion 
mass. The pole cor- 
responding to a J- 
hyperon intermediate 
state attaches to the 
physical region. 


* This is equivalent to the introduction of the following Hamiltonian for the S-wave 


scattering, 


H=i(Ps:Ps) (GP) +2.Ps-%) (Ps). 
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jf Pann Ce); 
pan, 09, (4-1) 
Vie Pie 
For S-wave pion production, which case is well known as the Kroll- 


Ruderman theorem, we know that amplitudes of reactions (4-1) can be expres- 


sed in the low-energy limit,” 
Le gi 
T f=/2 Figg, 
2m 


IF =) (4-2) 


Coie: 


Ts=V2 ia °&. 


2m 


For P-wave pion production,” we have 


AP : ; kX&) ) 
2m 2m k 


Tea! ( € Hy) { a-qo(kX&) — o(kXé&)o-q . (4-3) 


2m \2m k w 


w 


TP) /2 I sy, a-qo(kxé&) —( é +1,) a(kx€)o-q L 


2m \ k 2m w 


where k and q are momenta of the incoming photon and outgoing pion, 
respectively, € is the polarization of the photon and y/,,, represent anomalous 
magnetic moments of the proton and neutron, respectively. 

In the following we derive the above results based on the analysis in § 2. 
For this purpose we first expand the total amplitude into invariant amplitudes 
with a properly chosen invariant set, which has already been given by Chew et 
al.” Making use of their results, the complete photo-pion production matrix 
element may be written, 


M=M,A+M,;B+M-C+™M,D, (4-4) 


where quantities A, B, C and D are invariant amplitudes and functions of s 
and ¢ as well as the nucleon isotopic spin. Furthermore M,, M;, Mc and Mp 
represent four independent basic matrices, which satisfy covariance and gauge 
invariance, and are given as follows, 


Ma=t7s7 Erk, 

Mz=2i7;( PE-gk— Pk-&), 
Mc=75(7- qk—y- kg), 
Mp=275(7€: Pkh—yk: PE—imy-€-rk), 


(4-5) 
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where 2P=p+p' (Fig. 7). 


Invariant amplitudes A, B, C and D are further de- 
composed, explicitly writing isotopic spin dependence, as 
follows,* 

A=AtI*+A I-+A°D, 


Cle. 


Fig. 7. Photo-produc- 


where tion of pion. 
(= tae 
es al } S. 
1 (ree ey ea (4-6) 
2 
Pots 


The 12 invariant amplitudes A**, B*°, C*® and D*" are proved to satisfy 
dispersion relations for low momentum transfer.” 

Investigating their pole contributions, it is easily seen that each amplitude 
has the pole contribution, the residue of which can be expressed in terms of 
the renormalized charge, anomalous magnetic moment of the nucleon and pion- 
nucleon coupling constant. So we find in this case that the low-energy theorem 
holds. In fact, in the low-energy limit, the whole amplitude up to linear of 
the pion momentum can be expressed : 


0 ab . 

; eg. g e i(o-&) (k-q) 
= -& ro 

= | 2m i +{ 3] 2m es +t) k 


1 
Doo (e nw) 2 ee 0 | 9 «diet g)g 8) 
= _ 1] 2m \2m 2 k 1) 2m ko—k-q v4 
g G i(o-k) (q-€) 
=, : 4-7 
+} | 2m ee +H) k ; se 


where parentheses indicate the cass: Go yak0) satid-Gee)i OF (4-6), respectively 
and p, stands for #,—/ in the case of (+) and /#»+#, in the case of (0). 
The first term of (4:7) represents the S-wave production and the second, the 
third and the last terms contribute to the P-wave production, while the fourth 
term which is called the retardation term, represents the contribution from 
pion current and contains higher wave contribution. It should be noticed that 
the appearance of the retardation term in the pole contribution is due to the 
gauge invariance. The results given in (4-2) and (4-3) immediately follow 


from (4:7). 


* Note that the superscript (+0) bears no simple relation to the charge of the pion being 


produced, in contrast to (4-2) and (4-3). 
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§ 5. Discussions and concluding remarks 


In the previous sections we have explored the:contents of the so-called 
low-energy limit theorems of various collision processes based on dispersion 
relations, which makes it clear that the low-energy limit is nothing but the 
limit in which a pole attaches to the physical region and the pole contribution 
dominates the whole amplitude. In the course of the discussion, however, we 
have assumed the validity of dispersion relations but in order to establish the 
theorem, it is enough to consider them in the neighborhood of the momentum 
transfer ¢=0, in which case it is possible to prove them based on general 
principles of the quantum field theory.” ; 

In order to justify the limiting procedure of 7-0, we must know explicitly 
the dependence of the scattering amplitude. This is accomplished by the 
method of the integral representation of the scattering amplitude.” 

The amplitude of the boson-fermion scattering, according to Lehmann, can 


be written as follws, 


2. 2x 


\ Wiguicdu tae | aa 3, \ dt 


0 


il 
M(s;t, 7) = 
(5.0) = “Sa Ka) 
PU, Ui 3 Ki, COSA Sin, Sin 3+ cos 7; COS jo, s) 


[z,(7)—cos(O—X) ley) eos a)] 0” (5-1) 


where 
xi(7) = K?(9) Hite Rees {1 =a) mi [2 Vs tuo}? 
2K (4) u; sin; 


> 


K*(y)= istm*(1—7)}?—4m' s 
As 


@: scattering angle in the centre-of-mass system. 


From (5-1), the analytic property of the scattering amplitude in 4 can be 
derived, i.e., the scattering amplitude M(s, ¢, 7) is an analytic function of 7 
regular for Rey<y*/m in the neighborhood of the real axis, provided t~0. 
The limiting procedure of 7-0 in the case of the forward scattering can 
therefore, be justified. 
Moreover, in the limit of 7==0, the scattering amplitude is always proved 
to satisfy the dispersion relation even if Eq. (2-1) cannot be proved for 70. 
This shows that the derivation of the low-energy limit theorem in the previous 
sections may be applied also to the case in which the validity of the dispersion 
relation in general cannot be proved. 
. Next, we investigate how the type of the interaction affects the low-energy 
limit theorem. This problem is closely related to the subtraction problem in 
dispersion theory. Let us consider the case of pion-nucleon scattering. In this 


Te. ae 


Low-Energy Limit Theorems and Dispersion Relations 793 


case it is easily shown that use of subtracted dispersion relations does not alter 
the conclusion in § 3, that is, low-energy theorems depend only on the residue 
of the pole. Hence the type of interaction does not affect the validity of the 
low-energy limit theorems ; for example, in the case of ps-pv coupling, we have 
the following expressions of the Born term instead of those in § 3.1: 


Peta ik 
m” 
Axoin=0, 
a 1 1 
Beg a — (5-2) 
\m°—s mv — Se 
E35, aan, 6) 2 2 a il 1 
Born ah Aa + 9 2 + is ete) 
m—s mM — Se 
where eed ae 8 
Am? 


The only difference from (3-3) is additional constant terms to the ampli- 
tudes At and B~ but this difference is completely absorbed in free parameters.* 
In this sense, low-energy limit theorem is insensitive to the type of the inter- 
action. 

The derivation of the theorem mainly depends on the kinematical analysis, 
as is seen in §3 and §4, that is, the content of the low-energy theorem is 
almost determined by the known masses, spins and parities of the particles 
which participate in the scattering processes under consideration. 


Though, in this paper, we have confined ourselves to the two-body scat- 


tering and reaction processes, the present method can be applied to any other 
inelastic processes, if dispersion relations for those processes can be justified. 


For example, for double photo-production of S-wave pions, it is conjectured — 


based on this analysis that the amplitude can be determined in terms of the 
renormalized charge, anomalous magnetic moment of the nucleon and the pion- 


nucleon coupling constant as well as the pion-nucleon S-wave scattering 
17) { 


lengths. 
The author is indebted to Dr. S. Sato for his discussions and to Dr A. Sato 


for his reading the manuscript and giving helpful comments. He is also in- 


debted to the Iwanami-Fijukai Fellowship for financial aid. 


Appendix A 
Dispersion Relation of Pion-S-hyperon Scattering 


Scattering amplitude T, which is defined in the same way as in‘the pion- 


* The same argument can be applied to ‘the effect of pion-pion interaction to the scattering 


amplitude. 


4 
| 
| 
: 
‘ 
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nucleon scattering, can be decomposed in the 3-hyperon ; jan 
isotopic spin space as follows: << fi : 
/ 
where ‘ 
1 1 wh 
BAO {t;, ti} AY +I t3, Hae De p \ 
etc. (A-2) Fig. 8 Pion-3-hyperon 
scattering. 


Here ¢;(i=1, 2,3) is the vector component in the %- 


hyperon isotopic spin space and is represented : 
ALES FA OP aed 4.\ DP 2u5 1) 
£0 OR, ei O, 40 0}, ige= We 0). (A-3) 
Oure7=50 —i 0 0 O- 04.0 


Invariant amplitudes A*® and B*° defined in (A-1) and (A-2) can be 
expressed in terms of the eigenamplitudes of the total isotopic spin as follows: 


Ata al wt ~ 
6 2 B33 

2 1 
Al == A? _*_|A° : 

q i ‘ (A-4) 
Me aa! 1 1 
AN = — A?’ eet tee AY 

6 3 2 a SN 

ete: 


Physical amplitudes f,*° and f,*° which are directly related to phase-shifts 


of the scattering can be expressed in terms of these invariant amplitudes in 
exactly the same way as the case for pion-nucleon scattering : 


fit =| Foes | ( A*+(W—m;)B* 


2W 4z 
A:5 
fate: ( Eas | ( — A*®*+(W+my;) B* ( ) 
2W At j 


Dispersion relations of pion-}-hyperon scattering, after these kinematical con- 
siderations, can be written down as follows: 


AMS, 1) = (ms) Pea x are ae! | 


Mi—s. me—ss 


p(s’, t) (f(s, 2) 
po BEEN SSID ETS i M23 \9%e 

ae figs ds’ + \ ahah ea dsr, 
(my + p)2 (my+ w)2 ¢ ¢ 
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A*(s, 1) = (mms) ea ; ze em 1 = 
Ms—S | mMi—Se 


fo} 
A+ / 
, ds’ + | Pos & 5) t) ds , 

3 s—s " ined C9 
(my + #)2 (ms-+ p)2 Se Se 


=1, (8; 1) =(ns— mo) Gea{ oe ce 
M4 =S TD Wt Se ) 


fis (Sa t) 


oc foe} 
A— - . A— 
0 f 
fas (s b) t) , (2s (Ss. t) 
1 SRL Ti ea ds’ + eA I (A-6) 

(myt w)?2 (my+ fh)? e Se 


BG, )=gup— I 


2 
ih 3 M4 — Se 


— 


si Se 


07 I ! ee BO; 7 
pis(s’, t)ds EC Eot 
AAT \ fas (Se's de aes 


s'—s 
(my+ 4)? (my+p) 


indented het hy aatal 
Is —Se 


2 
M4 S. M4 —Se ms —S 


B+ / oe B+ / 
0 { 6 
fis (s’, t) ‘a0 (Se, t) 
apa : ds’ aia \ a ee F = Ase 
Hy Siuemeas 
(my+ 2)? (myt p)2 i ‘ 


— 


a if it 

B-(s, )=—gt4{ + +2} +s {+ — | 
SEL? ames WA =a Se The SiS) ts Fs, 

pis (s’, t) 


a / 

fas (set) 4 , 
/ / Se » 
Lea) 


Se — Se 


as 


(mt #)? 


ds’ + 
: (my + #)2 
where gs,2 and Jss? are renormalized pion-hyperon coupling constants. 
We have, from crossing relations, the following properties of spectral func- 
tions : 
Pie’ (s, t) > far” (s..t), 
pis: (e t) <<? — is (So, a 
for ss, Ane 


pret (s, t) <> — rs" (se, t), 


fox Cs t) © (as (Se, als 
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It is suggested that the low-energy pion-nucleon p-wave phase shifts will be well under- 
stood by taking account of the effects of not only the pion-pion P-wave interaction but also 
the pion-pion S-wave interaction into the equations for the p-wave scattering amplitudes 
derived by Chew, Goldberger, Low and Nambu. 


§ 1. Introduction 


Chew, Goldberger, Low and Nambu (CGLN) have derived the equations 
for the partial wave amplitudes of the pion-nucleon scattering and have shown 
that they nearly reproduce the experimental p-wave phase shifts at the low 
energies, except that the theoretical |ay,| is about 3~4 times as large as the 


experimental one. According to the investigations by many authors,” however, 


the effect of the pion-pion interaction** (z+2—>N+N) has been neglected there. 
Recently, Bowcock, Cottingham and Lurie” have shown that the pion-pion P- 
wave interaction has the effects to make a, and a close to each other at the 
low energies and to make a, larger than a at the intermediate energies, 
which are consistent with the experiments. 

In this paper, we will show that the introductions of not only the pion- 
pion P-wave interaction but also the pion-pion S-wave interaction are rather 
favorable for understanding the pion-nucleon p-wave phase shifts at the low 
energies. The reason is as follows: The pion-pion S-wave interaction pro- 


duces an isospin-independent pion-nucleon interaction, then if one assumes it. 


to be attractive, one can make the rather smaller p-wave phase shifts predicted 
by CGLN. plus the correction from the pion-pion P-wave interaction close to 
the experiments. In §2 we will reproduce the p-wave phase shifts by the 
method introduced by CGLN and describe the corrections caused from the pos- 
sible pion-pion interactions. In §3 we will discuss how the p-wave phase 
shifts predicted by CGLN can be made close to the experimental ones by the 
assumed effects of the pion-pion interactions. 


* On leave from Faculty of Liberal Arts and Science, Yamagata University, Yamagata. 

** This has been naturally introduced in order to explain the electromagnetic structure of 
nucleon and also has been shown to be very suitable to understand the second and third resonance- 
like behaviors of the pion-nucleon scattering. See references 4) and 5). 
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§2. Theory of CGLN and the corrections from 
the pion-pion interactions 


We will first reproduce the pion-nucleon p-wave scattering amplitudes, fol- 
lowing the procedure given by CGLN. They can be derived from the following 


equations : 


F/G =2 ALM (A (W?, 0)—2¢ AP"(W?, 0)) 


3 2W 
+(W—M) (B® (W?, 0)—2¢ B®" (W?, 0))}./47, (2-1) 
1 r v- 
(fpf) = a (BOW, 0) — 2g BW? 0))/4z, (2-2) 
where the superscript ’ represents the derivative with respect to ¢(==—4k”), at 


i=0.* 

In (2-2), very small contributions from the pion-nucleon s- and d-waves 
to the left-hand side have been neglected. Here, we will examine to use the 
different equation (2-2) from the corresponding one of CGLN, for, if one used 
this instead of (2-2), it would be necessary to use the dispersion relation for 
A™(W?, 0), which, as to the convergence of the related dispersion integral, 
is the worst of the A~(W’, 0), B® (W?, 0) and these derivatives, and further, 
extra information about the effect of the pion-pion interaction on the A‘(W7”, 0) 
would later become necessary. By the use of the dispersion relations for A‘ 
and B™ given by CGLN, from (2-1) and (2-2) we have the p-wave scattering 
amplitudes as follows: 


Dario miey 1+o!/M\ ( E+M \ Im fe(o’) 
Reful?'= 3 7 +——-| da! ( )( Ree 
efoa/ 3 a An z J go 1+o/M /\E'+M/ @?(o'—o) 
ty , Im fs3(v’) 
“a Orr | ue qd? (w'! +a)? 


oo 


A loos PAPE pes 4 Im f33(w’) 
R =— , 
e fis/q Cay aia oy | de Hiker ce) : 


1 
Fas £ ie : | do! Im faa(o’) ( 4 1 2 


9 
oy ab M Qo” 9 wt+ew 3M 


Re fn/g=— 


8 je Die Meare Im Ff: (w’) 16 iL 2 
R a ws i , J 33 = 
efu/¢ 3°-@ ar M or 7 ge q” ( 9 w'+ua ae) 


(2-3) 


* In this paper, the notations of CGLN will be used, unless specially mentioned, and the 
conventional units A=c=1 and pion mass ~=1 will be used. 
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These equations are derived by expanding the various terms which appear in 
the original equations with respect to w/M and w'/M and by neglecting these 
second orders. The last two equations in (2-3) are different from the cor- 
responding ones of CGLN in the order of {?/M. But, if one remembers the 
approximate relation f'=2/3n\ du'Im f3(w’) /q”, these differences are found to 
be not so numerically distinctive.* 

Next, we will describe the contributions from the pion-pion interactions. 
The S- and P-wave pion-pion interactions contribute to A™’(W7’,t) and to 
A‘ (W’,t) and B)(W”,t), respectively. It will be found that there appear 
no contributions to the B’(W*,z) as long as one omits the higher partial 
waves other than S- and P-waves.”’® Then, from (2-1) and (2-2), the pion- 
pion contributions will be written as 


Of wsh/G) = aq), 
Of sah/) =€(Q), 
Of aS a2) /F=6(q), 
Of sp —f par)/¢=0, 
where a(q) represents the contribution from the S-wave pion-pion interaction 


and €(q) and b(q) represent the contributions from the P-wave pion-pion inter- 
action. Then, using the relations 


(2-4) 


FOSEFOF2F), FORE FOF), (2-5) 
the contribution to each p-wave amplitude becomes as follows : 
O(fee/¢) =alg)—€(q), %(frx/7) = alg) +2€(Q), (2-6) 
8(fa/P) =a(q)—O*(g), 8 fu/@) = a(q) +26" (Q), (2-7) 
b* (q) =b(q) +€(Q); (2-8) 


which may be summed up as 
6f=3(p-q)a(q)oae+[3(p-4) (gq) + (op) (o-q)b(9) Ila, tel/2, (2-9) 


where q and p are the initial and final pion momenta and § and @ are the 
initial and final pion isospin indices. In the next section, we will try to esti- 
mate these parameters a(q), b*(q) and €(q) by comparing with the experiments 


at the low energies. 


* This will be very natural from the following consideration. The difference between (2-2) 
and that of CGLN is essentially in whether one uses the experimental or the theoretical s-wave 
scattering amplitudes. (And in (2-2) the contributions from the s-waves have been neglected, as 
they are estimated to be very small by using the experimental s-wave amplitudes.) However, the 
theoretical s-wave amplitudes predicted by CGLN have been shown to nearly reproduce the ex- 
periments without the pion-pion effect.) Then, the results should be nearly equal to each other. 
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§ 3. Numerical estimation of the pion-pion effects. Discussion 


We shall here restrict our attention to the pion-nucleon scattering within 
the low energy limit. The p-wave phase shifts predicted by (2-3) are numer- 
ically calculated as is shown in Table I, one taking the coupling constant 
f?=0.08+0.01. The experiment reported by Puppi in the 1958 Annual Interna- 
tional Conference on High Energy Physics at CERN is also listed in Table I. 
Owing to the large experimental inaccuracy, in addition to the limitations on 
the theory of Cini and Fubini applied here, one might not be able to derive 
so decisive conclusions on the pion-pion effects, but we wish to derive as much 
information on these effects as possible. 


Table I. The pion-nucleon p-wave phase shifts at the low energies are. calculated 
by using (2-3). The experiment is taken from the report by Puppi in the 1958 
Annual Conference at CERN. 


if 0.07 ‘908 = || 009s *)Sscexperiment 
area) 9° 0.196 0.210 0.223 | 0.234-+0.019 
a43/@3 —0.035 —0.041 0.048 } —0.039+0.022 
Sig —0.037 ~0.045 0.054 | —0,044£0.005 
an/@ ~0.110 ~0.132 —0.157 | —0.038-+0.038 


From Table I it can be seen that the a, and a are consistent with 
experiment, but (i) the |a,,| is about 3~4 times as large as the experimental 
one, (ii) the a3; has a tendency to be smaller than the experimental one at 
least within (?~0.08 £0.01, though this is not so remarkable as (i). In this 
paper, we will assume these discrepancies to be due to the neglect of the effects 
of the pion-pion interactions. These discrepancies might be considered to be 
due to the neglect of the effects of the higher partial waves of the pion-nucleon 
scattering on the dispersion integrals, but these effects will be found to be approxi 
mately included in the assumed pion-pion effects at least if one assumes 
that the two-pion exchange interaction will be dominant at the low energies.” 


Table I. The possible pion-pion effects a(q), €(q) and 6*(qg) in (2-6) and (2-7) 
are estimated. i 


f? 0.07 0.08 0.09 
! from (2-6)  0.02440.015 0.017+£0.015 0.010+0.015 
from (2:7) |. — 0.019-£0.013 0.032+0.013 0.046-40.013 
be 0.026++0.013 0.031-+40.013 0.036-£0.013 
€) | —0.014+0.010 —0.007=0.010 —0,001=+0.010 
Ee 
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Comparing the p-wave phase shifts predicted by (2-3) with the experiment 
we can then estimate a(q) and €(q) from (2-6) and can estimate a(q) and b*(g) 
from (2-7). The two ways to estimate a(q) are, of course, due to the last 
equation of (2-4) which comes from. the assumption of the S- and P-wave 
interaction dominance. The results are shown in Table II. 

The necessity of the positive 6* can be found from (2-7), as the positive 
b* can make the a, and a, (which are predicted as a@,,>a@, in (2-3)) close 
to each other. But from this effect the a, becomes rather smaller than the 
experimental one, then the positive a(~) becomes necessary, which is reflected 
in the third line of Table II. On the other hand, the positive a from (2-6) 
comes from the fact that, without this, the a; is rather smaller than the ex- 
perimental one. As to the J=3/2 states only (or J=1/2 states), if one 
properly took the coupling constant f? as the order of 0.10 (or 0.06), 
one could nearly reproduce the ex- 
periments without the pion-pion S- 7% Z 
wave effect a(q), but then one could 
not reproduce the experiments of 
ibe ther — 1 /2estates (or J a7 2 
states). This circumstance is 
illustrated in Fig. 1. From Fig. 1 r A) 
we can estimate the coupling con- r a from (2.6) 
stant f*? and the pion-pion S-wave 0 oe Pre 
effect a(q) so as to coincide the a(q) r f pore 
from (2-6) with the a(qg) from s Ws nn 
(2-7). Then the results become as ; , 
follows : 


Big. -d. 


f?=0.073£0.013, a=0.022 + 0.013. (3-1) 


Thus, the attractive isospin-independent interaction a(q)>0 is found to be very 
favorable for understanding the low-energy p-wave phase shifts. Further, the 
above estimated f? is found to be close to the usual 0.08+0.01, which is con- 
sidered to support our assumption of the pion-pion S- and P-wave interactions 
dominance. We can then calculate b*(q). and €(q) tentatively by taking 
fe = 0.013250 - | 


b*=0.028 40.013, €=—0.012+0.010, (3-2) 


where the error in b* arises almost from the large inaccuracy in @y, but the 
a—b* will be fairly accurately determined from the data of a within +0.005. 
These b* and € are consistent with ‘the values calculated by Bowcock et al. 
in reference 3), where the pion-pion P-wave resonant interaction is assumed. 
The pion-pion S-wave effect a(q) in this paper is about 1/2 of the one previously 
estimated from the different method.” Hence, the pion-pion S-wave scattering 


a from (2.7) 
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length a's will be revised as the order of 1/24 which is one half of the one 
previously estimated. However, these values of as might not be so reliable 
by the following two reasons: (i) In the treatment of the integral equation 
for z+z—N-+N in reference 6), the imaginary part of the pion-nucleon scat- 
tering amplitude has been approximated by the partial waves for ¢ 4p" as 
has been made in the treatment of the electromagnetic structure of the nucleon 
by Federbush et al.,” which may, however, be a drastic assumption in view 
of the treatment of the electromagnetic structure of the nucleon by Frazer 
and Fulco,” and (ii) in our “phenomenological treatments”, the assumed at- 
tractive force will essentially represent all the contributions other than the 
one from the dominant (3-3) state to the dispersion relation for A“. 

We will finally try to estimate the pion-pion corrections at the intermediate 
energies, for instance, at g=1 so as to reproduce the behaviors of the small 
phase shifts given by Chiu and Lomon,” taking f/?=0.08. It then follows that 


a(q) =0.028, b*(g) ~0.015, €(g) ~ +0.007, 
@,= 40.015 ¢, ay ~an~—0018¢ at g=1. (3-3) 


From these, a(q) and b*(q) may be slowly varying functions with the energies. 
However, in order to reproduce the positive a, at the intermediate energies, 
it will be convenient if €(q) rapidly increases from negative to positive as g 
goes to the intermediate energies. At any rate, from our analysis, it can be 
found that the assumed effects of the pion-pion S- and P-wave interactions are 
very favorable for understanding at least the low-energy p-wave pion-nucleon 
scattering. In order to see the pion-pion effects on the -partial waves other 
than the p-waves, however, one has to know the explicit structures of these 
effects on the invariant scattering amplitudes A‘ and B™. Here, we have 
not referred to this problem. 

The author wishes to thank Professors K. Nakabayasi and I. Sato for their 
interest shown in this work and continual encouragement. He wishes to thank 
also the members of Kyoto and Tohoku Groups for their valuable discussions. 
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An exact equation for the bound state of nucleons in the static neutral scalar model is 
obtained by using the field equation for Heisenberg operator and the method of canonical 
transformation. The formulation of the eigenvalue problem is completed by the analyticity 
consideration. In particular, a boundary condition at r=0 (—ir being the “negative 
imaginary” relative time) turns out that the derivative of the “ wave function” with respect 
to t must be zero at r=0. The abnormal solutions exist in this case as well as in the ladder 
approximation, but there is difference in nature between them for the zero meson mass case. 
The appearance of abnormal solutions is mainly due to the structure of the fundamental 
equation itself. This is demonstrated by handling a first order equation for the static neutral 
scalar model and the Bethe-Salpeter equation for the Lee model, in both cases of which 
the abnormal solutions do not appear. 


§ 1. Introduction and summary 


The so-called abnormal or redundant solutions of the Bethe-Salpeter (B-S) 
equation in the relativistic two-body problem were first found by Wick” and 
Cutkosky,” and discussed by many people. Some. authors” tried to give a 
positive physical meaning to such solutions and the others,” on the contrary, 
to exclude them by some physical reasonings. These solutions represent the 
states which have a quantum number pertaining to the relative time variable, 
and all except the ground state (normal state) have not their non-relativistic 
correspondence. Recently Ohnuki, Takao and Umezawa” have shown that even 
in the non-relativistic case the B-S equation has abnormal solutions which do 
not correspond to the eigenstate of the total Hamiltonian. 

All studies published so far concern with the lowest ladder approximation, 
and it is not yet clear whether the existence of abnormal states is inherent in 
the conventional field-theoretic treatment of the bound state problem or it is 
only due to the approximation employed. In this respect, the investigation of 
the complete B-S equation without any approximation is very desirable, but we 
do not know any example except for some trivial one as the Lee model in 
which the corrected ladder approximation is indeed exact. 

Usually, the BS equation is solved by transforming into an equivalent 
eigenvalue problem in the relative coordinate system of two particles. This 
formulation however is not always mathematically satisfactory, because some- 


Sat 


ee wp 
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times the boundary condition at the origin of relative coordinate system is 
incomplete, and about it we could have no definite indication from general 
field-theoretic considerations. This is also one of the important points to be 
clarified in investigating the bound state problem. 

We are now going to discuss mainly about the bound state of nucleons 
in the scalar neutral meson theory with fixed source,* starting with the deri- 
vation of an exact B-S equation. Owing to the technical complication of usual 
field-theoretic method, we are obliged to be content with the direct derivation 
of the equation by using the equations of motion of the Heisenberg operators 
and the method of canonical transformation. Of course, such a derivation is 
quite unsatisfactory from the general field-theoretic view-point, but as our aim 
is not the derivation but the close analysis of the complete B-S equation and, 
hoping that the same result would be obtained also by the standard Feynman- 
graphical technique, we are no more nervous about this point. The equation 
thus obtained is a differential equation in the relative time variable, and con- 
tains three terms: a term proportional to the square of the coupling constant 


which just corresponds to the ladder approximation and two terms propor- 
tional to the fourth power of the coupling constant. Hence, the limitation to 


the ladder approximation can be easily obtained. 

The problem of solving this equation can be transformed into an eigenvalue 
problem in the imaginary relative time variable, following Wick,” by a method 
of analytic continuation. However, as stated above, we meet with the difficulty 
of the boundary condition at the ‘origin of the relative time. The second 


method of handling the equation is then described, which utilizes the analytical 


structure of the BS amplitude and the B-S equation, and transforms the B-S 
equation into a Fredholm’s integral equation of second kind for the spectral 
function of the B-S amplitude and an eigenvalue equation.** The latter equa- 
tions themselves give a complete description of the bound state problem, but prac- 
tically it is difficult to solve them. However, it turns out that this eigenvalue equa- 
tion is equivalent to the boundary condition at the origin of the relative time 
in the first method, and thus we can get complete information on the eigenvalue 
problem in the relative time variable from the general field-theoretic standpoint 
and, at the same time, make clear a close relation between two methods. 
Now, returning to the first method, we have to solve the eigenvalue prob- 


lem in the imaginary time variable under the boundary conditions that the 


“wave function” vanishes at infinity and its first derivative at the origin be- 
comes zero. The equation to be solved under these boundary conditions is a 
second order ordinary differential equation of the type of one-dimensional eigen- 
value equation in the quantum mechanics. In comparison with the case of 


* Hereafter referred to as the neutral scalar model. 


** A similar method has been discussed also by Nakanishi® in connection with Goldstein’s 
eigenvalue problem. 
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ladder approximation treated by Ohnuki et al.,” the “potential” is regular here 
too but deeper everywhere. Therefore we have abnormal states even in this 
exact treatment, the nature of which is however somewhat different from the 
ladder approximation for the zero meson mass case because the potential tends 
to zero at infinity as the inverse of the variable whereas it does as the inverse 
square of the variable in the ladder approximation. 

It is further a question to be decided whether the existence of abnormal 
states should be appreciated positively or denied by some physical or mathe- 
matical reason. The abnormal solutions have certainly an intimate relation to 
the freedom of relative time, the physical meaning of which has not yet been 
clarified, but the whole responsibility of its appearance is not always on the 
relative time. In order to understand this circumstance, we solve the same 
problem by considering a first order equation of the B-S amplitude and the 
B-S equation for the Lee model, in both cases of which we have no trouble, 
showing that the abnormal solutions originate rather from the structure. of the 
fundamental equation itself. 


§ 2. Complete Bethe-Salpeter equation 


The system of two nucleons, fixed at r/2 and —r/2 respectively, inter- 
acting with the meson field is described by a Hamiltonian in the unrenormalized 
quantities : 


e 


H=m, ae N;+ \ wa (k) a(k) dk 
Vettes | ae ( ie (2 igt-r) +h.c.) Ni (2-1)* 
=" (on) x (Qu)? a(k) exp pre 
where the subscript i takes 1 and 2 and designates two nucleons, N;=@jo*@o 


is the nucleon number, a*(k) and a(k) the meson operators, o=)//2+k? (v= 
meson mass), and 


The commutation relations are 
{atig, Hy" } =94;, [a(k), a* (k')]=0(k—k’). (2:2) 


For comparison and later references, we shall briefly sketch the main 
results by the canonical transformation. The transformation function is defined 


by 


* For simplicity of writing, we do not introduce a cutoff factor into the interaction from 


the beginning. 
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U=exp(9 >i N,(A;— A;*)), (2-3) 
in which 
1 ( dk le 
aE et ee ee ey ek ( iuk-r) 
(27) ** V2 Sera 
The field operators are transformed into their corresponding clothed operators: 
Bin == Ua) U"* =a exp {—g(A,— A;*)} =a; exp(—gA;) exp (gA,*), (2-4a)* 
Ds ee g 1 eat ae 5 
b(R) = Ualk) U*= a(®) +g ag exp ( ink r), (2-4b) 
where a, is the renormalized operator of the nucleon defined by 
i eon al Lec |) ee 
a, ==Z? dig exp ( 2 (on) ) dak Ain. (2-5) 


It is seen at once that 
N,=0* An=Po* Pio : (2-6) 


The Hamiltonian can be written in a diagonal form in terms of the clothed 


operators as 


H=m > N,+ | ob* (k)b(k) dk—g VrYNNs, (2-7) 
where m is the renormalized mass of the nucleon defined by 
2 
m=m—dim=m,—-— \= : 2-8 
j ; (2235) Qo" eee 
Vir) =en"y Anz, (2-9) 


It is then very easy to see that for the bound state of two nucleons repre- 
sented by 


|B)=C(r) Bu* F20*|0), (2-10) 
|0> being the vacuum,** the eigenvalue equation 
H|B)=E|B) (2-11) 


is satisfied by the total energy of the value 
E=2m—9 V(r). (2-12) 


The field equations for nucleon in the Heisenberg representation derived 


* In the last equality we have used a special form of Hausdorff’s formula for two non- 
commuting operators X and Y for which [X, Y}=c-number, 


eXt+V¥ — eX eY e- LX, V1/2=eY eX eLYX, Y1/2, 


** As is well known, all the vacuums (free, true and clothed) are identical. 
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from the Hamiltonian (2-1) or (2-7) are, ina form convenient for the present 
purpose, 


Gaul man G) = \ dk {oti (e)b(k, ) exp(1 inck-r) 


(22)3? J (Qu)? 
+b*(k, t) Ap (t) exp (—+-int-r)|-9 VO Nyaa), CA OO 


The B-S amplitude is defined by 
¢(1, 2 = (0|T (@1(t1) @an (tz) ) |BD. (2-14) 


Operating (0/0t,—m) on this amplitude, and using the equation (2-13) for 
Gy (t;), the expression (2-10) of |B) and the commutation relations, we have 


(10/t,—m) g(1, 2)=—9? V(r) @(—2) ¢(1, 2) 


is ee cos(k-r) {e7**6(t) —e*0(—2)} g(1, 2). (2-15a) 


“(2n)? J) 208 
Similarly, 
(10/0t,—m) ¢(1, 2)=—9 V(r) (4) 91, 2) 


oe \= cos (k-r) {e~*"4(t) —e'"6(—2)}¢Q, PAY (2-15b) 


In these equations, ¢ denotes the relative time 4—f of two nucleons. We shall 
leave the details of the derivation to the Appendix. 
Iterating the operation, we get the following complete B-S equation: 


(10/Ot,—m) (10/0t,—m) ¢ (1, 2) 


Us \= cos (k-r) {e~*6(z) +e"0(—2)} 9 (1, 2 


Qn)? J 20 
+ (r) \= cos (k-r) fe (z) +e*"0(—2)} (A, 2) 
= Bee | | SE cos(her) fe (a) +e"0(—} | 92). (2-16) 


At first sight we find that on the right-hand side only the first term appears © 
in the ladder approximation. The termination of the correction terms at the 
finite (fourth) power of coupling constant is of course due to the speciality 
of the model and can be properly understood remembering, for example, the 
expression of mass renormalization (2-8) where the correction terminates at 
the square of coupling constant. Taking this feature into account, it is not so 
unreasonable to expect that the same equation as (2-16) would come out also 
from the Feynman-graphical consideration. We therefore adopt the equation 


as the starting point of our discussion. 
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§ 3. Wick’s method of analytic continuation 


Defining 
¢, (1, 2) =6 (t) (O| Qi (£1) Bao (t2) |B), (3-1a) 
and 


¢_(1, 2) = —8(—£) (OQ (tz) @i0 (ts) |B), (3-1b) 


we see at once from their spectral decomposition with respect to the relative 
time that ¢,(1, 2) contains only positive frequencies whereas ¢_ qd, 2) contains 
only negative frequencies, that is, we have the spectral representations, 


g.(1, 2) =e *P uy (1) =e 7O(+ 4) | p(w) eA dev, (3-2) 
0 


where T=(4;+t)/2, B=2m—E is the binding energy of the bound state, and 
the spectral function may be written, separating out the one-nucleon contribu- 
tion, as 


p(w) =o -0(w) +¥(a)4(w-- Pf). (3-3) 


The same spectral function for both ¢,(1, 2) and ¢g_(1, 2) is due to the sym- 
metry property of the B-S amplitude. w(t) thus can be analytically continuated 
to the lower (upper) half of complex ¢-plane. The same holds of the func- 
tions on the right-hand side of the equation (2-16). For the complete sym- 
metry, it is sufficient to consider the equation in the lower half plane only and 
we shall hereafter omit the subscript +. 
After all, with slight changes of variable and parameters, we have on the 
negative imaginary axis of the complex ¢-plane an equation of the form 


(—d*/dx* + U(x; 2, pr))u=—aru, (3-4) 


where x=t/r=it/r is real, 4=(g/2z)*, and a=Br/2. This equation is of 
the type of eigenvalue problem in the one-dimensional semi-infinite space with 
a “potential ” 


U(x; 4, er) =—Ad'' (x) +2 ae" d(x) +7 [¢' (2) F, (3-5) 


in which 


q(2) =|.& COS Ger ies (3-6) 
An vw 

The “wave function” w(2) must satisfy a boundary condition at infinity 

that w(co)=0, but at the origin x=0 it is not clear what boundary condition 

should be imposed on w(x).* Therefore this eigenvalue problem is incomplete. 


* Ohnuki et al.» considered an eigenvalue problem in the both-sided infinite space with the 
boundary conditions at 2x=-too, in favour of the symmetry of the potential (U(—2x)=U(2)). 
However, in general, two analytic regions of w(z) are separated completely and there is no analytic 
continuation from one half-plane to the other; the two regions touch one another at one point 


only ¢=0. It is therefore rigorous to treat the eigenvalue problem in each region under the 
boundary conditions at infinity and at the origin. 
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§ 4. Analytic properties of the Bethe-Salpeter equation 


The Fourier transform of the BS amplitude with respect to the relative 
energy p is defined by 


1(p) =(—De*"| 94, 2)?" dt, (4-1) 
and calculated using (3-2) and (3-3) as 
1(p)= o 32 +| v(w) dw . o re v(w) dw ae 
p—B/2+i€ p—B/2—-a+i€ = p+B/2—i€ pt+B/2+0-1& 
(4-2) 
%(p) thus has two single poles and two cuts as 
: p-plane 
shown in Fig. 1. Reva eee 
The B-S equation (2-16) is transformed into AS pjotie 4 
an integral equation, pole ee 
B/2+p—i€ 


(p°— (B/2)*)X(p) 
Fig. 1. Analyticity of x(p) of 
5 \ oe (P—9) +K_(p— 9) )4(9) da, (4-3) the neutral scalar model in 


; . the complex /-plane. 
with singular kernels given by 


(4-4) 


1 


1 ¢ kW@)do 
BP) = oni | +p—wtié’ 


where 


k(w) =4(w—P) aN die cos (kr) 3(w—0") 


gt c dk! x . 
+ 6(w— pf) Ss V(r) \ STs cos(k’-r) d(w—a’) 


/ ‘I 
—O(w—2p) 7 \ ee cos (k’-r) | cos(k” +r) 0(a—0'— 0"). 


(27)° J 20! 20!” 
(4-5) 
This singular integral equation can be solved by a similar method of analytic 


continuation as in the preceding section, but we treat it in an alternative way. 
The convolution integrals on the right-hand side of (4-3) can be performed 


by means of the formulae, | 


B IX tS 
Yi@dg > | & \ ACE oe Ane 
Prereper: Rae ecie Beate Soe: 


and 


Se. a ee ee ee a ee a ot es a oe OO eee eek. 2 


ee oe a ee eS SS Oe ell eee 
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- ! 
is “@ dq = lor i| " Oo : ae \ vo’) a = : (4 -6b) 
p= qgtw—ié pt+B/2+e—ié& J pt+B/2+e+u'—é 


which are easily verified by carrying out a contour integral including a large 


semicircle in the upper (lower) half of complex g-plane. Eq. (4:3) then be- 
comes 


(p'— (B/2)*)(p) = —2ai |o- (K, (p—B/2) +K_(p + B/2)) 


a \IK. (p=-B/2—«) + K_(p+B/2 +0) ]v(o) do : (4-7) 


Kh 
Both sides of this equation must have the same analyticity. Putting p=B/2, 


we have* 
B-o=—2ni {olK, (0) +K-(B)]}+ |[K.(—0) +K-(B+0)](o) do}, (4-8) 
and the jump of both sides at the - from B/2+p to © gives* 
CBA) Cote Or \ok(o) = [Mo-!) re do'| . (4-9) 
For the last equation, we consider the ee 


(B+) »(o) dw= 271 \oK, (0) + (x, (—w) »(w) do} : _ (4-10) 


and 


si — 8 


racy deen! \oK. DB) +) K(B-b@)n(wddal. (4-11) 


Combining (4-8), (4-10) and (4-11), BENE we get 


B(o «| (w) dw) +2 2) on(w)do=0 (4-12) 


In this formulation, (4-9) and (4-12) are the fundamental equations. 
Eq. (4-9) for the spectral function »v(w) of the B-S amplitude is a Fredholm’s 
integral equation of second kind and, contrary to the original integral equation 
(4-3), non-singular. Moreover, its kernel and free term are of the same form. 
Since k(w) contains the factors @(w—y) and 0(w—2p), for every finite values 


* The same results are obtained for the other pole and cut, since K_(0) =K,(0), K,(—B)= 
K_(B), etc. 
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of w, we can calculate »(w) by finite times of iteration so far as the meson 
mass /¢ is different from zero. Eq. (4-12), with an insertion of the solution 
v(w) of (4-9), is an eigenvalue equation, which is in general a very complicated 
transcendental equation to find B because »(w) itself contains Bas a parameter. 
It is interesting to notice that (4-12) gives a relation between the spectral 
function »(w) and the binding energy B in no intervention of kernels K, of 
the B-S equation which may sometimes depend on the approximation of the 
theory. Therefore we may give a strict physical meaning to the spectral func- 
tion »(w) as, say, a probability function to find exchanging mesons of total 
energy w. 

Solving (4-9) in a power series of g’V(r)—B, we obtain as the zeroth 
order solution 


v,(w) =8(w— fo pz} = (- He ) | eo a= =a) 0 oe cos(k;-r), 
(4-13) 
and writing 
7 v(w) = (w) + (GV (7) —B) (a), (4-14) 
v,(w) satisfies an integral equation, 
Ce sate) -— es [Eo o)(0) ah (4-15) 


and the eigenvalue equation (4:12) becomes 
(9° V(r) —B) (1 + | a(w) do— | (B+20)(0) do) 0% feiClene 


Thus »v,(w) represents the spectral function of the normal state and the roots 
of the second factor of Eq. (4:16) would give abnormal states, if they exist. 
However, it is very troublesome to perform this plan to find abnormal roots 
of the eigenvalue equation, and we have not succeeded to get satisfactory 
conclusions. Nevertheless, it will soon become clear that the arguments of 
this section play an important role in the settlement of our problem. 


§5. Eigenvalue problem 


‘Let us now return to the eigenvalue problem in the imaginary relative 
time variable. First, we shall show that the eigenvalue equation in the last 
section brings a boundary condition at the origin and accordingly makes the 
eigenvalue problem complete. In fact, we have from (4-2) 


co 


lim u' (t) =(—i/2) \B G + {v(o) do) +2] o(o) do} =O) (5-1) 
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because of (4-12). Analyticity argument concludes that we must take the solu- 
tion of (3-4) whose derivative vanishes at the origin.* 
Summing up, we have the following eigenvalue problem: to find such 


solutions of the equation, 
—d?/dx+U(a; 2, pr))u=—e@u for x20, (5-2) 
that satisfy the boundary conditions, 
u'(0)=0 and u(co)=0. (5-3) 


The correspondence between two methods of solving the B-S equation, 
that is, the method formulated just above and that presented in the last sec- 
tion, is quite clear; the differential equation (5-2) and the boundary condi- 
tions (5-3) correspond to the integral equation (4-9) and the eigenvalue equ- 
ation (4-12), respectively. 


Ne ul he-case= 0 
q(x) is given, from (3-6), by 


d(x) =—— \- cos (k-r) e~”” = —arccot x. (5-4) 


Ar 


We have thus an equation, | 
(—d*/dz°+U (a; 4))u=—a’u, (5-5) 


‘attractive potential ” 


¢ 


with an 


2 
142 


which is regular everywhere and an even function of x.** When a=J7/2, this 
equation can be easily integrated,” giving, except for integration constants, 


U(2;A=- 


—7xz arccot 2+ /°(arccot 2)’, (5-6) 


Un (x) =exp| — | arctan 2’: det : (5-7) 


which indeed satisfies boundary conditions (5-3) and is the normal solution in 
accordance with (4-13). For other values of a, we cannot find a solution in 


a closed form, but qualitative meee will be sufficient to lead us to final 
conclusions. 


In comparison with the ladder approximation, where we have only first 
one term of the potential (5-6), our potential tends to zero at infinity more 


* It is worthy to point out that this boundary condition should be imposed on also in the 


ladder approximation since, as stated above, the relation (4-12) is valid independently of the 
approximation. 


** This is at once seen by rewriting it as 


U(2; Ay=— 


A 
reraee +2 (arctan x)2— (Az/2)2. 
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slowly because. of the term —/’z arccot x which behaves as —/2z/x for large 
zx. This will bring an essentially different aspect of “levels” between our 
exact treatment and the ladder approximation. 

Before entering into the discussion of levels, we shall point out a somewhat 
unfamiliar feature of the exact equation. Usually, the equations describing the 
one-dimensional eigenvalue problem in the quantum mechanics are of hyper- 
geometric type or can be transformed into it. Our equation, in general, does 
not fit in either case. Therefore, we must at first ascertain the existence of 


the solution having a correct behavior at infinity. Unfortunately, due to the 


presence of arccot 2, it is difficult to say that a formal development of the 
solution at the irregular singular point (z=oo) of the equation by the standard 
method provides indeed an asymptotic expansion. However, we have found 
in the mathematical literature® a theorem stating, when applied to our equa- 
tion, that if 


\lUG@: 4) |dx=0, (5-8) 


but 
\lv@; Narco: (5-9) 


then there is a solution (5-5) of possessing the asymptotic form 
en ae (1/24) | U(a'; d)da'+0)} (5-10) 
0 
which fits the boundary condition at infinity. In our case the condition (5-9) 
is certainly satisfied. 
No further questions arise because Eq. (5:5) is regular for every finite 
value of x. It is therefore straightforward to reach at a conclusion that our 
problem has many solutions other than the normal one. As is seen from (5-7), 


the normal solution has no node and accordingly corresponds to the ground - 


state. The sole problem to be settled is whether these solutions are of the 
well type or the Coulomb type or some others. Here the well type means 
that there are a finite number of levels for every finite value of 4, and the 
Coulomb type means that there are an infinite number of levels even for any 
small but non-zero value of 7.. In the ladder approximation it has been shown” 
that in the case #=0 we havea rather strange feature, so to speak, the mixed 
type, namely, there are no abnormal solutions for 4<1/4 and occurs a degenera- 
tion of an infinite numbers of solutions at 4=1/4, and that the solutions belong 
to the well type for #40. These results are essentially based on the behavior 


of the potential as xo. ; 
For a close qualitative analysis of the levels, the use of the following 


-in general many solutions other than the normal one. 
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comparison theorem is quite convenient : If we consider two attractive poten- 
tials U,(x; 4) and U,(x;4) and suppose that, for a given A: 


|Ui(@; 4)|=|U2(x; 4)| for all x, (5-11) 


then, under the same boundary conditions, the number of levels for AL 
is not less than that for U,(x;/). From this theorem, we can get at once 
another conclusion that the exact equation possesses not less abnormal solutions 
than the. ladder-approximate equation does, since 


—/#xarccot e+ (arccot x)?<0 for OS a<oo. (5-12) 


A further use of the comparison theorem is made with well potentials 
completely embedded in the exact potential. As is well known, the number 
of levels of the well potential* depends on a characteristic parameter propor- 
tional to a product of the depth and the square of the width and increases 
more and more as the parameter becomes larger and larger. Now, owing to 
the behavior like —/’x/x of the exact potential as 2+, we can take for 
comparison a well potential with arbitrarily large characteristic parameter for 
any small but non-zero 4. Therefore the levels in the case t=0 are not of the 
mixed type but of the Coulomb type. 

l1)s Lhe ‘case pO 

The qualitative nature of levels in this case is, unlike the zero mass case, 
rather akin to that in the ladder approximation, because here too the potential 
is of short range; the levels belong to the well type. All other aspects for 
v=0 can be generalized straightforward to this case. For example, the normal 
state is the ground state and it remains true that the exact equation possesses 


not less abnormal solutions than the ladder-approximate equation does, since 
giz) <0,.¢ (x) >0 ands ¢ (0) =— (x/9)}e7"", so that 


Pre“ d (x) +?[q (xz) P<0 for OS a<oo. (5-13) 


Summarizing the results, the exact B-S equation for the bound state in the 
neutral scalar model has many solutions which are of the Coulomb type for 
/=0 and of the well type for “0. 


§6. First order equation 


It has been seen above that so long as one starts from the BS equation, 
no matter whether it is exact or approximate, and solves it by transforming 
into an eigenvalue problem in the imaginary relative time variable, there are 


People may in- 
terpret this fact in their own way. Some may think that as the abnormal 


For the present purpose, it is necessary and sufficient to consider only even levels. 
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solutions are connected intimately with the freedom of relative time, they 
would be inherent in the B-S formalism and should be interpreted properly. 
The other may suppose that this is not so but is due to the insufficiency of 
physical conditions to solve the problem. And it may also be conjectured that 
the method of solving the B-S equation is not formulated strictly, or, to be 
concrete, the B-S equation (2-11) and the eigenvalue problem (5-2 and 3) is 
not mathematically equivalent. 

Here we shall present an alternative try to solve the bound state problem 
in terms of the same B-S amplitude ¢(1,2). It is based on the first order 
equations for ¢(1,2), (2-15). Although these equations, of course, have a 
decisive disadvantage that we do not know the general way to derive them 
field-theoretically, we consider them as an example of fundamental equation 
for the B-S amplitude having no abnormal solutions and want to show that no 
trouble can occur if one treats the problem properly. 

To this end, there are many ways. The simplest one is to use both equa- 
tions, (2-15a) and (2-15b), and to add them. We then have 


(10/8T —2m) ¢(1, 2)=—-9 V(r) (1, 2), , (6-1) 
which becomes, on account of (3-2), 
(B=97 V(r)) ¢Q, 2) =0. (6-2) 


Certainly, there is only the normal solution. Employing any other method, 
the result would be unaltered. For example, when we apply a method of ana- 
lytic continuation to (2-15a), for instance, a first order differential equation 
is obtained, for which we have, except for the normalization factor, a unique 
(normal) solution satisfying a boundary condition at infinity. In this case, it 
is not only unnecessary but also impossible to impose the boundary condition 
at the origin arbitrarily, in no contradiction with the condition at infinity. In 
the method of § 4, when applied to (2-15a), the eigenvalue equation reduces 
simply to 
(B—9’ V(r))o=0, (6-3) 


giving the normal root only, and the integral equation can be solved by itera- 
tion and provides just the same expression for v(w) as (4-13). 


§ 7. Bethe-Salpeter equation in the Lee model 


Another exactly soluble example of the bound state problem is the V-N poten- 
tial in-the Lee model. Weinberg” has already discussed exhaustively by solving 
the eigenvalue problem of the total Hamiltonian. We shall treat the same 
problem by setting up the B-S equation for the V-N bound state and show 
that this equation has no abnormal solutions. 

V-particle and N-particle (mass my) are fixed at r/2.and —r/2 in 
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interaction with 0-particle (mass #2). The Hamiltonian of such a system is, in 


the unrenormalized quantities, 


H=mM, pm Qin® Aig + my a B* 8+ oa" (k) a(k) dk 
+> |e) (aca) Tut eres (+ ink-r) +h.c.) di whe eds 
in which the notation is almost self-evident except for 
v(w) = (2n) eee 


with f(w) a cutoff factor, and the subscript i and 7; are the same as in (2:1). 

Some results concerning the one-body problem will become necessary, but, 
referring them to other papers, we here confine ourselves to write an expres- 
sion for the renormalized propagator of V. It is defined by 


Sye(t1— te) = —7(0|T (@; (41) @;* (2) ) |0, (72) 


a@;(t,) being the renormalized Heisenberg operator of V, and its Fourier trans- 
form is 


Sye(p) =1/h(p—my+i€), (7-3) 
where the function h(z) denotes 


v'(w) dk 


(zg—m) (my—m-+o)? 


h(z) =(z+my—m) {1-9 + mx—m) | , (7-4) 


in which m is the renormalized mass of V,* g the renormalized coupling con- 
stant. A(z) has the following analyticity : 


h(m—my) =0 (7-5a) 
and 
h(z) has-a cut from 2 to ©. (7-5b) 
The B-S amplitude of V-N system is defined by 


Cea 2) = (0|T (@; (41) Ba(t2) F Bi (t2) @2(t,)) |B), (7-6) 


according as the state of even or odd parity is taken. It is easily seen, from 


the graphical consideration, that in the Lee model the ladder approximation is 
indeed exact, if only the propagator of V is modified. The usual field-theo- 
retical procedure then gives the following integral equation for the B-S ampli- 
tude, 


* For the stability of V, we assume m<my +m. 
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r 


ea, 2)=F 9°\ ats dt, (t3—ts) Sve (ti—ts) Sw(ts—t4) 


e 


X \ dkv’ (w) exp {ik-r—iw(ts— ts) } -¢ (4, 3), (7-7) 


where Sy(¢,—z,) is the propagator of N and its Fourier transform is represente 
by Sy(p) = (p—my+i€)7. , 

Let us solve this equation by the same method as described in § 4. Trans- 
forming the B-S amplitude as 


gO (1, 2) = Ler | YO (p) et dp, (7-8) 


ad 


in which =t¢,—7#, is the relative time, a=m/(m+my), b=my/(m+my), 


T=at,+bt, and E, of course, the total energy of the V-N system, we have 


from (7-7), with a little manipulation, 


(p—bE+my)h(p+aE—my+i€)X™ (p) 
1 


71 


aoe Jat (aD E+E) (@) da, (79) 


where 


j()=9°| dko'(o) eG) (7-10) 


= @ 


Now, in a way similar to that in the neutral scalar model, ¥“(p) can be 
written in its spectral representation, 


(4) ne ie» So 
a \P) ptak—m-+ié ptak—my—ot+t€ sf p—bE+my—ié ’ 


# 
namely, 7‘*)(p) has two single poles and a cut 
as shown in Fig. 2. In comparison with Fig. 1, pane 
the absence of a cut on the left is due to that 


‘ —mn+bE+i€ 
the N-state cannot be modified. Then the inte- ati Eat 
. A —_— —_— € 
gration on the right-hand side of (7-9) can be | A igen ee 
easily carried out by means of a formula like 
(4-6b), giving Fig. 2. Analyticity of x (9) 
? of the Lee model in the com- 
Sat Bi LIDN)E (2 salt ea @) n” (2) plex p-plane. 
= Fj(ptaE—mytié)os?. > (7-12) 
This equation corresponds to (4-7) in the neutral scalar model, but is essen- 
tially simpler than the latter; putting p=—my+bE, we have at once an eigen- 


value equation, 
[h E—2my) + j(E—2my) ]os?=0, (7-18) 
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in contrary to (4:8) in the neutral scalar model which still contains the spectral 
function »(w). This eigenvalue equation is identical with Weinberg’s Eq. (16+), 
so that the B-S equation in the Lee model turns out to give the correct ae 
of total energy of the V-N system. We note in addition that ef land * (o) 
can be found from (7-12), respectively, by putting p=m—ak and evaluating 
the jump at the cut from my+y—akE to ~. 


§ 8. Concluding remarks 


In this paper, we have studied, without any approximation, a central prob- 
lem of the bound state in the quantum field theory about the neutral scalar 
model and the Lee model. The main analysis was devoted to the exact BS 
equation of the neutral scalar model and its consequences. Following Wick, a 
method of analytical continuation has been used to transform the B-S equation 
into the eigenvalue equation in the imaginary relative time variable. Some 
results thus obtained seem to be generally applicable, whereas the others would 
be dependent on the model. 

It is specially noteworthy that we have found a boundary condition at the 
origin of relative time from the analyticity of BSS amplitude and B-S equation. 
Though such information might be obtained by the analyticity consideration of 
B-S amplitude only, taking no account of the B-S equation, but it is sure that 
the aid of the B-S equation would make the analysis easy. The generalization 
of this idea to the relativistic case is very desirable and will probably cast 
a new light on the bound state problms in the relativistic quantum field 
theory. In this respect, the recent works of some authors on the analyticity 
of B-S amplitude and B-S equation are remarkable.o™” 

The exact B-S equation in the neutral scalar model has been shown to 
possess many solutions among which the ground state is normal. An essentially 
different aspect from the ladder approximation is that, in the case “=O, there 


_are an infinite number of levels for any small but non-zero value of the coupling 


constant. Therefore a rather curious appearance of abnormal solutions found 
in the ladder approximation’ seems entirely dependent on the approximation. 
A fact that the normal state is always a ground state might be a conclusive 
factor to exclude abnormal states in connection with the analyticity of the B-S 
amplitude. 

The above-stated conclusions will have a general adequacy. Moreover, we 
have obtained such a result that the exact B-S equation contains not less levels 
than the ladder-approximative equation does, but of course this and others can- 
not hold independently of the model. 

We have employed all hands, so far known to us, to attack the bound state 
problem in the neutral scalar model and reached at the above conclusions. We 
have found, on the other hand, that the same problem gives a unique 
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solution if one solves the first order equation instead of the B-S equation and 
that in the Lee model the B-S equation gives rise to no troubles. 

There are many ways to understand these facts, but they may be divided 
into three broad classes: to affirm the abnormal solutions, to deny them phys- 
ically, and to deny them mathematically. Since the first two standpoints have 
already been discussed by several authors, we should like to mention only the 
last one and to emphasize that there would be places for the possibilities to 
exclude abnormal solutions mathematically. Here the word “ mathematically ” 
should be understood in the following sense. We have at the beginning a 
Hamiltonian describing two-particle system, and define a B-S amplitude, .set up 
an equation, and then solve it by a certain method. At each stage, we must 
pay attention to the mathematical equivalence of the formulation. This is rather 
trivial in the first order equation for the B-S amplitude in the neutral scalar 
model, and it is comparatively straightforward to see this equivalence in the 
B-S equation of the Lee model because of the simple structure of B-S amplitude. 

The situation seems more complicated in the BS formalism of the neutral 
scalar model. In this case, the fundamental equation is singular. Two methods 
have been developed to avoid the singularity. In the first method described in 
§5, the equation is reduced to a second order differential equation. In com- 
parison with the case of first order equation, more restrictions on the solution 
are of course necessary and in fact, besides the boundary condition at infinity, 
the condition at the origin is supplied by the analyticity consideration. Formally, 
these two conditions suffice to solve the eigenvalue problem. However, there 
are other various properties of normal solution which, though automatically 
fulfilled in the first order equation, must be taken into account to select the 
correct solution in the second order equation. One example may be the absence 
of nodes in the normal solution. Anyway, the behaviors of solution at the 
fnite value of variable are very important in connection with the singularity 
of the fundamental equation. These behaviors should be informed by the 
analytical structure of the B-S amplitude and the B-S equation. The analysis 
along this line will probably give a clue to settle the problem of abnormal 
solutions, at least, in the neutral scalar model. 

On the other hand, the second method described in § 4 provides the inte- 
gral equation and the eigenvalue equation simultaneously, the latter being 
equivalent to the above-mentioned boundary condition at the origin. The BS 
equation of the Lee model was solved by this method and brought no troubles. 
These facts might allow us to expect that all information about the B-S ampli- 
tude and the B-S equation is entirely contained and thus only the normal solu- 
tion is automatically selected in this method. With much regret, we have not 
succeeded to solve the eigenvalue equation, but there may remain a trial to 
ascertain whether the abnormal roots exist or not by considering some limiting 
values of parameters, for which the abnormal solutions appear in the first 
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method, and thus reducing the equation to a simple form. 

In conclusion, we should like to stress again the importance of studying 
the analyticity in the bound state problem in quantum field theory. 

The author wishes to express his cordial thanks to Prof. Y. Tanikawa for 
his valuable criticism and warm encouragement throughout this work. He is 
also grateful to Mr. Y. Kato for many helpful discussions. 
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Appendix 
Derivation of Eq. (2-15a) 


For the preliminaries, we remark that the unitary operator U, (2-3), may 
be regarded as expressed in terms of either aj) and a(k) or fi and b(k). In 
the following calculations, the latter view-point will be convenient. Another 
remark concerns with the clothed operator of the meson in the Heisenberg 
representation. Since b(k) commutes with N,, b(k, t) can be easily written as 


BUSS oR) er = Oh ee (A-1) 


Ma 
. 


First, operating (i0/0t;—m) on ¢,(1, 2), we have, on account of (2-13), 


(20/0t,—m) ¢. (1, 2) =20 (t) (0| yy (t1) A (tz) |B) 


+0(2) el ean exp ( ; ik-r) (O|etio(ts) B (Ie, t1) a(t) |B). 
In the second term, since b(k)|B)>=0, it is not difficult to follow the calcula- 
tion : 
b(K, t) Qx(t2)|B)=Z-™ exp {i(H—E) ts} b(k) e7"** Bap exp (— 9 A,*) |B) 
=— axe aes 2) _¢-tet 7-1 exp {i(H—E) 4} Ban exp (—9A:*) |B) 
=a gph een) IBD (A-2) 


Accordingly, the above equation becomes 
(20/0t,—m) 9. (1, 2) =i0 (¢) (0 | @19 (t1) Ag (ta) |B> 


gy” ace 
(22)9S 2a 


cos(k-r) e**@, (1, 2). (A -3) 


Next, operating (70/0t,—m) on ¢_(1, 2), we obtain in a similar way 
(20/0t,—m) p_(1, 2) = 10 (t) (0 | Qo (ts) Arg (tr) |B) 


g ( dk twt 
(27)? Leste cos (k-r) e*'o- (1, 2)—9? V(r) @_C, 2). (A-4) 


We at once find (2-15a) by adding (A-3) and (A-4). 
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Elastic and inelastic scattering of 190 Mev electrons by ground and 2.43 Mev states of 
Be? is computed by using an intermediate coupling shell model. The discrepancy between 
the calculated and the observed inelastic cross sections reported earlier is now removed by 
taking the correct spin value J=5/2— for the 2.43 Mey state. It is shown that a good fit to 
the observed data requires that different radial extension parameters be chosen for the s- 
and the p-shell nucleons. The best values obtained are a9=1.23 f for the s-shell and 2.0 f 
for the p-shell. 


§ 1. Introduction 


The charge distributions of nuclei in p-shell have been investigated in 
considerable detail by means of electron scattering experiments.” For Be’, 
calculations for elastic and inelastic scattering cross sections have been made 
using a number of different nuclear models.” In particular, Pal and Mukherjee 
have applied the intermediate coupling shell model to obtain the wave func- 
tions of the various states of Be’, and calculated from these the scattering cross 
sections. Elastic scattering from the ground state and inelastic scattering from 
2.43 Mev and 6.8 Mev states of Be’ has been observed for electrons of 190 Mey 
energy.” The results of the calculations of Pal and Mukherjee for this case 
agree well with the observed results for the elastic scattering, but there is a 
pronounced disagreement between the calculated and the observed results for 
inelastic scattering for the magnitude and also for the angular distribution. 
These authors have used a mixture of central, tensor and spin-orbit forces with 
suitable parameters to obtain the wave functions and energy levels in the inter- 
mediate coupling. No attempt has been made to obtain a precise agreement 
with observed energy level scheme of Be’. Besides, it appears that they identify 
the 2.43 Mev level as J=1/2-. It is now well known” that this level is | aD Oa 
This has prompted us to make a reevaluation of the scattering cross sections 
in the intermediate coupling model, and to seek a better agreement with the 
observed results. Our calculations show that not only an improved agreement 
between theory and experiment can be obtained by taking into account the 
correct spin value J=5/2~ of the 2.43 Mev level, but a satisfactory fit with the 
experimental results for elastic as well as inelastic scattering can be obtained 
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only by taking different values of the radial parameter a, in the harmonic 
oscillator wave functions for the s-shell and the p-shell. Some information on 
the value of the intermediate coupling parameter ¢ is also obtained. 


§ 2. Calculations 


French, Halbert and Pandya” have made an intermediate coupling calcula- 
tion for the energy levels of Be’. We choose for the wave functions of the 
ground and 2.43 Mev states the results given by them. For small values of 
the intermediate coupling parameter ¢ (as defined by French, Halbert and 
Pandya), the components in the wave functions with symmetry other than [41] 
are very small, and these are neglected by Pal and Mukherjee. We have veri- 
fied by explicit evaluation that the effect of these components on the scattering 
cross sections is indeed quite insignificant. 

The scattering cross section is given by equations (1) and (9) of Tassie’s 
paper.” The matrix element yn, occurring in the expression is given by 


Pau =(IM, TMe| Ye. 2 (1— zy) | JM", T’ Mr’), (1) 
ii a 


where JM and J’M’ denote the final and the initial states of the nucleus, and 
the other symbols are defined in references 2). Here contributions to the 
scattering by the current terms (shown to be small by Pal and Mukherjee) 
and the magnetic moments of the nucleons are neglected. The wave functions 
|JM) are written in the intermediate coupling shell model as superposition 
of the suitable L-S coupling terms, 


JM, TM,)= IK’ (JT, aLS)|aLS, JM, T Mr). (2) 


The. coefficients K’(JT,@LS) are tabulated by French, Halbert and Pandya, 
for different values of the parameter ¢. The matrix element Pan then contains 


terms of the type 


((D)"aLS, JM, TMz| Set ities (ina) 1O)*e a! L!S!, J! M!, T' My!) 


a 


Se ROE (2k+1)< jx(KR) pr - tn Dos Onry ary! Om 
x [UL EAE Dar MTOM ER OteES, T\} (D7 a@LS,T) 
x{()*aLS, Tl} (Da L'S', T)(-1)7 87 W(LIL'S' ; Sk) 
x WULIL ; Lk) - {orm Feo ee V6Gr Fl) 


x (1) FH?" CT! My! 10|T Mz) - w (> TT"; aa) (3) 


where, 


a > 


NF 


Eas see 


Sete. 


oe aos 


reset 
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o 


(j(KR) = \ fi j(KR) iP ap, P=— 
0 


ao 


¢’, is the radial harmonic oscillator wave function and involves the parameter 
a) as exp(—r’/a) and j,(KR) are the spherical Bessel functions, the other 


notations being as follows: 
[abc]}!?=[(2a+1) (26+1) (2c+1)]”, 
Dy p= (hk P?-S1 OL O20): 


(J'M'JM|k0» are the well-known Clebsch-Gordan coefficients, (-+-+++|}+++++- », 
are the coefficients of fractional parentage, and are listed by Jahn a Van 
Wieringen,” W(abcd ; ef) are the Racah coefficients. The derivation of Eq. (3) 
follows standard tensor algebraic procedures developed by Racah. It is now 
easy to see that for scattering from the closed s-shell, the matrix element takes 
the simple value 2¢ j,(KR) ):-0, where 


co 


(j( KR) i-o= | $*(s) jo KR) $3) °dp=Q. 
0 
We also write: 


Cif KR) inr= | 9" (P) io KRY(p)PaP=B , 


(jo(KR) Dia =\y *(p) j.(KR)¢(p) P do=6. 


The above result for s-shell scattering also follows easily from Pal and 
Mukherjee’s equation (3a), as on carrying out the summation over T, the 
second term in brackets vanishes. 


§ 3. Results and Discussion 


Figs. 1 and 2 show the results of the calculations as compared with 
the observed results for inelastic and elastic scattering for 2.43 Mev and the 
ground states respectively. First we discuss the inelastic scattering (Fig..1) as 
this depends only on the radial integral G which involves the wave functions 
of the p-shell nucleons, and enables us to determine directly the parameter a 
for the p-shell wave functions. It can be seen that a good agreement with the 


_ observed results is obtained for €=1.4 and a=2.0f. Increase in £ leads to 
larger calculated cross sections, as may be seen from the curve for CAA 


Also shown in this figure is a curve for the energy level J= 1/2 eior eest4 
and a=1.67f. This agrees well with the curve obtained by Pal and Mukherjee 


re 
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for this state, and shows that the 
lack of agreement with the experi- 
mental results in their case is due 
to an incorrect assumption for the 
spin (and consequently the wave 
function) of the 2.43 Mev state. 
In Fig. 2 is shown the calcu- 
lated curve for elastic scattering 
using the 
obtained from 


same parameters as 
analysis of the 
inelastic scattering, i.e. a=2.0 f, 
£=1.4 and the same value of a 
for both s-shell and p-shell har- 
monic oscillator wave functions. 
The agreement with the experi- 
mental results is now seen to be 
rather poor in this case, and it 
may also be seen that variation of 
a does not improve the matters ; 
although with a=1.7 f, the agree- 
ment is not too bad, it is still 
not quite satisfactory. We have 
checked that for elastic scattering, 
variation of ¢ from 1.4 to 2.8 does 
not alter the cross sections sub- 
stantially. We therefore attempted 
to choose different values for the 
parameter a in the s-shell and in 
the pshell, i.e. the value of a 
used in the radial integral C is 
different from that used in the 
integrals G and G. It is then 
found that for the choice a=2.0 
f. in pshell and a=1.23 f. in s- 
shell, it is possible to obtain a 
satisfactory agreement with the 


observed results. 
The results obtained above are 


similar to those of Burleson and 
Hofstadter,” and of Elton” for Li’, 
where they also find it necessary 
to assume different oscillator para- 
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Fig. 1. Inelastic scattering of 190 Mev electrons 
by 2.43 Mev state (J=5/2-) of Be. The dashed 
lines represent the curves for a)=1.67 f., ¢=1.4 
and 2.8; the solid line represents the cross sec- 
tion for a)=2.0 f, ¢=1.4. Also shown in the 
figure is a curve for J=1/2-, ag=1.67 f, ¢=1.4. 
The dots represent the experimental values. 
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Fig. 2. Elastic scattering of 190 Mev electrons by 
Be®, The dashed lines represent the curves for 
aj=1.7 f and a)=2.0 f with ¢=1.4, The solid 
curve represents the cross section for ag(s) =1.23 
f, and ay(p) =2.0 f with ¢=1.4; the dots [rep- 

resent the experimental values. 
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meters a for s-shell and p-shell nucleons. Unlike Burleson and Hofstadter, 
but agreeing with Elton, our results show a larger value of a for p-shell than 
that for s-shell, which apparently signifies a more extended potential well for 
p-nucleons than for s-nucleons. It is also interesting to note from Figs. 1 
and 2, that for an intermediate value of a viz. a=1.7 f, it is possible to 
obtain a not too bad fit with experimental results for elastic scattering, but 
the discrepancy in inelastic scattering would be considerable in this case. In 
this connexion we also mention the recent results of Jackson” who has investi- 
gated the scattering of electrons from Li’ using a modified form of the harmonic 
oscillator potential, but with the same parameters for s- and p-shell nucleons. 
One may conclude from all these results that a simple single-parameter harmonic 
oscillator shell model for describing the charge-distributions of p-shell nuclei 
seems to be inadequate, and at least a two-parameter model is needed. 

The elastic scattering cross section is found to be insensitive to changes 
in value of ¢ from 1.4 to 2.8. However, the inelastic cross section changes 
considerably with ¢, and gives the best fit for €¢=1.4. This agrees with the 
earlier suggestion of French, Halbert and Pandya, but disagrees with Pinkston’ 
who finds €=2.8 to be the better value from an analysis of inelastic scattering 
of a-particles from Be’. 
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The conservation law of axial vector in the -decay is investigated in the system of 
the pion-nucleon interacting through ps(ps) and ps(pv) couplings together. The system 
necessarily contains other types of boson beside the pion-field in order to realize the con- 
servation law in a limit of pion mass zero. Three new bosons, scalar (iso-scalar), vector 
(iso-vector) and pseudo-vector (iso-vector) bosons, are at least necessary. The meaning 
of their coexistence is discussed from the theory of composite model. 


§ 1. Introduction 


The idea of the conservation of axial vector nucleon-current in the weak 
interaction has been pursued by many authors because of the small deviation 
of its constant from the one of the vector nucleon-current. As the strict 
conservation law would not hold in this case, its deviation should be minimized 


so as to relate with some constant, pion or nucleon mass. The relation pro- _ 


posed by Goldberger and Treiman” 
0,P,=i-const:/,% (1:1) 


will be the desired one in which the deviation is related with the pion mass, 
where P, is the axial vector current and z and /, are pion field and its mass.” 


One profit of this relation is that we can explain the pion lifetime without 


knowing its decay interaction. The theoretical justification of this relation, 


however, is incomplete unless we assume the special models for the strongly 
interacting system. 
When the pion interacts with nucleon through ps(pv) coupling (its con- 
stant being g4), the relation can be automatically satisfied by 
P,=Nr7,7sN—-—— 9, OP = nm, (1-2) 
Ja Ja 
N is the nucleon field and usual notations are used for other quantities 


While for the case of ps(ps) coupling (its 
he pion and nucleon fields. 


where 
(the gradient coupling model). 
constant being gp), the relation is not confined to t 
Polkinghorne” and then Gell-Mann-Lévy” stated a simple model using the scalar 


(iso-scalar) boson, its coupling constant being restricted by 
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fs=9P (13) 


and the proposed axial vector current is given by 

= 2m1 21 
P,=Nerp,poN+ 2 0,2 +2i(0-0,07—9,0-%) ; 0,Py=———-Pa ®, (1-4) 
¢ 


YP Tp 


where o and m are the scalar boson field and the nucleon mass respectively 
(the o-model). The difference of mass of both bosons introduces the non- 


linear interactions between them. 

Beside these extreme cases, we have not any theoretical background for the 
Goldberger-Treiman relation. The circumstance can be interpreted by two 
ways: The incompleteness of its deduction may be closely connected with the 
ignorance of the contributions from other hyperons and A-meson or it may 
be due to the insufficient introduction of related fields. We may answer that 
neither one of these viewpoints is more preferable from our present scope in 


field theory. 

In spite of this situation, there still remains one probable analysis which 
is related with the idea of composite model for elementary particles. If we 
start with the so-called (ur-)nucleon field and its non-linear interaction, we can 
safely construct the desired conservation law of which deviation can be mini- 
mized by choosing the ur-nucleon mass and the type of non-linear interaction. 
Then when we construct the composite entities by some unknown but suitable 
procedure, we shall again get the real conservation law which has the similar 
content as (1-2) or (1-4). For this case it may be improbable that the re- 
sultant pion-nucleon interaction is reduced to one of the both extreme cases 
illustrated above. 


Unfortunately, this procedure sensitively depends on the theory which is 
not yet justified. For instance, how we can remove the divergence and how 
we can solve the Bethe-Salpeter-like equation are still open to question. 

However, we can abstract this procedure in a little phencmenological waa 
and introduce several boson fields without any justification from the dynamiycl 
procedure just as the ideal treatment in solid physics. If the original system 
gives the conservation law, we can also get a simlar conservation law, and 
inversely if we can construct the conservation law in this ideal case, we have 
also a suitable original system. 

The restriction imposed on our consideration is that we have the pion 
field with the general couplings, i.e. with ps(ps) and ps(pv) together. And 
our aim is to know whether we can construct the conservation law using 
various kinds of the related fields which are restricted to be boson G2)n 
Since the problem stands by itself without the relation of the composite model, 
we then economize and make the related fields beside the pion as simple as 
possible (§3). The nature of thus introduced bosons are discussed from the 


at 
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viewpoint of transformation (§ 4) and finally we come back to the theory of 
composite model (§ 5). 


§ 2. Conserved axial vector current 


The assumptions we start with are as follows: 
i) Fermion in our system is restricted to be nucleon only and we neglect 
the effects of other hyperons. Lagrangian is 


Ly=—N(y0+m)N. Gel) 


ii) We tentatively introduce as many bosons as possible from the transfor- 
mation character beside the pion. The only restriction is that their values of 
spin and iso-spin are not greater than 1. Possible boson fields are of the fol- 
lowing eight kinds. 


pseudoscalar (iso-vector) Lz? =—1/2[(0,7)? +p, 2" |, 

scalar (iso-scalar) L,®=—1/2[(0,0)? +4,’ o°], 
pseudoscalar (iso-scalar) L;®=—1/2[(90,0)?+#4,' 07], (2-2) 
scalar (iso-vector) La = 1/2 [(0,,8)? + ps, s"], 

vector (iso-scalar) Lp? S—1/211/2 (0, Ae Ud 


Vyv=9,V,—9,0,, 
pseudovector (iso-scalar) L,®=—1/2[1/2(a,.)? +e @,"]; 
Ayy=9,a,—9, a, 
vector (iso-vector) L,g®=—1/2(1/2(u,.)* +474," ], 
u,,=0,U,—9,t,, 
pseudovector (iso-vector) L,™ = —1/2[1/2(,.)?+ Ao," ]; 
W,,=9,W,—9,W,. 


The boson with half-integer iso-spin is excluded in our system. 
iii) The interactions of bosons with nucleon are all of charge-independent 


Yukawa type, which are given by 
Lay? = —igpNys(tx) N—igaN7,7s(79, 2) N, 
Ley® = —fsNoN— ify N7,(9,0)N, 
Las =— ifeioN ifr 18. 0N, 


Ly =—9sN(18)N—igv Ny, (79,8) N, (2: 


Lay =—iF N70, N> 
Ai Tea iF, Ny, 15 Uy N, 
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Liaw”? SS iGy Ny, (tu,) N, 
Ley? =—1G4 Ny, vs(Tw,)N. 


The tensor interactions are excluded in the case of spin 1 bosons. 

iv) Beside’ these interactions, we assume that there are some unknown inter- 
actions or non-linear terms which are composed of boson fields only. They 
depend on boson field quantities and their first derivatives. The definite form 
of Lagrangian 


L,' =L' (x, 0,2; 0, 0,0 ; etc.) (2-4) 


will be fixed so as to realize the conservation law. 

The result is easily obtained after elementary calculations: there must be 
the relations of the coupling constants in order to get the conserved axial 
vector current. 


ts=9es fro=9s, Gr=G.=G. (2-5) 
The axial vector current is obtained as 
P w= Nr ret N+ ami -0,% +21(c0,%—0,0-7%) 
Ip 


+2i(s0,0—90,s- py+2i( 1 cOn epee Le C Y sX0,w, 4 


+27(u, X w,,+w, XU,,), (2-6) 


Die ete 2a 


wT 
Yep 


The unknown non-linear terms are determined as the functional form, 


L, = (he —pP\eP+LA, | 92! (x +(o+ way ail 
Yr Ip" 


1 
+ Matte + teattey + Aa( Cu, +918, s)?-+ (Gw,+949,7)?] 


1 i 


to MeO + neste Algo +s')] 


$e p2op + Hil Fru, +fr3,0)"] 


1 2 
+ He ae +As[ (Fra, +f49,p)?| x = (279 


(See the Appendix). The functions +,(i=1, 


pe 5) are arbitrary except the 
general conditions 


F(0)=0, F1(0) =0. (2-8) 
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However, it is interesting to see their effects. 


1) The second derivative of 4, is determined in order to cancel out the 
first term, 


Ay!"(0) = ("2— 1,2) /4m2G 22. (2-9) 
The function is given at least by 
y 2 2 2 2 
A= (H—p)| w+ (0+) — | (2-10) 
8m? Ip Ir 


which is in agreement with the Gell-Mann-Lévy model. 
2) The first derivatives of &,; other than on give the boson masses on 
one hand and their renormalization effects. Then we have 


pyi=—2F yA! (0), fa?= —2F 2A, (0) (2-11) 
and pairs of (u,,w,) and (/,s) should have the same mass values 
[ex tng= — 26°F (0), , 
p= p= —29s'F5'(0). (2-12) 
The renormalization effects are 
Z,=1—2947A1/ (0), Z,=1—2f2 A,/(0), 
ZL Oy Ait0), Zi 1 29,7 (0), (2-13) 
Lat Hig Bop gf Ns 


3) There appear the contact linear interactions which are 
2H.) (0) gy Gu, 9,8 +2F./(0)94Gw, 9,7 
+24, (0) fy Fr v,9,0 +295) (0) fu F 14,9, 0 


sae Ivy Ga 


nC 18,32 p10, 8,8 — LE 1130,9,0 — th, 3,2. (2-14) 


Ry A 
§ 3. A model for the case of ps and pv couplings mixture 


The model obtained here is too complicated to seek for its nature. We 
make it as simple as possible with the fixed values of 7» and y, of pion cou- 
pling constants, taking the limiting procedure of some coupling constants and 
some unknown fields. Firstly we can take 


Fy = F4=9... (3-1) 


and simultaneously omit the vector (iso-scalar) and pseudovector (iso-scalar) 
fields, 


ie Us, Gy gO. 


This again makes the limit of 


be ks ie ES 
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fr=fs=0. (3-2) 


Secondly, if we also take 


Is(=fr) =Iv=9, (3-3) 


we can omit the scalar (iso-vector) and pseudoscalar (iso-scalar) fields, 


s>0, p> 0. 


Further simplification is impossible owing to the finite values of yp and Ya. 


The resultant model is 


L=-NG9+m)N—* [,0)*+ Het") — LO.) +] 


2 2 
SPL Se OE ERY Ae, ere i (7° +(o+™ -) m )| (3-4) 
4 Ip Ip. 


+F,[G?u,’?+(Gw,+949,7)"] 


and the axial 


Then we can 


vation in the 


—JpN(o+i(te) 7s) N—igaN7,7s(70,2)N 
~iGNy,((tu,) +7s(Tw,))N 


vector current becomes 


P,=NyrptstN+ au 0,%+2i(c0,7—0,0-7) 


P. 


+2i(u, K w,, +, X u,,) +22 - 2X9, Ups. (3-5) 


conclude that in order to realize the axial vector current conser- 
system of 7p 0 and g4%0, the co-existence of three types of 


bosons, o, u, and w,, at least is necessary beside the pion field z. 


It is remarkable that the vector and pseudovector (iso-vector) bosons appear with the 


same coupling 


constant which magnitude is not restricted by this consideration. If we 


define the new fields as 


X= Fy (uy 4+w,), Y.=F (u,—w,), (3-6) 


- their coupling form is 


1— 
ie TN-Y,,. (3-7) 


—iGNy, is TN: Xi iGNy 


It may be a little suggestive that G could be chosen as 


Py= rt, (3-8) 


os a 


Oe et ee 
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where fw» is the weak coupling constant,* in order to identify X, with the intermediate 
boson” but the parity non-conservation should be realized by the mysterious subsidiary 


condition 


Y, Qrac= 0. (3-9) 


§ 4. Transformation characters of boson fields 


The axial vector current conservation is induced by the infinitesimal trans- 
formation. This transformation makes the nucleon field change 


N~ (1+77.(@7))N, (4-1) 


where @ is some constant iso-vector. We can determine the simultaneous 
change of boson fields with the restriction of 


fs=9r, fe=Is, Gr=Gs=G . (4:2) 
as follows: 


oa’ >o0'—2(ar), m>27+2ao’, (o’'=0+") 


Ye 


p> p+2(as), s>s—2ap, 


(of di cs Ty (a0,7), (4-3) 
Fy 
a, a,4+ 2-24 (a0 s) 
He B Bos? 

Ts 

g Y 
uu, 2 a9,p+20x(w,+143,2), 

Ja / 9 Iv fe) 
0,7, +2- A I4o +2a xX Uy a 2s 


which make the quantities 


46 2 fa 2 
mw +o”, pts’, (v, +22, 2’) ? (4,+ ‘gs 2,0) a (4-4) 
Vv 


; 2 2 
dy a, 5) ae (ve, hae 0, m) 


(u, + é 


invariant under this transformation. 
We can separate the changes into five elements as 


* At first glance, the identification of (3-8) makes the effect of vector boson to the system 
negligible. But the contribution to the axial vector current becomes inversely large from the last 


term of (3:5). 


— ee a ee Cae ey — 
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l o/ >0'—2(anr), w>7+2a0’. (4-5) 
Il p>p+2(as), s>s—2ap. (4-6) 
iit ey tel ed log Na a! (4-7) 

V V 
TVeigs pang 25g) 40459 (4-8) 

A A 
Vv (u 4 Ir 9 s) > (w 4 Ir 9 s) + 2a (w,+ Ja 3,7), (4-9) 

enies be (fe. GC 


[a 2 (mee frente tf) 


Thus we can see that v,+f;/Fy-0,0 and a,+f4/F4-9,0, (0', w) and, (9, s), 
and (u,+9,/G-0,8, w,+94/G:0,~) are scalar, vector and tensor, respectively, 
in the four-dimensional space of this transformation. It should be noted that 
the scalar field o is not covariant quantity without the cooperation of nucleon 


mass term 7/9p. 
The conserved vector current in the general case is given by 


V.=N7,TN+2i(# X9,2) +2i(8X9I,8) 
+2i(u, X29, u,—u, Xx 0,u,) +2i(w, X 0,w,—w, X 9, w,) 


+24 8X 8, +252 XB, Wp, (4-10) 


. 0,V,=0 


and the infinitesimal transformation inducing the conservation law makes the 
nucleon field change 


N-> (14+7(8Br))N, ak 


where # is some constant iso-vector. The simultaneous changes of the boson 
felds are 


a’>0', p> 9~, 

UV, FO,s Ay? Gn, (4-12) 
m>nw+2BXm, s>s+28Xs, 

u,—>U, +28 Xu,, w,>w,+2BXw,, 


which make the quantities 


2 2 ‘ 
o!, 0, (2, + x 0, 0’) : (a, + 2+.3, 0) ; (4-13) 


Cia ere 
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invariant under this transformation. The quantities o’, 7, v, and a, are scalar 
and zw, s, u, and w, vector in the three-dimensional space of this transforma- 
tion. 


§ 5. Interpretation of boson fields in the composite model 


The boson fields including the pion field are connected with the nuleon 
through the equations : 


NN SS (B=—#)o+ 297 G +7 | All gent ge G +™)'—m'], 
] 


7 
Tp Yep Jp 


= 1 oa 
SG Sa ; (= p,2)¢ +200" | 92+ 90 (o+™) =m, 
JP 


Yp 
NrN= : Ds+2958A;'[9528°+ gs] , (5-1) 
Is 
iNys N= Oet+29s0A5/ [9s +93 ("| > 
Is 
Sa 1 
iN7,7N=— vn +2 (Gu, +979,8)A,/[(Gu,+9r9,8)?+ (Gw,+949,7)’], 


iN7,stTN= ce Wap + 2(Gw, +949, 2) Ai (Gu, + Ir, 8)" + (Gw,+949,7)"|, 


iN, N=, 8.04, +2(Fr ve, tfr8,.)Ai [Fre tfr9.2)'I; 
V 


iNrpteN=2—-9,4,+.2(Fad, +f18,0) As [Faas +F23.0)'I 
A 

The transformation characters of the boson fields are then uniquely determined 

by the bilinear quantities of nucleon field. 

A more direct determination of the transformation character is to interpret 
the bosons as the composite entities of the nucleon fields in the spirit of Sakata 
and Heisenberg theories. In the usual field theoretical approach, such entities 
would be resulted from the solutions of the so-called Bethe-Salpeter-like equa- 
tion.” 

The quantity appearing in the equation 


(0|T (N(x) N(y)) In) (5:2) 


can generally be composed of 164 components which have similar characters 
to the boson fields. Unfortunately, since the present field theory cannot give 
consistent results in this approach, we shall not enter into the details in this 
paper but only sketch the general framework in the further progress. 
Suppose that we may start with the nucleon field and its non-linear inter- 


actions. Then in order to assure the axial vector current conservation, we 


pe a RE aE ee Se ee ee 
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must construct the whole system to be invariant under the infinitesimal trans- 
formation (4-1). The possible forms of the non-linear term in the four fermi 


type are 


£,=—_[(NN)*— (Nr7sN)’], 


£.=+ [(NrN)'— (NrsN)'), 
£= 1 [Ny tN) (Wir re NY", (5-3) 
peeee (Ny, N)?, 
1 
Ls=—— (Nir, oN)’, 
be=[(No,,N)*— (Not N)]; 


which satisfy the relations 
Lit LitLit £5=0, 
£3— £.+ £5=0, 
Li— L.~ Lo=0. (5-4) 


Three terms are independent among these six quantities. On the other hand, 


linear terms in the system which are invariant under the transformation can 
be reduced to 


PEG AN. (5-5) 


and then the mass term must be substituted into the non-linear terms <;. 
This circumstance is in harmony with the fact that the scalar (iso-scalar) 
boson « cannot be a covariant quantity without the modification of 


of a 
Ip 
We may guess that the nucleon mass is related with the scalar (iso-scalar) 
boson-like entity which is necessitated from the existence of the pion field 
with ps(ps) coupling. Then we may say that the occurrence of nucleon mass 
is closely related with the existence of pion field as pointed out by Nambu 
and Jona-Lasinio” standing on an analogy with superconductivity. 
If we may take the axial-vector current conservation law and the finite 
nucleon mass, we can restrict the non-linear terms to be neither 4; only nor 
4,—£5 combination only. 


Further restriction can be taken when we take our general model, because 


a yee, on OO ee OP ae ee 
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the general model stands on the assumption of lack of the tensor interactions 
between the spin 1 boson and nucleon. The simple treatment of this fact is 
to take only the £,+<, combination for £, and ~&,, but it sacrifices the 
simpler model proposed in § 3, because of the existence of pseudoscalar (iso- 
scalar) and scalar (iso-vector) bosons. The general combination of non-linear 
terms becomes 


4a( Git.) +A) Lt). Latha Ls 
=(—2,44 +1.) Lit (Hh atiaFs, ; (5-6) 


which reduces to the combination of vector and axial-vector couplings with a 


restriction of 
2ha As het ha: (5-7) 


Finally we get the system with Lagrangian 
£=—N8)N--2-(Ny, Ny’ (NizsreN), ab. (5-8) 


The approximate validity of the axial vector current conservation is reflected 
by the introduction of the unperturbed (bare) nucleon mass 1 


6£=—mNN. (5-9) 


The extension of the model to include the other hyperon, for instance, . 


A-particle, is easy in Sakata’s scheme. The system composed of proton N,, 
neutron N, and A-particle N; which is consistent with the full symmetry in 
the approximation of equal masses” is obtained by 


pee t Sing eat J, ee 2 
£=— YMG 9+miyN— 4 (NxM) —S-(SNar eM). 6-10) 


There is not a definite conclusion of the ratio a/b in the present situa- 


tion. 


If we would assume a/b=—1, we could not get the ps(ps) coupling of 


pion-nucleon interaction as the result of the theory. On the contrary, we 
could not have the ps(pv) coupling of pion-nucleon interaction from the as- 
sumption of a/b=+1. When the ps(ps) and ps(pv) coupling constants could 
be derived theoretically on the one hand and the determination of coupling type 
could be established phenomenologically on the other hand, we might deter- 


mine the value of a/b. Taketani’” and the author offered an opinion of b=0 


from a theoretical reason. 
§ 6. Discussions 


The validity of axial vector current conservation may be closely connected 


with the question of the existence of bosons. The existence of pion field and 
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its lifetime would be the most important background of this problem. While 
the existence of other bosons are less reliable, because of the ambiguous in- 
terpretations briefly sketched in the introduction. One may interpret them as 
real particles, while other may consider them to be ficticious entities. The 
circumstance is very similar to the existence of the intermediate vector boson 
in the weak interaction. The existence of neutral scalar boson is welcome 
theoretically” and phenomenologically.” The vector (or pseudo-vector) bo- 
sons have been considered by many authors in the strong phenomena” and 
also in the weak phenomena.” We have not a definite answer whether the 
vector (and pseudo-vector) boson necessitated in the conservation law is iden- 
tified with the one in the strong phenomena or in the weak phenomena, because 
of the unknown coupling constant G. 

There may also be reasons which make them the ficticious entities. In 
fact, the arbitrary functions appearing in the system can be interpreted as the 
conditions between boson fields (lagrange multiplier). They are 


ens 4 
A, | gee +9p G +”) a m’ |=0, 


Ip 
F,[ (Gu, +91 9,8)? + (Gw,+949,7)7]=0, 
F,[939(e? +s") ]=0, 
F,[ (Fru, +fr9,0)"]=0, 
A[ (Faia, +f.9,0)]=0 


and boson fields are related to each other through these functions. For in- 
stance, if we take 


Fy= Oe, (Py? — Pe?) [a+ (0+) m° | 


m Ip g = 


the neutral scalar field is considered as the secondary entity 
eerie Ip. 1 
Te oe 
as the non-linear model of Gell-Mann and Lévy. 

From the viewpoint of composite model, for instance, of the Sakata model, the 
existence of bosons depends on the results of the consistent dynamical treatment 
for the problem whether the solutions of these entities are stable or not. If 
we cannot get the stable solution for some kind of boson in the lowest ap- 
proximation, then such boson must be considered as a more complicated entity 


than other kinds of boson which result from the stable solutions. The detailed 
discussions of this problem will appear elsewhere. 
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Appendix 
Determination of non-linear term among boson fields 


The equations of boson fields are given by 


IN / y / wt —— 
(O—p2)x4 She — 9, ths ig, Nrz,N—ig9,(Ne7,15N), 
On 00,7 ‘ 
BS) £ Sy / Be ; ae 
(O—p2)o4 Phe 9, °hs _ 9, NN—if,d,(N7,N); 
Non 00,0 
s BN} ve X / os a 
(Depp) p + be a, 222 = igeN pp N—-if 8, (NTs 7N); 
- 0p 00,0 
y i? / reat — ibe ee 
(O—pe)s+ Otgn —3, Oss =g ;NrN—ig79,(Nt7,N), (A-1) ; f 
Os 00,8 rad 
if \ / —s 
0,u,,— 4, w+ OLp —d, ILs =iGNr7,N, 
B # Ou, . 00,U, = 
ete Os gt he 2 GNe PN 
0,W,, Pw WwW, r Ow, ¥ 00, w,, t p15 


; ; P reas 
and the similar equations for v, and a,. The non-linear term Lp Caine 3 
determined so as to give the conservation law 


Jp 


a,P,= 2m wen ee (A-2) bee 


where P, is given by (2:6). L;' must satisfy the equation 


ia ol =) OLy! ,, Obs OLy 


i rare Ss 
Oo Ppl a0 Os Op . ae 
va ay : ir sh ae 
g ee OLg j={ Gas r) x ( BAe ou ae ) 
—(u,+ 23,4) x( dw, serra | einen, dus. 00, 
ares! 
; 00,0 Fy Ov, 00,0, iM 
BL’ Ga { Ls’ OLy 
m\9 l Brie ate ( —0d,— 
+(o+ TAO, IE te AC Ow, 00,W, een 
Bs. | / OL»! OLy! OL,! a 
De [te (Mn on (Me 2 SD 
#4 Vien 00,8 GZ Ou, ? 00,U, 4 i hl A pb pw 


ee er At Seas Se SF Oe a7 FO a 


840 Y. Katayama 


SO SD a SNR aE) 


fy? (u, +£4,s) K we fap (vo, lee On m) X u, 


x 
(A -3) 
which can be separated into 
Ly =F, 4 Fat Fett Fs; (A-4) 
w OF _ (4) OF (un) ow, (A-5) 
00 g On 
dre )x OF, ( Gag OF, 
(eat P08) XE (GO) 
5 (u, +9, ) X wy Py (v0, + 249 n) Xu : 
G Gara ‘; 
; OF, Op MOF. g 
t th th Se eA ae ee Ale 
ogether wi aie fe bw Wy» 
= om (A -6) 
OF, Lie PY a ep 
00,8 Gu, (Foie: 
OF, 2 0k 
Ons 1 Ur emg tenes (A-7) 
OF pus fe OR ns 
00,0 fe dv, ra F, My Vy> (A-8) 
TF MPMI TC Se 
09,0 F, da, ', rane ay - (A-9) 


They give the solutions 
— 2 
Fy= (1/2) (4#2—p,2)0+ A; [gent to! G +”) a n'|, 
Jp! 


Fy= (1/2) piu + (1/2) yw, +F,[ (Gu, +979,8)?+ (Gw,+949,7)"], 


| . (A-10) 
Fy= (1/2) 4)'8"+ (1/2) 4,90 + As[9ss’+95%p"], 


; F,= (1/2) pe v2+F,[ (Fru, +fr2,0)"], 
Fs= (1/2) te? a? + Asl (Fea, +f9,p)'). 


5 y ‘ 
* . LY < 
ere a 
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Nuclear Events 
K. B. Fenton 
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Hobart, Australia 


January 5, 1961 


number of pions. 


pions is 


fore read: 
(RT 


Comments on Fermi’s Statistical 


Theory of High Energy 


University of Tasmania 


It is the purpose of this note to 
point out some minor errors that ap- 
pear in Fermi’s well-known paper” on 
the production of pions and nucleon- 

antinucleon pairs in high energy inter- 
actions and in McConnell’s 
review article” on this subject. 
rection of these errors leads to the 
conclusion that, in Fermi’s model of 
extremely high energy interactions, 
the number of nucleons and _anti- 
nucleons expected is exactly twice the 


Using standard procedures of statis- 
tical mechanics,” it may be shown that 
the ratio of the density of nucleons | 
and antinucleons to the density of 


ny/n,=8 (1—2!-*) /3=2. 
Fermi’s equation (28) should there- 


3 
n= 0367-0, ny=0.73 
G 


4 CLO : 


The opinions expressed in these columns do not necessarily reflect those of the Board of 
Editors. Communications should be submitted in duplicate and should be held to within 100 
lines (pica type) on standard size letter paper (approx. 21X30 cm), so that each letter 
will be arranged into two pages when printed. Do not forget to count in enough space for 


Comparing the value of my with 
Fermi’s, which contained the numeri- 
cal factor 0.855, it is seen that the 
number of nucleons and antinucleons 
was overestimated by about 16 percent. 

With this correction, and Fermi’s 
correction factor of 0.51 to take ac- 
count of the conservation of angular 
momentum, the number of nucleons 
and antinucleons in terms of the total 
energy, W, of the colliding nucleons 
in the cm. system becomes 1.08 
(W/Mc’)'” (replacing Fermi’s equa- 
tion (30) in which the numerical 
factor was 1.3). The total number 
of charged particles emerging from 
an extremely high energy collision 
becomes 1.04(W’/Mc’)"*, where W’ 
is the total energy in the laboratory 
system. This replaces Fermi’s equa- 
tion (30a) in which the numerical 
factor was 1.2. 

McConnell,” in addition to includ- 
ing--\Bermis > érrory states asta 
W'=2W?*/ Mc’, whereas the correct ex- 
pression is W’=W?/2Mc*. ~Further- 
more, he appears to have quoted for 
the total number of pions and nucleons 
emerging from an interaction Fermi’s 
value from the number of charged 
particles. The total number should 
be 1.93( W'/Mc?)™*, 


1) E, Fermi, Prog. Theor, Phys, 5 (1950), 570, 
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2) J. McConnell, Progress in Elementary Par- 
ticle and Cosmic Ray Physics (North Hol- 
land Pub. Co., 1960), Vol. V, p. 228. 

3) See, for example, Landau and Lifshitz, 
Statistical Physics (Pergamon, 1958), p. 164. 


The Kinetic Equation for Plasmas 
and Its Solution 


Tohru Morita* 


Research Institute for Fundamental 
Physics, Kyoto University 
Kyoto 


January 30, 1961 


The transport coefficient for low 
density gases of short-range interac- 
tion are calculated by solving the 
linearized Boltzmann equation. The 
Boltzmann equation is, however, known 
to be invalid for plasmas. The pur- 
pose of this and the following note 
is to give the kinetic equation which 
is to be solved in order to calculate 
the conductivity of low density high 
temperature and high density low 
temperature plasmas and to indicate 
the method calculating the transport 
coefficients by its aid. In this note, 
the quantum statistics is not consider- 
ed for the sake of brevity. 

Several works” ~® have recently been 
published which intend to derive the 
kinetic equation (for plasmas) by 
starting from the Liouville equation. 
Above all, Prigogine and Balescu” 
have proposed the method in which 
the contributions to the distribution 
functions are grouped together accord- 
ing to their orders of magnitude. When 


x 1- Vi) 


the method is applied to the one-par- 
ticle Wigner function 
mechanics and the contributions of 
of the orders O((/)"Z) 
and O(/(/)"t) are collected, where ¢ 
is number density, 2 order of inter- 
action, ¢ time [(~/)"~1, 4(0A)"~«'*/p, 
Kk’=4Anoe’/kT, for a high temperature 
plasma]; we get the kinetic equation 
of the non-Markovian type to the first 
order of the external field, 


T(x, p, t)=fo(p) +f(®, p, ¢), (1) 


: Or 2 3/2 
to(p) =) ( Zaft en ee, (2) 


Of (x Pst) 2 
Ot 


in quantum 


‘collisions ’ 


D9, bye) 
x 


0 ** pees et 0 z 
+3—A (x, £) ap Fto(p) 


foe} 
+e | de’ | da’ ero 


; rs V*(q,o)? 


510 (Spray pea) 


7 p 

x (f(x, p' +4, tf, P—q, #+) 

—f (x, p' LF (*®, ps tha, (3) 
where w==0'+6&)-q—&p, p= p’/2m, 
v= 1/h-0E,/dp, 1/2: > p»=1/ 27) *\ dp, 
{ }, denotes the linear contribution 
in f; when f’s are replaced by fot/i 
as in (1), and 


A*(x, )=A(x, 1) + | dx'V@e—s') 


x ; LS, Pt); (4) 


y 
ce w)=V(q) 
Sop’ +q) —Sol 
ye evades 


pr Eptag 


(5) 
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a Here, A(x,7z) is the potential of the 
“s external field and V(q) is the Fourier 
aS tranform of the interaction potential 
of a pair of electrons. 

The kinetic equation obtained is 
different from the linearized Boltzmann 
ie equation for the systems of short- 
iY the accelera- 


range interaction, in 


tion term and the collision term. 
The fact that the acceleration is per- 
formed by the internal field A*(x, 2) 
of (4) and not by the external field 
A(x, t) is convenient for the calcu- 
lation of the conductivity, because the 
transport coefficients are defined as 
the ratios of the response to the 
internal field but not to the external 
field. We have only to solve (3) for 
prescribed A* (x, t). Then the corres- 
ponding A(x, z) can be calculated by 
the aid of (5), if desired. 

Now, we shall solve (3), which may 
be rewritten in the following form, 
for a prescribed A*(x, ¢) : 


a) 
(2 +0. A) fle, P> t) 
Ox 
noe 
es \ dt'| du eet-” 
x D (p, p's wo) As, p’, t’) 


ee tert pe 
= A*(x, £) h ap 1'\P- (6) 


The fact that it is non-Markovian 
introduces no difficulty. The solution 
is of the form 


PACES Oe \ do 


x aes q, w) Creer: 
q 


3 1 
(o+q-v) fi(p; q, )+- 
x) Opi po ofp es ao 
pl 


1 a) 

op FHP) 
The last equation is formally identical 
with the Boltzmann equation and the 
same techniques will be applicable in 
solving it or obtaining the transport 
The formal solution is 


=qA*(q, w) eis 


coefficients. 


Filp; 4, 0) = 3D) |qen(P) Teens 


| 
zz 


Ny peat oeoe 
Pees PAE ee : h ap o(p) > 
< (Pqou(P) |Pqou(P) ) j 


wo + fuss 


where w+/,., and (%.,(p)| are the 
set of the eigenvalues and eigenfunc- 
tions of 


(Gqou(P’)|(o+q-v’) 


al a 
aos a (Poon(P)| U (p, p’; «) 


= (eo + Aquu) <Pqan(P’) | 
and |%.,(p))> is defined in such a 
way that 
(Paen(P)|Pqou(P) ) 
=, ut Pqon(P)|Pqon(P) )- 


(F(P)\9(p) > means 1/2->",f(p)9(p). 
Consequently, the current j(%, t) 


=eh/m-<p\fi(x, p, t)), <pl=p, is 
calculated by 


j(%, 2) = De | do ja, wo) Parties 


q 


ji, o)= me ACE q,)) 


1) 
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h 
=~ (Pl ae (P))Fa0ns 


which can be evaluated if we know 
the values of non-vanishing ¢p|@,.,.(p)) 
and the corresponding /,,,.. In case 
that the field is uniform, the solution in 
the first approximation of Enskog and 
Chapman is obtained if we assume that 
the sets of (p-E|=p-E and |p-E>= 
So(p)p:E belongs to sets of (¢,.,(p) | 
and |%.,(p) >>; i.e. 


2 
jO, w=" EQ, w) 
1771 


h’ . = 
mk E2&? a U (p, p’; e) 


x (p-E)(p-E)Alp)} 
where E=E(0, 0), 
eE(q, wo) =iqA* (q, o). 
It will be straightforward to give the 
higher approximations by the help of 
the Sonine functions.” The problem 
is equivalent to that of solving the 


linearized Boltzmann equation in which 


the collision term is somewhat com- 
plex. 
In the above, we have indicated the 


solution of the non-Markovian kinetic 
equation for plasmas. It is noticed 
here that, if we reduced the kinetic 
equation to the Markovian type in the 
same manner as is done for the systems 
of short-range interaction, we had just 
neglected the w-dependence of UXp; 
p’;) and replaced U (p, p’; 0) by 
U (p, p’; 9) in (7). It can be shown 
from this fact that the non-Markovian 
nature is not important for the fre- 
quencies much smaller than the plasma 
frequency, though it is essential for 
the frequencies. comparable with the 
plasma frequency. 


x jo+ 
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On the Kinetic Equation 
for Electrons in Metals 
at Low Temperatures 


Tohru Morita* 


Research Institute 
for Fundamental Physics 
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January 30, 1961 


The one-particle Wigner function 
for electron is to be calculated, to the 
first order of the external electric field, 
in order to obtain the conductivity of 
metals. The equation to which it 
obeys is obtained by the method pro- 
posed by Prigogine and Balescu.”” The 
equation is found to be a linearized 
Boltzmann equation of the Markovian 
type, in which the external field is 
replaced by the internal field and the 
interactions are screened; if the fre- 
quencies we are interested in are much 
smaller than the plasma frequency. 
Then, the kinetic equation is reduced 
to the one usually adopted in order to 


tg Poe ey ; 
oe ee ee ee ee 
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ol tain the conductivity of metals at low 
teinperatures,” if we introduce the 
approximation that we neglect the 
collisions between electrons and adopt 
as the interactions the screened ones 
or neglect the screening. 

(flere we consider that the conduc- 
tion electrons in metals are scattered 
by lattice vibrations (phonons), by 
random impurities and by each other. 
By considering the ‘collisions’ of 
the ‘order. O((pA)"t),, -OU(pA)"2); 
OP imp imp (PA)"t) and O(PprApn(4)"t), 
where (0, Pimp and Pp, are number 
densities of electrons, impurities and 
phoaons, /, imp and /,, are orders of 
interaction of electron with each other, 
with impurity and with phonon, re- 
spectively, and ¢ is time [(/)”~1, 
A(oA)"~ 8/9, «=Anpe’/kT for high 
tempera‘ure case and = (p/)"~r,, 
hair e.- Anrias /B=1/p, “ay the 
Bohr temperature 
case |; 
one-particle Wigner function of elec- 
tron is, to the first order of the ex- 
ternal field, 


Ag, p, )=flp) thle pst); » () 
Age) =1/A +27 elt), (2) 


a (% DP yl) oo £9 
Fy Aa p>?) 


radius, for low 
the kinetic equation for the 
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Me yp — Xs |Vinq, w)| 


xX {f(*, p—q, t)[1—f(«, p, t)] 


<[ (tg +1) 8 (ay— 0) +149 (oq +0) ] 
—f(x, p, t)[1—f(*, p—4q, t)] 
[ng +1) (og +o) 
+249 (w_—o)}}; 

Qn 1 


jee Vad, ae 
Pe ae ee 


x a D (Eptea— 
Xi (ep + ds ise paso) 
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—f(x, p', OF (x, po) 
x[1-f(, p’+4, t)] 
x[1—f(x, p—9. OT, (3) 


where w=€,_,—&,; the meanings of 
v, 1/2->), and { }, are the same as 
in the previous note, z is a constant 
to be determined so that (2) satisfies 
1/2) diate =P AMS, 2s (ein 
by» (4) im di) 3), Ve ee 
Von*(q, a) and V*(q,w) are equal 
to Vinn(q), Von(q) and V(q) divided 
by 


1— V(q) —y ae +q): —fo(p') | , (4) 
Q pt Ent + oo +o ' 


€, and w, are the energies of an 


electron and a phonon of wave vector 
p and m,=1/ {exp(w,/kT) —1}. Here 
A(x, t) is the potential of the external 
field, V(q) and Vim,(q) are Fourier 
transforms of interactions of electron 
with each other and with an impurity 
and V,,(q) is the interaction of elec- 
tron with lattice creating a phonon 
of wave vector q. 

The first term of the right-hand side 
of (3) is the drift term. The second 
term represents the acceleration by the 
internal field, instead of the external 
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field.. This fact is convenient for 
the calculation of the conductivity.” 
The third and fourth terms represent 
the collisions with the phonons and 
impurities, respectively. The last term 
represents the collisions of electrons. 
Here, given the kinetic 
equation of the Markovian type, which 
is valid if the frequencies of the ex- 
ternal field is much smaller than the 
plasma frequency.” 

If we may neglect the last term 
which 


electrons by means of a_ screened 


we have 


represents the collisions of 
potential, the equation is reduced to 
the one usually adopted in order to 
obtain the conductivity of metals at 
low temperatures and the theories 
presented in the past” will be valid, 
if we adopt the screened potential* 
or we neglect the screening. 

It will generally follow that the 
linearized Boltzmann equation of the 
Markovian type will be valid for low 
density high temperature and high 
density low temperature plasmas, so 
far as the frequency of the external 
field is not too large; where the 
interactions between electrons, with 
electrons and via electrons are screen- 
ed. Whether the screening is effec- 
tive or not is determined by whether 
the contributions of the interaction 
near q=O0 is appreciable or not, as 
the screening (4) is largest at q=0; 
that is, the screening is more (less) 
effective for the interactions of which 


range is longer (shorter). 


* Langer® has obtained the expression for 
conductivity of metals at absolute zero, where 
the screened potential with impurity appears. 


At last, it is noticed that our results 
of this and the previous notes give a 


_ Justification, from the diagrammatical 


approach, for the conjecture of Bohm 
and Pines” that the interaction between 
conduction electrons may be treated 
as the short-range one except for the 
part responsible for the plasma oscil- 
lation. In our cases, the latter part’ 
is included in the internal field 
A* (x, t)—the so-called Vlasov term— 
and in the screening of potentials and 
the former is V*(q, w).” 
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High-energy p-p scattering strongly 
indicates the existence of a spin- 
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orbit (L-S) interaction between two 
nucleons.”~® Since pion-theoretical 
calculations fail to give a sufficiently 
large Vz5,") several authors have 
proposed to account for its presence in 
terms of a hitherto unobserved neutral 
meson.”-® In particular, assuming 
that there exists a neutral vector 
meson of mass “3m, or 4m, (where 
m, is the pion mass), Sakurai” calcu- 
lated Wolfenstein’s amplitude C” for 
p-p scattering and obtained a quanti- 
tative agreement with the results of 
the phase-shift analysis of Stapp et 
al. at 310 Mev. Subsequently, how- 
ever, it was pointed out by Breit” 
that, because of his neglect of strong 
distorting effects caused by the vector 
meson and the pion interactions, 
Sakurai’s estimates on the mass value 
of the vector meson are quite uncer- 
tain. 

The object of the present note is to 
show that, aside from the uncertainty 
just mentioned, Sakurai’s approach 
based on Chew’s conjecture on one- 
pion sigularities’” contains a difficulty 
in explaining the energy dependence 
of C at 6=90°(@ is the p-p scattering 
angle) if the mass of the neutral vector 
meson is fixed by the angular depend- 
ence o1 7G, 

Ge Oo Sakurai so G ano). TOL 
Im(C) reduces to a simple form: 


Im(C) =— (fr'/42) (3/4M ) 
x [1+ (a/b) }*[1 + (6/2) 2”, 


where (f,’/4r) is the coupling con- 
stant, M is the proton mass, while a 
and 6 are, respectively, the mass of 
the vector meson (m,) and the kinetic 


ImC(90°, 7) /ImC(90°, 90Mev) 


energy of the incident proton in the 
laboratory system (7), both in units 
of M. In Fig. 1 are shown, for 
several values of m,=Nm,z 
[ImC(90°, T)/ImC(90°, 90 Mev)] based 
on the above formula (solid curves) and 
the same quantity calculated from the 
Gammel-Thaler (GT) potential” (the © 
broken curve). Since GT potential 
gives a good fit to polarization for 
100 MevS<T <300 Mev and the ampli- 
tude Cpractically determines the magni- 
tude of polarization, the broken curve 
could be considered to represent the 
energy dependence of C reasonably 


well. It is then evident from Fig. 1 


25F : a 


Fig. 1. 


that the mass value of 3m, or 4m, 
derived by Sakurai from the angular 
dependence of Im(C) /sin @ at 310 Mev 
cannot account for the energy depend- 
ence of Im(C) at 90°. 

Of course one might ask whether 
the discrepancy were due to the 
employment of GT potential which, 
strictly speaking, does not give a 
precise fit to the experimental data. In 
order to clarify this point, the results 
of the phase-shift analysis at 210 Mev 
by MacGregor and Moravesik™ (set 
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band set c) have been used to evaluate 
Im C(90°, 210 Mev) which, together 
with Im C(90°, 310 Mev) based on the 
solution 1 (or 2) of Stapp-et al.,!” 
would presumably give the energy 
dependence of C more accurately than 
the broken curve in Fig. 1 for 200 Mev 
<T<300 Mey. Theoretical values 
for [Im C(90°, 310 Mev) /Im C(90°, 
210 Mev)] obtained from Sakurai’s 
Eq. (3) when m,=m,~4m, are given 
in Table I as well as the “exper- 
imental” value of the same quantity 
evaluated from the results of the 
phase-shift analyses at 210 and 310 
Mev. Again the energy dependence 


Table I. 
[Im C(90°, 310 Mev) /Im C(90°, 210 Mev) ] 


a rae 


— 
(m,/m,) | 1 | 2 “experimental” 
‘ 0.88—0.96 


1.01) 1.0 | 1,15 | 1.22| 
of Im(C) at @=90° favors smaller 
values of m, than 3m, or 4m,. On 
the other hand, the angular depen- 
dence of Im(C) at 210 Mey is consis- 
tent with the result at 310 Mev, giving 
3m, or 4m, as the most reasonable 


—>} 


value of my». 

In view of this difficulty in determin- 
ing the mass value, the neutral vector 
meson proposed by Sakurai must be 
considered as a qualitative explana- 
tion of the spin-orbit interactions 
between two nucleons even if the 
neglect of the wave function distor- 
tion pointed out by Breit turned out 
to be justifiable. 
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(1956), 284. 
2) G. Breit, Phys. Rev. 106 (1957), 314. 


3) S.\B, Nurushev, JETP 37 (1960), 212. 
4) See, for example, N. Hoshizaki and S. 
Machida, Prog. Theor. Phys. 24 (1960), 


325: 

5) S. N. Gupta, Phys. Rey. Letters 2 (1959), 
124. 

6) G. Breit, Proc. Natl. Acad. Sci. (U.S.) 46 
(1960), 746. 


7) J. J. Sakurai, Ann. Phys. 11 (1960), 1. 

8) J. J. Sakurai, Phys. Rev. 119 (1960), 1784. 

9) L. Wolfenstein, Phys. Rev. 96 (1954), 1654. 
In the first Born approximation, nonvanish- 
ing C is a direct indication of the existence 
of Vz¢. 

10) Stapp, Ypsilantis and Metropolis, Phys. 
Rey. 105 (1957), 302. Cziffra, MacGregor, 
Moravesik and Stapp, Phys. Rev. 114 (1959), 
880. MacGregor, Moravesik and Stapp, 
Phys. Rey. 116 (1959), 1248. 

11) G. Breit, Phys. Rev. 120 (1960), 287. 

12) J. L. Gammel and R. M. Thaler, Phys. 
Rev. 107 (1957), 291. = 

13) M. H. MacGregor and M. J. Moravesik, 
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Weak Interactions at High Energies 


Kanji Fujii, Hideaki Nagai, 
Tetsuro Sakuma and Tetsuya Tsuchida 


Department of Physics 
Hokkaido University 
Sapporo 


February 10, 1961 


Although the weak interaction has 
been almost established in decay pro- 
cesses, in which the momentum trans- 
fer is rather small, its behavior in 
high energy processes, in which the 
momentum transfer is very large, is 
quite an open question. 

If the weak’ interaction becomes 
much stronger in the high energy 


= Ss Ce eee ee ee ee 
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region, the weakly interacting particles, 
leptons, should be anomalously pro- 
duced in high energy phenomena, 
say, nucleon-nucleon or nucleon- 
nucleus interactions in cosmic rays. 
We have the experimental pheno- 
mena” which seem to be interpreted 
as multiple «meson production in the 
super high energy region above 
~10" ev, though it is not so certain. 


From the above point of view, 
A2) 


‘Nagai and It” roughly estimated about 


f-meson production caused by the 


weak interaction in the high energy. 


region. As they mentioned, however, it 
was not clear whether their estimation 


had been carried out in the center of 


mass system or laboratory one and 
consequently whether these events 
could be found in the present cosmic- 
ray events or not. 

Because of its experimental feasi- 


bility, we investigate in this short 


note the “-meson production in high 


-energy nucleon-nucleon collisions by 


using a more field-theoretical model, 
“the peripheral interaction model ”’, 
recently developed by Chernavsky et 
al.” and F. Salzman et al.” independ- 


~ ently. 


Consider the following processes, 
corresponding to Fig. 1, (a) and (b), 
respectively. 


N 
(a) (b) 


Fig. 1. Feynman diagrams pertaining to the 
processes (la) and (1b). 


N+N>N+N+ma+l4+y, (la) 
N+N>N+N+m2+m'a. (1b) 


We can readily write down the total 
cross sections of the above processes 
as. follows. 

(2n)2 


fy waar! 


(£41)? 


oyn(E 


= (2n)* p? F2 


p 


x \ dW py W?o(W, 2) 


p 


x \ dW’ py”? W'o(W’, &), (2) 


where the notation is the same as 
that used in ref. 4). 

In evaluating Eq. (2), it is assumed 
that the pion-nucleon total cross sec- 
tion o,y is constant at high energies 
and that the perturbational calculation 
of lepton pair production cross section 
by pion-nucleon collisions is enough 
to estimate the order of the process 
(la), so far as we are concerned with 
the order of magnitude. The latter 
assumption may be somewhat question- 
able and may result rather overesti- 
mation for the process (la) because 
of the clothed structure of the nucleons, 
but this will not be discussed in ° 
detail here. 

We estimate about the process (1b) 
using Eq. (2) in order to investigate 
the consistency of our model. 
Numerical estimates, shown in Table 
I, both for pseudoscalar pion-nucleon 
coupling and for pseudovector coup- 
ling, are derived with assumption 
(0.7) av*30 mb. 

According to the result shown in 
Table I, we may conclude that the 
anomalous production of leptons by 
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Table I. oyy(ps) is the lepton production cross 
section (pion-nucleon coupling is of ps type), 
o'yy(pv) the lepton production cross section 
(pion-nucleon coupling is of pv type) and 
oyy the pure pion production cross section 
as functions of incident nucleon energy in the 
laboratory system. 


Exar ovy(Ps) 


o a (pv) | oVN 

(Bev) |. (mb) (mb) | (mb) 
10! | 10-4 (g2,/4z) | 10-7 (y2,/4z) | 1.2 
108 | 10-78 i Ree aa ae 
ieee, se iG? Ze) 49 
108 |107 » | 10 Pec: 
1010 | 10-8 .% | 108 4 3.2 


nucleon-nucleon collisions in cosmic- 
ray events would be scarcely found 
at present, so far as our partially 
perturbational treatment is admitted. 
Although the above conclusion, based 
on the peripheral interaction model, 
seems to be intuitively reasonable, it 
should be noted that this conclusion 
might be altered if many-particle ex- 
change contribution dominates in the 
high energy region. 

However, it seems to be reasonable 
that the pure pion production cross 
section gives several millibarns, since 
we take account of only single-pion 
exchange contribution. 

_ Further discussions on this model 
will appear in a later issue of this 


journal. 


1) S.N. Vernov et al. Zh. Eks. Teor. Fiz. 
37 (1959), 1193, 1252. 

2) H. Nagai and D. It6, Prog. Theor. Phys. 
23 (1960), 1207. 

3) IL M. Dremin and D. S. Chernavsky, Zh. 
Eks. Teor. Fiz. 38 (1960), 227. 

4) F. Salzman and G. Salzman, Phys. Rev. 
Letters 5 (1960), 377; preprint. 


Magnetoresistance in Nondegenerate 
Semiconductors Considering 
Electron-Electron 
Scattering 


Dee: Agarwal 


Defence Science Laboratory 
Dethi-6, India 


February 14, 1961 


Shockley”. has shown that the time 
of relaxation under the validity of 
equipartition law for lattice phonons 
is given by 


cr 


where 7 is a constant at.a given 
temperature. 
x= (m/2kT)'? v 
vis the velocity of electron, 
m_ is the effective mass of electron, 


k is the Boltzmann constant, 


T is the temperature of the crystal. — 


Sodha and Eastman” have applied the 


analysis of Spitzer and Harm® of 
velocity distribution of electrons in | 


the presence of an electric field in an 
ionized gas to semiconductors and 
have shown that the time of relaxation 
due to both electron-ion and electron- 
electron scattering is given by 

pte BOLE) 


x 


where ¢(x)=ZD(2x)/A is a function, me: 
tabulated by Spitzer and. Harm.? In 
most of semiconductors of interest the 


ions carry single electronic charge 
Aa 
B is almost a constant at a given 


ae aS Lee 3 eV Eee Se 


one 


‘ee 


eRe 


_ 
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temperature inversely proportional to 
impurity density. The effective time 
of relaxation is given by 


=i 
rajt +t) = oz), 
wa 


~ oe 
C 


where 


J (x) =0(x)/{b(x) +a°} 
and 

ee 

B 

Sodha and Varshni” have dealt the prob- 
lem of magnetoresistance of non- 
degenerate semiconductors taking 
electron-lattice, electron-ion and elec- 
tron-electron scattering by assum- 
ing that the Hall voltage is zero. 
However, if we use the condition that 
the Hall current is zero by putting as 


Sodha® 


one can obtain 
L= ng | ea 2 $(2, 3) ry 
Sy Me ger 


Expanding to powers in w’ and using 
the notation of Sodha and Varshni,” 
one gets coefficient of magnetoresis- 


tance 
4p dp _ Se Epa! 
~ Po lo 16? 


(ce) (o-) 2 
[ CLen ax | ae ax 
x M4 a JON : = 


iso} fee} 
| Pr er dz \ pre dx 
0 0 


Table I and Fig. 1 give the variation 
of coefficient of magnetoresistance 
(4e/%) with ‘a’, 


0.2 


0.1 


4o/00> 


0.01 


0.0001 


‘———— 


Fig. 1. Variation of 4p/p9 with a. 


Table I 
a Ap/ 0 
0.1. 0.1333 
0.2. 0.1034 
0.4. 0.0546 
0.6. 0.0282 
20: 0.0068 
2.0. 0.00208 
4.0. 0.00109 
6.0. 9.00531 
10.0. 0.000132 


Thanks are due to Dr. M. S. Sodha 
for his interest and Dr. B.N. Singh 
for his permission to publish the note, 


ss 
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Interaction between Alpha Particles 


Ichir6 Shimodaya, Ryozo Tamagaki 
and Hajime Tanaka 


Department of Physics 
Hokkaido University 
Sapporo 


February 18, 1961 


The problem on the system of two 
a-particles (Be*) is the most typical 
one in the cluster model,” because 
the behaviors of low energy (low- 
lying) states of this system are 
mainly determined by the relative 
motion of @-particles due to their ex- 
treme tightness. In this note, by 
applying the pion-theoretical poten- 
tials recently verified in two-nucleon 
problems,” interactions between a- 
particles are investigated from the 
viewpoint of the cluster model, without 
taking account of the polarization 
effects of @-particles. 

The a@-a@ interaction has the follow- 
ing characteristic features : 

(1) The outside attractive force 
(R=2~5y, where R is the dis- 
tance between two a-particles 
and y=1 Yukawa=10°" cm), 

(2) the inside repulsive core due 


to the Pauli principle (RS2y), 
and 

(3) the velocity dependence indicated 
by a stronger attraction for higher 
if where: l=0)2, 456: 
the orbital angular momentum of 
the relative motion.” 


represent 


Mev 


a 
is) 


Fig. 1. The dashed lines represent the pheno- 
menologically determined a-a@ interactions 
for S- and D-states.» The upper curves are 
obtained from the potential with an attractive 
TPEP only in the singlet even state and the 
lower curves from the potential with an ad- 
ditional attractive TPEP in the triplet even 
and triplet odd states. 


Many authors discussed the origin 
of the outside attraction.” The forces 
arising from the polarization of a- 
particles (the van der Waals attrac- 
tions) are attractive but too weak.” 
Therefore, only the average potential 
(the lst order \force) is to, be 
responsible for the feature (1). We 
show the pion-theoretical potential 


reproduces this attraction very well. 


Concerning the features (2) and (3), 
no satisfactory explanation starting 
from two-nucleon forces have been 
made. In order to discuss these points, 


we need to introduce explicitly the re-. 


lative wave function consistent with the 


RN) eee Te Oe ede aoe 
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requirement of the Pauli principle. 
The advantage of using the cluster 
wave function lies in this point. 

We assume the wave function in the 
center of mass system as follows : 


P= A {gy (12, 34) f." (56, 78) PCR) 5, 


(RB) =X(R) Yin Pe), (2) 


Ge =exp [= (a/2) ps (r;—R,)*] 


8 
and ¢,° =exp|—(a/2) do (r;—R;)’] 


(3) 
with R,=(1/4) sie 
R,= (1/4) y rj 
ane ut == RR. (A) , 


Here ¢;°%(c=1, 2) and ¢(R) repre- 
sent the ground state of a@-particles 
and their relative motion, respective- 
ly. A means the operator of the 
antisymmetrization. a@=0.58 y~” are 
determined from the observed r. m. s. 
radius of a-particles. The Pauli prin- 
ciple requires for %(R) to damp at 
small distance where two a-particles 
overlap. In fact, the harmonic oscil- 
lator shell model wave function gives 
(Y1CR)=R* exp (—ak’) independent of 


(70, °2:.4). 
We start from the Schrodinger 
equation 
HE=EP (5) 
with 


H=— y (R/2M)r 2+ y Viz. 
(6) 


Here, only the central parts of two- 
nucleon potentials V,, are taken into 


account, because the ground state of 
a-particles is the spin-saturated system, 
and tensor and spin-orbit forces play 
no essential role in the a-a interaction, 
as far as we are concerned with low 
energy phenomena. For convenience’ 
sake, radial dependence of Vj; are 
approximated by the Gaussian form. 

To find the a-a interaction, we 
derive the Schrédinger equation for 
Z(R) by multiplying %* on the left 
side of Eq. (5) and _ integrating 
the six independent internal coordi- 
nates r=r—R, G=2)\3,4) “and 
7,=r,—R, (j=6, 7, 8): 


{(—h?/4M) (1/R’)3/9R(R?9/OR) 
+ (h?/4M )I1+1)/R?+ Vo(R)1Z(R) 


p 


+ | W,(R, R’)1(R’) dR! =E'U(R) 


with F’/=E-—2E,, E, being the 
ground state energy of a-particles. 

The main results obtained are sum- 
marized as follows. 

(1) Direct potential Vp(R) is sensi- 
tive to the exchange character of two- 
nucleon forces. The one-pion-ex- 
change potential (OPEP) does not 
contribute to V,(R) because it contains 
the factor (o;-0;)(7%-7T;). The two- 
pion-exchange potential © (TPEP), 
especially the strong attractive one in 
the singlet even state, plays an essen- 
tial role to reproduce the outside 
attraction. We show the results of 
calculation in Fig, 1. 

(2) Exchange _ interaction 
(| W.CR, R')XCR’) dR’, is repulsive. 
The main contribution to it comes 
from the exchange terms of the two- 
pion-exchange potential and of the 


term, 
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kinetic energy. To interpret this term 
as a part of the effective a-a interac- 
tion, we need to replace this integral 
by V,°"(R)ZCR). This procedure is 
allowable in this case since %(R)#0 
for the region (R<5) where the 
integral is appreciable. In order to 
find qualitative features of V,°""(R), 
we calculate it for the assumed 
7(R) =[1—exp (—0.15R’) °/R_ which 
is the approximated form to the zero 
energy solutions obtained from the 
phenomenologically determined poten- 
tials shown in Fig. 1. We obtain the 
reasonably strong repulsive core re- 
presenting the effect of the Pauli 
principle. 

(3) Fig. 1 shows the reasonable /- 
dependence of the @-a interaction. 
The origin of this /<dependence comes 
from that of the exchange integral 
{| W.CR, R')Z(R’) dR’. The repulsion 
becomes weaker for larger /, reflecting 
the fact that the correlations in angle 
between the exchange and the non- 
exchange wave functions such as 
exp(—const. R-R’) are rather weak. 

Thus we can reproduce all the 
features essential to the @-a interac- 
tion without polarizing a-clusters by 
use of the pion-theoretical potentials. 
This means a strong support to the 
cluster model. Full report will be 
published in this journal. 

The authors are obliged to Professor 
M. Taketani for the interest he has 
shown in this problem and to Mr. Y. 
Shéno and Mr. J. Hiura of our labora- 
tories for their helpful discussions. 
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Two-Nucleon Spin-Orbit Forces 
and the Doublet Splitting 
in Low Energy n-@ | 
Scattering* 


Yasuo Takamura 
and 
Ryozo Tamagaki 


Department of Physics 
Hokkaido University’ 
Sapporo 


! 


February 18, 1961 


The recent p-p scattering experi- 
ments at 310 Mev have shown us the 
necessity of the spin-orbit forces (L-S > 
forces) which are strong and of short 
range.” At low energies (below 
about 100 Mev), however, we have no 
clear evidence for such strong L-S” 
forces, at present.” 
effects at low energies, the doublet 
splitting in #-a scattering is investigat- 
ed. 

* This work has been done as a part of the 
1960-61 Annual Research Project on the Theory 
of Nuclear Forces organized by the Research 
Institute for Fundamental Physics, Kyoto Uni- 
yersity, 
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The pion-theory of nuclear forces 
predicts £-S potentials as a part of 
TPEP (two-pion-exchange potential). 
Hoshizaki and Machida* derived the 
nonstatic TPEP with full recoil, basing 
on the methodological standpoint pro- 
posed by Taketani and Machida.” 
The spin-orbit potential obtained by 
them is of the same order of magni- 
tude with the previously derived ones, 
and is too small to reproduce the high 
energy data. 

There may be other origins of L-S 
coupling effects than TPEP. So it is 
desirable to clarify the conditions to 
be imposed on strong L-S effects by 
phenomenological analyses. 

Problems left undetermined are on 
the necessity of strong L-S forces at 
low energies and on their exchange 
character. 

We write L-S forces between 7-th 
and j-th nucleons in the following 
form : 


Vis(ij) = TOS en Tat syd 

ACL —7,-75)/4} (Li;-S:;) Vis(ris), 
Lj Sij= (0; +0;)/2 

xX {((ri=1;) X (Pi— P;)/2} . 

Pere ws Ves (74) en IS eV pe(lae= ithe 
potential in T=1 state and / is the 
ratio, Vzs(T=0)/Vis(T=1) specify- 
ing the T-dependence, where T is 
the magnitude of the total isotopic 
spin. 

L-S forces contribute to the spin- 
orbit forces in nuclei (hereafter we 
call this the o-l forces) directly, hence 
strong L-S forces produce strong o-l 
forces. At least, a half of the o-l 
forces is reproduced by the strong 


tensor force of the one-pion-exchange 
potential through the effects of the 
Pauli principle.” Therefore, contribu- 
tions of L-S forces are to be less than 
a half. This is the severe restriction 
imposed on L-S forces. 

Many authors discussed the o-l 
forces due to L-S forces, mostly in 
the Fermi gas model or in the shell 
model. Unfortunately, in these treat- 
ments, it is difficult to get reliable 
quantitative results, since the effects 
are estimated by such an integral as 
{2*Vs(a) dx which depends delicately 
on details of Vzs(2z), especially for 
short-range and singular Vzs(z). 

In n-@ scattering, we can avoid this 
difficulty and estimate the doublet 
splitting due to L-S forces by their 


‘ strength as a whole. The effective 


potential acting on the incident neutron 
is written in the form 


9090 Mev(7,,,>0) x10 


' 
0.2 04 06.08 10 12 14 7,(10-%cm) 
5 


Z - 


—50 GT: Gammel-Thaler’s V,;(7=1) 
B: Bryan’s V,5(T=1) 


Fig. 1. £-S potentials, Vis (Tey) in T=] state. 
GT and B represent Gammel-Thaler’s and 
Bryan’s L-S potentials, respectively. 
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Fig. 2. o-l potentials, V,,(7) calculated from Vis(%,) in Fig. 1. The 
numbers attached correspond to those in Fig. 1. 


V(r) =Vilr) +llo-li|Valr), 


where 


0 (Z=0) 
lo-UJ=4 2 G=14+1/2 
Aid). (gy =1=1/2). 


V(r). is the spin-independent average 
potential. V,, consists of three terms : 
the direct (non-exchange) contribution 
of L-S forces (V,;“"”), the exchange 
contribution of L-S forces (V,;"*”), 
and the exchange contribution of tensor 


forces. (V7) : 


Valr)=(4+3)/4- VG? (r) + (8-4) /2 
Ve ia ev aU, 7): 


The contributions due to L-S forces 
are calculated by the method used by 
Hochberg et al.” The exchange con- 
tributions are /-dependent. For the 
p-wave in n-a@ scattering, three terms 
contribute additively. 

We adjust Vis(riz=1 X 105°) = — 50 
Mey. The strength of this order of 
magnitude is indispensable to explain 


the p-p data at 310 Mev.” Then we 


vary range-parameters. Some of these 


potentials are shown in Fig. 1. For. 


convenience’ sake, we use the Gaussian 
form for Vzs(ri;) and the spatial part 


of the wave function of a-particle. 
The xcaleulated’ V7"? and Vier" 
(J=1) are shown in Fig. 2, with Vy 
phenomenologically determined” and 
Ve Say 
V7? 21s obtained.<invany former 
Vis(riz). Furthermore, V,,“* *(2=1) is 
attractive and rather large. Changing 
4 to 4=—3 to decrease the direct con- 
tributions, i.e. Vzs(zj)=(7;-T;) Vis(riy), 
we obtain the factor 3 in the exchange 
contributions. Thus, the strong L-S 
forces necessary at high energy pro- 
duce the unreasonably strong o-l 


potentials. 
We may say that the strong L-S 


Unreasonably strong 


forces playing an important role 
at high energies become weaker at 
low energies, and therefore it is not 
appropriate to describe such effects 
of two-nucleon spin-orbit coupling 
besides the L-S potential of TPEP 
by L-S potentials. The full report 
will be published in this journal in 


near future. 
The authors wish to express their 


sincere thanks to Prof. M. Taketani, 
Dr. S. Otsuki and Dr. W. Watari for 
their valuable discussions, and to Prof. 
H. Tanaka for his continuous encour- 
agement during this work, 
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Cosmological Implication of Physical 
Constants 


Satio Hayakawa* and Hajime Tanaka** 


*Physical Institute 
Nagoya University, Nagoya 
**Department of Physics 
Hokkaido University 
Sapporo 


February 22, 1961 


In the fundamental equations of 
physics there appear physical con- 
stants, such as the gravitation constant 
in mechanics, the Planck constant in 
quantum mechanics and so forth, In 


the present framework of theory these 
constants are given ab initio as para- 
meters, but the progress in physics 
would eventually explore their physi- 
cal implication ; their numerical values 
would be derived from something 
As a step along 
this philosophy we dare to make 
speculation which may explain the 
numerical values of the gravitation 
constant and the Planck constant in 
cooperation with cosmology. 


more fundamental. 


Our idea is very close to that in 
our previous paper.” In the expand- 
ing universe some amount of mass, 
m, is lost from a region within the 
cosmic radius, R. This might be 
thought to be violation of the energy 
conservation, but the energy loss, mc’, 
is compensated by the change in the 
gravitational potential energy due to 
the total mass, M, inside this region. 
Hence the enegy conservation results 
in a relation 


mc=GMm/R. (1) 


Taking M==10"9 = and R=10" com 
which are not incompatible to obser- 
vational evidences, we obtain the value 
of the gravitation constant as 
G=10~ cm’® séc™ gt. 
This is in essential agreement with 
the observed value. : 
The relation (1) is not new, but 
is essentially the same as that based. 
on the virial theorem. However, our 
interpretation may serve to resolve the 
apparent contradiction in steady state 
cosmology, according to which the crea- 
tion of matter might violate the conser- 
vation of energy. Again in this case the 
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relation (1) ensures the energy con- 
servation : the increase in mass energy 
is compensated by the decrease in 
potential energy. 

The total mass M in (1) is shared 
mostly with nucleons in the universe, 
their total number being as large as 
N,=10". The loss of particles by ex- 
pansion and (or) the creation of parti- 
cles (if one prefers to rely upon steady 
state cosmology) may result in that 
the number N, is not exaclty constant 
but fluctuates by an amount of about 
oy. 
tational shift of energy through the 
fluctuations of total mass MM, so that 


This gives rise to the gravi- 


the mass value of the nucleon fluctu- 
ates by dm, according to 


dm,/m,1/V Nr. (2) 


On the other hand, the uncertainty in 
the mass value arises from the quan- 
tum fluctuations, because the carrier 
of the mass, a particle, has a finite 
lifetime corresponding to the cosmic 
This is expressed as 


Anne fife. (3) 


From (2) and (3) we can derive the 
value of the Plank constant divided 
by 27 as 


Bee nt 


Nh mact/V Na: (A) 


Putting m,c’—=10~ erg (nucleon mass), 
t=3%10"sec and 1/N,~10%, we 
have M~3X10~” erg sec, which is too 
large, by a factor of some tens. On 
account of various uncertainties in the 
above derivation, this may be regard- 
ed as rather good agreement. 

The above argument may be modi- 
fied in the following way. Following 


the spirit of steady state cosmology, 
we may assume m,N;=constant, where 
suffix 7 indicates a family of particles 
whose number is conserved in the 
sense of particle physics. Therefore, 
this applies either to the baryon family 
or to the lepton family. This again 
leads us to a relation similar to (2) : 


| din, /m,||4N;/Ni|~' Sa, (5) 


where a is a numerical constant and 
may be of the order of unity on ac- 
count of (2). The inequality in (5) 
is introduced, because the fluctuations 
should not exceed a certain limit. 
This relation (5) may be called the 
cosmological uncertainty relation, and 
is analogous to the statistical uncer- 
tainty relation in thermodynamics. — 

On account of another inequality 
in the quantum mechanical uncertainty 
relation (3), (5) results in 


AV N,/mct <a. (6) 


This relation becomes severer, as 
V Ni/m; increases. This seems to be 
the case for the neutrino, and the 
value of # may be determined from 
the equality in this case. Estimating 
N, from the thermonuclear reaction 
rate in stars and taking m,c’ equal to 
the average energy of neutrinos, 
N,=10" and m;,c’>=10~° erg, we obtain 


h~10~-” erg sec. 


The agreement with the observed value 
is surprisingly good. 

Although one might think the above 
coincidences as purely accidental, we 
feel that something essential seems 
to be implied in our argument. In- 
deed, it is not imposible to obtain the 
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reasonable values of some coupling 
constants on the basis of a similar 
argument. We would like to say that 
the interpretation of physical constants 
cannot be made within the present 
framework of physics but on the higher 
hierarchy, such as cosmology. 

One of the present authors (S.H.) 
would like to express his thanks to the 
members of Department of Physics, 
Hokkaido University. Their hospi- 
tality extended to him during his stay 
there in last September created the 
atmosphere that bore the idea of the 


_ present work. The other author (H. 


T.) wishes to express his gratitude 
(Om erol. 9, Miyahara and” Prof. “P. 
Iwazaki for many stimulating discus- 
sions on natural philosophy. 


1) S. Hayakawa, Prog. Theor. Phys. 21 (1959), 
324. 


Invariance of Planck’s Constant 
in Revised Relativity 
of J. Palacios 


ALerie Klotz 


Rutherford College of Technology 
Newcastle-upon-T yne, England 


February 27, 1961 


A revised theory of relativity has 
been proposed recently by J. Palacios,” 
which avoids the clock paradox of 
special relativity by regarding a re- 
ference system A to be in the state 
of absolute rest. If the undashed 
coordinates refer to A, Palacios takes 


the special transformations to a movy- 


ing system S' to be 
a’ =/(x—vt), yw =Py, 2 =z, 

3 2 (1) 
t= ps (¢— = Is 


where 


It is clear that Maxwell’s equations 
in free space remain invariant under 
this transformation from A to S’.” 
Moreover, the components of electric 
and of magnetic intensity vectors 
transform A to S’ according to the 
relations of special relativity. If, 
however, their phase @ is invariant: 


o=u {e— i (le+my-+nz)} 
é 


=o'{¢— + (L x’ +m’ y’+n' 2’) 
c 


(2) 
we obtain, using transformations (1), 
the nonrelativistic Doppler effect 


wo =o ie to 2 
GC 


Apart from this, the equations of trans- 
formation of the direction cosines 


(l,m,n)> (0, m’, 7’) 


are the same as in special relativity, 
and, in particular, 


Pm +n =P + tn =) 


as required. Using these results, 


‘Palacios claims that, if his theory is 


to be adopted, it is necessary for the 
Planck constant A to transform ac- 
cording to the relation 


sae Gk ba eee 
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h'=—ph: 


Now, Palacios secures the invariance 
of the velocity of light c, since it 
follows from (1) that 


2(ef—2?— y?— 2”) 


12 
5) 


=r? g?—y"—z 
both sides of this equation vanishing 
simultaneously. Thus, in his theory, 
the fundamental interval ds is not an 


invariant, but 
ads = ds. 


The determinant of the transformation 
(1) being /*, the fundamental interval 
appears as a scalar density of weight 
1/4. In the same way, we may regard 
the phase (2) as a scalar density of 
the same weight. Then 


¢ =8¢. (3) 


This restores the relativistic Doppler 


effect 
w' =f (1 _*) 3 


Cc 


If the transformation (3) is postulat- 
ed, the noninvariance of Planck’s con- 
stant is no longer required even if 
the transformations (1) of Palacios 


are correct. 


1) J. Palacios, Rev. Acad. Ci. Madrid,51 (1957). 
Math. Revs. 21 (1960), 5. 
2) A. Einstein, Ann. d. Phys. 17 (1905), 891. 


An Isobaric State K* in K-z System 
and p+poK+K+7+7 


Process 
Shigeo Minami 


Department of Physics 
Osaka City University 
Osaka 


March 11, 1961 


Recent measurements on K +p 
K°+2>+p reaction have shown that 
K® and x may be regarded as the 
decay products of an isobaric state K* 
in K-z system.” In other words this 
reaction mainly takes place through 
process K-+p>K*+p>K°+a7>+p9. 
According to the experimental results 
M xx2884 Mev, where mx: is the mass 
of K*. And the assumption of Ixx 
=1/2 (Ix indicates the isotopic spin 
of K*) rather thdn that .of Jg=372 
seems to be consistent with the ex- 
perimental results for the branching 
ratio of the decay of K*(K*3K? 
+a-/K*>K- +7"). If K-z interaction 
is invariant under the transformation 
of charge conjugation, there should 
also be an isobaric state K* in K-x 
system. In order to make sure of this 
K* we want to get the experimental 
data for energy spectrum (or momen- 
tum spectrum) of nucleon in the re- 
action K+N>K+2+N (for example, 
K*+poK*+7°+p), although the 
well-known (3/2, 3/2) interaction in 
pion-nucleon system may have some 
effect on this reaction. 

It is said that an experiment in a 
hydrogen bubble chamber will be 
made at CERN in which the reactions 
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pt+poK+K+n+2 

will be measured and that there should 
probably be about 300 such cases in 
the experimental data. Both by this 
information and by the experimental 
evidence of K* we are motivated to 
make some predictions with respect to 
this reaction. In this paper we should 
like to study this reaction under the 
assumption that the reaction mainly 
takes place through the process 


ptpsK*t+K*SKtKR +242. 


Now let us try to estimate the 


‘branching ratios for this reaction. 


Since p-p system consists of the total 
isotopic spin J=1 state and J=0 state, 


this reaction can be described in terms 


of the reaction amplitudes for /=1 and 
I=0 states. At first we assume 
Ixx=1/2, then the branching ratios in 
the case in which only the J=1 state 
reacts strongly are the same with those 
in the case in which only the J=0 
state reacts strongly, and they are 
given by 


ptpoKt4+K-+2*4+2° = 2/9 
Kt4Ke4 nt 1/18 
K*+K°+a74+7° 2/9 
K°+K° +2424 1/18 
K°+K°+n*+27- 2/9 
Kone Ie ceases 2p 

Next we assume [x:=3/2 although it 


may be difficult to expect this case. 
Then the results are shown in Table 


aT 


In our model K* and K* will be 
emitted in the opposite direction to 
each other in the center of mass 


Table I 


* branching ratios 


when only| when only 


eS HANS I=1 state} J=0 state 
reacts |. reacts 
strongly _ strongly © 
pt+poKt+K-+ntt+n- | 41/90 | 5/18 
K++K-4+n°40%| 1/45 | 1/9 
K++K047-4+7° 1/45 |°> 1/9 
K04+K0+70+79 | 1/45 1/9 
K04 K047+4n7- 41/90 5/18 
K0+K-+nt+n0 | 1/45 | 1/9 


system. As K meson is much heavier 
than pion, at low energy we may 
expect the large probability with which 
K meson and K meson are emitted 
almost in the opposite direction. 

With respect to the cross sections 
for p+p>K+K-+z+2, it may also 
be expected that the theoretical values 
based on the simple statistical theory 
will turn out to be large when the 
effects of K* are taken into account. 
Another note will be given on this 
problem. 

From the recent 
results” » 


experimental 
for K~+p>A+a*4+27 
at high energy it may follow that we 
have some doubts about the existence 
of an isobar z* in pion-pion system. 


‘But, for reference, we try to estimate 
‘the branching ratios for p+p->K+K 


+7-+7 reaction under the assumption 
of strong pion-pion interaction. The 
results are shown in Table II, where 
T,T’ and I stand for the isotopic 
spins of 7-7 system, K-K system. and 
total system respectively. 

On account of the effects of inter- 
ference terms in addition to the ex- 
istence of various states relevant to 
this reaction, it may be difficult with- 


wee a ol, at 


er 
- 


Letters to the Editor 


Table II. 


863 


Branching ratios in the case in which each isotopic spin state 
mentioned in this table reacts strongly 


branching ratios 
ie a isotopic [=1 rea Atival Seeks sent T=0 
~ spin Se ee : a a - 
state P=) Teed T=0 T=1 =O 
final = ———— = ; 
state PUY Ted T/=1 1” = thee T/=1 T/=0 
Ki Kt. Perea yrs 64s) 0 1/2 1/3 1/6 1/3 
K+, K-, x, x0 2/15 | 0 0 1/6 0 1/6 
K+, K®, 7-7, 70 3/10 oo] 0 0 1/3 0 
Ko, Ko, 70, 70 DAS ait 0 0 1/6 0 1/6 
KO KO xt, x7 1/15 0 1/2 1/3 1/6 1/3 
Ko, K-, xt, x0 3/10 1/2 | 0 0 1/3 0 


out a special assumption to derive any 
more definite conclusion except the 
following results. 

(i) The branching ratios in the 
case of T =2 state resonance are shown 
in Table IL. 

(ii) If the isotopic spin of z* 
equal to 1, both p+p—>K*+K~+7°+2 
and p+p2K°+K 42°47" are forbid- 
den. 

(ii1) If the isotopic spin of .2* is 
equal to zero, both p+p>K*+K°+77 
+z° and ptpoK’+K- +27 42° are 
forbidden and 


0 


o(pt+poKt+K-+2* +77) 
=20(p+p>K*+K~+27°+2°), 

o(p+p>K+K+n*4+7) 
=20(p+p—>K°+K°+n +2). 


(iv) Ifthe event of p+p>K*+K™ 
4+a*4+a7 is not observed in experi- 
ment in spite of the fact that this 
process ought to be observed easily, 
the result may be consistent with the 
largeness of the reaction amplitude 
forthe state S12 bh = Vand I=. 


The author would like to express 
his thanks to Dr. J. Ballam for his 
kind information on the experiment 
at CERN. 


1) Berkeley Conference (1960). 
2) 10th Rochester Conference on High ee 
Physics (1960). 


K Meson-Nucleon Interaction 
at High Energy 


Shigeo Minami 
Department of Physics 


Osaka City University 
Osaka 


March 11, 1961 


The existence of new _ isobaric 
states K* and Y* seems to be con- 


firmed by the recent experiment.””” 


As was pointed out previously” there 


should also be an isobaric state K* 
in K-z system if K-z interaction is 
invariant under the transformation of 


te 
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charge conjugation. It may be expect- 
ed that K meson physics will be de- 
veloped remarkably by the appearance 
of these new isobaric states. In this 
note we should like to discuss what 
kind of prediction in K-N collision or 
in K-N collision at high energy may 
be made by taking into account the 
effects of K* (or K*).* 

Takeda et al.” have tried to explain 
the second, the third and the fourth 
resonance phenomena in pion-nucleon 
collision in terms of the effects both 
of the well-known (3/2, 3/2) isobar 
in pion-nucleon system and of an 
isobar** nie 


If such an explanation as this is 


in pion-pion system.* 


generally valid, we may develop our 
discussion along the same line with 
these authors with respect to the re- 
sonance phenomena in K-N or K-N 
collision, although it is of course 
necessary to examine this assumption. 


“K-N scattering or K-N scattering can 


be described in terms of the scattering 
amplitudes 7, and TJ) for isotopic spin 
states J=1 and J=0 respectively. We 
now assume Jxy.=1/2 (Ix. indicates 
the isotopic spin of K*) because the 
assumption of Jgs=1/2 rather than 
that of Ix.x=3/2 seems to be con- 
sistent with the experimental results 
for the branching ratio of the decay 


* With regard to the effect of Y* on K-N 
collision, another note will be given. 

** The existence of this » has not been con- 
firmed by experiment. 

*“* Their conclusions are based on the pertur- 
bation theory. They said that the qualitative 
conclusions do not suffer any remarkable change 
even if the Tamm-Dancoff approximation 
is adopted. 


of K*(K*3K°+2°/K* K-42’). 
Let us discuss the K meson-nucleon 
scattering processes at high energy by 
paying attention to the long-range 
K-N or K-N interaction caused by 
two-pion exchange on which the K* 
has an important effect. Among them 
we take into account only the process 
shown in Fig. 1 so far as K-N or 


K(or K) 
N iT 
N K*(or K*) 
y K(or K) 


Fig. 1. 


K-N scatterings at about 670 Mev (lab.) 
are concerned, because energies of 
intermediate K*-N state (or K*-N 
state) can be very near or identical 
with the initial energy of the colliding 
system and, as the result, the contri- 
butions from this process may be 
much larger than those from other 
processes. Then the following result 
for scattering amplitudes can be derived 
from our perturbation calculation, 


|Tol’=81|T,]’. (1) 


If the model suggested by Takeda et 
al.* can also be applied to the case 
of K-N or K-N interaction, the model 
may make it possible to predict the 
following property of K-N or K-N 
interactions at high energy. In the 
neighborhood of the energy 675 Mev 


* The result in the case Ig,=3/2 will be 
mentioned below. 
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(lab.) which corresponds to the thre- 
shold energy of K*(or K*) production,* 
we may expect the large cross sections 
for K-N scattering (or K-N scattering) 
and these resonance phenomena may 
be due to the strong interaction in 
I=0 state (cf. Eq. (1)). Thus these 
resonance phenomena may not be ex- 
pected in K*-p scattering, but be 
expected in K~-p scattering. 

Next let us consider the process 
K+N>K*+N*>K4+24+24N 
or 

K+N—>K*+N*>K+24+24N. 
The K+N (or, K+N)->K*+N* (or 
K*+N*) transition by one-pion ex- 


change potential is illustrated in Fig. 
2, where N* indicates the well-known 


N* a K*) 
N K(or K) 
Fig. 2 
(3/2, 3/2) isobar in  pion-nucleon 
system. It may be possible to expect 


a maximum of the inelastic scattering 
cross sections** due to the final state 


* If we apply their theory to our case, the 
K meson-nucleon interaction may become at- 
tractive, since most intermediate K*-N states 
have an energy larger than the excitation 
energy of K*. In near future we will examine 
how the K meson-nucleon interaction depends 
on the spin of K*. 

+ These resonance phenomena may not be 


so remarkable. 


interactions in the neighborhood of 
the energy 1290 Mev (lab.) which 
corresponds to the threshold energy 
of the reaction K+N—>K*+N* (or 
K+N->K*+N*). Since the isotopic 
spin of K*-N* system cannot have 
the value of J=0 under the assumption 
Ig:=1/2, this maximum will be due 
to the strong interaction in J=1 state. 

Finally we want to make some dis- 
Fa 8re 
although it may be difficult to expect 
this case. The isotopic spin of K*-N 
system (or K*-N system) in the 
intermediate state for K-N scattering 
(or K-N scattering) cannot have the 
value of J=0 under the assumption 
Te 3/2 (cin Figuvis) = A henest heme 
sonance phenomena which may be 
expected in the neighborhood of 670 
Mev will be attributed to the strong 
interaction in J=1 state. With re- 
gard to the transition amplitudes for 
the process K+N—->K*+N* (or 
K+N->K*+N*), we can obtain the 
following result by means of perturba- 


cussion about the case 


tion calculation, 
[Ty sfLe P52 9, (2) 


where T,/ and J,’ are the transition. 
amplitudes for the isotopic spin J=1 
and J=O states respectively. It may 
be difficult from the relation (2) to 
predict which state of isotopic spin 
plays the most important role in K-N 
(or K-N) collision at about 1290 
Mev. 


1) Berkeley Conference (1960). 

2) 10th Rochester Conference on High Energy 
Physics (1960). 

3) S. Minami, 25 (1961), 861. 

4) K. Itabashi, M. Kato, K. Nakagawa, and G. 
Takeda, Prog. Theor. Phys. 24 (1960), 529. 
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Quantum Theory of Spin Diffusion 
Hazime Mori and Kyozi Kawasaki 


Research Institute for Fundamental 
Physics, Kyoto University 
Kyoto 


March 10, 1961 


It has been recognized that the 
notion of spin diffusion due to the 
exchange-type interaction between 
spins is very useful to describe a 
number of experiments on the nuclear 
spin relaxation in a crystal contain- 
ing paramagnetic impurities,” and on 
the critical scattering of neutrons by 
It has been assumed 


there that the z-component of the 


a ferromagnet.” 


magnetization density, M°(#), would 
obey the diffusion equation 


AM°(R) /dt= 7? M°(R), 


A being the spin diffusion constant. 
In this short note, we shall outline 


a general formulation of the macro- 


scopic equations for the three com- 
ponents of the magnetization density 
M(R) with the use of a quantum 
theory of transport processes develop- 
ed recently by one of the authors.” 

The principal part of the Hamil- 
tonian of the system is assumed to be 
the exchange-type interaction : 


HS SNS), Iq) 
x [LS *(—q)S~(q) +S°(—q)S"(q)], 


where w is the Zeeman frequency, N 
the number of magnetic ions, and J(q) 
the Fourier component of the ex- 
change-type interaction with the wave 
number q. The z-component of the 


total spin of the system, S°=S°(0), 
commutes with the Hamiltonian, and 
is therefore an approximate constant 
of motion, performing a small fluctua- 
tion due to the remaining parts of the 
Hamiltonian, such as the non-adiabatic 
part of the dipolar interaction between 
spins and the interaction with the 
neighboring systems. 

According to the principle of statis- 
tical mechanics, it is convenient for 
the macroscopic description of such 
a system to introduce a thermodynamic 
quantity conjugate to the S°, and to 
employ a grand canonical ensemble 
Po= Cy) exp {— P| H— /*S*]}, where actu- 
ally the equilibrium value y” becomes 
Zero. 

Now the system is inhomogeneous 
in space, and the density matrix of. 
the system, ¢(t), deviates from the 
to yield the inhomogeneous magneti- 
zation density, its Fourier components 
being defined by M(k)=Trp(z)S(k). 
The equations of motion for the spin 
operators S(k) take the form, 


dS°(k)/di=ik-j'(k), 


dS *(k)/dt= ¥iw(k)S*(k) (1) 
Lak g#(k); 
where 
J (kK) BN ulk, g) 
xX {S*(q), S-(k—q)}, 
q q)} (2) 


J (hk) =+2N7 dy a0u(k, q) 
x {S°(q), S*(k—q)}, 
where lim u(k, q)=9J(q)/9q. wk) 
is the frequency spectrum and is, in 


the first approximation, equal to 
o+2Jd(k, 0)(CS°)o/N), where <--+)o 
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means the average with the equili- 
brium ensemble . The w-terms of 
Eq. (1) express the rotation of the 
spins with the angular frequency w(k) 
about the z-axis, which has no relation 


to the dissipative mechanism. There- 


| fore it is convenient to remove this 


part by making the transformation 
8(k) =exp[itw(k) S°] 
x S(k) exp[—itw(k)S°]. 


The local equilibrium ensemble of the 
system can be obtained as follows : 


f=C exp{—P[H— digo PK—4)- 
x S(q) ]}. 


The non-equilibrium magnetic chemi- 
cal potential w4(—q) conjugate to M(q) 
can be determined from the ” with 
the aid of the consistency condition 
M(k) =Tr p,S(k). 

Application of the statistical mecha- 
nics of irreversible processes” leads 
to the following expression for the 
density matrix of the system: 

Bae 
p(t) =p.—p0\ ds| di N™ dq40°" 
0 


0 


x {°(—q) j’(4,—s—in) 


ee og) exp[ —isw(k) | 


2 
xj (q, —s—ih+) 
+ 1p (—q)expliso(b)] 


xj (4, —s—ini)}, 
where t, <7 <z,, 1/|w(k)|, where 7, is 
the macroscopic relaxation time of the 
system and 7, a microscopic correla- 
tion time characterizing the decay of 


the integrands of Eqs. (4). Thus, 
taking the average of Eq. (1) with 
the e(t), we arrive at. 


dM°(k)/dt=—k? A M°(k), 
dM*(k)/dt=[ Fiw(k) —2 A*]M*(k), 


(3) 
where 
1 eet 

A= 38((S*—(S8)s) 0 | ae 
XC PP (stil) do, . 
(PFCs ee (4) 

At = iy y ( 
Cee eee gan | as| di 


Xf fA(s-+ih) peso, 


It can be shown that, above the Curie 
temperature, the diffusion constants 
A® and A* become equal to each other 
in the absence of external magnetic 
field. The expression for JA’ turns 
out to be identical with the one which 
has been shown in a previous note” 
to yield a good agreement with the 
experiments on the inelastic critical 
scattering of neutrons by iron above 
Te: 

Detailed account and other appli- 
cations will be published shortly. 

The authors wish to express their 
thanks to Professor T: Matsubara for 
his enlightening discussions and en- 
couragement. 
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The 7*-decay and the Boson Isobar 
with [=2 of the Sakata Model 


Shoji Sawada, Tamotsu Ueda 
and Minoru Yonezawa 


Department of Physics 
Hiroshima University 
Hiroshima 


March 13, 1961 


Some analyses of the single pion 
production in z-N collision” have been 
made to find the evidence of the boson 
isobars” of the Sakata model. From 
these analyses it has been suggested 
that the boson isobar with J=2, ice. 
Bi(0, 2) of the Sakata model, exists 
and has the 27-decay mode. 

The B,'(0, 2) isobar is, then, expect- 
ed to have the effect to the pionic 
decay of kaon. Especially the 3z 
decay process of kaon is very interest- 
ing since the present experimental data 
of pion energy spectra in 7t*-decay 
process” show a small deviation from 
the theoretical spectrum for spinless 
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Fig. 1. 27 energy spectrum in K+tat+at+r-, 
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Fig. 2. x* energy spectrum in Kt-z* +7747. 
kaon given by Dalitz and Fabri.” 
(See Figs. 1 and 2.) 

Some studies have already been made 
to understand the deviation as the 
effect due to the possible strong inter- 
action among the final pions.” 

In this short note we also study 
the problem by taking the effect of 
B;'(0,2) which can be corresponded to 
the strong z-z interaction, but our 
approach is a little different from 
these analyses. 

Now let us assume the following 
for the moment. 

1) The <* and <*’ decay mainly 
consist of the following cascade decay. 


I > Be (0, 2) +2 (recoil pion), 
slow 
| rapid (1) 
—> 22 (decay pions). 


2) Be (O, 2) is 0* and can be treat- 
ed in the calculation as though it is 
a metastable particle, except that it 
has not a definite mass, but mass 
distribution (mz). 

3) The 


decay interaction for 
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K*>B;(0,2)+2 and K,°->27 are 
effectively of the type 


9¢2¢.,Ox and I' ba Px PK (2) 
with g~g’ (Universality of weak inter- 
action). 

The theoretical energy spectra of 
the final pions in <*-decay and 7*’-decay 
through the decay scheme (1) will 
be given by the following expressions 
when the 4J=1/2 rule holds for these 
processes : 

m~-spectrum in 7*-decay 

feCE yd oc[t/30 4 (E.) 
+18/30 I,(E,)|dE,, (3a) 
m*-spectrum in 7*-decay 
Te Ge) dlvoc'2{ 18/30 C2) 
+1/30 L(E,) |dE,, (3b) 


ae 


m*-spectrum in c*’-decay 


I'(E,) dE, oc[9/30 L(E,) 
97/30 -L(E,) |\dE, - (3c) 
Ch we andosis¢h.) ware the, energy 
distribution function of the decay pions 
and the recoil pions respectively and 
expressed by 
i,(E,) dE, 


max 
Weis; 


SPN: \ een ea esd (1) 
coe 
1(E,)dE,=N2f (ms) mx ps/mndE,, 
where mx and mz, are the mass of the 
kaon and B,(0,2) respectively and 


Pes=V (ms/2)*— m,, (for further nota- 
tions, see reference 1)). 

The dominant factor for the pion 
energy spectra is the mass distribution 
of Bi(0, 2); (ms) However, we 


know little about it now. Some in- 
formation will be obtained from the 
consideration of the decay rate of 
kaons. From the decay interactions 
(2) we shall obtain 


Ra WK > BO, 2) +2) 
W(K,?—> 22) 
MA-M,, 


gy? | dmp (mp) p( me) 


« 
2Mz 


gp! 
where p(mz)(=psz) and p’ is the pion 
momentum in K*—>B,;(0,2)+z and 
K,°2z process respectively. If we 
take 280 Mev<m,;’<354 Mev (=mx 
—m,), where mz,’ is the parameter 
characterizing the maximum of the 
mass distribution, and put y~g’, we 
shall obtain 


R~0.1~0.6 


which is to be compared with the ex- 
perimental value R<107*.* This fact 
indicates that the maximum of the 
(mz) will probably be at > 354 Mev. 
The tendency of the ¢(ms,) may mani- 
fest itself in the pion energy spectrum. 
Neglecting the term J,(#,) in 7 - 
spectrum, we obtain 


(mz) © T(E,)* (pe/ms)™ 
eels (Cy) Pa) gis) i 


Then assuming that the t*-decay 
occurs entirely through (1), we shall 
obtain the experimental p(m,). It is 


noted that such a e(m,) can be safe- 


ly represented by the monotonic in- 


* The mass distribution (7m) with the pa- 
rameters ™m,9=400 Mey and ’z=30 Mev which 
was used in reference 1) gives this ratio~10™, 


nn! Tee? eae 
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The possible existence of B,'(0, 2) 
may bring the effect in K—2z, but 
the problem essentially needs informa- 
rg tion about the large mass part of 
(mz) and the strength of the reaction 
tis with 4J7=3/2, and will require further 
investigation. It is noted that the 
process K->B,'(0, 2) +e-+» is forbid- 
den in the Sakata model. 


creasing curve (the solid curve in 


Pigs: 3). 
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e(m,) in arbitrary unit 


Using thus obtained ¢(,), we have 
calculated z*-energy spectra which is 
given in Fig. 2. The agreement of 
the calculated spectrum with the ex- 
periment is fairly satisfactory. 

As for the direct 32 decay process 
we shall only remark that the con- 
sistent interpretation of the z-spectrum 
is also possible even if this process is 
comparable to the B,'(0, 2) channel, 
by taking the slightly changed e(mz,). 
The branching ratio 7*/c*’ is worth- 
while to notice. With no direct pro- 
cess the ratio is 19/11 for “d4l=1/2. 
This value seems to be a little smaller 


A Note on Baryon-Baryon 
Interaction 


G. Bhamathi, S. Indumathi, T. K. Radha 
and R. Thunga 


University of Madras, Madras, India 


than the present experimental value 
2.9+0.5. In order to increase the 
branching ratio from 19/11 it is neces- 
sary to introduce either the 4/=3/2 
decay amplitude or the direct 32 decay 
process, 


December 22, 1960 


Okun et al.” have considered 5- 
capture by a proton leading to a 
(A°A") system. In this note we study 
the process of a (2-7) collision giv- 
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ing rise to hyperon systems, the 
possibility of a bound state in the 
final system being also envisaged. 
The implication arising from the 
various parity assignments for - the 
hyperons is discussed and the decay 
distribution of the possible bound 
system is analysed. 

We consider in particular the reac- 
tions 


&-+tn>E-+90 


ret 


Threshold (1) 
Co eviev) <"(2) 
>A +A +27 (110.8 Mey) * (3) 


Se (194. Med (4) 


The branching ratios cannot be direct- 
ly calculated but on assuming charge 
independence, and the Sakata model 
for the final state particles the ratios 
for the processes (2) and (3) are 
found to be 


DSacn Sy Wye cy: al EY oc cams Ue (53) 


We assume the (5 7) system is 
scattered from the S-state, the (2-7) 
relative parity is even and the incident 
system has j=s=1. 

If (A°A°) is assumed to be in the 
S-state, this state is in ‘S,one accord- 
ing to Pauli’s exclusion principle, 
hence both angular momentum and 
parity cannot be conserved when the 
final state of z is in the S-state in 
respect of the center of mass of the 
(A°A°) system. 

It is natural that the conservation 
law of parity and angular momentum 
is valid when P-wave 2 is emitted in 
respect of the center of mass of the 
(A°A°) system. 

We shall now consider the pos- 


sibility of 3” and 2° in (4) form- 
ing a bound state. The conservation 
of IJ spin leads to the J=1 state for the 
(.Y~X°) system which is antisymmetric. 
Thus the product of the space and 
spin wave functions should be sym- 
metric, i.e. for J=0 it is in the triplet 
spin state. This system is analogous 
to a deuteron and since the »’s form 
a multiplet the force between them 
can be due to the exchange of a 


single pion. 


Assuming the values for the depth . 


of the phenomenological potential used 
in the deuteron theory, i.e. V»=25 
Mev, we obtain the binding energy 
of the (3~3°) system to be 4.66 Mev. 
It is expected that the (5°) col- 
lision leads to the bound system of 
(3* 3°). Due to charge independence 
the<(2* 3°) Sand = (2-27) systems 
will have the same energies and other 
parameters. However, the distribution 
of the decay pions of the two systems 
will be entirely different since ¥* has 
a decay mode, the (pz°), which ex- 
hibits maximal asymmetry while the 
(na*) mode of S* and the (mz7) 
mode of the ¥~ have no asymmetry. 
In both systems (**35° and 272°) 
the ¥° will decay instantaneously into 
A+y7 and the pions arising from the 
decay of the A’ and the charged ¥ 
will be correlated. Incidentally it 
would be of interest to determine the 
energy of the 7 quanta arising from 
the ¥° decay since it would provide 
an estimate of the binding energy of 
the 3+ 3° system. In the case of the 
decay of the /° particle the distribu- 
tion of the decay pion is given by 


Si2 


P(c)d2=(1+aa-p)d2 (6) 


where o is the polarization of the 4, 
p the unit vector along the direction 
of the pion momentum in the rest 
system of the A and a the asymmetry 
parameter which is known to be 
|a|>0.7 for both the neutral and 
charged modes. In the case of a 
(S- 5°) system the decay mode (nz7~) 
exhibits no asymmetry, hence the joint 
distribution of the two pions which 
is given by 


P(0,02)d2,d2,= (1+a,01: p:) 


X (1+ a,065° py) d2,d Qs. (7) 


reduces to 
ee1Os) die) ay (1 +a,0)p;) d2,d2Q., 
(8) 


since the asymmetry parameter a, for 
the nz~ decay mode of 3” is zero. It 
is obvious that the distribution of the 
pions of the (3* 3°) system for the 
(nz*) mode of 3* is the same as 
that of the(3~ 3°) system. For the 
px’ mode of the ¥* decay the distri- 
bution is given by (7). 

The joint distribution function p 
can be evaluted by constructing the 
spin space density matrix P(o,c,) and 


_ TrlpP(oies)] 


ine 


p (9) 
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The polarization of A arising from a 
3° decay is given by” 


bo = am ({o)s:u)u 


where w is the unit vector along the 
direction of A momentum in the %° 
Thus the /° 
will have spins oriented in the op- 
posite directions. Since the density 
matrix for the *S, state is 


(10) 


y+ 
Pe 


rest system. and 


P= — oi Ca, 


(11) 


the distribution function of the decay 
pions is 


p= (1—a,a, py: pz). (12) 


This also enables the determination 
of the relative signs of @, and ax. 
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The Single Pion Production Process in zp Collision 
at 1 Bev and the Sakata Model 


Shoji SAWADA*, Tamotsu UEDA and Minoru YONEZAWA 
Department of Physics, Hiroshima University, Hiroshima 
(Received January 23, 1961) 


We analyse the experimental data of Derado and Schmitz on the single pion production 
process in x~-p collision at 1 Bev by the generalized isobar model. Our isobar model is 
a generalization of the Lindenbaum and Sternheimer 3-3 nucleon isobar model, But our 
standpoint is based on the Sakata model and all the possible fermion and boson states of the 
full symmetry theory are taken into account. It is shown that this generalized isobar model 
can well explain the experimental momentum spectra. The evidences of boson isobars of 
I=2 with mass ~400 Mey and J=1 with mass ~650 Mey are suggested from the analysis of 
the D-S data. 


$1. Introduction 


Along the line of the Sakata model, Ikeda, Ogawa and Ohnuki? have formu- 
lated the theory based on a possible symmetry among the basic particles p, 1 
and A, which is described in terms of a unitary group U(3) of degree 3 (this 
theory will be referred to as the U(3) theory). They have assumed that an 
elementary particle (or a resonance level) corresponds to a basis vector of an 
irreducible representation space of U(3). Comparing the U(3) theory with 
experiment we have successfully assigned the theoretical states to the experi- 
mental levels in terms of the semi-empirical mass formula so far as the reliable 
experimental data are concerned.” 

There aré, however, many interesting levels which are not yet establianed 
owing to experimental difficulties. Among these levels we are particularly inter- 
rested in the unstable boson states (boson isobars) with strangeness 0, for they 
are closely related to the problem of the strong pion-pion interaction, which is 
one of the important topics of the current meson physics. For the investiga- 
tion of such unstable boson isobars, we have once taken up the sub-Bev single 
pion production process in pion-nucleon collision. There we gave a rough sketch 
of the anticipation to this process from the standpoint of the Sakata model and 
a detailed discussion of the z*+p—N-+2+2 process at 500 Mev. (This will be 
referred to as A.”) 

In A we have assumed the following mechanism for the production 
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of pion, 
zt+tN-> B+N-> (2+2)+N, (la) 
—+ F+2— (N+2) +2, (1b) 


where F and B are unstable fermion and boson isobar states of the U(3) theory 
respectively. This is a generalization of the Lindenbaum and Sternheimer 3-3 
nucleon isobar model” (referred to as the L-S model) from the standpoint of 
the Sakata model. 

With the same aim we shall study here the single pion production process 
in z~-p collision at 1 Bev and analyse the momentum spectra of final particles. 

A characteristic feature of the single pion production process at ~1 Bev is: 
the appearance of one or two peaks in the momentum spectra. Especially in 
the momentum spectra of produced pions this feature seems to be remarkable. 
The characteristic feature of the pion energy spectra which is hard to be ex- 
plained by the statistical theory has been a powerful support for the L-S model, 
and in fact there has been some accumulation of the experimental data” which 
show the quantitative agreement with the L-S model. 

Recently Derado and Schmitz” have reported that pion energy spectra at 
1 Bev cannot be explained by the L-S model quantitatively, though the validity 
of the L-S model still partly remains. There are also some other experimental 
suggestions for that a mechanism different from the L-S model may be operative 
in the single pion production process, a mechanism such as (la).” The 
situation seems more complicated than what the simple L-S model describes, 
it is rather just as anticipated from the Sakata model. 

The level scheme of the U(8) theory predicts that the following channels 


may open to the reaction in question, if the participating isobar has the decay 
mode F>N-+7 or B22: ; 


z+N-—> Fj(0, 3/2) +2, (1)* 
F;°(0, 1/2) +2, (II) 
Bi; (0, 2) +N, (111) 
B (0, 0) +N, (IV)** 
B#°(0,1) +N. (Ve 


Age * For fermion and boson state of the U(3) theory, we use FCS, 2D and By (S, I) respect- 
ively, where the subscript 7 denotes the number of basic particles plus basic antiparticles of which 
the state is composed, and the superscript 7 the class to which this state belongs (each class cor- 
responds to each irreducible constituent of U(3)). S and TI in brackets are its strangeness and 
isotopic spin, respectively. : 

** B2(0,0) or x” which is an excited state of vacuum is not considered here since it is 
very questionable to take B,2(0,0) as the same physical entity such as pion and nucleon. 

*** Besides these channels the reaction x+N—>B,;(0,1)+N is also possible if the mass of 
B(0,1) is smaller than 800 Mev (the mass formula gives ~850 Mev for its mass). 
do not consider this channel in this paper, since B,1(0, 1) is expected to hav 
so that it will give very small contribution. 


However, we 
ea relatively large mass 


ig 


34 


The Single Pion Production Process in zp Collision 875 


F;'(0, 3/2) and F;3(0, 1/2) are assigned to the first and second resonance levels 
observed in the pion-nucleon scattering and have the mass 1230 Mev and 1515 Mev 
respectively. The semi-empirical mass formula gives to B; (0,2) (280 Mev), 
B,'(0, 0) (615 Mey) and B°(0, 1) (750 Mev) the masses in parentheses. Here 
the attention must be paid as to the accuracy of the mass formula. There may 
be the possibility for the formula to give incorrect values but the deviation 
will be about 200 Mev at most. The spin and parity of F;'(0, 3/2) and F,°(0, 1/2) 
are 3/2* and 3/27 respectively. For boson isobars we now know little about 
their spin and parity, but if their 2z- decay mode is established, their possible 
spin and parity are considerably limited. B,°(0,1) is the antiparticle of B/(0, 1), 
and has the same mass, spin and parity. In our analysis it will be enough to 
treat them together without discrimination between both effects. As to these 
boson isobars of the Sakata model, there is still no convincing experiment, but 
some evidences are suggested. The branching ratio of (a*+2°+p)/(a*+2*+n) 
in z*-p collision at ~500 Mev” can be explained consistently by the existence of 
Bi (0, 2) isobar” and the evidence found by Derado and by Pickup et al.” can be 
interpreted as the evidence of B,*°(0,1) isobars. There are also other theore- 
tical and experimental suggestions from the investigation of the nucleon 
electromagnetic structure, etc.” 

In the following analysis we shall study the experimental data of Derado 
and Schmitz. Since the phenomena in question are expected to be somewhat 


complicated, we shall take the following three steps in the analysis and discuss is 


how the evidences of each isobar are recognized: 


1) How does the F;'(0, 3/2) model (the L-S model) deviate from the obser- © 


ved pion and nucleon momentum spectra ? 


2) How much is the situation 1) improved if the effect of B, (0, 2), B (, OVS 


and B,'°(0, 1) isobars are added to F;'(0, 3/2) isobar ? 


3) If F;°(0, 1/2) isobar is taken besides the isobars considered in 2), how 


much better are the D-S data described than in the case of 2)? 


§ 2. Momentum spectra of pions and nucleons 


In this section we shall make some preparation for the comparison of our 


model with the experimental data on the single pion production in 2~-p colli- 


sion at 1 Bev, which will be given in the next section. The experiment of 
Derado and Schmitz has given the momentum spectra of pions and nucleons 


and we need the theoretical spectra of secondary particles in the channels — 


ap 


The pion energy spectrum consists of three parts, i.e. that of decay pion 


from the fermion isobar F, L,(£,), recoil pion of this .isobar F, 1,(#,) and 


decay pions from boson isobar B, [,(Z,), and the nucleon energy spectrum 
consists of two parts, that of decay nucleon from the fermion isobar F, Ji(Ew) 
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12 
10 
Ee 8 recoil to F3!(0, 3/2) —_, (px) 
S recoil to F3°(0, 1/2) decay from F7(0, 1/2) 
6 1(pz) Le 
a 6 decay from F!(0, 3/2) 


1 
0) 100 200 300 400 500 
c.m.s. momentum fp; (in Mev/c) 
Fig. 1. Pion momentum spectra calculated 
from (E,) and 1,(£,). 


Yonezawa 


and recoil nucleon emitted with the boson isobar B, J,(Ew) where, h, h, &, oy 
and J, are the normalized energy distribution functions for each case. 


The theoretical expres- 
sions of these 1,(E,), I:(E,), 
I,(E,), JiCEy) and J,(Ew) 
are given in reference A. 

The momentum spectra 
calculated from these /,(,), 
1,(E,), I;CE,), J:CEy) and 
J.(Ey) at 1 Bev incident 
pion kinetic energy are 
given in Figs. 1, 2 and 3. 

Here we have assumed 
the same form for the 
mass spectrum of the iso- 
bars as in reference A, 
i.e. 


scale for J2(p) in arbitrary unit 


values are chosen for m,’, m;°, ’y and I';: 


my =1500 Mev, I’,=90 Mev for 


10+ 20 
6r 2 ; J2(py) 
ne > 8 mp°=400Mev 16 
Wes, a Pe mp°=600Mev 
3 it 5 
2 ac fe = m=650Mev 
£ mp =650Mey S 6+ “ 
4 [ mz°=600Mev s 
. : |m2°=400Mev. & | 
ja ‘ mp =400Mev pean 478 
Ss Ji(pn) =| 
0 © decay from F3°(0, 1/2) i 
nN 
0 100 - 200 300 400 500 2+ decay from F¥(0, 3/2) {4 
c.m.s. momentum p;(in Mev/c) | | 
Fig. 2, Pion momentum spectra 4 
calculated from J,(E,). q 0 100 : 


200 300 400 500 600 


c.m.s. momentum py (in Mev/c) 


Fig. 3. Nucleon momentum spectra calculated 
from J,(Ey) and J,(Ey). 


P(mr)~(mr—my—m,) exp[—(mr—mr)?/I'| for fermion isobars and 
(mp) ~ (mz—2m,) exp[—(mgz—mz’)*/I'| for boson isobars and the following 


my =1230 Mev, ’y=66 Mev for F;'(0, 3/2) 


F;°(0, 1/2) 
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mz =400 Mev, I’,=30Mev for B2(0,2 
mz =600 Mev, J’,=30Mev for B, (0, 0) 
mz =650 Mev, I’,;=30Mev for B,'°(0, 1). 


The above values for F,'(0, 3/2) are taken so as to give approximately the total 
z*-p cross section around the first resonance. For F3(0, 1/2) we have used 
the second peak at 600 Mev though it is a little ambiguous which portion of 
the z-N cross section is to be identified as the F33(0, 1/2) isobar.* We have 
rather poor experimental data on boson isobars. For B;(0, 2) the mass is ex- 
pected to be larger’ than the value 2m, of the mass formula. We. take 
400 Mev for m,;° of B/(0, 2), consistently with the observed nucleon momentum 
distribution. However, the change of the parameter within ~m,/2 around this 
value will not bring any essential difference into the following discussion. 

Some evidences of z-z resonance of J=1 having the mass about 4~5m, 
have been reported. It will be natural to associate our B,’°(0, 1) with this re- 
sonance level. In our present analysis we tentatively choose ms,’ of B,“°(0, 1) 
as 650 Mev consistently with the proton momentum spectrum. 

We are ignorant about the width of the mass spectrum of the boson isobars 
except that its magnitude would be of order 100 Mev. The above choice of 
relatively narrow width is taken in order to expose clearly the feature of the 
spectrum due to boson isobars. 

Now, the reactions in question are 


a +p— 32 4+7°+p (p-process) 


and a-+p—oat+a7-+n (n-process). 


The energy spectra of the secondary particles in each process are given 


FELCTINS Ol ud dog oa. 
mz spectrum in p-process : 
I(E,) dE, =| (1/135) (100,+0;,—100) L’(E,) 
+ (1/135) (100,+160;— 4006) 1,’(E,) 
+ (1/27) (40,+40;,—8a)h""(E,) 
+ (1/27) (40,+6,;+4a) 1" (E,) 
+ (9/45) osfs'"(E,) 
+ (1/9) (40,+05+4a) 1" (E,) |dE,, (2) 


m° spectrum in p-process 


* The present calculation of the pion spectrum of F3(0, 1/2) channel differs a little from 
that by Lindenbaum and Sternheimer.! But such a difference is not essential for the present dis- 


cussion, 
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I(E,) dE, =[ (1/135) (100, +160,—40) (Ey) 
+ (1/135) (100,+0;—106) I/ (E,) 
+ (1/27) (40,+0;+4a) hh" (E,) 
+ (1/27) (40,+40;—8a) L!(E,) 
+ (9/45) 03 Iy!""(E,) 
+ (1/9) (40,+0,;+4a) lL" (E,)|dE,, (3) 
spectrum in 7-process 
I(E,) dE, =[ (1/135) (50,+80;—206) L/(E,) 
+ (1/135) (450,+180;+905) L'(E,) 
+ (1/27) (80, 420,48 ai Use) 
42/45). o9 ly ECE) 
+ (1/9) (20,+20;—4a) i’ (E,) 
+ (4/9) o, I;'”(E,) |dE,, (4) 
‘ =~ spectrum in m-process 
I(E,) dE, =[ (1/135) (450, +18 0;+906) L7(E,) 
4+ (1/135) (50,+80;—20 6) I (E,) 
+ (1/27) (80,+20,4+8a) h(E.) 
+ (2/45) o3J3'" (E,) 
+ (1/9) (26,4+20,—4a) ]"(E,) 
+ (4/9) ob!” (E,) dE, (5) 
p spectrum in p-process 
| J(Ey)dEy=[ (1/135) (200; -+170;—50b) J(Ey) 
+ (1/27) (80,+50,;—4a) J," (Ey) 
+ (9/45) 03 Jq"" (Ew) | 
+ (1/9) (401405442) J," (Ey) dE, (6) 
n spectrum in 7-process 
J (Ex) dEx=[ (1/135) (500; +260;+706) Jy'(Ey) 
+ (1/27) (80,420,482) J,"(Ey) 
+ (2/45) 05 Jy""(Ey) : 
+ (1/9) (20,+20.—4.a) Jy” (Ey) 


pte Baia aay 
ati i 
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ec (4/9) O71 J,'" (Ey) |dEy. (7) 


o, and o; mean the cross sections of I=1/2 and I=3/2 states and are refer- 
red to the channel which is specified by the superscript I,---,V of the 
distribution functions 4,(Z,), L(E,), IsCE,),J;(Ey) and J.(Ey). a=j\/o,0; COS @ 
and b=;/2/5a where ¢ is the relative phase between J=1/2 and 3/2 state. 


§ 3. Comparison with experiment 


In this section we shall investigate the experimental data of Derado and 
Schmitz. The momentum spectra of Derado and Schmitz are given in Figs. 
5-10. As was noted in §1 we shall take three steps for the analysis. Each step 
of the analysis will be specified as the F;'(0, 3/2) model, F;!(0, 3/2) +B model 
and F;'(0, 3/2) +B+ (0, 1/2) model respectively. oe 


3-1. The F;(0, 3/2) model (the L-S model) 
Derado and Schmitz have analysed their experimental data by means of the 
L-‘S model and found that this model was incapable of explaining the pion 


momentum spectra quantitatively, though their spectra seem to retain the 


characteristic features of the LS model. 
Here we shall analyse their experimental data once more by using the 


F;'(0, 3/2) model (the L-S model) to understand this situation intuitively, con- — 


cerning two quantities which are convenient for our later discussions. 

One is the ratio y/x, where z is the number of recoil z in p-process and 
y is the number of decay z* in m-process. This model gives the value 1/2 for 
this ratio from the charge independence. Experimentally this value is approx- 
imately given by the number of fast x” in'a~+z2°+p and slow z* in a*+2°>-+n 
where the discrimination between fast pions and slow pions is made at the pion 
momentum ~350 Mev/c. The D-S experiment gives this ratio ~2 and shows 
the contradiction with the prediction of F;'(0, 3/2) model. 

The other quantity of which we want to see the discrepancy between theory 
and experiment is the ratio z/a where z is the number of decay z” in p-process. 
Although the requirement of charge independence does not determine this ratio 
uniquely, it gives a certain restrictive condition for z/x if we fix the branch- 
ing ratio R= (x7 +pon-+2°+p)/(@-+pon'+a> +n). 2z/x and Rare written as 


z/a2=(100,+0,;—106)/(100,+160;—406), 
R= (200,-+170,—506)/(500,-+2605+700). 


“In Fig. 4, z/a is given as a function of P=o;/0,, taking cos ¢ (solid line) or 


R (dashed line) as parameter. 
If we. take the experimental value R=0.5, we find the upper limit for 


z/x~0.9, while we have the experimental fast and slow pion ratio ~3. 
The calculated momentum spectra of pions corresponding to z/2~0.9, 
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m0) 0.2 0.4 0.6 0.8 1.0 1.2 1.4 


p=0,/o) — 


Fig. 4. z/x as a function of p. 


R=0.5 are given in Figs. 5-8 (curve A). 

On the contrary, in the case of nucleon spectra there will be no such con- 
tradiction between the observed spectra and the F;'(0, 3/2) model (Figs. 9 and 
10, curve A). 

But if any reality exists in the observed two peaks appearing in the proton 
momentum distribution, it is impossible to interpret such a spectrum in terms 
of the F,'(0, 3/2) model. In fact, as we shall see in the next subsection, these 
two peaks in the proton momentum spectrum can be reasonably identified with 
the evidence of boson isobars whose existence is predicted by the U(3) theory. 


3-2. _F(0, 3/2) +B model 


As discussed in the previous subsection the F;'(0, 3/2) model has failed 
to give a quantitative explanation of the observed pion momentum spectra. 
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However, qualitatively the dominant feature of the pion spectra seems to be 
described by the F;'(0, 3/2) model. This will strongly suggest that other mecha- 
nisms will also play a role in the single pion production process in addition to 
the F;'(0, 3/2) channel. Now let us examine whether it is possible to under- 
stand the discrepancy between the experimental data and the F;'(0, 3/2) model 
by considering the contribution of the boson isobars of the Sakata model. 

The difficulty that y/z is larger than that predicted by the theory can be easily 
removed if we consider the contribution of boson isobars in 2-process and identify 
the most of the slow z* in z*+2z~+27 as the decay pions of boson isobars, 
since the decay pion spectra from boson isobars are such as shown in Fig. 2. 
The assumption of the contribution of boson isobars in 7-process will necessari- 
ly require the same for p-process. If not the case, the branching ratio R 
(defined as to the F;'(0, 3/2) channel) becomes larger and the upper limit of 
z/a (also defined as to the F;'(0,3/2) channel) is lowered and the deviation 
from the experimental spectra becomes larger. 

The. introduction of boson isobars gives remarkable influence on the nucleon 
spectrum. As mentioned in § 2, the boson isobars of the Sakata model that 
may play a role in the phenomenon are B,'(0, 2), B.'(0,0), B,é(0,1) and 
B£(0,1). The characteristic feature of the momentum spectrum given by these 
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boson isobars would be the appearance of the peaks in the nucleon spectrum 
(see Fig. 3). Taking account of their masses according to the semi-empirical 
mass formula,” the two peaks in the observed proton momentum spectrum at 
350~400 Mev/e and 500~550 Mev/c canbe attributed to B,°(0, 1) and B#(0, 2) 
respectively. It is noted from the observed proton spectrum that the contri- 
butions of B,’°(0,1) and B,(0, 2) will be simultaneously required with similar 
amount. We may observe that the neutron spectrum seems to have also two 
peaks, though less marked. For n-process we can expect the contribution of 
B,'(0, 0) besides B,°(0, 1) and B,(0, 2) if B.(0,0) has 27 decay mode. 

Let us discuss the situation a little quantitatively. We may have some 
estimation for the rough upper limit of their contribution in each process. Con- 
cerning #-process, we may estimate an upper limit of the contribution of boson 
isobars as 50% from the pion spectrum where the slow z* (fast z~) are thought 
to be mainly due to the decay pions of boson isobars. From the neutron 
momentum spectrum it is difficult to deduce an upper limit. The contribution 
greater than 50% seems to be improbable, since in this process the contribution 
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Fig. 9. Calculated and experimental momentum 

spectrum of in 2 +p>n7-4+7°+p 
of Bj(0, 2) is expected to be very small (2/9 of that of p-process) so that the 
large contribution makes the theoretical spectrum much different from the ob- 
served one (at the high momentum region of the neutron). 

As to p-process we can make a similar estimation from the pion spectra 
and obtain an upper limit of the contribution ~70%. From the proton spectrum, 
we cannot set such an upper limit. Rather, if we recognize the two peaks as 
real, then an estimate for the lower limit may be possible and ~20%.* Of 
course these figures are very rough and are given only as a measure of the 
situation. 

In order to see what improvement is possible for the pion spectra within 
such limits we present an example of the distribution where the contribution of 
each isobar is taken consistently with the requirement of charge independence 
and the observed nucleon spectra. Theoretical curves which describe the ex- 


* Derado has estimated the contribution of the strong pion-pion interaction (possibly \cor- 
responding to B,46(0, 1) in our model) to be 50% from their experimental data of the laboratory 
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perimental spectra well are given with the following percentage for the con- 
tribution of each isobar. (This will not be the best one but is given only for 


the orientation of the later discussion.) 


p-process N-Pprocess 
Fs (0, 3/2) 50% 70% 
Bs (0, 2) 25% 3% 
B;\(0, 0) = 0(27) % 
Be (0.1) 25% 27(0) % 


The momentum spectra given by these fractions are shown in Figs. 5—10 
(curve B). There ?=o;/o, and cos ¢ are chosen so as to give the maximum 
z/x. As this example shows, the considerable improvement is achieved. But 
there is some discrepancy between the theory and the experimental spectra 
still left. The higher first peak of z~ spectrum in p-process cannot be explain- 
ed by this model even if we assume the contribution of boson isobar to be 
larger than 50%. If the discrepancy is significant, it can be interpreted as the 
evidence of F;°(0, 1/2) in this process as will be seen in the next subsection. 
Someone may feel unsatisfactory to the agreement of the above example with 
the experimental z* spectrum in m-process. For this we should like to note 
that a better agreement, will be obtained, so far as the pion spectra are con- 
cerned, by increasing the contribution of boson isobars in 2-process from 30% 
to 40%, without much influencing over the pion spectra in p-process, but re- 
sulting a little discrepancy in the neutron spectrum. However, it will be be- 
yond the purpose of the present paper to discuss such details. 

From the discussion so far made the possible contribution and the role of 
Bj (0, 2) and B,*°(0, 1) have been clarified. As to B,'(0, 0), the evidence is not 
clear in the present experimental data. It might have 32 decay mode and con- 
tribute to the double pion production process, etc.” If the location of the first 
peak in the neutron spectrum, which seems to be higher by about 50 Mey than 
the proton spectrum in the present experiment, is confirmed, it will give im- 
portant information on this problem (cf. curve B’ which corresponds to the 
case of figures in brackets). 


3-8. F;'(0, 3/2) +B+F3(0, 1/2) model 

As discussed in the the previous subsection the F;'(0, 3/2)+B model can 
give a much better explanation of the pion and nucleon spectrum than the 
F'(0, 3/2) model. On the other hand the higher first peak of <7 spectrum in 
p-process has remained unexplained. 

In this subsection we shall discuss how the introduction of F (0, 1/2) in 
addition to F;,'(0, 3/2) and boson isobars will save this difficulty. F,(0, 1/2) 
appears in the part of decay z~(X) and recoil z~(Y) in p-process and in the 
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part of decay z* in-process (2Y). The first peak of =~ spectrum in p-process 
ae made higher if we assume there is the considerable amount of Y, taking 

It may be supposed that the peak in the high momentum region of 7° 
spectrum in -process will also be made higher and it seems that the agreement 
might become worse. However, this is not necessarily the case. For the fixed 
contribution of boson isobar the replacement of some part of F;'(0, 3/2) portion 
by F;°(0, 1/2) produces little difference in the peak of 7° spectrum in N-process. 
The introduction of F,'(0,1/2) comparable in magnitude to F;'(0,.3/2) of p- 
process results in that the =~ spectrum in p-process is better fitted without 
much altering the z* spectrum in m-process. 

As for the nucleon spectra the features of the distribution of FecOwsie 
channel and F;°(0, 1/2) channel are not so much different from each other as 
seen in Fig. 3 except that the spectrum from F;°(0, 1/2) favours faster nucleons 
than F;'(0, 3/2). There does not appear a remarkable change by bringing the 
effect of F,°(0, 1/2) isobar into the process if we are not to discuss the detail- 
ed feature of the distribution. An example of the F;'(0, 3/2)+B+ F;'(0, 1/2) 
model is also given in Figs. 5-10 (curve C). There is taken the fraction of 
each isobar as follows: 


p-process n-process 
#0; 372) 25% 45% 
F;°(0, 1/2) 25% 25% 
Be (0;2) 25% 3% 
Bix g, 1) 25% 27% 


In concluding this section let us discuss the cases of. F;'(0, 3/2) + F;°(0, 
1/2) model and F;'(0, 1/2) + B model. The former case, F;'(0, 3/2) +F°(0, 1/2) 
model, has recently been proposed. by Sternheimer and Lindenbaum as an ex- 
tension of their 3-3 isobar model (the F;'(0, 3/2) model). The model, though 
very reasonable and natural in their standpoint, is insufficient if the view is taken 
on the basis of the Sakata model, since we have boson isobars which are ex- 
pected to give larger contribution than F¥°(0, 1/2). isobar... -As for the D-S data, 
this model cannot explain the ratio of slow z* in -process to fast x~ in p-process. 
Finally it is noted that the other combination F;°(0, 1/2) +B, though the occur- 
rence of such a situation seems to be rather improbable, can better describe the 
spectra of Derado and Schmitz than the F;,'(0, 3/2)+B model. 


§ 4. Summary 


- In the preceding sections we have analysed the experimental data of Derado 
and Schmitz by the isobar model which is the generalization of the LS model 
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involving the possible isobar states of the U(3) theory. There we have found 
a consistent interpretation assuming that B,'(0, 2), B/°(0, 1), F3'(0, 3/2) and 
F2(0, 1/2) take part in the single pion production process in z~-p collision at 
1 Bev. The characteristics of the D-S experimental results which lead to the 
evidence of B/(0, 2), B,'°(0, 1), Fs (0, 3/2) and F,°(0, 1/2) are 


F015: 

2) The relatively large abundance of slow z* in -process compared with 
fast 7 in p-process (y/zx~2). 

3) The first peak is higher than the second peak in the z~ spectrum in 
p-process (z/z>0.9). 

4) The appearance of two peaks in the nucleon momentum spectra. 


Among the isobars discussed so far, F;'(0,3/2) and F,°(0,1/2) are very 
familiar ones which are the first and the second resonance in 2-N scattering. 
For the boson isobars, however, no clear evidence has been obtained so far, 
though many authors have debated this problem. Here we have pointed out 
from the D-S data that. B,(0, 2) and B,“°(0,1) should take the significant part 
in the single pion production process. Taking the masses 400 Mev and 650 Mev 
for Bi (0, 2) and B,“°(0, 1) respectively, we can reproduce the feature of nucleon 
spectrum finely. 

As for B,'(0, 0) it is suggested that the relative location between the first 
peak in the proton momentum distribution and the possible first peak in neutron 
momentum distribution will give an important key. If the future experiment 
confirms these features 1)—4) of the Derado-Schmitz data, it indicates that all 
possible states of the U(3) theory must be taken into consideration as to the 
single pion production process. 

For the determination of the isotopic spin of the isobars the z*+ p experi- 
ment may be helpful, since in this reaction only the state with total isotopic 
spin J=3/2 contributes and the ambiguity of the interference between {=172 
and 3/2 is avoided. In order to know the spin and parity of the isobars Adair’s 
analysis’” will be useful. 

Finally it should be noted that the data of Alles-Borelli et al. at 960 Mev® 
have shown quite different features about the pion spectra in p-process and they 
can be explained by the LS model. It will require further experimental in- 
vestigation to confirm whether such an abrupt change really occurs or not. 
But the fact that the data of Alles-Borelli et al. can be explained by the L-S 
model does not exclude the possibility that the boson isobars contribute to this 
process as well as F;'(0, 3/2) isobar with the similar amount to that taken to 
explain the D-S data at 1 Bev. In this case the analysis of the nucleon momen- 
tum spectra is required for the decisive argument of the contribution of the 
boson isobars. 
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We are very grateful to Prof. K. Sakuma, Dr. S. Ogawa, Dr. K. Senba and 
the colleagues of our laboratory for their many helpful discussions and conti- 
nual encouragement. 


Note added in proof: After the completion of the present analysis, J. G. Rushbrooke and D. 
Radojicié have published the experimental analysis of 2~+p—on~+79+p at 0.96 Bev (Phys. Rev. 
Letters 5 (1960), 567). Their data seem to serve as another support for our present conclusion, 
since the experimental distribution of the total energy of 2-79 system in its barycentric system 
shows the peaking of the events corresponding to the boson isobars with masses 400 Mev and 650 
Mey as taken in this paper. 


8) 


9) 


10) 
11) 


12) 
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In the binding energy formula the effect of exchange has been taken by making use of 
the T. F.D. function. Correlation has been incorporated as a perturbation and the effect 
of finite boundary has been taken as given by Scott. The agreement between the calculated 
values and the experimentally observed ones is much better than provided by Scott. 


Introduction 


The Thomas”-Fermi” statistical model of an atom has been used by vari- 
ous investigators in their pursuit to study the properties of solids and of atoms 
which however should be reasonably independent of the electron shell struc- 
ture. The model has been used for approximate calculations of potential fields 
and the charge densities inside an atom, thereby leading to the calculation of 
equation of state, binding energy, etc., of various atoms. Milne” (1927) sug- 
gested a formula 20.92 Z’”ev representing the variation of binding energy with 
respect to Z. This formula, however, gives values of binding energy of atoms 
which are some 20 to 30 percent higher than the experimentally observed ones, 
derived from spectroscopic analysis. The binding energy was found to be 
smoothly varying as Z”” for high values of Z and as Z’® for low Z with 
different coefficients. 

Scott? (1952) suggested that the effect of finite boundary and that of ex- 
change have to be incorporated and he gave that the corrections are —13.6 Z? 
and 6.01 2°” ev respectively. However, it appears that though the agreement 
between the theoretical values and those observed experimentally is better, 
some discrepancy has yet to be accounted for. 

The purpose of the present paper is to make an attempt in the direction 
of accounting for the discrepancy still left. In the above derivations the cor- 
relation energy of electrons has not been taken into account. We shall in- 
corporate the correlation energy in the analysis and calculate its contribution 
to the binding energy of an atom. We make use of the potential distribution 
inside an atom as given by Feynman, Metropolis and Teller” (1949) ae 


regard the correlation energy as perturbation to calculate its effect on the 
binding energy of an atom. 
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I 


Binding energy of an atom can be related with the potential distribution 
inside the atom by making use of Feynman’s theorem: 
_“ The partial derivative of an energy eigenvalue of a system with respect to 
a parameter occurring in the Hamiltonian is given by the expectation value 
of the partial derivative of Hamiltonian operator with respect to the parame- 


99 


rer. 
‘ow . 
OW = -V, (1) 


where V is the potential at the nucleus due to the charge distribution of the 
electrons, 


Ei (2) 


r 


—V=Lim 
r>0 


Ze 


UL 


X/(0), 


where 7%(7) represents the electrostatic potential at a distance r from the nucleus 


as a fraction of the potential due to the nucleus itself and # is a scale factor: 


Oz? \1/3 an 
P=ie p= (=, ) aj) =0.88534 agZ7"". (3) 
Milne,” while calculating the binding energy of an atom, made use of Baker’s” 
constant 7/(0) = —1.5881 based on the Thomas-Fermi model of an atom. This 


leads to the well-known formula, 
V=— 48.80 Z* (4) 
which gives for the binding energy W the expression | 
W =20.92 Z’? ev. “oo (BY 


In the foregoing the atom is considered to be free with its boundary extend- 
ing to infinity, and the binding energy formula has to be corrected in the light of 
a finite boundary of the atom. Scott (1952) has effectively estimated the cor- 
rection to be applied to the T.F. formula by comparing the results of T.F. 
approximation with exact wave mechanical treatment for the case of particles 
moving in a Coulomb field. He gave the correction as —13.6 Z” ev. 

He also modified Milne’s formula by taking the effect of exchange energy 
of electrons by regarding exchange simply as perturbation and taking T.F. 
density distribution. According to him the contribution of exchange to the 


binding energy is 
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£2 ae dx, \z Vdx=0.616. (6) 
0 
0 0 
Thus 
W=20.92 Z78 13.6 Z?+6.01 2° ey. (7) 
I 


Dirac” (1930) introduced exchange into the Thomas-Fermi theory and ar- 
rived at the differential equation for potential distribution 


a Pees oe) 
az has the same meaning as in I and 

és (3/82 0 )U"- 22 Pe ALL (9) 
The potential without exchange effect, denoted by —Vo, is connected with ¢ 
by the relation 


Sele eee 
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10 
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The foregoing equations have been obtained by including exchange energy 
term in the expression for the energy of an electron. The electron density is 
now connected to the electro-static potential energy by the relation 


82 | 2me° 
3h? h 


n= 


/293 
+ irie +2m(E+eV)} |. (11) 


Feynman, Metropolis and Teller” (1949) have solved the above equations 
numerically for the potential distribution inside an atom for carbon and ura- 
nium at absolute zero temperature. They have arrived at the result for carbon 
at normal density, ; 


ob’ (0) = —1.686 


and Ce Ole 


According to Feynman’s theorem the T.F.D. equation leads to 


—~V=-—¢/ 


But the exact definition of ¢(x) gives 


—~V=34— 


“ (4 (0) (12) 


instead of the above equation, where 3.4 is nothing but 1/167, in Gombas® 
notation. Thus 


Pe. 
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W=—13.17 $7 (0)Z""—13.6 Z?+3.4 Z, (13) 


where the boundary effect has also been included. For carbon one arrives at 
W=993.3 ev, and for other atoms one has simply to put the corresponding 
value of #/(0). Slater and Krutter® have solved the T.F.D. equation for 
Z=8, 11 and 29 and Jensen” for Z=18, 36 and 54. 


I 


We shall now calculate the contribution of correlations to the binding 
energy of an atom. 

Wigner” has calculated the correlation per electron as —0.89 e?/r, which is 
equal to the difference between the exact solution of Hartree Fock’s equations 
and the exact solution of the problem; 7, is given by m'=4z2/3-r,. Wigner’s 
result, however, is correct only in the low density limit (7,520). Lately Gell- 


Mann and Brueckner™” (1957) have derived an expression for the average cor- — 


relation energy per electron by writing down the important part of the perturba- 
tion expansion for the energy when the electrons are in Coulomb interaction 
with each other and adding both over all the electrons and perturbation series. 
They have arrived at the expression true for high density limit (7,1) 


vot 

Econ = — ( ve (1—1n2) In P+constant, (14) 
nh 

where P is the momentum at the top of Fermi distribution of the degenerate 

electron gas. Lewis’? (1958) has taken account of both the above results in 

an interpolation formula 


ssi eee" (0.89a7—1) _» 15 
corr ea In2) In| 1+ (1—In2)h ay Ta) 


where a= (4/9n)1? and the above can be put in terms of 7, as 


Evo = —0.8464 In E er | 


rs 

When the correlation energy is incorporated into the T.F.D. equation, 
the equation becomes quite cumbersome and a solution can be obtained with a 
great pain but without much benefit for our purpose. Lewis’ has tried to take 
account of correlation energy and has given a differential equation but no nu- 
merical results have so far been reported. We may, however, use the density 
distribution given by the unmodified T.F.D. equation and regard correlation 
merely as a perturbation, and calculate the contribution of correlation to the 
binding energy of an atom. 

In the following we shall make use of a more suitable formula given by 
Pines™ (1955) for the region of actual metallic densities (r,=1.8 to 5.6). He 
has given the result as 


ae 


"the 


P'S Sey 


FEA 
a 4 


= Sap dew Fe 


a 


892 M. P. Kawatra 


Evorr = — 1.564 +0.426 Inr, ev, (16) 


Re 9 
using the plasma-oscillation picture based on the collective description of as 
ron interactions due to Bohm and “Pines” (1952). The contribution of cor 


relations to the binding energy can be written in the form 


| nf (n)r*- dr, (17) 
where 
f(n) =1.768 + 0.142 Inn ev. (18) 


T.F.D. analysis gives the electron density as expressed in Eq. (11). On com- 
bining the two equations (10) and (11) we get 


n(x) =" ee 4 (| eee! mee +527" (6/2), (19) 
She h PX 


where ‘pg Ee 


and b=4°722. 


Substituting the above expression of m into the expression (17), 
Xo 


Wo=drpia [F (x) P[1.768 +0.142 In (aF*) ]z°dz, (20) 


F(x) =14+82Z29(b/ 2x)", (21) 


The above integral has to be evaluated numerically and for this purpose 
Chebyshev integration formula is very useful. According to Chebyshev” 


where 


a, is independent of y(y) and depends solely on N. In the present calculations 
N has been chosen equal to 6 and for this N, @,s are +0.26665, + 0.42252 
and +0.86625. 

The numerical results obtained by method are shown in Table I. The 
Table I tells us that the agreement between the binding energy calculated 
by the author and that experimentally observed is better than that provided 
by Scott. Mention may also be made of Tomishima’s result of correlation 
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Table I. 


Z —// (0) W. ee tian Weup gale 
| | | included ; formula 
carbon 6 1.686 2.0 37.8 37.8 36.7 
argon 18 1.635 9.5 522.5 528 518 
krypton 36 1.6175 de 2718.8 
(Q1*) 


te a eS Oo eee 


In the Table atomic units are used. 
* This result is given by Tomishima.1” 


energy of krypton which seems to be less plausible than the one. calculated by 
the method used in this paper. 

It is however to be noted that the above analysis suggests that the binding 
energy is a function of density (and that of temperature) since the value of 
(0) depends upon density (and on temperature) under consideration, as is 
shown in Table II. 


Table II. Variation of binding energy with density at zero degree absolute. 


carbon Z=6 
—y’ (0) | Xo Pasion Binding energy 
1.6740 3.262 | 8.35 37.39 
1.6800 3.715 5.65 37.58 
1.6840 4.378 3.45 Sead Le 
1.6858 5.168 2.10 37.76 
1.6863 5.729 1.54 37.78 
1.6867 7.008 0.84 37.80 


Energy is given in atomic units. 


It is seen from the above Table that as the density decreases the binding 
energy increases and appears to tend to a particular limit. 
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In meson theory with local interactions, the probability amplitudes for bare mesons 
vanish in the limit of infinite bare coupling constant goo and infinite bare meson mass 
poo, where g/m remains finite. Then the probability amplitude for no meson state satisfies 
the same eigenvalue equation as the composite model with local Fermi interactions, whose 
coupling constant is G=49?. 

The physical meaning of such a procedure and the results thus obtained are discussed. 


§ 1. Introduction 


Meson theory and the composite model of baryons and mesons seem to be 
quite different approaches to meson physics. However, it has been shown that 
several composite models and field theory with Fermi interactions are derived 
from meson theory by the appropriate limiting processes. In meson theory, 
the limiting process 


J ©, 


{is ASO) (ide) 

5g, 

L 
where g is the unrenormalized coupling constant, 4 is the bare meson mass 
and g is the finite constant, has been able to derive the corresponding field 
theory with Fermi interaction, whose coupling constant is given by G=9'/2. 
This procedure has been introduced by Jouvet.” Similar discussions about the 
Lee model” and the Machida model” have been carried out by Houard and 


Jouvet® and the author,” respectively.* 


* The limiting procedures goo and yoo in (1-1) are not independent. For example, we 
consider the Machida model, where the relation between the bare and physical mass of a meson 


is given by 
2 
(u-)a= PD lv, 0)? 2EG) — 1) 

from (3-7) in ref. 5). #, the physical mass of a meson, is an observed and finite quantity. Because 
of 2M=2E(0)>a, it is clear that »>a. Then, we get 

Lf (t a) +2 3 ot0@ P@E@-A7 | 
n= t-at[(S a) +H v(q, D-H) | . 
hown that in the limit poo the bare meson mass ~ becomes infinite, and the 


Thus it is easily s 
limiting value of g/» is finite. 
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It is one of the purposes of this work to obtain the corresponding Fermi 
interactions in meson theory. The results thus obtained are important for the 
practical study for the composite model. 

The composite model thus derived plays the role analogous to geometrical 
optics. derived from wave optics in the zero wave length of light. The validity 
of geometrical optics depends upon not only the wave length, but also the 
states of the physical ‘system under consideration. Geometrical optics and wave 
optics have their own domains for applicability. 

In the frame of the present field theory, the composite model may be con- 
sidered as a special approximation theory to meson theory. The validity of 
the composite model depends upon not only the values of g and +, but also the 
states of the physical system under consideration. Such a composite model may 
be effective in several phenomena—perhaps the “ core” phenomena in baryons 
and mesons.” In the future theory, the composite model may be expected to 
include other physical contents than meson theory does. 

It is the other purpose of this work to give the foundation for the ap- 
proximation theory thus derived. 

In § 2, it is shown that the probability amplitudes for bare mesons vanish 
in the limit (1-1), under the appropriate assumption for any physical-particle 
or bound state. 

In §3, the results in the limit (1-1) for pseudoscalar meson theory are 
discussed. 


§ 2. Physical-particle and bound states 


Any stationary (physical-particle or bound) state except scattering state in 
meson theory satisfies the energy eigenvalue equation 


HP=EY, (2-1) 

where the Hamiltonian H is given by 
H=H,+H,+ Hh, (2-2) 
Hy= Hy+ Aneson + (2-3) 


Hy and Hlneson are the free Hamiltonian operators for nucleon and meson fields, 
respectively. i, is the meson-nucleon interaction Hamiltonian, and H, is the 
direct (Fermi) interaction Hamiltonian for nucleon field. As is well known, 
H, has the ambiguity. We adopt H, so as to satisfy the integrability condition 
for the interaction Hamiltonian density. 

In pseudoscalar meson theory, Fmeson, Hy, and Hy, are given as follows: 


ey i 
Teen pa OnCe Cry (2-4) 


jah st {We (ax) cee + ML (a2) cit e-*} do, (2-5) 
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7e 


Ix rr + 
1 ea | O(a) irs7TeP(2)O (2) 75747: 6 (x) dv, (2-6) 


Oph ered 
Mex) = Bing 2) iB ladrorp (a) — 2 Fayror-ka)}, 7) 
Ls 


7p k=y-k+insayz, 


where & stands for momentum k and isospin 7, 2 is the normalization volume, 
oo (k) = (k’ +p)" is the energy of the bare meson with the momentum 
k. g, and g, are the unrenormalized coupling constants for the pseudoscalar 
and pseudovector couplings, respectively. 

F in (2-1) is, for example, the physical mass of a pion or a nucleon, etc., 
which is considered as finite during our calculations below. (This is equiva- 
lent to the mass renormalization procedure.) 

The state vector ¥ is expanded as 


ED SES Sede EES || eed 3 (2-8) 
m=0 kykm, 


where |k, --- km)» (m=1, 2, ---) are symmetrized eigenvectors for FZmeson and 
satisfy 


Hy ienlkis- ke) = 2 w(k,) |R1,°** Rm)» (2:9) 


Thus ¥(k,, --- Rm) (m=O, 1, 2, ---) are considered as probability amplitudes 
for meson field operators, but state vectors for nucleon field operators. ¥(k, 
--- k,) are symmetrized with respect to every permutation of kh, --: Rn. 

Using (2-4) and (2-5), we obtain the coupled integral equations for 7 (A;, 
--- kn) from (2:1) and (2-8) as follows: 


CPA iL, EE Ree 
s=1 
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7 De, \ My, (x) Exergy Pats Pets Reais niki) 
Vm r=} 
sos CO ANTON pune gt do C(b, by :k) =O. (2-10) 
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Now; writing Y(ki, ---kn) for m=O as Py, (2-10) for m=O is 
RES HST y= Se | mu(e) dy ORY. (2-11) 
E 


From (2-14) for m=1, we get 
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er 


E (ky = —(o,+Hy+ H,—E)~*| M.* (2x) e-** du ¥ y 


—V/2 (n+ Hy + Hy B)* 3 | Mara) et dot (h, He). (2-12)* 


ee 


: Substituting (2-12) in (2-11), we obtain the exact relation between Yy and 
: Wk, k!). Then performing the limiting process (1-1), 1.e..1n our case 
a Jo ®, 
4 ji. BO, Ay (2-13) 
” n/n, 
4 | Io U> Go 5/ 
: we get 
a (Hy +H! +H" —E) Py 

ean oe \\ ME) oon iL Se 

k kr 
X Mer (22!) et du! Wk, k), (2-14) 


where 
| Hore lar |) mC) e*? dv (wo, +Hy+ H,—E)™ 


* Dts (2’) a7" dv! i (2-15) 


is easily calculated as 
H =) G83 (F(a) pera) Ga) ror (a) do 


san 2d \ (x) TstsreP (x) p(x) Tsvstef (a) dv. (2-16) 
H"’=lim H, in (2:14) is easily written down as 
H! = 92 F(a) reread (B®) tara (@) dv. (2-17) 
Assuming that E(k, +++ km) (m=0, 1, 2, ---) ean finite in the limit 
(2-13), it is shown from (2-10) that all E(k, «++ kp) except m=0 vanish in 
this limit. Then the right-hand side of (2-14) vanishes and we get 


(Hy+H’+H")Py=EV y. (2-18) 


( 
* This equation is not applicable for scattering state, 
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In pseudoscalar meson theory, we obtain 


rar ea Ee “ 
HI! +H" =—_Gi 1 \ $a) roti (2) 9 (2) rth (a) dv, (219) 


bo 


where the pseudovector coupling does not contribute in the limit. 
Similarly in scalar, vector and pseudovector meson theories, we get 


H! +H" =— 92 Ga) OE eh (ado, (2-208) 
H+ H" = FD YG @r 7h DOr ha) dv 
4 BUOV\F@enrP DF @eneglade, — @-20v) 
H'+H"=_@EE | FCe) vrais (2) F(a) rarareh (@) dv 
SE 1OT [Parnes @B adept (a) do, (2-20pv) 
respectively. 


Therefore we conclude that the energy eigenvalue equation for any station- 
ary physical-particle or bound state in meson theory, (2-1), is reduced to that 
in field theory with Fermi interactions H'+H" in the limit (1-1) or (2-13). 


§ 3. Discussions 


Let us call the effects described by P (hy, + kn) (m=1, 2, -:-) the “meson 


clouds ” of the system, then the limiting process (1-1) eliminates meson cloud 
effects for the system containing baryons and mesons. Then the composite 


model derived in § 2 describes the “cores” of baryons and mesons defined by — 


Py. 
For pseudoscalar coupling in pseudoscalar meson theory, we obtain the 


corresponding composite model with pseudoscalar Fermi interaction, which — 


has already been discussed by Maki.” 
For pseudovector coupling in pseudoscalar meson theory, H’+H” vanishes © 


in the limit (1-1). In this case, the cores of baryons are reduced to the point _ 


sources. Therefore the pseudovector coupling describes only the meson clouds. 
However, we can adopt H, other than (2-6). For example, when H, is given 


by 
2853 Fa) reve (a) Bla) roy eHladv, 8-1) 


a 


we obtain 
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a Hi H" = oS Ise ya ze rst.tiP (2) (2) ror .7$ (x) dv. (3-2) 


a 


It is not clear that the composite model with the interaction (3-2) is possible 
or not. In general, we can add the appropriate Fermi interactions to (2-6). 
Then the added Fermi interactions describe the cores of elementary particles. 


Such a model is just that proposed in ref. 6). 

The stationary treatment as in the above is not applicable for scattering 
state, except several simple models. It may be, however, expected that, for 
scattering state, the same results as in this note will be obtained. 
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Quantum theory of point-like systems is established by extending the concept of relativistic 
particle in some respects: A point-like system means a one-parameter series of events x, (t) 
with substantial internal degrees of freedom concentrated upon x,, and indefinite metric 
in Hilbert space is generally taken as to the internal degrees. The theory corresponds 
to an extention of the usual local field equations, suitable to obtaining a unified theory of 
elementary particles. The rest-mass, m=—p 2 (with p, as momentum-energy vector) be- 
comes a dynamical quantity of the system with its possible eigenspectrum, leading to un- 
certainty relations between rest mass value and space-time localization. The internal angular 
momentum tensor S,, is another basic dynamical quantity of the system and is responsible 
for spin and Zitterbewegung. Also defined is the instantaneous velocity operator v,, which is 
not generally colinear with p, and must be restricted by certain kinematical conditions. Three 
different criteria about these conditions on v, make point-like systems classified into various 
types. For “normal class” of systems, p=—v,? is an absolute invariant with eigenvalue 1 or 0 
and is regarded to represent baryon number. Especially important are point-like systems 
of the first kind, ie. the ones in which v, commute with the position x, and thus mean 
internal variables. Such a system generally has, besides rest mass, spin and p, three self- 
adjoint commuting invariant quantities formed out of p,, v, and S,, only, which are to be 
identified eventually with the intrinsic properties of elementary particles (isospin, hyper- 
charge, etc.). Systems are further divided into “ classical models”, where velocity com- 
ponents are commutable (an example being relativistic rotator), and “non-classical models” 
where they are not ([v,, v,] #0), to derive general characteristics for each of them. Dirac 
and Kemmer particles are special simple examples of the latter, where system has no sub- 
stantial internal degrees of freedom apart from v,. 


It thus becomes a matter of great importance 
to set up new dynamical systems and see if 


they will better describe the atomic world. 
P.A.M. Dirac 


§ 1. Introduction 


The usual theory of elementary particles is based upon field equations 
corresponding to originally structureless point particles with arbitrary rest mass 
values with the hypothesis that an elementary particle cannot have a substantial 
internal structure apart from that due to interactions in so far as it must be a 
geometrical point. On such hypothesis possible relativistic wave equations are 
enumerated according to irreducible representations of the Lorentz group, e. g. 
by the method of Dirac, Fierz and Pauli or that of Wigner. Each of such 
wave equations is suitable to representing one kind of elementary particles with 
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definite spin and rest mass values. This kind of method, however, affords only 
a partial explanation for the existence of various elementary particles associated 
with that variety of apparently irreducible intrinsic properties. 

On the other hand there are several lines to attempt at the unification of 
elementary particles. One of the lines is to find out the “ unified equation 4 
which describes not the elementary particles of a certain kind but all possible 
elementary particles. This will mean to renounce the above-mentioned hypo- 
thesis of structureless point particle in the ordinary theory and to assume a 
certain unique dynamical system with some sort of internal degrees of freedom 
‘in such a way that various elementary particles be reproduced as various pos- 
sible forms of motion of that system which are mutually distinct with respect 
to its internal states. Introducing internal degrees of freedom within the 
framework of relativistic causality and quantum principles would raise a delicate 
problem but is by no means forbidden. Instead it will open ample possibilities 


beyond the conventional wave equations. 
In this standpoint the wave function is a reducible. representation as far 


as the usual Lorentz group is concerned, but each elementary-particle state cor- 
responds to an irreducible representation with respect to the totality of the 
Lorentz group and the various transformation groups relevant to internal motions. 
This means on the one hand that spin and rest mass are not the parameters 
fixed for each system as in the usual theory but represent themselves dynamical 
quantities of a single basic system, taking their eigenvalue spectra. It means 
on the other hand that internal states of the system are not specified completely 
_ by rest mass and spin alone but we need some additional quantum numbers. 
Evidently, both points are necessary to have a unified theory along the present 
line ; in particular the latter point is required to account for the intrinsic pro- 


perties of elementary particles other than spin and rest mass (isospin, hyper- 
charge, etc.). 


Indeed a typical example of this kind of approach was given by Yukawa” 
in his non-local theory. However, in order to proceed by a less radical ex- 
tension of the conventional theory we will take the hypothesis that particle is 
essentially local but nevertheless maintains certain degrees of freedom of internal 
motion. Also we start with one-particle theory following the case of Dirac 
equation, which was historically found out as a relativistic Schrédinger equation 
for the state amplitude (x) for a single particle. From the original Dirac’s 
standpoint the x, in ¢(2,) corresponded to position* of a particle. We extend 


such notion of particle in the following basic respects, and call it “ point-like 
system”’, or “corpuscule’?. 


(i) By point-like system we mean first of all a one-parameter series of 
events x, in the quantum-mechanical sense. An event is an elementary rela- 
tivistic concept and is to be regarded as a set of observables x, 8 quantum- 


* This is different from the position operator in the sence of Newton-Wigner.2) 


. aed 
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mechanically, where t==2) is also an observable on the same footing as 2,. 
They are observed by scale and clock, and assuming that these observations 
do not mutually interfere, we put 


Page ahs ES (1) 

Gi) A point-like system is, however, not merely events x, but means a 
certain localizable dynamical system which otherwise has certain degrees of 
freedom* €, describing certain internal motion concentrated upon the z,,. 

First we remark that since z is itself an observable in our theory we need 
a time-ordering parameter <, which is essentially a c-number, in order to des- 
cribe the time evolution of the system. We shall call it “intrinsic time” or 
to distinguish it from the observable time ¢. . Both times 


> 


“instant parameter 


must be correlated in a certain manner, but the correlation itself may differ 


according to the characteristics of each point-like system. 

The internal motion must be concentrated upon 2, since we assume that 
the real spatial extension of the system is reduced, indeed, to a single point 
a, This assumption is required in order to be consistent with (1). Thus z, 
cannot be supposed, for instance, to mean center of mass coordinates X, of a 
certain extended continuous matter, since the latter components do not 
mutually commute : 

[X,, X,]4 0, 


as long as the center of mass is defined to be independent of reference 


frames.2** The problem of how it is physically possible and consistent for a_ 


system to be point-like but nevertheless to maintain the degrees of freedom of 
internal motion (rotation, etc.) is investigated in detail in Part IU, where we 
shall consider in particular the “ condition of reality” and the “ condition of 
original rest-mass null”. In this paper, however, being content with the fact 
that the idealization of point-like system is consistent at least on formal grounds, 
we shall refer only casually to those conditions. 

(iii) The third important point is that we generally admit an indefinite 


metric in Hilbert space, because once we introduce internal degrees of freedom 


we may allow negative probabilities for internal configurations which are not 


directly observable as such. 


Now the first general property of our point-like systems is that the momen- 


tum-energy 4-vector p, of the system become canonical conjugates of the position 


coordinates 2%, : 


re pi |Stf Ops (2) #** 


* The suffix @ in &, does not mean a vector suffix but simply runs over all internal degrees 


of freedom. 
**k Compare also with Eq. (74). , : aS 
**&* In this paper Greek suffixes range from 1 to 4, and imaginary time coordinate Ly=iXy=it 
is used, together with the unit system where c=1. Latin suffixes run over 1 to 3. Summation 


convention is applied to repeated indices unless otherwise stated. 
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: : : ar 
This covariant commutation relations contain, besides the usual commutatio 
rule between coordinate and momentum, the relation 


[%., Pal=—[a, pol=—[t, EJ=ih. (3) 


Thus time s=2, and energy E=fo=/p./i are regarded as canonical conjugates 
like x,.and p, (apart from negative sign). 

That this is possible is related to the previously mentioned fact that in 
our theory the rest mass (or more exactly the squared rest mass P) is not 
a fixed c-number parameter but is rather a dynamical quantity that is defined 
by the very relation 


—p,=P=m’, (4) 


(which is of course a constant of motion for a closed system), and can take 
any possible value (i.e. the eigenvalues) as the result of the “ unified ” wave 
equation, and (4) itself does not mean any condition, This is a situation different 
from the usual theory, where the rest mass mm) appearing in the wave equation 
is a fixed parameter restricting the momentum and energy of the particle by 


=f =i = fe i. (5 y* 


In our theory, on the other hand, all p,’s represent independent quantities so 
that (2) does not involve any contradiction only if we regard ¢ as dynamical 
variable on the same footing as 2,. The commutation relation (3) accounts for 
the uncertainty relation between E and ¢: dE4i=h, on the same basis as 
for 4p 4x=—h. 

Our equation (4) simply expresses the fact that the rest mass is usually 
measured through the equation m’=—p,?,=E’—p, in such state as is approxi- 


mately a simultaneous eigenstate of (p,, £). On the other hand if particle is 


sharply localized the rest mass is generally subject to certain indeterminacy due 
to the relations (2) and (4) (cf. Eq. (60)). This is a new effect but seems 
not to conflict with observational evidences. 

The next important point for any poin-tlike system is the existence of the 
internal angular momentum tensor S,v=—S,,, aS a direct consequence of, (1) 
and (2), whose components are functions of internal variables of the system 
€, alone and work as generators of homogeneous Lorentz transformations for 
any internal variable, with definite algebraic properties. This S,,» produces the 
spin of the system as well as Zitterbewegung in the orbital motion ge (Sa 
We thus have the set of basic quantities 


* This is the relation to result from the wave equation and is to be regarded as subsidiary 
condition to be fulfilled for a permissible state. So it is better to be written as —p,2~m)?, 
meaning the Klein-Gordon equation, (p,?+7 ?)~=0. If one regards (5).asa relationship between 
dynamical quantities, energy E becomes a definite function of momentum P; and it cannot satisfy 
[E, x,]=0 contained in (2), nor (3). 
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APP wpe) (6) 
for any point-like system. 

The time-evolution of the system is described, as stated already, by means 
of its intrinsic time t. New independent quantities to be supplied by the in- 
trinsic-time derivation of the dynamical variables (6) are “ 4-velocity” com- 
ponents : 


only, on account of tne basic conservation laws (cf. §5). In (relativistic) 
Newtonian mechanics one tacitly imposes a stringent condition that v, be colinear 
with p,, but for our point-like system we generally have essential disparity be- 
tween p, and v, in accordance with the existence of the internal degrees. Indeed 
_v, means the instantaneous velocity of the orbital motion which contains Zitter- 
bewegung and is intimately connected with the internal motion of the system. 
Especially the (negative) relativistic magnitude of the v,-vector, 


p==—v,, Ge. dz, == pd’) 


represents a new scalar dimensionless quantity which is generally independent 
of the rest mass, P=—/,”. 
Thus we always have the set of basic variables 


Cie Pu» One Vi) (7) 


irrespective of the properties of the pure internal variables ¢,, although S,,’s are 
certain functions of ¢,(and v,), and the interrelations and behaviours of the 
variables (7) determine already the gross characteristics of point-like systems 
(§§ 4 and 5). Naturally, in order to specify the system completely it is generally 
required to treat all internal degrees of freedom ¢, explicitly,* whose kinema- 
tical and dynamical properties with their physical significances are essential in 
defining the system. Simply speaking, they are characterized by the structure 
of the self-adjoint,invariant hamiltonian H of the system, which is different from 
pPo=E and means the intrinsic-time displacement operator determining the 
equation of motion for any dynamical quantity F in the “ Heisenberg picture ” by 


in ae H]+in 


However, before entering into the precise treatment of the whole internal pro- 
perties by the explicit use of €,, it is necessary to define the kinematical pro- 


perties of v,. 


* In some simple cases we need not treat &¢ explicitly. This may happen when the inde- 
pendent internal degrees of freedom implied by , is less than six and can completely be represented 


by S,,’s- 
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J | The commutation relations within the set of the quantities (6) are universally 
given for point-like systems in general. On the contrary those concerning v, 
are not given in advance. Thus to have a definite theory we must always 
postulate certain inhomogeneous kinematical conditions on v, which determine the 
commutation rules concerning v, and fix the definition of 7 at the same time. 
The condition must be such that the inequality 


(v9) = ee) >0, (8) 
dt 
is ensured consequently, where < ) designates the expectation value. (8) means 
that t goes on monotonously with the expectation value of ¢ even though the 
reading of clock has a quantum-mechanical dispersion in general. 

The possible form of the above envisaged condition for v, allows us just 
to classify point-like systems into various types. The following three criteria 
are important for this purpose. 

(A) Whether or not p=—v,2 is an absolute invariant (i.e. commutable with 
all other quantities). We shall call the former case “the normal class”. 

(B) Whether or not the commutators |v,, v,| vanish identically. 

(C) Whether or not the commutators |v,, x,| vanish identically. We shall 


call the former case the “system of the first kind” and the latter “ the 
second kind”’. 


Now, for normal class, since p is practically a c-number, we can always 
normalize it such that e=1 through a suitable redefinition of the parameter -, only 
if p40. Therefore f is essentially a dichotomic variable which takes only two 
possible values, 1 or 0. Evidently, states belonging to e=1 and p=0 have in- 
herently different internal properties, and for the latter some of the internal 
degrees of freedom necessarily degenerate. Between both states no transition 


is allowed. We may consider ¢=1 and p=0 as corresponding to baryon and 
lepton states, respectively (§ 5). 


Next let us consider the criterion (B). For the former case: 
Ere v,|=0, 


v, can be regarded as the usual 4-velocity and then t becomes a proper time in the 
usual sense. This case corresponds to corpuscules with realistic internal structure 
in general, having its direct classical analogue. We therefore call them “classical 
models”, although the treatment is always made quantum-mechanically. On the 
other hand we call a system for which [v,, v,]40 “non-classical model ”. 
Finally we consider the ‘criterion (C). For example, a Newtonian particle 
belongs to the second kind because [v,, 2,] does not vanish on account of the direct 
connection between v, and p, together with the basic commutation relation (2). 
Our main interest, however, is placed on systems of the first kind. Here 
velocity components v, become parts of the internal variables of the system. | 
Also, the third scalar quantity to be formed of pi, and? ves 


ee 
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(the first being P=—p,? and the second e=—v,’), plays an essential role for 


the motion. This is because the invariant hamiltonian for such system has the 
general form 


H=—€+H=v,p, +4. (9) 


Here 36 is a scalar function of the internal variables CS... Vs €a) alone, while 
the term —€ means the existence of the coupling between internal and external 
motions. The € and #6 are not separately conserved in general. 

In this case the Schrédinger equation, 


ih — Hp = (v,p,+4)4, (10) 
becomes a linear differential equation with respect to x,, since p,>h/i-0/9x, 
due to (2). The properties of (10) depends on the kinematical characters of 
v, already mentioned and the structure of #6, but with a suitable prescription 
for them Eq. (10) has appropriate properties to comprise different elementary- 
particle states by its eigen-solutions. Then Eq. (10) means our “unified 
equation”’. It refers to one-particle states, but it provides the starting point for 
proceeding to the treatment of interactions by means of the subsequent second- 
quantization or other procedures. Such approach has an evident advantage that 
the theory maintains particle character clearly. 

In §6 we deduce general properties of the first kind systems, and especial- 
ly we conclude the existence of six mttually commuting conserved invariant 
quantities which are formed of the variables (p,, S,., v,) alone. They include, 
besides rest mass and the magnitude of spin, four quantities that may eventually 
be identified with baryon number, magnitude of isospin, and hypercharge. 

Evidently, systems of the first kind are divided, according to the criterion 


(B), into two categories, classical and non-classical models. A typical example* 


belonging to the former is the relativistic rotator given in a previous paper.” 
On the other hand an important type of non-classical models is defined by the 


condition 
F 
[Vu Vr] =—Sy - 
Kk 


It includes as special examples various familiar systems such as Bhabha par- 


ticles.” 
The precise treatment of both of the above types will be given in Part 
II and Ill. The main purpose of this paper (Part I) is to set up the notion 


* Various examples are investigated in T. Takabayasi, Soryusiron-Kenkyu (Mimeographed 
circular in Japanese) 21 (1960), 723. 
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of point-like system and establish the general foundation of theory in order to 
clarify what will generally emerge, once we introduce substantial internal 
degrees of freedom into relativistic quantum mechanics in the level of one- 


particle theory. 


§2. Theoretical framework 


First in this section we outline the general foundation of the theory of 
point-like systems. As stated in the Introduction, it means a one-parameter 
series of events x,(z) satisfying [x,(), x,(+)]=0, associated with possible in- 
ternal degrees of freedom ¢,. 

2a. Let us consider in the “Schrédinger picture”, where x, and other 
dynamical quantities do not depend on z while the state vector ¢ changes with 
c. If we take the representation in which 2x, are diagonal, ¢ is represented as 
a function 


Oey Oe re)s (11) 


where §, signifies the set of independent parameters* corresponding to the 
variables €, of internal motion (rotation, etc.) of the corpuscule. We are dealing 
not only with the external motion (represented by 2z,) but also with the in- 
ternal motion at the same time, but for the latter the internal configuration 6, 
cannot be measured as such and hence we may admit negative probabilities for 
them. Thus, introducing an indefinite metric? in general, we assume that the 
normalization is given by : 


b* ng, (12) 
where 7 is a t-independent hermitian operator : 
2A T1405 
and is related to internal variables alone. In the representation of (11), 
p* Eas Oa 7)n¢(x,, Os t)D 


means the (hypothetical) relative probability density that the corpuscule ap- 
pears as an event at (x, 2=7z) with the internal configuration around @,-at an- 


intrinsic time 7. The factor D means the weight function for the parameters 


@,. Accordingly, the expectation value of any observable F is given by 
(P)=$* yF¢= \o(,, G.,7) nF (x,, O., 7) d°xdt Ddbg. (13) 


The adjoint of an operator F is defined by 


* The &, themselves may be subject to some constraints in general. 


— 
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Flay? F*y. 
Clearly, 
tare 1 FG)'=GtRt 
A. physical variable must correspond to self-adjoint operator, since its expectation 


values must be real. Since 7 is independent of x,, we have 


[z,,7]=0, 
so that for x, the hermitian conjugate and the adjoint are identical : 4 a 
On the other hand, x,*=2,, x;*=—2, We shall call a g-number vector “ self- 


adjoint vector” if its space components are self-adjoint while its time component 
is anti-self-adjoint. The expectation value of such a vector is real vector 
(namely a vector with real space components and pure-imaginary time com- 
ponent). Evidently, xz, is a self-adjoint vector. 

Now a state vector # develops with < by the Schrédinger equation > 


AS) 
in =H® g®, (14)* 


c 


Since t is a real scalar parameter, the invariant hamiltonian H“’ must be a 


~ scalar, and self-adjoint : 


Wit ta) (15) 


The latter fact is necessary in order that the norm (12) be conserved with rt, 
as is verified by employing (14) and its adjoint: 


= ih A a9" HO, | (f=9*y). (16) 


The invariant hamiltonian represents the structure of the point-like system and 
we assume that it does not involve < explicitly for closed system. Under this 
assumption there still remains certain arbitrariness in the definition of t which 
will be discussed later. The evolution of the expectation values of a not ex- 
plicitly c-dependent quantity F is given by 


d (Fy=£ (POI RO hb) = (HO RO — FOH®) ths) 


& 


= (HF-FH), (17) 


A conserved quantity (or constant of motion) in our theory is a quantity whose 
expectation value for any state does not change with 304. €. 


* In this section we associate the index S or H to distinguish between the quantities in 
Schrédinger picture and those in Heisenberg picture wherever confusion may arise. 
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4 (F)=0, 
dt 
Eq. (17) means that if F commutes with H and is not explicitly c-dependent 
it is a conserved quantity. Clearly, H is a conserved quantity for closed system. 
2b. Next we consider a linear transformation in the Hilbert space which 
leaves the norm (12) as well as the hermiticity of 7 invariant: 


ASIF)? 0, 
da 


p=Ag, 


18 
7f=A* yA, ‘so (ia A. (18) 

At the same time an observable transforms by 
=F A (19) 


“ec 


to leave expectation values invariant. We shall call such transformation “ ca- 
nonical” if A is restricted by the condition 
At A=AM=1, (20) 
which means 
MpA=7, 4.€) 7 =7= mvariant. ° (20’) 
_ In this case 
OD a I oe ll 
Beo'' $9 that the self-adjoint (or anti-self adjoint) property of any observable is main- 
Beets. tained by a canonical transformation. If A is self-adjoint A=e*4 means a canonic- 
al transformation. ; 
, The theory of 2a can now be transferred to the “ Heisenberg picture” by 
a canonical transformation with 
= {C/A ae 
Wiese s~ (21) 
namely, 
iD =e ee go 
> 


(H) — ,(S) 

Pose es (22)? 
bea FE = Oe PS o-UDHr (FT H®), 

We then have 


Be fp — 0, 7 =0, (23) 
and 


Fm Te Ey, | eee. 


for a not explicitly z-dependent quantity F. Eqs. (23) and (24) reproduce (12 


ia 
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a OD ass ke [H, BTS Sg Ae Fly. (17') “A 
From x, we can always define the 4-velocity v, by (24): : : 
Gas i 
ho Sgee Page ltt 2 alle (25) 


Since 2x, is a self-adjoint vector, so is v,. However, 
[v.47] 40 
in general, hence v, and v.~=vi/i are not necessarily hermitian. 
2c. Next we consider inhomogeneous Lorentz transformations.’ If we take 


the “Schrédinger standpoint’’, ¢ changes under such transformation by a ca- 
nonical transformation : 


i = Ag, 


(26a) 
A A=AM a1)! soliof==7e A 7A; 
while physical quantities remain unchanged : 
F=invariant. (26b) 


Evidently, the Lorentz invariance of the norm (12) and of the self-adjoint 
characters of physical quantities is ensured by (26). On the other hand, from 
the “Heisenberg standpoint” the same situation is represented by 


¢g=invariant, 4=invariant, 

BS AFA’; 
with the same A. The transformations. of expectation values are identical in 
both cases. In any case / forms a representation (satisfying the canonical 
condition (20)) of the inhomogeneous Lorentz group, and the set of infinitesimal 
operators corresponding to / defines the components of momentum-energy vector, 
p,» and of the total angular momentum skew-tensor around the origin, J,,, of 
the system. They satisfy the well-known commutation relations for the gene- 
rators of the inhomogeneous Lorentz group: 


(27) 


[p,» P.1=9, | (28) 
Logis p,l=ih Oitil en (29) 
Ue a ? Jae mal in (cp Je) a Ove Jno) : (30) 


First we consider about Lorentz transformations: x,’=a,,x, The ex- 
pectation values of any scalar quantity S and of any vector quantity V, must, 
respectively, transform such that 

; CS =p 7So! =P" gASA™ $ 
=(S =" Sh, 
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(Vy =y" 2V f=" AV, ATS 
= Ay (V) =a P"* QV, 
(where we are considering from the Schrédinger standpoint), so that / satisfies 
ASA *=:9; (31a) 
AV A= ava. (31b) 


and analogous relations for tensor quantities. If we consider an infinitesimal 
rotation in the (~o)-plane: 
WEP ss0 oy FE (0,,045— 0D dads 


py op 


the corresponding operator is written as 


Ae =14 : Sie (32) 


Taking into account that € is real if (90) =(c7) but is pure imaginary if (0) = 
(k4), the canonical condition (20) leads to 


Ji n=7I13; Jes R= FS pa (33) 


namely J,, has self-adjoint space components and anti-self-adjoint space-time 
components. We call such tensor the “ self-adjoint tensor”. On the other hand 
the relations (31) yield the commutation rules: 


[esp == 05 (34a) 
[oes V,J=in Ooty Vie (34b) 
The latter is the generalization of (29). 
Next we consider space-time displacement by an amount a,. From the 


fact that x, are observables representing the space-time location of the particle, 
the corresponding transformation matrix in the Hilbert space, A, must satisfy 


AD At = 27) a2, (35) 
On the other hand A is written 


dap Un Pu» (36) 


if we assume the displacement a, to be infinitesimal. Eq. (35) together with 
(36) gives the canonical commutation relation formerly mentioned: 


[5 p.| =ih oe ’ 


which is characteristic for point-like systems in general. Like ee the p, mean 
external variables, hence 


aks 7|=0, ’ 


(37 
Fy ee ON ere 


Internal Degrees of Freedom and Elementary Particles. I 913 


with 


1 fori =1, 2, 3, 


10) =| 
—1 for p=4 


Finally, an intrinsic-time displacement is independent of translations and 
Lorentz transformations for a closed system and this mearis 


Kags (38a) 
J4,=0. (38b) 


These represent in our theory the covariant conservation laws of the total 
momentum-energy and the total angular momentum. 
2d. Particularly simple are “stationary states”, which are the eigenstates 


of H given by 
BVH id ATI). (39) 


ce 


Since #7 is self-adjoint, 2 is real provided that the state is not “isotropic” 
(i.e. ¢*7¢40), and then the state vector has the simple z-dependence : 


g® (r) — ge UArr g® (0) ; 
Accordingly, the expectation value of any not explicitly t-dependent quantity 
F, (F),, remains unchanged with 7. Thus 
(F),=0. (40) 
This theorem, however, does not apply to an unbounded operator such as 2,, 
so that (2,),=(v,), does not necessarily vanish.* This fact is important espe- 


cially for (dt/dz),=<v»),. Indeed, (vp), must be positive definite in order that 
z really means a time-ordering parameter (cf. (8)). We have the general relation 


(cf: §5): 
(on =(=5 Pe) 


2e. The physical definition of 7, however, is fixed sufficiently only when 
we supplement the basic equations (14) or (24) with certain inhomogeneous 
kinematical conditions on v,. To make it explicit we here mention two simple 


possibilities. iP of 
(i) As mentioned in § 1, a simple possibility is 
[v,, v,]=0, 
Al 
p=—v, =1, 


* The situation is analogous to the case of the elementary non- relativistic theory of a free 
particle, where “stationary state ” (eigenstate of the energy) includes, for instance, a plane wave 
ei(tim-ot) with w=hk2/2m. For this state the expectation value of the velocity dx,/dt=p,/m does 


not vanish but rather equals Hk;/1. 


BEE inn ta eee ee Fe eg ae 


it tee 
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which define systems with classical analogue. In this case t becomes proper time 
in the usual sense and v, becomes unitary velocity, its components taking con- 
Consistent with (41) we may put the condition 


(vo) = 1, 
in accordance with the condition (8). The ordinary 3-dimensional velocity com- 
ponents V;, can be defined by : 
Vie Onl Vos vo= (1 +v;’) oe 


tinuous spectrum between +1. 


(ii) Another simple possibility for the kinematical condition on v, is 
given by 
Wp a a SHS (42) * 
For this case we must take 
Hp Vit (43) 


_as the indefinite metric operator, so that the v, under (42) forms a self-adjoint 


vector, and also fulfills (8): 
(v= P* yo P= Pr ¢ = 0. 
The solution of (42) is expressed as 
Up=1F p> (44) 
with the use of Dirac matrices 7,’s which can all be taken hermitian simul- 
taneously, and then 
9=72. (43’) 
(As a dynamical quantity 7, is constant in the Schrédinger picture which we 
denote 7,®, and 7 must be taken to equal this constant 7, even in the Heisen- 
berg picture.) The velocity is quantized in this case and p=4. 
If we take 26 =0 in Eq. (10) for simplicity, the self-adjoint invariant hamil- 
tonian becomes 
H=—E=, pu=t7p Pa» ; (45) 
with the Schrédinger equation 
Site he Maine 
hit Pel 
A corresponding stationary state to be given by 
$= 17, PuP= Ab (46) 


represents a Dirac particle, since (46) is exactly the Dirac equation with 4 for 
the rest-mass constant. In fact for the present case an eigenstate of H is always 


* { _} means the anticommutator., 


re? ee) ee ee, 1. te Oe le ee oy 2 Y ra ee De bs * mS yg 7 a 2°. eee 
f ot ‘ > 
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a simultaneous eigenstate of rest mass since the squared rest mass operator P 
satisfies P=H” identically. 

Various other possibilities for the condition on v, will be systematically ‘ 
considered in later sections. ‘ 


§ 3. Preliminary considerations about conserved quantities 


On the basis of the theoretical foundation given in §2 we shall in this ia 
section summarize some preliminary considerations about conserved quantities 
of relativistic dynamical systems. 

The existence of ten basic dynamical quantities (p,, J,,) satisfying the com- 
mutation rules (28)—(30) is merely the general consequence of special relativity, 
i.e. the invariance under inhomogeneous Lorentz transformations: We shall 


first give the consequences following therefrom. The particular situation for Be 
a point-like system is the fact that p, and J,, (and other possible dynamical a 
quantities fF) are quantities assigned to one-particle state by the nature of the =~ 
theory and that their conservation means dF/dzt=0 (cf. (38)) instead of ia 
dF /dt=0. Those points, however, do not essentially influence the general A 
arguments to follow. iy 


Sa. First we write 


cee 


P=— p,{=m'=const., (4’) 


then m represents the rest mass of the system, since it signifies the total energy | x 
in the reference frame in which p,=0. Such state and frame exist, unless m=0, 
owing to (28), and means an inertial frame because of (38a). We call this 
frame “mean rest frame” and denote it as //. 


Next we introduce the pseudovector 
W ay pe aa ;J,,=const., 
pI pv Pr=P (47) 
(W,2,=Ps W.=0) | 


or 


w,=—_J,, p,=const., (47’) EF 
mm 


=k 2 


& 
= 


provided that m0. Here the tilde signifies the dual for a 'skew-tensor, such 


bk 
that 


z ri 
Te = oy a Sieh Dn 


os 
—. 


with the alternating symbol &,.... The commutation (rules for W,,, which are 


derived from (28)—(30), read 


vc eyigttioe abl 


4 


x 


pe ea ols 
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weds p.J=9, (48) 
Le aes W,|=ih One Wi (49) 
[Wine Wl=NtiaW ep (50) 


As is known, w, gives the covariant definition® of the spin of the total system 
for case* m0, since it is independent of the origin (cf. Eq. (48)), and in the 
JI-frame its space components coincide with the angular momentum components 


while its time component vanishes : 
wos (Jae ar, J14, 0). 
Indeed it is well-known that (4’) and 
+=w,'=const., (51) 


represents the two group-invariants of the inhomogeneous Lorentz group gene- 
rated by the basic quantities p, and J,,, and also that » takes integer and 


half-integer eigenvalues : 


Wo(o+1), o=0, hee 


2 

Generally, for the product of non-commuting quantities we need to take a 
symmetrized one to have the result self-adjoint. The W, of (47) is a self-adjoint 
vector since [¥J,,, p,]=0 by (29). 

8b. We have seen the existence of rest mass and spin as dynamical quan- 
tities, which are particle quantities in our theory. However, in order to 
attain a unified theory of elementary particles, the problem is immediately 
raised whether we can really find out a point-like system which has, besides 


-rest mass and spin, just a set of additional invariant conserved quantities T™, 


++, T™ that are identifiable with various known intrinsic properties of elemen- 
tary particles (isospin, strangeness, etc.), so that the quantum states of the 
system may just be classified in terms of a set of quantum numbers taken by 


_ those quantities. 


Now in order that such identification be possible for certain dynamical 
quantities, they must satisfy the following general requirements : 

(i) They must be self-adjoint. 

(ii) They must be invariant quantities (ander Lorentz transformations and 
translations), being commutable with all p, and J,, components. Thus, for in- 
stance, J;, and J,,J,, are not such quantities since they depend on the origin, 
being non-invariant under displacement. Since we know that we can form only 
two such invariants (4’) and (51) as far as we use the basic dynamical quan- 
tities p, and J,, alone, the other invariant quantities, if any, must be constructed 


* The case with m=0 needs special consideration. 


. Internal Degrees of Freedom and Elementary Particles. I 917 


by using the kinematical variables of the system such as v, and €, as well as 
Pawan ba 

(iii) They must be conserved at least for closed system. We are calling 
the quantities satisfying the conditions (ii) and (iii) invariant conserved quan- 
tities. The existence of such quantities, besides rest mass and spin, is made 
possible if the configuration and dynamics of the system involve any “ internal ” 
symmetry property independent of the inhomogeneous Lorentz transformations. 

(iv) They must satisfy due commutation rules. In particular the quan- 
tities T'”, (r=1, 2,3), to be identified with isospin components must satisfy 
[T”, T®]=7€,..T, and those corresponding to hypercharge and baryon num- 
ber must commute with each other and with JT. (They, of course, commute 
with p, and w, by the requirement of (ii)). 

(v) By the above commutation rules the isospin certainly takes integer 
and half-integer eigenvalues, but it is further required that the other quantities 
also have discrete eigenvalues. In particular the quantities corresponding to 
hypercharge and baryon number need to take eigenvalues of preferably limited 
integer values, and the eigenvalues of the rest mass m need to agree qualita- 
tively with the empirical mass spectrum of elementary particles. 


§ 4. Dynamical quantities of point-like systems 


In this section we shall further analyse the general properties of dynamical 
quantities of point-like systems. The analysis in the velocity operator will be 
given separately in the next section. 

The defining property of point-like system was the existence of the position 
coordinate x, as kinematical variables satisfying 


Eg x,|=0, (1) 


and this led to the identity of the momentum-energy vector of the system with 
the canonical momentum conjugate to 2,: 


[tus P= 0,5, (2) 


as far as the system is closed from external interactions. By point-like system 
we are considering a system of which spatial extension is really reduced to.a 
single point x, However, such coordinates x, under (1) exist, e.g. for a 


bi-local system,” and so the arguments in this section may formally be applica- _ 


ble to such systems also,* in so far as interactions are disregarded. 
4a. The immediate consequence of the above basic relations, (1) and (2), 
is the existence of the internal angular momentum skew-tensor S,,, as is defined 


by 


* Compare, e.g. with D. R. Yennie, Phys. Rev. 85 (1952), 877. 
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J yv= Spy t Lp Poy= Sw — Pew Frg= CONSL., (52) 

which satisfies the commutation rules: 
[Svs Pel=0, [Spr 2,]=9, (93) 
[Syuvy Spo] =i Once Srert Oreo Sup) » (54) 


as the result of (28)—(30), (1) and (2). Egs. (53) indicate that S,,’s are in- 
dependent of x, and p, and are therefore functions of internal degrees of 
freedom €, only. We shall call such quantities proper internal quantities.* 

Furthermore, (53) and (54) indicate that S,, represent the generators of 
homogeneous Lorentz transformations for any proper internal tensor variable. 
Thus, noting (34), for a proper internal scalar quantity s we have 


[Jp», SJ=[Syr, s}=O, (55) 
and for any possible proper internal vector quantity ¢,, 
batays  1=[Su ¢ l=ih OES og: (56) 


Eq. (52) gives the covariant separation of J,, into mutually commutable 
parts, the orbital part 2 ,,,; and the internal part S,,. Each part, however, is 
not separately conserved in general.** Also S,, must be a self-adjoint tensor. 

We observed that the fundamental commutation relations for a point-like 
system split into the two independent sets, the canonical commutation rules 
(28), (1), and (2) for external quantities (x,, »,), and the commutation rules 
(54) and (56) for internal quantities (S,,,€,). Thus the problem of setting 
up a new point-like system may be regarded as finding a new solution of (54) 
and (56) by constructing S,, as suitable functions of internal variables €,. 


We here write some relations following from (54) and (56) ‘for future 
references : : 


yes Sc]=NE ser (Ox, Sye +0, Se.) ; 


[Spey Spo]=— if (Opty Srey t Oste Supt), 
[Sins Selatan Set Be Noes Gs (57) 
[S,., 5.,]=0 (N.S.***) ; [Sy, SuJ=0. 

GA#Ak, j#k) 


* A proper internal quantity commutes with both p, and x, but can be a tensor or spinor 
quantity or an even more complicated parameter (such as an Eulerian angle). It must not be con- 
fused with the notion of the invariant quantity previously mentioned in (ii) in 36, The latter is 
externally invariant, i.e. independent of translations and Lorentz transformations and may therefore 
be considered as internal quantity of the system, but it need not commute with x. 

** In fact it is always possible to split the tensor J w into the orbital part and spin part for 
any relativistic dynamical system. The main feature for the case of point-like systems is rather 
the fact that’they are particle quantities. 


*** N.S. indicates that summation convention is not applied to repeated indices. 
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[Spor Epl=NREsoefe, [Sm &]=0, (N.S) 


58 
[S,., &.]=—3iné,. oe) 


4b. Although we eventually adopt a system which has originally null rest 
mass, it takes in ordinary states non-zero rest mass in virtue of its internal 
motion. For simplicity* we shall therefore consider states with m0. We 
can then employ the spin pseudovector w,, which is now written 


w,=—_S., p,=const, (47") 
Mm 
This contains two mutually commuting quantities. One is its magnitude (51), 
which is written 


ee wa (S..p.)?, (51’) 


while the other may be taken to be either the fourth component: 


Wo= w,/t = oa Sij Pr/m 
cyc 


representing the helicity, or else the third component in the //-frame: 
wy = Sy. 


In any case the latter depends on the reference frame employed** and does 
not correspond to an intrinsic property of elementary particles. It means a 
property to distinguish between different states of the same elementary particle, 
which just works to specify the space-quantization of the internal motion. 

As stated before the rest mass and the magnitude of spin, (4’) and (51’), 
are two invariant conserved quantities commuting with all p, and J,,. The 
rest mass commutes furthermore with S,,. However, the fact that m is a dyna- 
mical quantity and not a mere c-number appears in the fact that it does not 


commute with zx, We obtain 


ih 
=2in ) Sy Ca a > 
[m, x,P=f"’, 
which imply uncertainty relations concerning the rest mass: 
brite bel smn, (60) 
mc mc 


(where we have restored c.) These relations indicate that a sharp localization 


* Most of the relations to be derived below can be easily rewritten in the forms valid for 
the case m=0 included, if we employ W, instead of w,, and R, instead of - (cf. 4#d.). 
** As is known, helicity becomes independent of the frame for the special case of neutrino. 


Peat oe bee See ee = ge OT Tome AL oe 


awe 


a ae Ae Ee Gay Oe Se Ne ee pee 


0, het etree eth: Soe ket MSE 


ee Se tsa ithe BT 
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of the particle in space or in time not only accompanies the well-known in- 
determinacy of its momentum or energy but also induces superposition of states 
of different rest masses. Especially the former relation of (60) means that the 
rest mass of the particle, when running nearly with the light velocity, becomes 
indeterminate to an extent comparable with its value (4m~m) if it is localized 
to within a region of its compton wavelength. (The other unusual consequence 
is that under external interaction the rest mass is no longer conserved in general 
as we shall discuss later, but this effect will not necessarily conflict with ex- 
perimental evidences either). 
On the other hand Y commutes neither with zx, nor with S,, in general 
as we shall see presently. 
4c. Next we consider the scalar and pseudoscalar 
oat ci ee 
4 4 
a (61) 
£= Sp Su= Sa St Sai Sa + Si2S30- 


(Note that 7% is self-adjoint owing to the last equation of (57).) They are the 
group-invariants of the homogeneous Lorentz transformations for proper internal 
variables, hence 


ESE ¢|=0, Sas i=0; (62) 
Since they are proper internal variables themselves, they commute with all of 
ee Py dis Sane 
They do not, however, commute with any proper internal vector quantity 
€, since (56) yields 


rm) 


ld, Same (OnE Sts (63) 
(2, $470 S..£,—ihéS,.. | (64) 


As we shall see this fact is related to the fact that ¢ and ¥ are not constants 
of ‘motion in general. 
For the S,, obeying (54) we have further two important formulas* : 


Sip Sip Spp Sop =2 (6,641 S,,), (65) 
Spe Suis San Sip One Th (66) 


Using the former, ¥ is expressed as 


* For instance, to derive (65) we use the general formula 


i 
2 Ou» Pi lee 


for an arbitrary skew-tensor ‘A,,, and the third equation of (57). 


Aunp Ayp—Ayp Aup= 
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~~ 
7 


Sab (S,,, S) 26+ Pe 18,,, 95.) (67) 
ai 


2m? 
Also, from S,, we may construct further scalars: 


i 


6” pare ape Dan ie 


9 = Sy SoS Srp, etc: 


By this notation, 6=—¢”. All those 6” are proper internal scalar quantities, 
hence [¢, S,,]=0. 

Since, however, we know that there exist only two group-invariants, ¢ and 
%, corresponding to the generators S,,, all 6 must be reduced to ¢ and %. In 


fact, using (65) and (66), we get the identities: 
9 =ih9, 
SM =PL +26 +0'S, ete. 


(68) 


4d. We now introduce the vector 
Fe apy, 
or, for case m0, 


1 
Te — Sebo (7, P,=9) 


which represents the radius vector of the Zitterbewegung as we shall see in 
5b. The commutation rules are derived to be 


as gas — Eps Wars (69) 
[wy, rJ= 2 Ea Te P95 (70) 


which reduce in the //-frame to the well-known commutation rules for S,, and — 


eft, 


In terms of w, and 7, the skew-tensor S,, is decomposed in the following 


form:” 


Sys= iee EE veh We Pu Tew Pod- ChE 
ML : 


Thus the set of quantities (p,, S,.) is equivalent to the set of vectors: 
(72) 


Cie ers 


where both w, and r, are “space-like” vectors (w,Pp=TpP.=0). 
In (71) the first term is the constant part due to the spin w,, and the 


TT lee OR art ioe biased \ 2 Ls vt hh ee 2 rue va a ee FY SOO emt, eo eee 
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second term is the fluctuating part which has the form of an orbital angular 


momentum tensor with the radius vector r,. 
Using (71) the conservation law for J,, is expressed in the form 


ise —2€. wepr +I fr=const., (73) 


m 
with 
Vu =X Vu Cus p.J=ihe,,) 

where both terms in the left side of (73) are separately conserved. The con- 
serving “orbital” part 4;,,7,is defined not with the particle position x, but 
with the proper center of mass* y, of the system, which is the position that 
excludes from x, the Zitterbewegung r,. Taken in the //-frame, the space com- 
ponents of (73) are nothing but w,'”"=const. while the time components are 


WED — oi 7 = const. 


_. This corresponds to the relation usually known as the conservation of center 
of mass (cf. Eq. (95)). It must be noted that since we are considering in the 
/I-frame where p,’s have sharp values (i.e. zero), y,'”’s are completely inde- 
terminate. More important is the fact that the components of r, (and so of y,) 
are not mutually commuting in contrast with those of x,. We have the simple 


EB feoytelation : 
Lyn. WI= ar ks wo J=—j[w,, »). (74) 
Corresponding to the decomposition (71) the scalars ¢ and Z are ex- 
_ pressed as 
Ee aoe 
ee (2 m* A); (75) 
L=—MW,1,=—Mr,W,, (76) 


where A denotes the magnitude of Zitterbewegung : 


A=r,. (77) 
hit is worthwhile to note that the minus sign appearing in (75) and (76) is due 
to the Lorentz metric. The pseudoscalar 7, (76), represents the non- orthogona- 

lity between spin and Zitterbewegung and we called it internal chirality”. The 


squared radius of the Zitterbewegung, (77), will also play an important role, 
and obeys 


* The proper center of mass is such point in reference to which the total angular momentum 
tensor J,’ satisfies J,’ p,=0. The above ¥, veally satisfies this condition since 


a 
J yy =F py Mew bv) ae Th Ever Wy, Pr- 
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[A; Eg ee A en DA, 1250: (78) 
m m 


¢e. Starting from the variables (S,,, p,), ie. (w,, Tu. P,), we thus have 
the commuting set of four independent invariant quantities : 
(P, *, 4, %); (79) 


taking account of the identical relations p,w,=0, p,7,=0, (75) and (76). In 
(79) @ may be replaced by A. Of those four invariant quantities, P and + 
are conserved, but ¢@ (or A) and % in general are not so. 

Finally we consider the commutation relation between spin and _ position 
coordinate. First we get 


a 


Re as 1 1 ; 
[w,, x,|= far a Dias (2,. take ,) eae Ds TTS ved, Ve Pr,» (80) 
taking account of (59). This leads to 
Ps Ly oe £573 Soot Pr (2, +P sPa), (81) 
m 


which contains 
[3', x, p,]=0. 


If in particular the condition 


{S55 Sv} =4,.° (scalar quantity) (82) 
be satisfied, it must be 
{Sup Sop} =— (Spy, Sint = 28.065 (82/)* 
by noting the formula (65). In this case, (81) reduces to 
Pipes wea (83) 
This fact is evident because under the condition (82), Eq. (67) reduces to | 
+=%, te BASE 


ie. ¥ becomes a proper internal quantity ¢, independent of p,. This means, 


conversely speaking, that under this special condition ¢ coincides with the 
magnitude of spin and hence is conserved. At the same time we have the 


relation 
m A=—L=—¢. (85) 


The condition (82) represents a quite particular one, but we shall see that it 


is satisfied in the case of Dirac particle as it should (cf. Part I). 
Eqs. (81) and (83) show that a sharp localization of the particle generally 
accompanies an indeterminacy of the magnitude of spin, , but for a special 


* This relation is equivalent to *S,,=¢5,,- 
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system satisfying (82) ¥ remains to be a definite value under a sharp locali- 


zation. 


§ 5. Velocity operator 


Now we enter into the analysis of the properties directly connected with 
the time evolution of the system. We consider in the “ Heisenberg picture ”, 
where every dynamical quantity develops with 7 ; 

5a. Taking the derivative of any quantity / with respect to 7 we get F, 
but essentially new quantity thus obtained is the instantaneous 4-velocity cor- 


responding to x, : 


ce == La, (25/5 
only, because the derivation of p, gives 
p,=0, (38a) 
while the derivative of S,, is related to the other quantities by 
8 »= — Up P= Py Vr» (86) 


which is the re-expression of the basic conservation law (38b), taking account 
of (25’) and (38a). On the other hand, the derivation of (2) gives 


lv. PJ=0, [v,, P]=0, (87) 
and 
Lv,» p,]=0, (88) 
noting (38a), while the derivation of (1) gives 
[opy eal toe ag (89) 
and 


=lo,3 x,|=[v,, v, |==7 pps (90) 


The relation (89) means that h,, is a symmetric tensor, while k,. in (90) isa 
skew-symmetric tensor. As stated in the Introduction, whether h,, vanishes or 
not is the criterion (C), and whether k,, vanishes or not is the criterion (B), 
for classifying point-like systems. 

Adding the new variables v,, we thus have the set of basic variables (7) 
for any point-like system. Among them the set of quantities (6) has universal 
commutation rules among themselves as we have seen in § 4, while those re- 
lating to v, are not definite in advance apart from (87). Also, there is arbi- 
trariness in the definition of ct, since any monotonously increasing function of 
t, t’=f(z), may equally be employed as the ordering parameter. As stated 
before we must postulate certain inhomogeneous conditions on v, in order to 
define the kinematical properties of v, Sufficiently as well as to suppress the 
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arbitrariness of cr, and those conditions work to characterize point-like systems 
into various types. Here we consider the properties of v,, taking the criterion 
(A) together with (B) into consideration, (while the criterion (C) is considered 
in 5c and thereafter). . 

(i) First we assume p=—v,’ is an absolute invariant, i.e. it commutes with 
v, and all other quantities. We have called such a system “of the normal 
class’, which includes many familiar systems.* Then we can practically sup- 
press the arbitrariness in the definition of z by requiring that 


p=0,. xe2* p=const, (91) 


Since ? is dimensionless it thus takes numerical constant eigenvalues, but their 
absolute values have no physical significance and the only meaningful distinc- 
tion is that between the cases 40 and e=0. For the former case we may 
always normalize v, (i.e. 7) such that 


V,=—p=—1. (92) 


In other words, for normal class ¢ is regarded to obey the idempotent condi- 
tion 


e=p, (o'=p) (93) 
taking eigenvalues 1 and 0. We get from (91) 
{055 0 hu. (94) 


The case p=0 is quite different from the case 9~=1. It is to be noted 
that, since in our theory v, and p, are essentially different, the condition of 
zero rest mass, p,’=0, and the present condition, v,’=0, are also different in 
general. Thus we may have states in which p=0 but m0. If we consider 
about. the case of “classical model” ([v,, v,]=0), @=1 means a state where 
particle has the unitary velocity (cf. 2e), while »=0 means a state where par- 
ticle runs always with the light velocity.*** (This refers to the instantaneous 
velocity including the Zitterbewegung ; the velocity of the mean motion is still 
less than c in general.) We anticipate that two distinct families of states, ¢=1 
and p=0, for a system of normal class correspond to baryons and leptons, 
respectively. Then, speaking for the case of classical model, the conservations 
of baryon and lepton numbers correspond just to the impossibility of transi- 
tions between a state where the instantaneous velocity is less than c and a 


state where it is c. ; 


* Relativistic rotator as well as the Dirac particle are examples of normal class, but not 


the Kemmer particle (cf. Part I). 
*& For the case of “non-classical model” the normalization (92) is not necessarily the most 
suitable one, and, for example, for Dirac particle we take p=4 (cf. 2e). 
*** Tn pure classical theory such kind of particle was considered by Weyssenhoff.® 
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(ii) Next, we consider systems for which p is not an absolute invariant. 
Then we cannot impose the condition (91) in advance. However, we shall see 
that there generally exists an absolute invariant (”, which is intimately related 
to p=—v,’. This pe’ may then be regarded as the operator corresponding to 


baryon number (cf. 6f. (11)). 
5b. We are now ina position to show that the general aspect of the 


‘motion of any point-like system is governed by the conservation equations 


(38a) and (86). Taking account of (47”) and (71), Eq. (86) is equivalent 
to w,=const. (Eq. (47”)) together with 
Ve =— 5 Per i.e. 7 0¢———— Pps (95) 
m m 
where 
E== — Uz Py (96) 


is connected with 7, through the relation 


ra awe (97) 


B 2 
ML 


which is a consequence of (95) itself. The € means the rest mass times the 


magnitude of the velocity of Zitterbewegung subsisting in the //-frame: 


E=mvs, 


and plays an important physical role as will be seen later. Like 3, it is an 
invariant quantity (so [&, p,]=0, [& J,,]=0) but does not commute with 2, 
nor with S,,. 

Eq. (95) is expressed in the integrated form: 


T 


m 
dived 
i ieee 
m 


which directly shows that particle makes Zitterbewegung 7, around the mean 
rectilinear motion of the direction of ~,.. The motion of any point-like system 
thus consists of three parts with mutual correlations: The first is the mean 
rectilinear translation represented by p,, the second is a certain orbital Zit- 


(98) 


eae const.) 


_terbewegung represented by r, or v,, and’ the third is pure internal motion 


(rotation, etc.) to be described by thes other internal kinematical variables €, 


(which have not yet appeared explicitly.) 


It is important to note that r, always exists as dynamical variables except 
the trivial case of structureless Newtonian particle, since if all r,s identically 
vanish, all w,’s must also vanish identically because of the commutation rule 
(69), and we are left with S,,=0. The appearance of Zitterbewegung is thus _ 


eee 


i a a ae 
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a general and necessary consequence due to the coupling between relativity 

and quantum mechanics,*} and it will play an important role in our theory. 
To see the motion more clearly we consider about the expectation values. 

First, for a “stationary state” satisfying (39), we had (F),=0, (Eq. (40)), 


where F is any bounded operator that is not explicitly z-dependent. Applying 


this to Eq. (95), we get 
E 
(dr =(~ sh.) i (99) 
Moke 


This is rewritten, for an eigenstate of p,, as 


(0,),= Ed Pu» (99’) 


7 
and in particular in the //-frame | 
(vf>, =0. (90e i 


To consider for a general state, we construct an intrinsic-time average 
over an interval T of the expectation value of F: 


/ 


a | Fa = TIO FO)-FO)¢I, 


0 
Then for any bounded operator F we have 
epee (100) 


where ¢ ), denotes the intrinsic-time average over a sufficiently long interval. 
Thus for a general state, (99’) and (99) are replaced by . 


(oy = Ke 4, 
(ol)),=0, 


respectively. This is a kind of virial theorem indicating that the velocity = 


subsisting in the //-frame is essentially of quasi-periodical character. 
5c. Now we take up the criterion (C) which concerns the commutator 
h,, defined in (89). The one is systems of the first kind for which 


huw=l[v,, 2 ]=0, (101) 


_ * The Zitterbewegung for Dirac particle is merely a special example of this general situation. 

+ In pure classical theory w, need not vanish even if m=O. This is the case which we 
called “classical case” previously? and is realized by a relativistic rotator as a constant rectilinear 
translation associated with pure spatial internal rotation in the rest frame of the translational mo- 
tion but without any Zitterbewegung. Such classical motion does not have good quantum-mechanical 


correspondence. : 
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while the other is systems of the second kind for which the commutator does 
not vanish identically: h,,40. In the latter case, if it belongs to normal class, 


h,, needs to satisfy 


py 


A hisy> On}. =O: 


A simple example belonging to the second kind (and to the normal class) 
is given by relativistic Newtonian particle which is defined by imposing a 
strict connection between p, and v,, i.e. the colinearity : 


U,=—YP,- 
This corresponds to an invariant hamiltonian quadratic in p,: 


H=— p/+%, 


and the corresponding stationary state equation is of Klein-Gordon type. 

In the following section we accord our attention to systems of the first 
kind. This corresponds to invariant hamiltonian linear in p, and will repre- 
sent more important systems with internal degrees of freedom. 


§ 6. Systems with velocity as internal variables 


Hereafter we consider systems of the first kind exclusively, so that the 
velocity components commute with position coordinates : 


ops =O: (101) 


Then this condition leads to various general and remarkable consequences as 


_we shall now see. 


6a. The assumption (101) means that v,’s are proper internal variables 
(although they represent instantaneous orbital velocity) commuting with all 
external variables (note (87)). 


Thus, according to (56), we have the new basic commutation rule: 


be v,\=ih Oty Uv): CLOZ 


We also note the following relations derivable from (102) : 


[Sass Usl=HEspe > [S...0,.J=0, (N.S) 


103 
[S,., v.j=—3ihv,. ee 

Since we now have the set of proper internal variables: 
Crone (104) 


we can construct, by their combination, two proper internal vectors: the 
pseudovector 


* This can be verified directly by taking derivative of (53) and.using (86), (2), and (101). 
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~ ~ 


He POH Uj Ss, (105) 
and the vector 


K,=+- pS asus =S,,0,+—>-ih Up =0,Sy)—— iNv,. (106) 


a 


Then, like v, itself, each of them must obey, according to (56), the same type 
of commutation rules as (102) : 


[Siv, H,]=ih 0... An, 
[Sign cd thea y Koel 
These H, and K, are self-adjoint vectors and satisfy 
1,» 0,$ =0, {K,, v4} =0, (108) 


meaning that they are space-like in the classical limit. 
Using the above relations we can verify that S,, is decomposed in the 
form 


(107) 


1 if = , 
P Sys =— 4,501, vy} eet {Key Vy} Bs ere Cole (109) 
21 2 2 
Thus, unless p=0, the set (104) is equivalent to the set of three proper inter- 
nal vectors: 


Choa a ENE SA S (110) 


obeying the relations (108). This is the second triple of vectors which is 
important for any system under (101), as well as the first triple (72), and 
brings to light anew aspect different from that already brought by means of 
the first triple in § 4. The physical meaning of H, and K, will become clearer 
later. 

The commutation rules between one of the vectors (110) and ¢ or 7 are 
given by the general formula (63) and (64). First we obtain 


[¢, v,]=ihK,, . , (111) 
(1, epl=i-H,,, (112) 


indicating that ¢ is the generator of the transformation turning v, to the direc- 
‘tion K, “normal” to v,, keeping (S,., £,) invariant, and the analogous mean- 
ing for %. 

Here we insert the formulas 


1 se = Ss 
5 sO) Snes Hels =S,,K,=K.S,, 


a 


1 E: ih (113) 
=U, a) = — det He, 


“a 


~ 


S,H,= — (tv, +ihH,), 


een Ao 


” bs Pe OM tan ora? a en aera Ee oma 
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(which are obtained by using (66), (107), and (112)). Utilizing (113), Eqs. 
(63) and (64) give 


Ld, H,J=[%, KJ=-% tas oe (114) 
Further we get the relation 
| Bin igs 
[H,, +ih{¢, v,}=[K., l— itty, eth} # (15,,Ssp}o} —5 if, (15) 


The commutation rule between w,(or r,) and any proper internal vector 
€, easily follow from (56). Thus we get 


(Lewy, v, |= —-—— h SO pay Ls =-4 6.) (116) 
m 
[to; B= — 2 epee bp Her (117) 
3 if lish ig (OSE Oe Py), (118) 


ee > 


and analogous relations for oe K,] and [r,, K,]. Especially, (116) and (118) 
supply 


1 (Dis Wece 9 hy (119) 


ne E]=0, (120) 
ares emer (v7 ,) =—ihr,. (121) 
ML 
6b. The next important fact for systems of the first kind is that —& works 
as the generator of the intrinsic-time displacement for any quantity that is func- 


tion of x,, p, and S,, only. This is because, as was stated in § 1, the invari- 
ant hamiltonian of the system is linear in p,, taking the general form 


H=—E+H, (9) 


where # is a scalar function of proper internal variables alone and hence it 
commutes with z,, p,, and S,,, due to (55). The preceding equations (120) and 
(121) are simply examples of this general theorem (compare with (47) and 
(95)). Also we really reproduce, e.g. 


1S E]=p,.v1=S,,, (122) 


i due to (102) and (86), and 


one E]=v,=4,. (123) 


as. 


such as (120) — (125), because of its commutability with 26, and of the general 


3 
3 
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; 4" 
Noting (111) and (112), we also get - : 
eet Wan Pe ie m ; 

co) 9 Amar Fg Heed ES Sea eres {ys Ter (124) 

1 : 
STs €|=p, H,=—mv,w,=—Mw,v,. (125) 


It is to be noted that the equation of motion for any function of the vari- 
ables x,, p, and S,, alone gives a relation universal for the first kind systems, 


relations (101) and (102). On the contrary, only v, among the variables’ (7) 
does not necessarily commute with 36, and the actual form of its equation 


of motion: 


« 


v,= 


eae vile. t+ (%, v,| (126) 


depends on further characteristics of the system (see Part II). 


Finally we write the following commutation rules for future references: 


[re HJ=— in, (8,420), (127) 
1 771 
so that 
ae r p= —in a, (127) 
and 
Ar ee eM (128) 
m 
We also have 
[S, v,]=ih (- {E, r,l +12 ép,+2K,), (129) 
ML . 
RA ait CEA Ap, (130) 
m é 


obtained from (116) and (118). The former indicates that 3 does not gener- : 

ally commute with v, either. as 
6c. Now the set of proper internal variables (104) or (110) allows us to 

construct, besides ¢ and 7, the following six self-adjoint proper internal scalars : 


o= a Ue, fe hee Kae | 


H,K,=,H,; iH, 0,= —tv,H,, iK, v,= —10,Ky. 


(131) 


Due to (55) each of (131) must commute with S,,: 
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ae rid tea 0 ey 6\=0, vee, 
US pee H,K,|=0, fe HH, \=0, ree) 


(132) 


where we have introduced the notation 
6=H,’. (133) 


Thus each of (131) must also commute with w, and r,: 


ioe fle 0.0e 
[w,, P| 0, [w,, A] ? (134) 

[73 l= Oy we B= 0 

Of the quantities (131), however, only four are independent, e.g. 

(PiO3 TH OAS Ug); (135) 
because we can prove that there hold the two important identical relations : 
Re He (Z ears: 2,) (136) 
H,—Kj'=26+ihK,v,+— ip. (137) 


The four quantities of (135) do not necessarily commute with each other. 
However, if the commutators [v,, v,] are specified, we can generally form of 
(135) two independent quantities mutually commuting, and the other two of 
(135) are represented in terms of the former two (together with ¢ and %) or 
simply reduce to c-numbers (cf. Part Il). We regard those two independent 
quantities to be ¢ and @. (For normal class ¢ always commutes with others.) 
Thus, starting from the quantities (S,,, v,) we have the set of four independ- 
ent invariant quantities which commute with one another and with p, and S,,: 


(¢, %, P, 9). (138) 


On the other hand, starting from (S,,, p,), we had the set of four independent 
invariant quantities (79). Then, combining (79) and (138), we get the set of 
six independent invariant quantities commutable with one another: 


(P, 2, p, 9, 8, X), (139) 


which represents the set of invariant quantities to be formed of all basic vari- 
ables :* 


CP gee ey (140) 
without using internal variables €, explicitly. 
' It remains to consider about the invariant quantities which mix the 


* Besides (140) we had the variable x,, but this does not contribute in the ‘construction of 
the invariant quantities because of the requirement of the translational invariance (cf. (i) of §3d). 
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(p,, W,, T.) System and the (v,, H,, K,) system. .The examples of such 
“mixed” scalar quantities have already occurred. They are &, ¢, and 7%. (see 
Eqs. (124) and (125)). The remaining mixed scalars are the following three: 


2=7,w,=w,H,; | 


Oe 7 yA (141) 


> 
9 lod 
a 


Q"=K,w,=w,K, =" Legg H,} ; 


which are all self-adjoint, and especially 2 will play an important physical role. 


Those quantities, however, can be represented in terms of 


Che a (142) 
or 
(6,%4,6,0, (142’) 
in the following form: 
1 z : 
Oa SB femct a 143 
| ¥. mh? Eira mh Lt, 1, ce 
o =—_[g[ge =I 41, (143b) 
mh mh 


| 
pore ek pea A yi get ee igiyet ae 


2m mh? mh? 


Thus ’s are commutable with p, and w,, since all of the quantities (142) are 
so. 
We can furthermore derive the following relation: 


m(Q— 2!) =, (sls, ell-il, ID ={6. § + We, (145) 


by the aid of the formula (65). Eqs. (144) and (145) mean two non-linear 
relations between the three quantities of (142). Again, 2 has the following 


remarkable property : 


(281-6, 41=- 2 oy =[0", 0, (146) 


which is obtained by (114) and (125). 5 
From the foregoing discussions we see that all mixed invariant quantities 


can be generated out of the basic quantities (142), and therefore that, if we 
add 
(E5711, 0,, Wn.) (147) 
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to the set (139), all invariant quantities constructed of our variables (140) are 
represented by them. 

We can adopt the set of commutable quantities, (139), as part of the 
quantities to specify eigenstates of the system, but this is not adequate since 
é and 7% are generally not conserved. On the contrary 9 is a constant of mo- 
tion under a certain general assumption (cf. 6f—(i)). Thus the important 
problem is to replace ¢ and % by two independent conserved quantities. To 
be general we have been developing the theory without entering into the more 
precise characteristics of the system (i.e. the commutator [v,, v,] and the form 
of 26, or the equation of motion for v,), but if they are given we should be able 
to construct two independent quantities starting from the set (142), in such a 
way that they commute with 9 and with each other and are constants of mo- 
tion. Evidently, one of them is nothing but the invariant hamiltonian H, while 
we write the other as Z. Thus we finally get the set of six conserved invari- 
ant quantities mutually commuting : 

CP: 2 pO) H, 2): (148) 
The physical significance of 0, H, and Z will be seen later. It is to be re- 
marked that, speaking most generally, ¢ and 6 also may not be conserved, and 


-in such a case we may construct four independent conserved invariant quanti- 
ties, p’, 0’, H and Z, replacing (/, 0, ¢,%), so that we have 


(P, 2,0’, 6, H, Z) (148’) 


in place of (148). Here ¢’ and 6’ are intimately related to p and 0, respect- 
ively (cf. Eq. (160)). 


In any case the set of those six quantities exhausts possible independent 


conserved invariant quantities to be obtained by using our basic variables (140) 
alone. It is possible that some of those conserved quantities degenerate ac- 
cording to the special characteristics of the system. On the other hand, the 
pure internal variables ¢, of the system are not necessarily implied by the 
variables (S,., V,) completely, and accordingly it is possible that the system 
has independent invariant conserved quantities over and above (148’) which 
explicitly depend on €, 

6d. To see the Eelaean between H, and w,, we insert the dual of (71) 
into (105) and take (125) into account. We get 


¥sc6 Wee 
HS Wires be eas (149) 
where 
Ay aes 1E wer Ve Uy Py ar 1€ wer Pe On i EEK ar rr Py ) J (150) 


which satisfies 


ALD =O, Galli 0 = Ons Aaiter ilee (151) 


Act! 


i See oe 
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The A, represents the kinematical angular momentum of the Zitterbewegung, 
since in the //-frame 
| A = mEig rf 0, (AY? =0) (150’) 
and (149) becomes 
. VED wh = HX” —A®, (149’) 


indicating that the spin zw,‘ is the difference of the angular momentum related 
to pure internal motion, H;,”, and the kinematical angular momentum of the 
orbital precession, 4,'”’ (apart from the factor v,)”). The long-time average 
of (149) yields 


(H,). = w+ (Aye. 
m 
We have the commutation rule: 
[A,, w= — mre: (152) 


The A, does not provide new independent invariant quantities: First the 


projection of A, on w,, defined by 
Ag=A,W,=W,Ap= —tE pour Pe Vn 1p Wo= — Eger Wp Ter Pv (153) 


stands in an intimate connection with 2 defined in (141), since we get from 
(149) : . 


iP act ee (154) 
Mm 3 
Similarly we get 
Hee poe yay, (155) 
m mM 
2 9 
Bing a ee (8 ON (156) 
m m m 


These relations indicate that the invariant quantities involving 4, are always 
reduced to the mixed invariant quantities, 2 and 7%, already considered. The 
last relation (156) is especially important as we shall see in Part MM: 

Ge. Finally we briefly mention the Schrédinger’ equation. It has the 


general form 


ih = (v,p, +204, (10) 


and in particular the stationary state equation becomes 
(v, ppt) pay, (157) 


or in short 


S 
=o 


ee Gs See nay 
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saab y ae (157’) 


This equation has similarity with the usual Dirac equation but is more general. 
A usual wave equation always satisfies, when iterated, the Klein-Gordon equa- 
tion, p,2~—mz,, meaning that it corresponds to an irreducible representation 
of the inhomogeneous Lorentz transformations, to describe particles of a unique 
rest mass 7p. On the other hand our wave equation (157) need not lead to 
the Klein-Gordon equation by iteration but it is compatible with the latter since 
H and P commute. A general solution of (10) is a superposition of waves 
corresponding to different rest mass states, and those possible rest mass values 
are to be determined by (157). If we classify the solutions of (157) by taking 
simultaneous eigenstates of all the quantities of (148), they are expected just 
to represent various possible elementary-particle states. 

6f. In this section we have analysed general properties of point-like sys- 
tems of the first kind. However, (101) does not yet determine the kinematical 
properties of v, completely, and includes different types of systems, to be char- 
acterized according to the criteria (A) and (B) and possibly still to other ones 
(see below). As already mentioned it is most convenient to apply the criterion 
(B) first so as to divide systems of the first kind into two categories, namely 
into “ classical models ”’ : 


[v,, v,|=7k,,=0, (158) 


and “non-classical models”: k,,0. 


(i) Now for classical models we can consider simultaneous eigenstates of 
velocity components and so v,’s are not only internal variables but also the 


kinematical variables describing the internal configuration of the system. This 


is just part of the general conditions required for a system to be of realistic 
internal structure. Since in this case [?, v,]=0, it is appropriate to regard p 
as an absolute invariant restricted by “’=p, namely to restrict the system to 
normal class (cf. 5a). 


The remarkable fact for the present case is that the quantities (Sie ae 
exactly satisfy among themselves the commutation rules for the generators of 
an inhomogeneous Lorentz group, taking account of (54), (102), and (158). 
Thus H, plays for the set of quantites (S,,, v,) the same role as W, does for 
(J, p,), hence takes integer and half-integer eigenvalues again; ¢ and @ repre- 
sent the two group-invariants of this inhomogeneous Lorentz group generated 
by (S,,, v,). However, we then have the general restriction that Sand @ take 
either both integer or both half-integer eigenvalues at the same time. 

This kind of systems will be treated more closely in Part Il and Part 
III. (Simple examples are the Hénl-Papapetrou particle and relativistic rotators.) 
Gi) On the other hand non-classical models are also important, of which the 
simplest type is given by assuming Bhabha’s relation : 
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[v,, v,] = ik, =—— Ss (159) 


where « is an absolute constant of the dimension of action. Eq. (159) means 
the assumption that the internal angular momentum tensor S,, is produced out 
of v, only and has no contribution from the other internal degrees of freedoms 
of the system even if it has any. — 

In this case the totality of S,, and 


S,.s= = Ss, = (hk) ua O, 


constitutes the generators of a homogeneous 5-dimensional Lorentz group, and 


9 
Cee? (160a) 
e'= 04-7 (160b) 
K 


represent the two group-invariants of that group, giving general conserved 
invariant quantities. 

If we take the limit «co, a system of this: type goes over to the case of 
classical model, but then S,, becomes decoupled from v, and this fact allows 
us to have broad varieties of possible “classical models ”. 

Systems obeying (159) will also be analysed in Part II. They contain as 
its special examples the Dirac and Kemmer particles, and particle analogue 
corresponding to Heisenberg’s non-linear field,® etc. Indeed we shall see that 
if we further specialize the system by adding the simple relation 


{£, v,} =0, (161) 
we get the system of Dirac type, while by assuming another relation 
{0, v,} free OE (1624, 
K 


we get the system of Kemmer type. 

Finally we mention two other criteria which are use 
systems of the first kind and are employed later. The previous equation (126) 
indicates that 3, dcpends not only on k,, but also on [4, v,]. Since #% is in 
general a function of the proper internal variablés (v,, Sy. a) alone, if [v,, v,| 
is specified, the form of [26, v,] is restricted to a certain extent, but not en- 
tirely, and this commutator gives our fourth criterion : (D) Whether or not 
[26, v,] vanishes identically. If it vanishes, & (and so 36) becomes a constant 
of motion. Our final criterion is given by the formerly mentioned condition 


(cf. Eqs. (81) and (83)) 3 CE) Whether or not [3,2x,]=0. 
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Mechanisms of superexchange interaction in a magnetic compound are investigated by 
using the second quantization method which was originally developed by Bogoljubov in the 
polarized-ion mode] for metals. We expand the electron-field operator by a set of orthogo- 
nalized atomic orbitals which are constructed from the original non-orthogonal ones. By 
taking into account the configuration interaction we evaluate the energy of the crystal up 
to the fourth order of the overlap integral between the nearest neighbour orbitals. The 
coupling between spin pairs, which is obtained in the order of é, is shown to be describable 
by the familiar spin-operator formalism. The effective interaction constant J has really a 
very complicated structure owing to non-orthogonality of the original orbitals. We notice 
that J contains the interaction in z/2-direction besides the usual interaction in z-direction. 


§ 1. Introduction 


As is well known, the Heitler-London approximation which is based on 
solutions of Hartree-Fock’s equation for the free ions is fairly good to describe 
the electronic structure of ionic crystals. In this approximation, the cohesive 
energy is a quantity of the order of &, where € is an overlap integral between 
neighbouring free ions’AO. In crystals like rock salt both positive and negative 
ions have a closed-shell structure in the ground state, so there remains no free- 
dom about electronic spins. In magnetic compounds like MnO, however, there 
exists freedom of electronic spin in positive ions, which causes various magnetic 


properties of the system through mutual interaction. As for the spin-dependent. 


energy of magnetic compounds many works have recently been published.” 
In this paper a method of computing the spin-dependent energy is developed 


from a more general standpoint. We start from the Hamiltonian of many- 


electron system and compute the energy up to the order of &* by taking into 
account the configuration interaction. veer 
In order to treat the interacting many-electron system, we hhave a method 


of configuration interaction through many Slater determinants. In this method, — 


however, difficulty increases rapidly with increasing number of electrons because 
of non-orthogonality of one-electron wave functions. Thus, this approach has 
not yet succeeded to describe the interaction energy in a familiar “spin oper- 
ator” form, although it has done. for the 4-electron problem.” 
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There is another method of approach to this problem, that is, the method 
of second quantization. The second quantization approach, however, needs the 
expansion of electronic field by a complete orthonormal set of functions. It 
has the disadvantage, as criticized by Slater,” that the wave function of the 
zeroth approximation contains too much ionic parts and they work to raise the 
_ energy when the ionic distance is large. In order to avoid this defect we must 
‘ consider all possible interactions between configurations. Since the second 
method is more general and consistent than the first, we shall follow it in this 
paper. . 
Recently, Bogoljubov has developed a new approach to this problem? on 
the basis of the second-quantization formalism. The so-called polarized-ion 
model of metals seems to be very convenient to treat the many-electron problem 
when interionic distance is sufficiently large. Therefore, we extend the method 
so as to be applicable to magnetic compounds. We expand the total energy 
by an ascending power of a parameter, which corresponds to the overlap integral 
between neighbouring orbitals. The spin-dependent energy, which is the energy 
of the so-called superexchange interaction, appears first at the fourth order 
terms, and we can describe the interaction energy in a familiar form 


—~ 7 4,0 +0;+0;) 


where J,; is a very complicated function of integrals between atomic orbitals. 
Thus, we find that, even when the basic. atomic orbitals are non-orthogonal, 
_ the mutual interaction energy is still describable by the spin-operator formalism. 
The difficult question that has been raised by Slater” has found a solution here. 


§ 2. Outline of the method 


In order to formulate the problem ina concrete way, we shall consider a 
simple model, that is, the magnetic compound of AB type with the simple 
cubic lattice like MnO, in which an A-ion has one magnetic electron, and a 
B-ion has two paired-electrons per each orbital in the normal state. The 
Hamiltonian in the form of second quantization to this system is expressed as 
follows : 


H=U, + \¢'(a1) Hi, (41) ¢(%) dx, + (1/2) (ota) ¢" (xa) OCA, 2) 0(29) 9(2) dx dx». 
(1) 
U, is the interaction potential between ion cores, H,(x,), sum of the kinetic 
energy and the potential energies due to the ion cores periodically arrayed in 
lattice, and M(1,2) is the Coulomb repulsion between electrons 1 and 2. 


Let us consider the AO’s ¢, for the isolated ions. Here f is the lattice 
vector, and when f corresponds to the A-lattice, we take an A-type AO at the 


i 
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point, and when f corresponds to the B-lattice we take a B-type AO there, 
respectively. Localized AO’s ¢, of different /’s, however, are not orthogonal 
to each other, so it is not convenient to expand the quantized electronic field 
v(x) on the basis of g,s. Therefore, we shall use as the basic functions the 
OAO 6, which we construct by the orthogonalization procedure due to Léwdin, 


P(x) = Di a79,(r)9(s—a), x= (r and -s); (2) 


where 6, is the OAO constructed from the orbital part of ¢;, and a,,’s are 
the well-known Fermion operators. 
Through expansion (2) our Hamilitonian is expressed as 


H= Unt LSS) ae Aztg + AES SFYF!) are, Bpins Bpalog Byahers 


2,51! fo! 01,62) 


where © 


r 


Lief!) =\9,) HO (r) dr 
and 
A ae ane os =|0,.07)8,.(r) 0G, 2) y1(71) 9 ,4)(13) dry drs. (3) 


Then, let us classify the matrices L and F according to the order of the mag- 
nitude. As 0,/s and ¢,s are connected by Léwdin’s procedure, we can appraise 
the order with the following expressions. 


LOAF) =(F1 Fil f) + 1/4) {3(F | A) See+ LS, NII) So, 
— (1/2) {22Ss,0(9|Fil f) + 2(FIFG|9) Ss, 4 ee 
and 
LOG, f’) = FE £7) — 1/2) {8,0 AID + FIA S395 
+ (1/8) {3 Sf fF £) $2318, 09H) So. + 3(F EIS) Sia 
— (1/2) {3 S,0(GiHal 9 + CFI Seah + for (i e7 ws 
(4) 


where (/|---|f’) means the matrix elements as to the AO 9, and 9%. L is a 
quantity of the order of & in case of f=f’, and of & in fA /f’. Further, ¢, 


being the AO of free ions, (f|Hi| f’) can be expressed in terms of orbital: 


energies and Madelung energies as follows: 
(FILLS) = Ep Opp +5400 + SV — Ul f—- Nr -DFIFL)- ©) 
Here, V=>1U,, where U, is the potential due to the ion-core located at f. 
7 


N, is equal to one when f corresponds to an A-ion, and it is equal to two 
when f corresponds to a B-ion, that is, it gives the number of electrons belong- 


ing to each ion in its normal state. We can proceed in the same way for the 


% 
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F-matrix and the results are: F(/4y;/9)’s are O(1), Fig; f'9’s or FS; gf's 
are O(&€) and F( fifa; fify’)’s are O(é’). 


Fifi fis ff) = (hfalfife) + (3/4) (Sh. + Shouse) (fifal fife) 
+ (1/4) {TS pg GFal9 Fa) S046 S10 AIF 9) So, rab 
ce (1/2) {SS 4,,0(9fel ff) +h f2l9F2) Son+ DS ,0 AI Sa) 


+ APIA Soro} + 
F(fAfas ff) =F AAs hf) 
= (ffl fh) — 01/2) Spal AAlf'f) — 0/2) ALIAS) Sn, 
+ (1/8) {3 Shan AALAS2) +2 DS p,0 GS 21If2) San +3 (fifal fifa) Sant} 
4/2) 1SY Spa (GFa Fifa) + SY Salo So. Pa ot ie 
and 
F(fi fas fi' fy’) =(Afilf' fr’) 
$A) Spr Spat AN AAL) + Spr fal A) Sse! 
+S 95,101 Aa fife) Sir + DAIS») Sp, Sto, 4213 
— (1/2) {Sy 5 AAAI) + AAAS 2) Sie, 59 t Sn, nr Al A'Se) 
9 (Alf) Sh, rn tek hAf’ and Sofa. (6) 


We mention here the order of magnitude of nondiagonal L’s. and F’s, 
When f and f’ are both A-ions and they are connected by the intervenient 
B-ion, L is a quantity of the order of & in considering the overlap between 
nearest neighbouring ions only. 

Now our task is to arrange the spin-dependent energies in order of &. 
_° For this purpose we shall extend the method of Vonsovskij and Bogoljubov® 
Bee _ which was originally intended to apply to metals.* Our Hamiltonian is sepa- 
rated in the form of expansion by overlap integral. 


H=H,+6H, +2, 

H De LC) are Ate + CL/2) STE Crass sti fo) Gio bi Dy gi Ong, te Oe 

éH, = meg: be ) Bje Bre + (1/2) 2, F ifs 3 fi’ fr) Bao Une Bfno Afylor 
a (t/2) 2a (hfs Sif!) Dror jaa, DVftoo Afror 


BeUs ie. 3: F 


and 


a E(fis Afi Na oe Ops ye ied (7) 


c faP fal 
Here, it must be pointed out that the separation by € in (7) does not cor- 


* The details of the treatment for metals will be found in the literature by Risclnon 
See reference 3). 


(eet ae eee 
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respond to the very expansion by overlap integral. For example, Hj, contains 
the quantity higher than € and &H, contains also terms higher than &. There- 
fore, the expression (7) means what degree is the lowest order of each term. 
After introduction of the number operator? of electrons to each ion /f, 
N,;=2,a;,a;,, we obtain the simple form of (7) 


H,=diL(f; f)N;+ (1/2) SUF ffs sft 2) {Ny N;y,— (fifa) Ny} +U,, 
CH= Sah LP SV + SEL LONG) ae (7! 


The normal state of Hj, where we start from, is described by the value of N, 
only. The spin freedom of magnetic ions remains free at all. The perturba- 
tion to this, i.e. €H,, and &H, will induce the transitions to excited states from 
the normal state and thus the spin-degeneracy will be removed partly. The 
increment of unperturbed energy, 4(Ho) in the transition N,—~+N,+4N, is 
obtained as follows: 


ACH) = E, + (f|V—U,|f) + 1/2) SPIFFY} 4Nz 
Ae (1/2) > CS ia ts) 4N;,4 Ny, 


where 


T(r) =U lr) +N] Or, 2) 9 (ede 


and 


Vir) =0,(r). (8) 


The change of energy for each case is shown in Table I. In order to investi- | 


gate the effect of perturbations &H, and &H,, we follow the perturbation 
treatment for degenerate states developed by Bogoljubov.” 
The equation to be solved, 
(H+ éH, + & H,—E)C=0, (9) 
is projected into the space of state C, having the lowest energy /, and the 
equivalent Schrédinger equation in C-space is obtained : 


(E— E))Cy= HC, (10) 
where H operates on the state in C, and trasnforms it in the space of Cy. Then, 
we have 

H=¢H,+@M+2H,+-, 
where 


&H,—€PH,P, 
€ Ay =6{PH,P—PH,(H)— Ey) “(Hi— PhP )P}, 


©? A, —& (PH, (Hy— Ey) (,— PA) (Hy— Eo) (Hi — Ps P) P 
— PH, (HM,— £,) ee (H,— PH, P)P—PH,(H,— £)) ae (H,—PH,P)P} 


ist) Oe 


ty 
ote a ie 
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and 
é! H, = (PH, (H)— E,) 7 (H,— PH,) (H)— Ey) i; — P,P) P 
+ PH, (H,— E,)~!(H,— PH,) (H)— E,) * GH, — P-H, P) P 
— PH, (H,— E,) 7 ,— PH,) (Ho— E,) * (A — PE) (H,— E,)'(H,— PH, P)P 
+ PH, (H,— E,)~? i, — PH) (Hy — Ey) * Ga — PW, P) P 
— PH,(H,— E,)~!(H,—PH2P)P}. (11) 
The application of the above general formula to our case requires to treat the 
products of the Fermion operators a, a' and the projection operator P |for the 


space Cy. The consideration of the properties of the space Cy projected by P 
will make the physical meaning of the following expressions clear, 


4 Paper Bora’ D0, Uf fag" Afro P=0 for (A fyAGA: fi) 
and 
Pape Gpaey: i Ay og By fof Afytoy! | Sltheg' a ae, Dy Jog Aflor! E 
for Cf f) = (fa Fe) (12) 


where (/f,:-:f;) =(/fi':::f:') means that the set of points f,:--f; is equal to the 
set of points /f;’:--f,/ disregarding their order. The left side of (12) is the 
operator which creates holes at points /;’--:f,/ and electrons at points /,:--f,. 
(H,— E,)~* can be handled by the same way. 


(Hy — Eo) "jer" Borg Uigos Apter P 
ALA Fa Sa sh eet Cine, Ct pare apsha i 
and 
Pale aliens soa apie (yb) 
SLAG Fe 3 FF) Pare? yey At fad Apres 
ORG a2) SoA Sa ade (13) 


Now let us obtain the effective Hamiltonian in each order. In the first 
approximation, we obtain 


&H,=0. (14) 


The spin degeneracy remains unremoved in this approximation, as Bogoljubov 
showed for metals. The second approximation consists in two terms. One is 
expressed as 


&PH,P= (1/2) IF (ffs > eft) Bin Ue Anh ae Bes (15) 


For the other term, the following is obtained: 


aa eS MPif yA fas foes 
& PH, (H,—E,)“1H,P=— . 
( Ome 0) ete Af, -f) aie, Afooy Ga DesP: (16) 


ena n 
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The quantity A introduced here is the so-called Hartree-Hamiltonian for a single 
electron, whose definitions are as follows, 


NFFOSLG FD FECA LF (Ni 8 Ff" —F')} 
and 

APSF HLF SS) FEL FF AN Off )}. (17) 
From Eqs. (15) and (16), @H, required is expressed as follows. 


7 = 1 A 13J2 A 23J1 + 
CH= —S Ff hf iti MMA a adieu 


OTE NG VOMCER ED 
oo, Wat NG P, 


Table I. Change of unpertutbed energies by the transition. 


(18) 


Excited state 


= | Change of energy 


hole | electron 
; A(a; b)=E,—E,+(a|V—U,\a) — (6|V—U,|0) 
+ (aa|aa) — (ab\ab) 
ay a> | A (a, ; a,)=(aa|aa) — (a,a,\ aay) 
| | 4(a,a, ; bb) =2[E,—E, + (a|V—U,\a) — (6|V—0,|d)] 
b, b a, Ay _ +2(aa|aa) + (a,a,|a,4,) + (66|bb) —2 (a,b|a,b) 
—2(a,b| a,b) 
A(a,ay ; byb,) =2[E, + (a|V—U,|a) —E,— (b|V—U,|d)] 
by, by a, ay | +2(aalaa) + (a,a,|a,a2) + (b,b2|b,b2) ~ = (a;b;)a;b;) 
| peat 


Before transforming the above results into the form of spin Hamiltonian 
to the magnetic compound, let us consider the cases of the metal and the 
hydrogen molecule as simple example. Here, the space of states, Cy is defined 
as N,=a/'(+)a;(+)+a/(—)a,;(—)o>1, thus the Fermion operators are con- 
nected with Pauli’s spin operators by the relation” 


Gy +)as(+)= (1/2) +e) 3 a(+)a—) = (1/2) (F7,2+10 yy), 
ai —)a,(—) = (1/2) 10,2); a(—)a;(+) = (1/2) (oy,.—i0,). 
The operator part of €*H, may be replaced by the spin Hamiltonian as 
follows, 


Ge, Df,og faery Bfx0, P > (1/2) Gl + Oz," o 5) : (19) 
Thus, an application of the expression (18) in case of metals gives the so-called 
exchange coupling, and as an expression of its strength we obtain the following 


formula, 
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HAs f) =F hfs ff) me A ASPRS ALY 


HGP 

x (LO WADPGI LL} — aap gy LIA TFG ALY )| 

x {LA AFEDPGS AS}. (20) 
SIVEfa 


Let us further transform the above formula into the expression with molecular 
integrals between two atomic orbitals a and 6 in case of hydrogen molecule. 
Defining the necessary integrals as follows, 


K=(a|U,|a), K'=(ablab), L=(aalaa), M=(H)\U01\a); 
| = (balag), 5 = bla), J=(ab|ba), (21) 
we obtain the following results: 
F(ab; ba) =J+ (1/2) S?(K’+L) —2SM’, 
A(a;b)=L—K’,.. Le; 6)=—SK4M, 
F(ab; bb) =M’'— (1/2) S(L+K’), 
L(a; b) + F(ab; bb) =M+ M'!—S(K+K’)— (1/2) S(L—K’), 
and 
J(a; b) =J+2SM—2S’?K—S’K'— {2/(L—K’')} (M+ M’—SK-—SK’)*. (22) 


- Comparing the above with the result obtained by the usual Heitler-London 
‘treatment, we see that the first four terms in (22) is just half of the difference of 
energy between singlet and triplet states when we considered the homopolar 
binding only, and the last term corresponds just to the effect of the ionic 
binding. In other words our approximation is equivalent to the Heitler-London 
treatment including further the effect of configuration interaction for the hydro- 


~- gen molecule. 


_ In our ionic crystal, in contrast with the metals and hydrogen molecule, 
there appear paired orbitals when / corresponds to a B-ion. Taking into ac- 


count the fact that it vanishes unless o,=c, when f, or Jf corresponds to B-ion 
-in the summation, we have 


g? f= — 1 ACG a) Aa a) yl; a) A(q; b) 


a Fay A( az; a) d(a; b) 
é a 


ai) ety Cag Fay) | 2-F (ava, 3 A2a) — aCe : da) Aas 2 at. 
ay #ag 2B 2 ; ‘ ey Ue r a) 


(23) 
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The terms except for the last in (23) do not depend upon the spins of 
magnetic ions. The physical meaning of each term in the last bracket in (23) 
is easily seen. The first term correspond to the direct ferromagnetic exchange 
coupling between OAO 4,, and @,,. The second term comes from the configu- 
ration like [Mn*—O--—Mn**]. This type of interaction was first pointed out 
by Yamashita and Kondo” and was investigated also by Anderson” as the 
antiferromagnetic delocalization effect. 


§ 3. Spin dependent energies 
Following Eq. (11), we divide €*Hj into three parts 


&H,=A,+A,'+A,, 
where 


A= —& PH, (H,— E,) “HP, and A,=& PH, (M)— Ey) H, (H,— Eo) # HP. (24) 
From the above we immediately obtain 


A= 1 FDP ARIASS 
2 Af; f") 


ya ates | 
i DAs, Vor, Ufotog Ufylo1 Ue ApeP. 


In the above summation we put conditions i¥%fi', fxf’ fAf’ and (fi, ff) ~ 


=i. fa,/,0% AS-a result it eontributes only;in :cases' (1). fy =f: fo =S fe 


and fix~fiASAA or (2) fr=f, f’=h, f’=fy and iAf;AfAA. After rear- | 2 


rangement of the indices of summation we gather these up, 


Aas FDL L IAL AY p gh 
ARATE Af; hi) 


i + 
Asi Gye get Cregige Ls (25) 


Thus, it is found that the terms in which f corresponds to a B-ion give a { 
vanishing result. Although it may give three-body-force between spins when 


f;, and f, as well as f correspond to A-ions, the coefficients of them are O(€") 
and we do not consider these cases here. After all, spin dependent forces are 


obtainable when one of /; and f, corresponds to an A-ion and the other to a_ 


B-ion, respectively. We obtain the coefficient of O(é') when two A-ions have 


a B-ion as a common nearest neighbour. In the configuration q f- Gin 
the spin-dependent force in A, is 
ee ~ 1 } [EG as aa) Moi f “er Elafi fas) A(ea a} 
eine pet eo Mars f) Aas as) 
(26) 


The transition process which corresponds to each term in (26) will be easily 
traced. The reverse processes appear in Aj’. 


* Of course we include the case in which the angle a, fa, is equal to a right angle. 
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Af 3 2)F (ann; af), Aas s a) F Caaf s fa) | 


lt 
ie ey No es 2 
Al=— 1-1 +45 oun) | nes eins 


Fao 


(27) 


Since we meet the configurations corresponding to the Kramers-Anderson model, 

i.e. [Mn*—O7], and to the delocalization effect in the band approximation, we 

shall obtain the antiferromagnetic coupling in (26) and (27). 
Next, the explicit expression of A, is 


A,= a Rhfis FAL)ME fa) Le Opies Afar Byars Ayes Tye apo P 


AG sf 
Hy me eee es P ae Ago, Tad Dyce Aya AD fo P, 
where 
ROA Hip) ALGO Ls AD 4D APY 
Af fd Dre ae 
X[Nw— 8A) +0(f ff") —8-F'T 
and 


RAfas Af!) = IL ee om ae PP SATL OLN OS 


+9(h-f) Of! -7")} | ne aaa, (28) 


After similar treatments as in A,, we obtain the expression of A,: 


yl ae, 7.) (RG ai ma) Aas f) Raf; aa) Aas f) 
A= 331+ 90-%0) | Aah feta ee ed 


R( fa; af)A(a; a) 
‘3 A(a ; a) F ‘2 


Here the first term does not contain the coupling in the z/2-direction, but 
other terms do. The Kramers-Anderson model configurations interact mutually 
in the first term and furthermore they interact with the band-approximation 
configurations in the other terms by the effect of delocalization. 

We shall divide &H, as in the case of oH. 


& H,=B,+B,+Bs+ B,+By, 


~ where 


B,= —& PH, (H,— FE.) (A, — PH, P)P, 
By ate PH, (H,— Eo) ~H, (Hy — Ey) Hi, P, 
Bs= — & PH, (Hy — Ey) (Hy — Eo) * A, GH) — Eo) HP, 
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B.=€'P H, (H,— E,) (A, — P,) (Hy— Ey) ~'(H,—PH,P)P. (30) 
As an example, we shall first investigate B,. We express H, and Hy in 
(30) with Fermion operators, and we have 


Bab pAG ADE Refs ALIAS 
2 AA's AFF") 


M5 
Paya Apo, Gian Dye, Apres Dialer je Ayia bee 
(31) 
From the requirement (A Ae Fs, F) = (A fe’, fe’, f’) and, fi A fi'::, we 


obtain the sets listed in Table II for the permitted sets of combinations in the 


Table Il. The permitted set of combinations in the summation (31). 


case A | re h f 
(1) Sef tY ye” Sf 
(2) aX. | f/ bee Ki 
(3) if | ty a” A 
(4) te | rie ae, im 
(5) ty | f’ te pes 
(6) Tk bi bey Waa 
(7) ae at Sy Sf 
( 8) gs St 4k ti i JE vA 
(9) Ae | Te ie 4 


summation (31). We have here nine cases in contrast with two for A’s. We 
Lave to investigate them one by one, separately. For the case (1) we have 


DL yAGs AF Afi fNASS pat, 
2 A fas fi) AF fs) 


By considering the order of Fermion operators, it is found that f and f, must 
correspond to A-ions and thus, f; and f; correspond to the nearest neighbour 
B-ion, respectively. If f=f:, we obtain only the spin-independent force, as is 
easily seen. We obtain the spin-independent operators when {3% fi, i.e. the 
case of two different B-ions by the following relation. 


t ft 
AB faoy Ufoos U fgg Ufos Ufyoo Ufo Ago P; 


i hoon i s , 
»S Paks, Dyno Bore Afzog Ufos Ufyo2 Cfo Ajo P= 4 Tyga Apo Afar, ae 


spin FOL 


As a result, we obtain the coupling between f(a.) and f2(>a,) through an 


intervenient B-ion in the following form. 
1 1 ACs a) Flas; fa) Mas S) ! 
GasecGi ys te og ae (32) 
i Seog | 5 Aa; f) Ma sf) 
which contains the exchange interaction between two Kramers-Anderson con- 


figurations and therefore vanishes in the z/2-interaction. 
Case (2): After similar considerations, especially for the order of Fermion 


operators and the position of f-indices in F, we see that it gives only the spin- 
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independent energies. Since other cases are treated by similar ways, we shall 
write down only the results. 
1 1 ACf; a)F (ag; fa) Aas 9) 

Case (3): Bey as steer Ra) ig £ Aer pa aes (33) 
where we have the spin-dependent force even if g4f in which we obtain only 
right-angled coupling. If y=f we obtain a weak right-angled coupling in ad- 
dition to linear coupling, which corresponds to the naive Kramers-Anderson 
model and is expected to be ferromagnetic because the orbitals located at a 
and f, i.e. 0,, and 0;, are orthogonal. 

Case (4) contributes nothing. 

Cases (5) and (6): We obtain the same coupling as (1) and (3), respec- 
tively. Thus, the factor 1/2 in (32) and (33) is dropped. 

Cases (7) and (8): Here we obtain the terms that we have already 
considered in (1) and (5), respectively. We must take care not to count the 
same terms twice. 

Case (9): We obtain the expression 


SLAG DEAL AMMS SY py 
: Af; f)4S3 A) 


This expression vanishes unless f corresponds to an A-ion and /, to a B-ion 
as its neighbour. Even though we make fi, and f; correspond to A, B ions 
suitably, we obtain only the terms already considered in (3) or (6). 
After summing up the terms from (1) through (9) we obtain the final 
expression for B,: 


B= D1 (1 4o4:0,) Ai od Flash fa) Mass) 
Fay 2 Aa; f) Ma sf) 


LAS; a) F (ag ; fa) Alay ; 2) 
A(a,f) Aa; 9) 


Next, let us investigate B,. We easily see that the excited states induced 
by perturbation H,—PH,P consist of those states with one pair of electron 
and hole, and with two such pairs. Here we have also nine sets of combina- 
tions listed up in Table Il We shall investigate them in order. 

Case (1): In this case the intermediate state has no pairs; it is the state 
’ induced by PH,P in H,. This must be omitted. 
Cases (2), (3), (4) and (7): We obtain for case (2) 


ee: $ 
Dye Bfyrg Ufgo3 b foo3 Uf seq Cfo ApfeP 2 


~ 


(34) 


Sede Shane eres i F( fa, ; af )F (ag ; Ja.) 


Fay 2 tory AN Grey v2a) ‘ 


(35) 


where the configuration appearing in the band approximation interacts through 
the exchange coupling, and it is expected to be a kind of delocalization effects 


i> - 2a 


Pe aa Qe Se ae 


_ 


1s Be ie el Ca Ob Be aN Sa CH ee Tica a ie i oo ice ae a ali RS Mal Pt eins i 


ee a Se rea ee eee eae 
it i ea ae FF ~N , x 
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acting as antiferromagnetic interaction. Further, we obtain the same expres- 
sions in cases (3), (4) and (7) and the factor 1/4 above is dropped. 
Case (5): Here we meet with the two pair excitations with a result 


Bh: 

1 PEO Pinas NE ands 2 FP) ‘ 

= tin Fas) fA? . (36 i 

axa, 2 4 A(a a; ff) ‘ 

Here appears the configuration due to Goodenough, i.e. [Mn*—O—Mn*], which ‘ 


acts as antiferromagnetic interaction.” 
Case (6) gives 


LOR (Gf 3 a a)F Ca; a 3.9 Ff) 
Dah at Oy. O'an) - ; (37 
aj#a, 2 4 A(q Ag 5 df ) 


where the expression becomes identical with the above when f=g. The con- | Se 
figuration [Mn*—O—Mhn‘*] plays a role in the expression (37), which gives an 
antiferromagnetic interaction in both cases f=g and f#g. 

Cases (8) and (9); We have just the same terms as those appearing in 
(6) and (5), respectively. After summing up these we have an expression of 
5: 


Bie ras open) be F( far; af) F (a9 ; Jaz) 


a Fag A(a, 3 a&) 
1 Ff; 4a) F(aasf9) 1 DEUS an) F laa fA) 
ia 4 4(a, a3 £9) ZhF A( aa, ; ff) ; 


(38) 


, 


By using the R matrix defined by (28) we have an expression for B;. 


RAL AIRGAS ALY 
B3= L 171 
~- Abii fi f.) a 


T t ‘i 
Dpto Ufgrs Cfalog Ufgrg Afalos Cfo GyieP 


(39) 
Again we shall consider the nine cases in order. (anya 

Case (1) contributes nothing. ; 
Cases (2), (4) and (7) do not give coupling of O(é&), although terms ae a 
O(&*) may appear. ou 
R( fa; af)RGa se) <i te 
: —(1 a,°%a ; , 4 . (40) t 

EAS) a 2 1+ 004° Fas) d(a.3 de) 


eae 


This seems to give weak z/2-directed couplings in both cases of § g=f and AE 
form the symmetry of R.. 


R(S9; ay a,)R( aa 3 If) 
z 1 Fa, ° Fa _ 7 * (41) 
Case 8): St a af) | 
This gives no 7/2-directed couplings. 


; 1 RU/Y; q a) R (aay sS9) 
ite » ee (L C10 a) eC) (42) 
nee fa, 2 anes A(a, a; f9) f 
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Here we obtain also a z/2-directed coupling besides a 7-directed coupling. 
Cases (5) and (9) give only repeat of (8) and (6), respectively. 
Thus we obtain the expression for B;: 


| R( fa; af)RGa : QJ) 


Ba +3 ut 3¢1 SF iin IO 


MAA, 2 A(a; az) 
RY 4 a.) R (aa a 5 df) RUD ; ay @)R (aaa 39) ° (43) 
A(a, a2; f9) 4(a, a; £9) 


In these fourth order processes the two Kramers-Anderson configurations 
interact through the band approximation- and Goodenough-configurations, re- 
spectively. They seem to act antiferromagnetically. 

Finally we shall treat B, and B,'. We consider B,', which has a form 
F-R, and is written as 


Bia pEGA AL IRDA) pay, 
2 Aff ff”) ie 


Cases (1), (2) and (7) contribute nothing to the spin Hamiltonian. 
Cases (3) and (4) give the same terms after rearrangement of /-indices, 


7 ; ae 
fog Ufglag Ufyloy Uigog Upglo3 Ufo Agro t - 


1 F(fa:; af)R(Ga ; a2) 
ce > == oe eg: 1 Dip 3c . 44 
MFae Y ) A( ay ; ay) : 


where the 2/2-directed coupling remains both in IF 9 and f=% 
Case (5) and (6): We obtain similar terms. 


SI Ss) 28G +64, -Oz,) ea ae ay a) R (aa a, IT) 


Ads & A(a,ay3f Ff) 
pee 1 F(Gf; aa,)R (ara; fY) 
See Clb or Je da IRC acs 5 J 
MFa, 2 ai 2 A(aaz; f9) (45) 


Cases (8) and (9): We obtain the terms that we have already considered. 
After all the expression of B,' is 


Bi=— 3 ed +04, F,) pReLE af)R(Ga ; a9) 


a4 Fay A( a 3 ae) 
F(ff; aa)R(aa; ff) 1 Ff; aa)Rlaa ; fo 
ai , “ > A, 2Qy 3 7) 
yO es Ths (cde; fa erga a 


' The term B, is easily determined, because it is regarded as the reverse process 
Of, 


B=- vt (1 +,0) | R (Yas ; ag) F( fa ; af) 
aFay A(a, 5 a2) 


Re Q ay) F(a, ay Sia 1 R/V; & Ax) F (ay & ; eh 
Maa; ff) iFa 2 A (a, a5; If) 


(47) 


eye 
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Thus, the configuration due to the Kramers-Anderson model interacts with the 
one in the band approximation or the Goodenough model in the expression of 
B,-and B,. 

After all we obtain the final equation up to the order of & 


(B= Ey) Co= {AE 3a 5 a2) 2-1 +004 *Fe,)} Coy (48) 


where JE is a constant energy independent of spins, and J(aq;:a:) is the ef- 
fective exchange coupling. 


J (a; a) =f (ay az 3 ag) — A(Q 5 G2) Aaa 5 a) 
2 (az; a) | 
F( fay; aa) A(a; f) 9 Flaf: fas) A(as 5a) % 
A(a,; f) A (ay; a) 


_ Ra; aa)Masf) 5 Rl@f; aa) Aas f) 9 
Aa, : £) A(a3f) 
ASS 2) Fash s fara sf)» AS a2) Flag ; far) A(as ; 9) 
Mags Fy Ma Ff) g A(a,; f) Ma; 9) ae 
_yFGa; af)E(a9 39a) _ 1 FSF ma) Fae sff) a 
g 4a; a>) Z A(a, a2; ff) 


1 yy FUP aa) Flam: f9) (RG af) RiGt ad) 
4 oAF A(a a2; f9) 4 A(ay 3 ay) 


R/V; a,)R (aa ; of) RSG: a ay)R (ara, ee | 4 
4(a, a2; f9) M(a, a2; f9) 


F (fa ; af )RGga 59) 1 o FSF a.) R(a2a ff) 2 
+22 A(a 3 a2) a A(a,a,;ff) 


F(9f; a2a1)R(a.a1 5 9) (49) 
oA M(a,a@;F9) 

Of course we have to take the value J(a; dy) + J(a2; a), instead of J in 
the above, as the usual exchange coupling constant. The orbital located at f 
or g must belong to an intervenient B-ion connecting the orbitals at a and ay. 
The directional property comes from the nature of the f-orbital. We note that 
in the terms of gf, only the z/2-directed interactions are contained. Although 
the z/2-directed interaction may disappear or become weak sometimes by sym- 
metrical reason, both types of couplings may exist in general. We may expect | 
rather strong 7/2-directed couplings, because we have many terms which cause 


it (g4f) in the summation. 


=e 


oh 


Be bs 
= es 


~ 


i Sal ds OE RO eh EA EF: 


ae apes eee 
OE dk ee ee le ot 
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§ 4. Discussions 


In the last section we showed that the spin dependent energy of an N- 
body system can be expressed by a familiar spin operator formalism. Our 
method is sufficiently accurate, because we consider all the configurations and 
configuration interactions, as long as we limit the orbitals to the ground state 


orbitals of the atoms. The effective exchange integral J, however, is very 


complicated. As mentioned in the last section we can roughly assign the physical 
meaning of each term in (49). It contains all terms which correspond to 
the terms in Yamashita-Kondo’s paper. However, the expressions in this paper 
are more complicated than those in Yamashita and Kondo’s work. In fact, a 
variational method was adopted in Yamashita and Kondo’s paper and the trial 
orbitals are chosen from intuitive considerations. Therefore, they are rather 


simple, but not quite general. In this paper we adopted a more general and 


accurate approach; consequently the result is inevitably too complicated to be 
interpreted by simple models. Thus, we conclude that the intuitive models of 
superexchange interaction are very useful for getting a physical picture of the 
interaction, but they are rather idealized concepts and the real situation of the 
interaction seems to be much more complicated. 

Among the many terms in (49) some terms may be more important and 
some less important. But we did not attempt to estimate the order of magni- 


tude of these terms, because we do not find any importance in making a quanti- 


tative estimate in the present simplified model. Although we content ourselves 
here with developing a formal theory by a simplified model, we did not intro- 


duce impracticable ideas, for example, to get the Hartree-Fock wave functions 
of the crystal, into the theory. 


2 We believe, however, that we can apply 


‘the present formalism to simple real crystals, for example, MnO or MnF,, in 
order to make a quantitative estimate of superexchange interaction in these 


crystals. This problem is not difficult, if we are allowed to adopt the Hartree- 
Fock wave functions of the free ions as the basic orbitals. Such a computa- 
tion will be carried out in near future. 

Finally we shall mention a: little about the z/2-directed interaction. In 


the z-directed interaction the orbital ¢, of the interveinient negative ion plays 
an essential role except for the direct interaction between magnetic ions in 


€°H,. On the other hand, it might be thought that we have no or weak coup- 
lings in the z/2-direction because of the directional properties of %. But 
there may be couplings through ¢,,* and further we have more terms in the 


“summation which give the 7/2-directed interaction. Thus we may expect a 


rather strong coupling in spite of the directional properties of p-orbitals.” 
The author wishes to express his sincere thanks to Prof. J. Yamashita for 


We shall treat in the next paper the role of ys, which is the excited state orbital belonging 
to a B-ion. 
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The method developed in the previous paper to treat superexchange interaction in a 
magnetic compound is extended to include the excited-state orbitals, and new contributions 
to the spin-dependent energy is obtained. 


§ 1. Introduction 


In the previous paper, which will be referred to as I,” we have developed 
a method to treat superexchange interaction. The method, however, is still 
restricted in a sense that the basic orbitals are only ground-state orbitals. In 
the present paper, we shall show that the previous method can be extended 
to include the excited-state orbitals. As a simple illustration we shall discuss 
superexchange interaction through the excited state of the negative ien. 


§2. Treatment of the excited-state orbitals 


Let ¢,, be an excited-state orbital of a negative ion located at the lattice 
point f. For simplicity, we assume it to be an s-orbital. Then, let us con- 
struct the basic function 6, corresponding to ¢,, for which we shall require 
that 4, is orthogonal to all @, and 6,, orbitals where 0, is an orthogonalized 
ground-state orbital. Hereafter we shall denote the overlap integral between 


Gre and Gy as T'y,4, which vanishes when f and f’ coincide, because they have 
different symmetries. The order of magnitude of the other elements of T- 


matrix is easily estimated. For the nearest neighbour /’ and f, we obtain 


Tipp ges= Og, Pie) (Py, Pre) — (1Y2) DSS aie (Cas Gre) OLEt)s (1) 


and for the second neighbour, we get the quantity of the order of €*, though 
it may happen to vanish by symmetry. 


Tr, r=0(?) Tr e=90 


PH Pie 
Fig. 1. The order of magnitude of T-matrix for the second neighbour. 
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By using T-matrix we get a function u,, which is orthogonal to all 0(6) 
is the basis orbitals for the ground state) : 


p= My (@pe— DST pr te prs), (2) 


where M, is a factor for normalization. The desired basic function G,- is thus” 


obtained after the process of symmetric orthogonalization to the set of the 
functions z,. 


Now our expansion formula to the electron-field operator is extended to 
Q(%) =>) dae Ia(r)O(s—o), 


where @ is used to designate f and f, together. 
In Eq. (7) of I we separated the Hamiltonian by the degree of difference 
of suffices f and /’ in matrices L and F. Here we may treat @ instead of f 
and obtain the expressions which correspond to Eqs. (7) and (7’) in I as fol- 
lows : ; 


© MBh=DL(F; f)Ns+ 1/2) SF Af A) (NzN,— 9 (Ai -ADN,,} 
+ DILCSes fe) Nye + (1/2) DIF (Sites See 3 FaeFae) 1N preN roe 9 (AF) N pet 
+ DFS FFOIN Nye, (3) 


and 


EH, =¥ jo LPS) ASESP PLN AL PSL LLIN id ir 
+ Daher Le P+ DE SLL LON PSL SLE N ne) aie 
+ De LPL) + DELP LLIN ELL LLL VNae te 


EO dru Cleste) tlie Set ted Ng CAE a 3 fe Se) Name} apres 
fF ji os 
where we shall designate each term as €M,(f,f’), Mi(f., f"), EMS, Ff’) and 
&H,( f., f'), respectively. The terms corresponding to f=/f’, do not appear in 
&€H,(f, f’) and &H,( f., fe’) in general. Moreover, if the distribution of Ny 
and Nye has cubic symmetry, EH,(f., f’) and €H,(f, f.’) do not contain the 
terms of f=/’ also.* Next, €'H; is given by: 


&H i= (1/2) SS F( Aha sty Jas) ane, ace Dfaios Apylor 
Sit fi! 3 fot fa! 


+>) F( fie fe > fete) Aj eor Bnoa Dfgiog flor of C.C. 
Sa#fol 

i GL 2) SIEChicha sb PRE CRSA Gee Aptos Bye, TCC: 
=F D3 F(fieS2 > Pid anes Bnoa Afsloe Dpytoy tf 


SrF#fi" 5 fot So! 


* Thus eH, contain the terms of /’=/ in view of the above situations. However, we shall 
1 . . . . 
find this evaluation of order of magnitude does not lead in error in the following calculations. 


fig agi bee aaa! Wen capone hE Fe pe wanee a a o secramne tan pant yas —— 
Fare Riel id See ee er ¥ at oe F arg 
: ere Ree he Ste me gee a eee 9S pies ahd x 35 
fen gird oo itn d Oe eG Ce aes ae Sete 5 : 


pl A ant ee: me ap ome NE SP AOE 


» bs is "ee Me Peoe eet ly Soe eee 
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+> F (fies ulse) Gen Dyna, A flge0, 4 p,lor : 
+> F (fiefs altel ee) Crees ig Djgteog Aftyeos + CC. 


AFfil 


=e (1/2) Dy pe Sree Bic Nae ) ape need Dpheoo Dy,1e04> (5) 


1#fi! j So# 


where each ‘term is designated as @H,( fifa; ti fi), PH fiehrs fi' fr’), and so 
on. The space of the states C, has 0-eigenvalue for Ny, which results into 
AjenAs,0,"*°Ap,en P=0. Only the combinations of 


Afyeoy Ge Af cos Ayr eo,! peoas Aide aia 1y for Chi = fs) ss Cf’ r; fi) 


- give nonvanishing contributions. 


The structure of unperturbed energy levels is easily analysed by the for- 
mula 


A B)=DIE,+ (f10— Ff) + 2-ALP)] NA SAAS) IN dN 
+ DlEet LIV—- Tlf) + LAI) — 5 Sebel feb) 4Nr 


+ > S fiehel fief) AN ine AN inet Ss fiel fife) INnAN yes 6) 


from which Table I is composed for the particular transitions. Thus, we have 
finished the necessary preparation to investigate the contribution from excited 
orbitals. 


§ 3. Spin dependent energies to be added 


We can easily handle the operators for excited-state orbitals in considering 


their relation to the projection operator P. . For example, the number of terms 
to connect P is much reduced in My, and H,, 


EMP= SASS) aye ayeP+ DA Seif) ahee AsneP, 
CHP= ENS fifa f!f) + Hb Sicha AFL) + DG Sache fLPL)YP 


Sil #F13 fol +f 


epi = PISA: PY Ahn get SUAS; let) pe Bpetoh 
and 


EPH =EP ta fife Ah") +A hfs > fie fi’) + HG (fifa s fae’ fre')} 


Sil #fx3 fo#fo!! 
. HG 
where A is the matrix of order of € and expressed as Me 
| Aas P)=L(a sf) + SVE (ap" fF") Nor F (af 5 f'f) 
and 


ACF a!) =L(F; a!) + OF CLE" 5 af" Nn FF af). (8) 


as eats th dnc th ba hd 


“J 

z 

i, 

4 

3 
= 
4 
a 


cay) SN oS eee 7 ee ee a ee ery ee Oe ee we FAT, hee er ee eae ee UZ ee ee ee oe ee ee 
eh Mea eden oA co Met arty i Mees Svan oh PFS ee | 
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Table I. The increment of unperturbed energies for particular transitions including 
the excited-state orbital of negative ions. 


Position of 
Increment of energy 
hole electron 
A (be; 6) = Ep, + (be| V—Oy|b-) —Ey— (6| V—T;,|0) + @eblbb.) 
b be ~ (bbelbb.) 
; A (doe 3 Oy) = En, + (be| V— Ogle) —Ey— (6| V— Op |b) + (B-b| bb.) 
by Ove oa (b by¢\O1 ) 
A(b, ; @)= Ey, + (be| V—Oy |b) —Eg— (a| V—Ug|a) + (b-b|b0-) 
g be —(ab,\ab) 
: A (be be ; bb) = 2. Ep, + (bel V — ple) —Ey — (01 7— Gy|0)} + (60) 00) 
bub Be» be + (be belbebe) +2 (be bbb.) — 4 (bb.|bb,) . 
ee A (be be Ay a) = 2[Ey, + (bel V—Oylbe) —Ea— (al V— Ola) 
Q, Ay be, be + (6, be|De be) + (Ay a2] 4; 22) +2 (b, [0 -) —2 (ay be] Be) 
—2(a, be| ay be) 


ne SEE EEUU Ua EnEpnU UE Renin 


In the expression 


€H,=€PH,P ast 
nd Mis 
: © f,—©PH,P—&@PH,(Hy)—E,)“H,P, (Eq. (11) in 2 
we see that no spin-dependent force is obtained. We shall designate the term 
which appears in A, afresh as 4JAj, whose spin-dependent part is given by " 


a F(aa,3 fear) A fe; a) 1 es ey (9) ai . aa 

JA= 2s Ay a2) 2 : 4 , tis x 

We obtain similar terms for A;’ which correspond to the reverse process. 
Bhasnll Oe) 1 (1 40,-00,) (10). as: a 

ft Oqie Tas cy 

LSE ETE 2 et, 


In the expressions (9) and (10) there appear the triply ionized negative and 4 
positive ions, i.e. the configuration [O-**—Mn**]. We have four new contribu- pai 


tions in A, (Eq. (24) in I), a : 

AAg=@P {SHA fie!) (Ho— Eo) “HG (Sve 5 fa!) (Ho — Eo) “ECP FI) Hee. ‘ 

4-3, (fi 3 fe!) Ho — Eo) “Hs fas f!) Ho Eo) “fe 3 F) \ ic - Q 
4,3 fie!) (Ho — Eo) “EG (Se 5 Sie!) (Ho — Eo) Bs (Fe sho) SB eld) 

which are treated by using the extended R-matrix with suffices a 


R(a,a, > a,'f;') =(L (a; ae) + PF ate ; py {Ny +0 (@2—f") 
=8(a =f") —3( fl -f')} 
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Aor ja) 
(a; fr’) 


FBR Cai fels an! fe" 18 (ar ye) O(a,’ te a4 
and 


R (fies; a4! ay!) =O ie [L (an; ay) +P (af" s/f”) 


x {Np +6(a!—f") —O(a,—f")- 8 A-F)} 
+2 Flasfe" ais Se) {d(a,'—f.'") —0(a,—f;)} |. (12) 
The four terms in (11) give the following spin-dependent force, 


1 R(a Ay »frayAl a 7B) oR (ashe s fe dz) A( ay ; a) 
Jp VES edie ey pay ose EL CBEE 
x 2 ioe 4 Aa a2) A( az; a) 


aF#a, 4 


(13) 
In this expression (13) the configuration [Mn**—O~**] interacts mutually and 
with the configuration [Mn**—O~~—Mhn‘*], respectively. 
Next let us proceed to €*H, which consists of five B’s. B,; has a new 
contribution which is expressed as follows, 


Ce 5 fea) F( fear; a9) 


i; 18 A ee ee et eel ee ee oe ee! Hy eee! eee er 
7 _ miaky 74 A 1 


ABy=— V1 (140,04) 


| art, 2 A(fe3 9) 
Pee 4.9 F (aia; fos) F(fef 5 fas) 9 F( far; fea) F( fea ; fas) 
Pi A( fe; a) A( fea ; far) 
49 Flas fea) F( fem; far) 1 Flaa; feJe) Fefes a wat 
A( fear; far) 2 A(Gefe 3 daz) 


(14) 
where the first term acts ferromagnetically through the configuration in the 
Slater-model, ie. [Mn*?—O~**—Mn*’], the second term through the configura- 
tion [O-**—Mn*’] and in the other terms the configurations [Mn*—O7?*—Mn**], 
[Mn**—O-**—Mn**] or 2[0°*—Mn**] interact through a kind of antiferro- 
magnetic delocalization effects, respectively. 

We obtain the following new contribution for B,, 


: pes Pepin aoa A( ar; fe)F (feds; aa Je) AGes a1) 
2 A fes a) A(Ges a) 
_ Alar; fo) F (a9 s Jar) AC fos a2) 5 Ars fe) Ff ef fan) Aaa; a) 
(fe; cs) A( fe; a2) 4( fe 3 a) A( a 3 a1) 
Mars fe)F fe 5 ann) Maa 3 D| 
A( fos a1) A(z; 9) 
In the above expression, the configuration [Mn**—O-**] interacts mutually, and 


with the band approximation one, ie. [Mn**-O--—Mn*], and the Kramers- 
Anderson’s one, i.e. [O-—Mn‘*], respectively. 


%#A% ZG 


(15) 


General Theory of Superexchange Interaction. I 961 


Re shall proceed to treat B; in which many contributions appear (Eq. (30) 
ined). 


4Bs= —&°P YEA fi 3 fie!) (Ho— Eo) * Hi (Sve 3 Fee!) (Ho — Eo) = Hi ( fee 5 Fae!) 
(HI, — Ey) rai ge ay a 
+ F1 5 Fie’) Ho — Eo) * Hs ( five 5 foe!) Ho — Eo) ~! Bi ( fs ; fa) (Hyp — Eo)? 
UT ee Oa Fe aOR 
+H (fi st ie) (H)— E,)~ A, ( fr Sse’) (Hy — Eo) * A (fee pis) (Ho Baine 
BA Eee. 
me Ch sti) CH= 14) H,(f2 3 fr’) (H,— Ey) Hi, ( fixe 5 fs’) (Hp— Eo) 
HSE Ff") a 
+f; aed te) (H)— E5) ~ A, (fre 3S2) (H,— Ep) H, ( fs Fe) (H,— Ep) 34 
HCE FA ec: 
+H (fi fae) CH, — Ey) eG: os) (Hy— Ey) * (fe Oy a (Hy— E>) 
Hehe VRC. 
+ Hy (fi; fie’) (Ho— Eo) 1 Hi (fa; fi’) (Ho— Eo) * Bi (fs 3 fs’) CHo— Eo) 
HG. 5 FS") 
+H, (fi; fi’) (Ho— Eo) * (fa 3 Fe’) (Ho — Eo) * Hs ( Sse 5 fs’) lo — Eo) ™ 
H,(f; f')}P (16) 
The first term is certainly spin-independent. The four terms from. the 
second to the 5th contain only higher order terms than 0(€°). The 6th term 
gives the coupling in which the right-angled case seems to give stronger cou- 
pling than in the linear case, and the configuration [Mn**—O-~**] interacts with 
[Mn*?—O-**—Mn**] or 2[Mn**—O-**]. From the 7th and 8th terms we obtain 
the configuration [Mn**—O-**] instead of the Kramers-Anderson configuration 
(Eq. (43) in 1). In the 9th and 10th, the Slater-model configuration, ie. 
[Mn*?—O-**], plays an important role. In the 11th term, the two configura- 
tions [Mn*?—O-**] interact through the Slater-model configuration. In the last — 
term the Slater-model configuration interacts with the band approximation 


configurations and the Kramers-Anderson’s, respectively. 
Thus on summing up we obtain for 4b;, 


ee ey { Raia feIe) R(felle s tas) 
Hise piers Ad ns) | AC fies dias) 


R (aaa fee) RUefes as) , 9 RCaifes foe) R (Yar; @7) 
A(Gefe 3 a1 42) A(az; a) 


oh i. ae) em A > 7 nie. < Pact, eet “a PT ae a Oa Leh 9, ey PE ee he 
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oRlafs fea) R fears fas), Rad 5 fea R Seas: 9) 


A( fear; fa) A(fe3 9) 
Rags fea)R(asfei $a) Raf s dafe) R Seas Sa) 
A feseg ) A(fea2; fam) 
_Rfai afR foams af) 4 oR farsi af)R Seas fas)| (7) 
A(fe3f) A( fea ; fas) 


Finally we shall treat 4B, and JB,’. 

AB,=EPY | (hhh; Fie’) op — Eo) A, ( fre 5 haed (H,—E,)~* By ( feef 3 fs") 
+H (fi oer) (H)— Ep) Rc Hy ( fr a) (H,— Ep) oy A —P)B(AS3f!f) 
+H f1; fie’) Go — Eo) * Hf 5 Fee’) (Hy — Eo) * BL fe fe stati 
+H ( fi 3 fie’) CH — Eo) AL (fe fa) (Hy—EvY* Ha feef 3 f3'f") 
+H, (fi; fi’) (Ho— Eo) 7 (1 —P) Bi S23 f 20’) Ho — Eo) “Ba ( Sse f 3 fs f’)} P 

(18) 
The first gives the coupling between the spins of 0(€°). The second term 
gives the coupling in which the right-angled case seems weak by directional 
property of g-orbital in F. In the third term we may expect stronger coupling 
in the right-angled case, and the, excited configuration [Mn**—O~**] interacts 
with the configuration [Mn**—O7*—Mn*] and [Mn**—O-**—Mn**], respectively. 
For the 4th term we obtain the interaction in which the Slater-model configu- 
ration interacts with |[Mn**—O~**— Mn* ] and [Mn**—O-**], and the configurations 
[O-**—Mn**] interact mutally. In the last term for 4B,, we see that the con- 
figurations [Mn**—O~’—Mn*] and [Mn**—O-**—Mn‘] interact with the configu- 
ration [Mn**—O~-**] or [Mn*—O7], respectively. 


We shall obtain the similar coefficients for 4B,’ and gather them up to 
obtain 


AB, + 4Bi=— e Ce aac 2{ Rafi fea) F(a,g, Ja) 


aa, 2 A( az; a) 
ae R( aa; feGe) FGefes aa) Rag; Jo @r) F (Ge a2 3 Jar) 
A(Gefe 3 Ady) A(GJe ax; Jar) 
Rag; Joa) F(Jears 9)  R(aar3 Joa) F (Geog ; Jas) 
t AGe5 9) A(Ge 3 a2) 
25 ROIs Ie) FG. a Ja) R(Yar; afe)F (fea; a7) 
(Ge a2; Jar) A(fe3 9) 
Rava; a29e)F (G5 Jar) _R( a9; ae) F Gear; arf) 
A(Ge 5 1) Ae a ; a7) 


_ RYa; ag) Feu ; ea 


A(Jear 3 Jay) CRE 


nh Ml bee se 
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§ 4. Discussions 


Thus, we have obtained all the new contributions from the excited state 
orbitals for superexchange interactions: Eqs. (9), (10), (13), (14), (15), (17) 
and (19). It is shown that the spin-dependent energy in a magnetic compound 
can still be expressed in terms of a familiar spin operator formalism, even if 
we consider all the configurations and configuration-interactions derived from 
the excited state orbitals for negative ions. We note that in this approxima- 
tion the configurations which have higher negative ions, i.e. [O“*] or [O-**] 
appear in addition to the Slater-model configuration [Mn*?—O7~*—Mn*"]. 

As we have mentioned in the previous paper, the effective exchange inte- 
gral has a very complicated expression, because we consider the problem not 
by simple intuitive models, but from a quite general standpoint, and moreover 
we take up all the terms that appear in the order of &*. In the present treat- 
ment of the excited state orbitals as well as in the previous paper for the 
ground state orbitals, however, we have formulated the theory in terms of 


practicable quantities. Therefore, we may expect that the present formalism 


is still applicable to simple real crystals. 


The auther wishes to thank Prof. J. Yamashita for many helpful discus- 
sions and guidances throughout the work. 
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A systematic diagram representation in a composite 4-dimensional space is developed 

_ for Kubo’s response function which describes the electric response currents of metals for 
longitudinal electric fields. Proper diagrams are defined as the Feynman type linked diagrams 
which cannot be decomposed into simpler diagrams connected only by one Coulomb line. The 
greatest care is exercised with reference to the fact that Kubo’s formula for the conduction 
phenomena gives the transport coefficient 7(q, w) defined as the ratio of the electric current 
vector to the electric displacement vector D(q, w), while the electric conductivity o(q, w) 
of a metal is defined as the electric current vector divided by the electric field vector 
E(q, o) in the metal. Thus o(q, ) is written as the product of x(q, w) and the dielectric 
constant of the metal. It is shown that, the product is reduced to a simple form. In the 
reduced form, o«(q, ) is expressed as the sum of the proper diagrams. In this expression the 
lowest order term in respect to the Coulomb interaction includes the usual sum on ring dia- 
grams and, moreover, constitutes a much better approximation than the ring approximation. 


§ 1. Introduction 


An exact formal expression for electric conductivity in, say, a metal has 
been given by Kubo and Nakano.” Ih their theory the electric current is in- 
‘terpreted as the response current for an external force which is adiabatically 
applied to the system and in the Taylor expansion of the response current in 
terms of the external force, the coefficient of the linear term which has been 
interpreted as the electric conductivity can be written down in an exact formal 
expression. The observed conductivity, however, is the quotient of the response 
current divided by the macroscopic electric field in the system. 

This fact has been overlooked in actual calculations hitherto made theo- 
retically on the basis of Kubo’s formalism; Kubo’s formula which was intended 
to give the coefficient of the external field has been regarded as a formula for 
the coefficient of the electric field. Nevertheless reasonable results,have been 
derived through such calculations. It should be noted here that in these cal- 
culations one has completely neglected the Coulomb interaction between elec- 
trons as well as one has replaced the external field by the electric field. 

The electric field in a metal is much different from the external field. A 
finite external field induces a large polarization of the electron cloud in a metal 
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and is screened almost completely by the polarization charge. Thus, the strength 
of the electric field in the metal is almost zero in spite of the presence of the 
finite external field.' 

Several works” have recently appeared which are intended to develop a 
general scheme to calculate exactly the electric conductivity of a many-electron 
system on the basis of Kubo’s formalism. In such treatments, however, one 
must be very careful about the difference between the two fields: One should 
not regard the transport coefficient given by Kubo’s formula as a real conduc- 
tivity of the many-electron system. Otherwise, one would obtain an absurd 
result; because the Coulomb interaction between electrons together with the 
interaction between the electron system and the external field leads to a strong 
screening for the field and, consequently, one would obtain a vanishing conduc- 
tivity especially in the limit of infinitely long wave length of the external field. 

In this paper we will develop a general scheme to calculate directly the 
electric conductivity of a metal without going into a calculation of the coefh- 
cient of the external field. The conventional treatment in which the external 
field is replaced by the electric field and the Coulomb interaction is neglected 
is shown to be a fairly good approximation. 

In this paper the external field is taken to bea longitudinal field which may 
be oscillating. The electro-magnetic responses for a general electro-magnetic 
field will be considered in a forthcoming paper. A system composed of an 
electron gas and a phonon assembly is investigated here. A system which 
contains impurities will be treated elsewhere. 


§ 2. Kubo’s formalism 


The electron-phonon system, whose electric properties will be investigated, 


is taken to be in thermal equilibrium before the application of the external - 


field. In the equilibrium state, the system is described by the grand canonical 
ensemble with the following Hamiltonian : 


P= Hy (2-1) 
Jehy= 8 Ex nue Ait 2 OK b* br, (2-2) 
Ie i 
tei ba Ane be ak ar) Ones am 
k+0 RB? jm 
+ +2 {u(k: 1) ay* dyn Op* +C.C.}, (2:3) 
keyt 
(h=1) 


t This fact was pointed out by Prof. Y. Toyozawa (private communications). A careful 


discussion on this problem is found in the note of S. Nakajima: Busseiron Kenkyu II 8 (1960), 


340 (a mimeographed circular in Japanese). 


066 T. Izuyama 


where a, is the destruction operator for au electron of momentum k, &;, denotes 
the energy of this electron, & is the destruction operator for a phonon of 
momentum k, w, denotes the frequency of the normal mode described by this ° 
phonon, and v(k:) represents the strength of the electron-phonon interaction. 
In the above, we have used the assumption that the negative charge of our 
electron system is cancelled completely by a uniform positive charge which is 
not a constant but is equal to the total number of electrons multiplied by e. 

The external field which is applied to the system is produced by some 
external charges. These external charges are placed on the two plates of a 
condenser between which our system is held, or they are produced in the bat- 
teries. These charges are called “true charges”. The electric field produced 
only by the true charges is called the electric displacement D(x, ¢), which is 
nothing but the external field. Thus, the system in the presence of the exter- 
nal field is described by the following Hamiltonian : 


= H+ | 6(e, 1) N(x) dx, (2-4) 
_ where 
N(x) = —e(P*(x)b(x) —N), (2-5) 
and 
D(x, t)=—V¢(x«, t). (2-6) 


_ In the above, ¢/(x) is the quantized wave function for the electron cloud, -N is 
the total number of electrons, and then eN is the density of the uniform positive 
charge ; the volume of the system is taken to be unity. 

The density matrix p(¢) describing our system obeys the following equa- 
tion of motion, 

p(t) =[4, p(t) ). 

Further, writing p(t) as 
p(t) =+ 40(t), of 


where ¢ represents the equilibrium density matrix for the grand canonical 


ges ensemble, we must impose on 4p(t) the following boundary condition 


t>— © 
Ap(pyest ish 


( t>— 00 

$(x, 1) ——-0/, 

_ due to the assumption mentioned previously. Then we get in the linear ap- 
proximation, 


\ t 
ep 


Ap (2) ab a dt’ \ dx! b(x’, t') etHt!—t) [m (x’), ple er=0), (2-7) 


—a* 


Pe LTT eC EE: ee ea Se PR A Me oat Meare A EA TT DMO REN MN Pk fe Det OR eeD eM TNR Ngee 
hay rae ! eo ee fe I ray rA rie , mF ty N Fas \v Ae, “4 f 4 y sea, 


. 
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Now, the current operator is denoted by 


(x) = 


|e" (x) (WHiCx)) = (VY (a)) (x) (2:8) 
Then the observed current is given by 3 


J(x, 4) =Tr{e(2)3(«)} =Tr{do(z) S(»)}. 


Inserting Eq. (2-7) into the above expression, we get 
t 


J, D= + ar fax’ sta! D(X t-2), NASP, 9) 


—-o 


where 
CW) =Tr {er}, 
and 
Se, 2) sel (x) on™ 
If we define 
N(x, t) He N(x) eo ™, (2-10) 


it can be easily seen that the equation of continuity is satisfied by N(x, Zz) and 
%(x, 2) given in Eqs. (2-10) and (2-8) respectively. The Fourier transform of 
the spatial component of this continuity equation is written as 


; N(q, 2) =—iq- B(q, 2). | Qi ea 
If the applied field is periodic, i.e., mse 

j b(x, t) =e**"""'6(q, «), (2512), aan 
: then y 
J(x, Jail UEC v), 

q ad Eq. (2-9) is expressed as 

: J(q, ) = \a e**((¥(q, 2), N(—@) 1) 44, ). (2°13) ae ee 
z % . 

Noting that J(q, w) is parallel to q and 

2 D(q, ©) =—796(4, &) 


and inserting Eq. (2-11) into Eq. (2-13), we obtain 
J(q, 0) =2(4, v) D(, @), (2: 14) 
where” : 


+ The convergence factor is omitted here. It will be omitted sometimes in order to save 


—t 


- notations. 
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1(q, 0) = lim; | dee" (Rg, 0, R—D) 
0 


q 
ef iin so | de eter" (M4), N(q, t)]). (2-15) 
8>40 G 5 


In the above we have used the following fact, 
[M(q), N(—q) ]=0. 


It should be noted that the usual expression (2-15) is a formula for the trans- 
port coefficient % defined by Eq. (2:14) and does not give the conductivity in 


itself. 
Now, the dielectric constant is defined by 


D(q, wo) =€(q, ) Eq, ), (2-16) 


where E is the macroscopic electric field in the metal. Then, the conductivity 
7, which is defined by 


J(q, vo) =c(q, wo) E(q, o), ' (2-17) 
is expressed as 
o(q, wo) =€(q, o) 4(q, o). (2-18) 
As we shall see in the next section, 
—1 
€(q, w)=|1-8 x(q, 0) | (2-19) 
(ZO) 
and therefore we get the relation 
o(9s 0) — “(q, o) (2-20) 


1— (42/iw)%(q, «) | 
§ 3. Dielectric constant 


Eq. (2-19) is easily verified, if we are allowed to use the phenomenological 
relation 


D=E+42P, J=P. 


However, it may be inadequate to make use of the phenomenological equation 


- without any proof. Then we shall prove Eq. (2-19) on the basis of the funda- 


mental equations by means of Kubo’s linear approximation. 


The electric field E(x, t) produced by the matter field as well as the ex- 
ternal field is expressed as an operator, and the macroscopic electric field 
E(x, ¢) is given by 


E(«, 2)=Tr{p(z) E(x, 2)}. SR LEEAS 
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This may be written as 
g(x, t)=Trip(Z) g(x, 2)}, (3-2) 

where 

E(x, t)=—V¢(x, 2). 
and 

E(x, 4) =—Ve¢(x, ¢). 

_ Let us denote the free charge, the true charge and the polarization charge 
by M,, NM, and M, respectively. Then 
div E(x, t) =47MN,(x, 2) =42 N(x, t) +42N(x) =div D(x, 2) +427 N(x). 


Therefore, 
x / 
(x, )=6(x, 4+ |—__ na’). (3-3) 
|x—x’| y 
Substituting Eq. (3-3) in Eq. (3-2), we get 
ae, Lif dx’ 


p(x, 2) =9(x, 1) + |  Trtpm(w)} + | 


|x—x"| |x—x"| 


It is easily shown that Fourier coefficients of the second term in the right-hand 
side of Eq. (3-4) vanish, so far as macroscopic phenomena are concerned.‘ 
Therefore, inserting Eq. (2-7) into Eq. (3-4), we obtain 

t 


ox, )=6(x, )+—— | de" de’ |x" 


—oO 


x!| 
x C[N(x!, t—21"), N(x”) gblx”, te”). (3-5) 


The Fourier transform of this is 


co 


| deen (I(q, =), R(—g OCG, 0). B-6) 


0 


Now, the dielectric constant has-been defined by Eq. (2-16) or 


Az 
¢(q, 0) =9(9, ) +7 


€(q, 0) 9(qs v) =(4, ). 
Therefore, we obtain from Eq: (3-6) 


fos) 
4x 
AGO 


c(q, 0) =[14-45 [deena 0, K-OD] 


Thus, Eq. (2-19) has been verified. 
4 If microscopic phenomena are concerned, on the other hand, it is necessary to consider 
ave vectors are comparable to reciprocal lattice vectors in magnitude. 


Fourier components whose w 
The Fourier component of the second term whose wave vector Is equal to a reciprocal lattice 


vector does not vanish. 


Tr{4p@)RG')}. (3-4) 


Pe. sy ed 


} roel, oT a ah” > a” AA Pd Pe Dh = May baa, + y= re Veal er ea. aa MGT pnmee OPO g 
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§4. Diagram representation 


, Here we shall develop a diagram representation of the expression for 7 
given by Eq. (2:15), by making use of the technique developed by C. Bloch 
et C. de Dominicis® (hereafter referred to as BDD) in the statistical mechanics 
of equilibrium states. 

The following functions are introduced at first: 


F(l, k|0*," it) =(az% eu a,fe => Tr Leen’ apte™ at ee : (4 5 1) 


F(l ; k|0-, it) =a(e™ we aj?) = Tr {e-Re- am) et ate az , (4 -2) 


where Z is the grand partition function and 


Olin! SS Ges g Ax (4-3) 


Thus, 
Next the following notations are introduced: 


g a q Ej -—€é ° —Eé}- 
a, (w) =a, e K+ k? re Qh; evek+a °k) | 


5;.* (u) =b,,* ene , (4: 5) 
by. (u) == Dyer *, 
and 
/ —- ,UvHo =—UuHo —— Ane’ ke ay Bs 
TT: (2) == ¢, = iite M0 as Be pat (21) anu! (2) 
mh + paps {u(k: Dagh, (a) by.* (u) +v* (ks Dai (u)b;,(u)}. (4-6) 
Then : 
— [Pawn 
e 8&2 — e-fHo. eels or 
fen 
4 -i( auHf(iu) , 
es et A ee (4-7) 
, 5 ed a H(i 
e Ht — p-tHot, e ‘to u eo 
ca where we denote by e,,, and e_) the ordered exponentials 
b b Uy Un-1 
CO ste ( 
ep SEAS | daa | diay | dusg Cae) Waa) (un) 
and > 
ct 
ares Py 
tay Teeny ye 


Ss 2k 


Fa er eee ee VS ee ene 


“fe Steg) aR Sith al a pee cen le i a ae le ae io tk MS rat ors a i ea ae a ae cae a 
4 A 13 x i Se : 5 
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@ i Uy Un—-1 
du M(x) 2 - 
ef =1+ D> | du, | duy:*- | Dn 2M (a1) W(2ey) ++ W (ten) 
% ° ‘b 
(a<b), 


for any operator WX(uw). Substituting Eq. (4-7) into Eqs. (4-1) and (4-2), we 


obtain, respectively, 


d Z = Ep HI (w) =i soe . =i(autrcu 
F(L, k|0*, it) = 2 Ce, No : sagt ew Ne agit) Sos pram eh) 


and 
F ig: Z5 — (Panty = aust (ony i “1, aut (ae) ; 
(Ll, k\O-, CEN ears shay fees? ay" (it) +e, ay "5 (An BY 
In the above, 
(2° = er ?o YM, 


where 
Poe Zi gr Bom 


is the grand canonical density matrix for the unperturbed 
system, whose grand partition function is denoted by Zp. 

In order to describe the “time-ordered”’ expansion 
in Eqs. (4-1’) and (4-2’), we here introduce a composite 
4-dimensional space as shown in Fig. 1. The abscissa of 
this figure represents the 3-dimensional configuration 
space. A path L(z) is taken along the vertical axis. 
This path is composed of the following three parts. 


- The first part which is denoted by [[0°, z¢]] is composed Fig fs 


of the imaginary numbers ganeinig Dom zero to it. An 


imaginary number iz (07 <7) is represented by iz” on this part. The pie 3 
part which is denoted by Lit, 0*]] is the reflection of [[0-, i¢]] with respect to the. 
point i. An imaginary number 77 (0<z <?) is represented by zz* on [[it, O*]]. 
The last part which is denoted by [[0*, #]] corresponds to an interval [0, a 


composed of real numbers. 
Referring to the path L(z), we may write Eqs. (4-1’) and (4-2) as 


F(L, k|0*, it) =F (pe us a74(0%) -ai,t(it)]", (4-8) 


wv 


where P represents Dyson’s chronological ordering on the path L(z), and [ au ee Mg 


is the path integral along this path. . 
According to BDD, the contraction between two operators a andy a’ is 


defined as 


wie Cad). ae 


In the evaluation of Eq. (4-8), we are met by the statistical average of a product 
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of some creation and annihilation operators. The average is taken in the 
unperturbed system, where the density matrix can be written as 


B(H-ER) OR Of 
ie ig eae PRU Gime ee ewheetnt hn) 
: 14 ef (4k) 


Therefore, according to BDD, the statistical average of the product of the 
operators under consideration can be decomposed into a unique sum of all pos- 
sible sets of the complete contractions one can indicate. 

The contractions which do not vanish are classified into the following four 


types : 


Pere il 2 
ar ax rin, = 14 hep ; u (oS u ° : Z ae 
Gace f eS = 1 ’ y / : 

Pee ss-/ 
uw SS el eee 
’ 


OO Of = 9 = 


; oe by = Diz = 


With use of the notations of 
BDD, we represent a;,(u)’ / 
an (u') and a," (x)’ a,(u')’ . ace . / 
by the respective arrows ° || 
shown in Fig. 2-1 and Fig. 
2°2,° and.) b,.(z)°d;,.*(u')° and 

by (u)’ by. (u’')’ by the “ dotted” arrows show in Fig. 3-1 and Fig. 3-2, res- 
pectively. 


Fig. 3-1. Fig, 3-2. 


_ The Coulomb interaction 


oo 


ar +k Q Ogre km 


is written as in Fig. 4. The electron-phonon interactions 


Fig. 4. Fig. ee Fig. 6. 


+ 
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v(k 5 E)a;* Atk bi,* 
and 
v*(k: L) air a by. 
are expressed as in Fig. 5 and Fig. 6, respectively. 
Thus, F(l, k|0*, it) given 
by Eq. (4-8) can be expressed * : 


aS a unique sum of Feynman 9: ® 0+ 


diagrams in the composite 4- 
fa 
The rule ” Se: i 


dimensional space. 


for calculating the contribution — 0- 0- ® 
of each diagram to the F-func- Fig. 7. Fic & 
tion is similar to the rule given 

by BDD, except that the path of the w-integration is now L(z) instead of the 


interval [0, §]. 


§ 5. Elimination of disconnected diagrams 


A diagram which falls into two or more unconnected parts is said to be 
a disconnected diagram, and otherwise it is called connected. A disconnected 
diagram has such a form as shown in Fig. 9. There are no diagrams like 
that in Fig. 10. 


B B 
0+ o* 
it ze 
0- TT eas 
Fags 9; Fig. 10. 


Let us consider a disconnected diagram. Its connected part, i.e., the part 
connected to the ® vertices, is indicated as /’,, and its disconnected part com- 
posed of one or more unconnected parts which do not contain the () vertex 
is denoted by J». Retaining the order’ of vertices of /; and that of 1%, re- 
spectively, we shall change the order between the vertices of /’ and those of 
I,. Then we obtain a family of diagrams. We shall consider the contribution 


of all the diagrams belonging to this family. For example, 


t The order of vertices on the path L is simply called the order from now on. 


m * 3 bie oat 
Tie tg tly ee oes 
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a 
x 8 
+ 
ot 


duH! (uy 


= ak tO (Pe Sr |”. Accordingly, we get 


ms > 
be . VE, —( aquHt(u) WA —(— auHr(u) 
has Be (ple SY) = Ke fon yt FZ 


‘Inserting this into Eq. (5-1), we obtain 


= i duH!(u) 
Ty 


F(L, k|0*, it) =(P[e 


é: ae i (Definition) 


Be) =(Ple So" a74(Syayt(q) Di. 
Corollary). | | 


a et (Lemma 1) 


(0<z<t?) 


The contribution of the above sum is equal to the product of “the contribu- 


tion of (1) to the F-function” and “the contribution of (> Ci) 


F(L, k|0*, iz) = 22 (ple NAN axa (ie)azn(O*) PLE! Pred pOibia 2 
where the suffix C indicates the sum of all connected diagrams. Further, 


Tre ere tees 


- ay" (it) -a71(0*) De. 


: § 6. Definitions and lemmas 


For two arbitrary points ¢ and 7 on L(Z¢), we define 


F,(L, k|é, 7) =F (ple So a7 2a (7) 


ae F,(l, k|0*, it) =F (L, k|0*, it). 


i) F,(L, klO*, ict) =F,(L, k0*, ic~) =F (1, kl0*, i2). 
ii) F,(L, k\0-, ic) =F,(L, k|O-, ic) =F (A, k\0-, ic). 
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[ Proof] 
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The remaining relations can be proved quite in the same way. 
(Lemma 2) 
BALCKIO™ §) Fite i036) \ 


for €e[[0*; 8]. 
[Proof] 


This is a straightforward consequence of the identity 


. 0 *, - t *, 
=e y jduHl Gu) 8 jouer im) — 


=) es) 
(Lemma 3) 
Fil, kltz3 it) =F 1; k[07, c(t—7)), 
F,(L, klic*, it) =F(l, k|0*, i(¢—7)). 
[Proof] 


F,(l, klzz~, it) =) Tr fer teh. et. ae ea Ft ait eri hey 


Tr fe7P 0). HED yt e079} =F (L, b|O™, Utz). 


gee 
vf 

The other part of this lemma can also be proved in the same way. 
(Definition) 3 ae 
f A connected diagram is called improper whenever it can be made to fall into 
two parts by eliminating a single Coulomb line. A connected diagram which — ica 
is not improper is called proper: A proper diagram can never be transformed — So 
into a disconnected diagram by cutting a single Coulomb line. 
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An improper diagram has such a form as shown in Fig. 11. There are 


no diagrams like that in Fig. 12. Examples of proper and improper diagrams 


are given in Fig. 13. 


proper diagrams improper diagrams 


Fig. i, 
(Definition) ’ 
We shall define the following function of € and 7 on L(t) 


duH! (uy 


4,(U, k\¢, 7) =(Ple Su a7 1(¢) a8 (9)| Jproser's (6-2) 


where the suffix “ proper” indicates that the expression is a sum of proper 
diagrams. In the following the suffix “z¢” of 4, shall be omitted in the case 


Al: tiO%, y= ACL, EIO*at): (6-3) 
(Lemma 1’) 
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ii)  4,(l, k\O-, ict) =4,(L, KOM, ze“) = ACL, IO-, iz). 
[Proof] 
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In the above expression, 
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Tv t 
P [e. eae et Pe eS ree), f ba \ rey 
* G+) 


is shown to be reduced to 
: 
—t if eat (iu) 
(+) j 


This is a consequence of the following fact: The contribution of each diagram 


which has one or more vertices (except ©) lying in the interval [lane a 


vanishes after the integration over uw. Thus, it is proved that 
4,(L, k|0*, ict) =A(L, kl0*, iz). 
The remaining relations of this lemma are proved quite similarly. 
(Lemma 2’) 
4,(1, k|0*, €) =AA1; k|0-, OP 
for fe[[0*, 8]. 
EProof}i-* 


B 3 
es = Shae = 11) 
4,(U, k\0°," = eae ; a(S) ; eae ‘ a;"Ple Vico ont t dp propesa 


In the above expression, 


0 t 
= { duHl(iu) <4 | duH! (iu) 
e t ° 0 


—- duH!(u) 
Ple J go-ot Tea = 


is reduced to 1. This is a special case of the fact mentioned in the proof of 
(Lemma 1’). Thus, we obtain 
B 
at kom 


4,(U, k\0°," =) =e, 8 a! (F) °€ 


& 
= j Pee) 


-—q\0 
az? : 
(+4) Ui » proper 


It can be shown in the same manner that 4,(1, k|0~, ¢) is reduced to the right- 
hand side of the above equation. 


§ 7. Elimination of improper diagrams 


Inserting Eq. (2-15) into Eq. (2:20) and using Eq. (4-4), we obtain 
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It will be shown in the forthcoming discussion that this expression for o can 


be reduced to a simple form. 
According to Eq. (5:2), F(l, k\0*, zt) can be expressed as follows: 
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+ | du ss 


T,Tp m,n 
lw * p ’ 


This expression indicates that the F-function satisfies the following integral 


equation : 


F(L, k|0*, it) =A(L, k|0*, it) 


Aime? ; 
—( ) faux 4.G Privteul Ene ins (7-2) 
L(t) € 
The minus sign in front of the last term has its origin in the minus sign 
- found in the exponential function on the right-hand side of Eq. (5-2). 
From the integral equation Eq. (7-2) we get 


F(L, k|0*, it) —F(l, k|0-, it) =4(L, k|0*, it) —A(L, k|0-, it) 


™ 


Ane 2 | dull n|0*, u)—4,(L, n|0-, w)} F.(m, kl, id). 


2 m,n 
xO) 
Based upon Lerma 2’ the above path integral can be rewritten as 


| du{4,(l, n|0*, «)—4,(L, n|O-, w)}-F,(m, k\z, it) 


L(t) 
t 


=i) de{4(l, n|0*, ic7)—4,(L, n|0-, i=-)} -F,(m, kléc~, it) 
0 
t 


—i| de {4 n|0*, ic*)—4,(L, n|O-, ic*)} -F.(m, klic*, it). 
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This is further reduced to 
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0 
x {F(m, k|0-, 7(¢—-7)) —F(m, k|0*, i(¢—7))}, 
by means of Lemma 1’ and Lemma 3. Consequently, we obtain 
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x {F(m, k|0*, 7(¢—7)) —F(m, k|0-, i(¢—7))}. 


This equation is substituted in the numerator of the expression (7:1) for o, 
where the following calculation is performed : 


Tele. 


y | ae e-** {F(L, k|0*, it) —F(1, k|0-, i2)} 


I 


> | ae e-*A(L, k|O*, it) —A(L, k|0-, iz} 
v0 


.{ Ane cof 
+i("F ee LAI aa ACER 


x {F(m, k|0*, i(t—t)) —F(m, k|0-, i(t—r)) }e- 
=[ aa dz e~*" {A(L, k|0*, iz) —A(L, k|07, iz) } ] 


mhaate ¢ 
x[1+é( . > | dr e~'{F(m, n|0*, it) —F(m, m|0-, it)}]. 


Therefore, we get 


2 8 
o(q, o) = lim ea | dee" ACL, k|O*, it) — ACL, BIO", ie) Tea) 

- § 0 . 
This may be written symbolically as 


o 


a(q, 0) Lim | dt eR —4), Rs DD avon 
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§ 8. Discussions 


The conventional calculation by means of Kubo’s formalism, in which D is | 


replaced by E and the Coulomb interaction is neglected, corresponds to the 
lowest order term of Eq. (7-3) with respect to 
the Coulomb interaction, if the chemical poten- 
tial » is replaced by p°, tke chemical potential 
of the unperturbed system. This term includes 


all possible diagrams whose structure is shown 
in Fig. 14. Therefore, it includes all the ring diagrams in Gell-Mann and 


Fig. 14. 


Brueckner’s sense” and, moreover, constitutes the best approximation as for — 


the effective field which polarizes the electrons giving a net electric current. 


The correction terms to the simple conventional calculation, other than 
the correction to the chemical potential v2, must be afforded by proper diagrams 
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corresponding to the following processes. 1) The polarized electron and the 
hole. whose current is measured as a component of the net current, collide 
with each other or with the electrons constituting the medium. ii) One or 
more phonons produced by the electric polarization due to the electric field 
take part in polarizing the “auf” electron whose current is observed. 

The introduction of the unknown chemical potential would be a calcula- 
tional disadvantage of our proper diagram expansion. It will be removed” in 


our future paper. 
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It is shown that pion-nucleon forward scattering amplitude must have zeros on the com- 
plex energy plane. This is derived by imposing the necessary condition for the existence— 
of solutions on the dispersion relation for pion-nucleon forward scattering. By extending 
this result to the case of pion propagator, discussions against perturbation theory are made. 
Finally by applying this necessary condition to the dispersion relation given by Goldberger, 
it is concluded that either the pion-nucleon total cross sections increase at very high energies 
or Goldberger’s dispersion relation has no solution. 


§1. Introduction 


Since the appearance of the paper by Castillejo, Dalitz and Dyson,” it has 
becn discussed by many authors” if Low’s equation or dispersion relation has 
a unique solution. Some authors insisted that the solution of dispersion rela- 
tion can be determined uniquely by requiring the possibility of power series 
expansion of the amplitude or propagator with respect to coupling constants. 
This requirement is equivalent to the exclusion of zeros from the amplitude or 


propagator in the complex energy planes. 
In §2 of this paper, we shall show that the pion-nucleon fotward scat- 


tering amplitude must have zeros on the complex energy plane. It should be 
stressed that this result is independent of the assumption on the high energy 
It is a mere consequence of a necessary condition for 
the existence of the solution of the dispersion relation for pion-nucleon forward 
scattering. Such a condition has been derived for pion propagator by Lehmann, 
Symanzik and Zimmermann” and a famous theorem on the damping of vertex 


function at high energy limit h 
existence of zeros remain unsolv 
to the problems of the existence o 


limit of the amplitude. 


ed. The reason why we can draw the answer 
f zeros only for the forward scattering ampli- 
tude but not for the propagator ‘s that we have some amount of knowledge estab- 
lished experimentally for pion-nucleon scattering, for example, the S-wave scat- 
tering lengths, total cross sections, whereas we have not any experimental 


information on the propagator. 


as been obtained, but problems relating to the: < 
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After proving the existence of zeros for pion-nucleon forward scattering 
amplitude, we will apply this result to two problems : 

The first problem is related to the existence of zeros of propagator. 
Adopting an interpretation that the existence of zeros is caused by the possible 
existence of unstable particles capable to decay through the strong interactions, 
we can draw the conclusion that the propagator also has zeros, On'the other 
hand, the perturbation theory predicts the non-existence of zeros for propagator 
in every order of expansion.” We thus find a contradiction. From this we 
are forced to conclude that either it is incorrect to interpret that the existence 
of zeros is equivalent to that of unstable particles or the perturbation theory 
does not reflect the correct property of the field theory. Though not yet 
proved, it seems to be probable that the latter case holds. These points shall 
be discussed in detail in § 3. 

The second problem in applying the results obtained in § 2 is to study the 
high energy behaviours of pion-nucleon total cross sections, basing upon the 
dispersion relation given by Goldberger.” From the present high-energy ex- 
perimental results” it now seems to be broadly accepted a conjecture that the 
total cross sections approach a constant value, about 30 mb, at high-energy 
limit. The comparisons of dispersion relations with experiments have been 
made with assumption of such behaviours.” We will attack this problem 
using available experimental data and it will be shown that the assumption: 
o(w)~30 mb for #210 Bev, «(w) being the pion-nucleon total cross section in 
the laboratory system, is not consistent with the dispersion relation given by 


Goldberger. Therefore, we will take one or the other of the two conclusions: 
(1) The total cross sections must increase with energy or become some hundred 
times larger than of 30mb for w210Bev, and (2) Goldberger’s dispersion 


relation has no solution. These problems will be discussed in § 4. 


§ 2. Necessary condition for the existence of solutions of 
dispersion relation for pion-nucleon forward scattering 
56 


As shown in the previous paper,” the isotopic-spin independent part of 
pion-nucleon forward scattering amplitude T(w) (w, the pion energy in the 
laboratory system) cannot increase like w or more rapidly as |w|>0 if T™(w) 
has no zero in the complex plane of w. Furthermore, it has also been shown 
there that T(w) cannot decrease as |w|—>0o. Therefore, under the above 


assumption, it is necessary and sufficient to perform one subtraction in the 
dispersion relation for T(w), that is, the following dispersion relation holds 
> 


z J (o® =) (0? — (w+ 18)?) " Mw (2/2M)*’ 


| (1) 
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M and are the mass of nucleon and pion, respectively, f the renormalized | 
coupling constant. Hereafter throughout this paper, we shall drop the super- 
script in T™(w) for convenience. 

Since T'(w) cannot damp as |w|—>0, the following integral certainly exists, 


Ae ImT (w) (x+2) edo =| dz 
J |Tv) /?(o? — 20°) (w?— 2’) he (ere) Ae ay 


# Cc 


(2) 


where z, and x are respectively some real 
and complex parameters, and the contour of 
integral in the right-hand side of Eq. (2) is 
shown in Fig. 1. 

We have assumed that 7(z) has no zero 
in the complex z-plane, so the integral in the 
right-hand side of Eq. (2) becomes 


ig as as # mes F 


Then Eq. (2) can be written as follows: Fig. 1. The contour C in Eq. (2). 
1 te eae pga » { Im T (o) wodw 
es eee Cy n p |T(w) |? (w?—20') (w’— 2’) : 


Choosing »=/?/2M, writing r=o+ié and taking the real parts of the both 
sides in this equation, we have 


ReT (w) ae 1 
IT (ow)?  T(#/2M) 


_o 


! wetdas 
ge: (w?— (12/2M)?) P| ImT (w ) wW ao 
wT . 


: és) | 
|T (w’) |? (w?— (2/2M)’) (o”—«") (3) 


3 ’ 
Making w tend to infinity in Eq. (3), and taking account of T(’/2M) = 
(T(w) has two poles at w= +/2/2M), we obtain 


Aes ¢ Im T (0) oda 
ReT (00) =|T()|"—— | IT(e") |? (w?—(#/2M)*) 


C4) 


7 


The right-hand side of Eq. (4) 1s obviously positively definite, hence we have 
| ReT (0) >0. | Bere 3. 


On the other hand, taking the real parts of the both sides of Eq. (1) and ee 


making w tend to infinity, we obtain 


foe) 


2 ¢ ImT(a’')o' du’ | f* 
ReT (0) =T(/4)—- 5 \ (w!t— 2) * M- (6) 


984 S. Aramaki 


From Eqs. (5) and (6), we obtain a necessary condition for the existence of 


T(w).: 


T(#)— = Diag Se 


2 ImT (o’ ou! da’ te oe 
(w?—/?) 0 ener 


7 


This corresponds to the following equation which was obtained by Lehmann et 
al.” as a necessary condition for the existence of the pion propagator dr (k) 
(assuming that J,’(k) has no zero) : 


Z ) (6-41) 4e'() Ake: (8) 


Lehmann et al. concluded from Eg. (8) that the vertex function should damp 
at high energy limit. 

' There is an important difference in the point that we can check Eq. (7) 
using experimental data, but not Eq. (8). The left-hand side of Eq. (7) was 
already studied in II using available experimental data and it was proved that 
Wi ¢ ImT(o" )o'da! , f* 


“+2 < (9) 


T(t) ae (c ype). M 


that is, the necessary condition Eq. (7) cannot be satisfied. 

Therefore, we can conclude that T(w) must have zeros in the complex 
w-plane. 

It is worthy to note that in the Lee model in which ghost state exists the 
V-particle propagator and the N-( scattering amplitude have no zero. 


§ 3. Existence of zero and perturbation theory 


In this section, we will compare the result obtained in § 2 with that of 
the analysis by perturbation theory. 


It is difficult to investigate the presence of zeros in T(w) in every order 
of perturbation theory, but it can be easily carried through for d,’(k). 
The pion propagator 4J,’(k) is given as follows: 
Ap’ (k) =1/(R+p?— S*(R)). (10) 


The spectral representation for ¥*(k), the proper self- ‘energy part, was proved 
| in every order of perturbation theory by Nakanishi,” 


i J 
3*(k) = atu, (11) 


where, apart from the unessential numerical factors, e*(a) has the following ~ 
form: 
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mu) =| Fe 8° (a)u— MC) de. (12) 
As to the meaning of the notations in Eq. (12) the reader should refer to 
reference 4). The singularities of the integrand of Eq. (12) come from 
U(x) =0 and 7(x)u—M(x)=0. But the former are the ultra-violet divergencies 
and should be eliminated by the renormalization techniques. The latter cause 
the imaginary part of 2*(w). Hence, from the inspection of the structure of 
Eqs. (11) and (12) we can see that 3*(k) has no singularity on the complex 
k’-plane except the cut from (3)? to +o on the real, positive axis. It should 
be noted that this result does not depend on the choice of Hamiltonian; Eqs. 
(11) and (12) have been proved on the basis of the general structures of 
Feynman diagrams, but not on the detailed structures of interactions, 

Therefore we can conclude that 4,’(k) has no zero on the complex k?-plane 
in the perturbation theory because zeros of d,y'(k) come from poles of 3*(k). 

Now, in general the dispersion relations for the quantities M(w) have the 
following structures : 


* D D 
1 | Im M(o’) dw Ga). (13) 


M(ow) =B(o) + z J ee) 
Here, B(w) represents the terms coming from bound states contributions, F(w) 
the arbitrary polynomial of w required to ensure the convergence of dispersion 
integral, and / is the threshold energy. 

It was shown by Castillejo et al.” and by many other authors that there 
can be found infinitely many solutions in Eq. (13) provided that M(w) has 
zeros. These solutions correspond to the variety of Hamiltonians. This can 
be understood physically if we introduce unstable particles capable of decaying 


through the strong interactions. If we should change the Hamiltonian so as . 


to include the unstable particles, the form of Eq. (13) would remain invariant, 


because both B(w) and F(w) have no relation with the unstable particles. - 


Therefore we can take an interpretation that the existence of zeros in M(w) 
is caused by the existence of unstable particles. Such an interpretation holds 
for the Dyson model,” but naturally there may be some other interpretations. 

Adopting the above interpretation and combining the result obtained in 
§ 2, we can obtain the conclusion that d,'(k) must have zeros, too. This is 
because the proved existence of zeros in T(w) is caused by the existence of 
unstable particles, then the latter cause zeros in Oe(k): 

The above conclusion that 4,’(#) should have zeros ‘directly contradicts 
~ the result of perturbation theory which predicts 4,y'(k) has no. zero. If the 
above-mentioned interpretation on the existence of zeros were accepted, it could 
be said that the perturbation theory cannot reflect the correct property of the 


exact theory. 
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§4, High energy behaviours of pion-nucleon total cross sections 


As the second example of applying the result obtained in $2, we ees 
study the high energy behaviours of pion-nucleon total cross sections on ee 
basis of the dispersion relation given by Goldberger.” This relation pe 
proved strictly under the additional assumption that T(w) cannot increase like 
w? or more strongly as |w|>co. This assumption is now widely accepted 
because the experimental results in the Bev region seem to show that the total 
cross sections take the constant values, about 30mb. Various comparisons of 
dispersion relation with experimental results have all been made basing on 


' this assumption. 


In this section, we will study the consistency between Goldberger’s dis- 
persion relation and the above-mentioned assumption using available experi- 
mental data. 

As proved in § 2, T(z) must have zeros. Now we assume the zeros are 
all lying on the real axis. Then Eq. (4) should be replaced as follows* : 

x ae 
ReT (co) =|T(~)| 2 \ 
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Here, ¢; are zeros of T(z). and-d,(t,;)=d(—t), d;(t;) >0. 
Since 7; are real, T'(¢;)=0 requires that 
as obvious by Eq. (1). 
Therefore zeros of T(z) always appear as pairs, that is, 4,= +2, T(t) = 


T(—12,°)=0. Thus, the last term in brackets of the right-hand side of Eq. (14) 
becomes as follows: 


Gs os (49 1 s | 5 
i G—#/2M) Sevier nar riys Z te (te + #/2M) 


d;(t;’) 
SS, F 
x (12°— (2/2M)?) 


(16) 


* In deriving Eqs. (14) and (15), we have taken into account the fact that T(z) has zero 
points of Ist order. This is because T'(w) can also be regarded as a function of complex w2, and 
then Eq. (1) has essentially the same mathematical structure as pion propagator of which the 
mathematical properties have been investigated in detail by Ford (K, W. Ford, Phys. Rev. 105 
(1957), 320). He has shown that there can exist zero points of only 1st order except the point 
o=0 where T'(w) may have zero point of 2nd order. Howeyer, a residue calculation of integral 
(2) in this case gives the same result for Eq. (16) as we would calculate all zeros as 1st order. 
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Obviously, this term is positive if all ty? > (42/2M )?. 
On the other hand, Eqs. (6) and (9) require that 


ReT (0) <0. 


Therefore in Eq. (14) the negative sign must come from the term 
dei/ (te— 2'/2M), hence we know that there must be t; which satisfy 
te’ <(#?/2M)?.. Namely, there are two zeros (t;40) or one (t;=0) between 
the interval (—/“/2M, +/2M) because T(w) is monotonically decreasing 
for 0>w>—//2M and increasing for +//2M>w>0. From this we must 
conclude 


T (0) <0. (17) 


Using Eq. (1) the following inequality must hold: 
212 ¢ ImT(w!)du!  f? (2M \3 
T(p)— i = 
(#) oT \ (w? =) 0! wall L : Bae 


It is this Eq. (18) of which we will check its validity using experimental results. 
For Tf), in Il we have obtained the value —0.03107" cm. 
For the integral \ Im T(o')do'/(o?— 2") 0! =1/82 | (o,(w') +0_(o')) dk'/w”, 
& 0 
this can be estimated assuming o,(w) ~o_(w) ~30mb for k>10Bey. This 
gives about —0.34x10-"cm for the second term in the left-hand side of 
Eq. (18). 
For (f°?/M)-(2M/p)’, we have +3.03X10-% cm. | 
Therefore, the left-hand side of Eq. (18) becomes 


(—0.03—0.34+3.03) x 10-* cm 
= +2.66 X 107% cm. 


This shows that Eq. (18) cannot be satisified. This result does not change 


even though we take o some hundred times larger than 30mb for 210 Bev. | 


From this result we can draw the following conclusion : 


(1) The pion-nucleon total cross sections increase with energy or take larger 


values by some hundred times than 30 mb for w=10 Bev. or 
(2) Goldberger’s dispersion relation breaks down. This is further classified 


into two possible cases: 


(2a) The assumed high-energy behaviour of Tw) is incorrect, in other — 


words, ZJ'(w) can increase like w? or more strongly as |w|—0o, so we must 
construct the twice or more times subtracted dispersion relation. 

(2b) The dispersion relation itself breaks down. 

Thus, if we assume the consistency of the current field theory, the case 


(1) or (2a) can be realized. 
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Note added in proof: In §4 in the text, we have assumed that the zeros of T'(w) are all lying 
on the real axis of complex w-plane. We cannot, however, exclude the possibility of the existence 
of zeros on the imaginary axis. As is seen from the inspection of Eq. (1), there may be two and 
only two, zeros on the imaginary axis. If there are zeros on the imaginary axis, Eq. (17) will be 
replaced by T(0)>0, and we cannot draw the conclusion such as shown in the text. In practice, 
in this case the assumption ¢(w)=30mb for #210 Bev does not encounter with any contradiction. But 
the following argument which is due to Symanzik (K. Symanzik, Nuovo Cimento 5 (1957), 659) 
favours the negative conclusion on the existence of zeros on the imaginary axis. Symanzik has 
derived the following expression of T'(w) for the very large value of |a|: 


To) =o? | as@[e-0%), dS(t)=0. (N-1) 


From this equation we can obtain the Goldberger relation if we subtract T(“) from the both sides. 
Though the representation given above has been derived for a very large value of |a|, it will hold 
for any value because the Goldberger relation which can be obtained from Eq. (N-1) are known 
to hold for any w. But T(w), given in Eq. (N-1), does have zeros only on the real axis and this 
presents a favourable argument for the assumption made in the text. 

If we accept the conclusion drawn in §4 of the text, we can estimate how much influence 
is induced in the low-energy regions from the required very large value of the cross sections, 
about 24000 mb for w=10 Bev. A simple calculation shows that such large cross sections must 
increase the values of Re7',() the amplitude for z+-p forward scattering——for 100 Mev 
<w<300 Mev by the amount about ten times. This completely breaks the present good agreement 
of theory and experiment at low energies for x*+-p elastic scattering. Therefore, we can derive a 


- further conclusion that the Goldberger dispersion relation does not agree with the present ex- 


perimental data. 
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The structures of the generalized Fokker-Planck equation derived in the previous pub- 
lication (quoted as I) are examined in detail by considering the motion of electron beam 
in a high temperature electron plasma. The dynamical shielding factor provides the basis 
of a unified theory of the plasma oscillations and the static shielding of the particles inter- 
action in the plasma. The friction and diffusion coefficient are calculated by taking into 
consideration the non-local space-time correlation effect. It is shown that the non-local 
correlation effect substantially modifies the contributions of the plasmon emission process. 
Rough estimation of the friction coefficient shows that the non-local correlation effect may 
increase the amount of the frictional drag at higher velocity. This effect may be essential 

_ to resolve the Langmuir paradox. 


§ 1. Introduction 


It is well known that the infinite force range of Coulomb interaction pre- 
vents direct application of the Boltzmann kinetic equation to a high temperature 
plasma. Assuming that the momentum transfer is very small in a collision 
process due to the long-range force, Landau” has derived a two-body collison 
term from the Boltzmann collision term. On the other hand, emphasizing effects 
of successive small angle scatterings due to the Coulomb interaction, use of 
the Fokker-Planck equation has also been proposed in some literature.” Recent- 
ly, Enoch? has given a proof of equivalence of both methods, provided the 
two-body collision has predominant effects. In the plasma, however, the many- 
particle correlation is essential to give rise to the modification of the interac- 
tion between particles in the plasma. 

The dynamical effects of the Coulomb interaction in the plasma have been 
investigated by Bohm and. Pines.” They have separated out the plasma oscil- 
lations as collective normal modes of the system. The separation of plasma 
oscillations provides a natural cutoff at the limit of large distances. Following 
the Bohm-Pines approach to the plasma, Klimontovich” has formulated a kinetic 
theory of the composite system of plasma oscillators and incident beam. In 
the linear approximation he has been able to calculate the friction and diffusion 
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coefficients of the Fokker-Planck equation of incident beam. These coefficients 
calculated by Klimontovich are due to the excitation of plasma oscillations, 
which accounts for the interaction effects between the incident particle and the 
plasma particles at large distances. 
Recently, Temko” and Tchen” have examined the many-particle correlation 
effects in the plasma. Although they have shown that three-particles correla- 
tion has the effect to screen off contributions of the large distant part of Cou- 


-lomb interaction, their formulations of the problem are not complete in that 


they have excluded occurrence of the plasma oscillations, Sn the same 
approach as that used by Tchen, Rostoker and Rosenbluth” have developed a 
consistent description of motion of the test particles in the plasma, which takes 
account of both the excitation of plasma oscillations and the close distant two- 
body collisions. 

Now, in the previous paper,” hereafter quoted as I, one of us (Y.H.L) 
has developed a general theory of the many-particle correlation effects in the 
high temperature plasma, and has shown that the correlation effects manifest 
themselves in two places, one of which is the correction term in the self- 
consistent field and the other is the collision term. In I, we have evaluated 


- contributions of the correlation effects to the plasma oscillations. Here we will 


examine the second aspect of the correlation effects by investigating the struc- 
ture of generalized Fokker-Planck equation derived in I. Let us consider the 
motion of electron beam in the high temperature electron plasma. Applying 
the results obtained in I, we will write down the kinetic equation of the electron 
beam in the electron plasma in § 2. After analyzing the effects of the dynamical 
shielding factor in § 3, we will calculate the friction and diffusion coefficients 
in §4 and §5. In §6, briefly analyzing the non-local space-time correlation 
effect, a possible effect will be proposed to resolve the Langmuir paradox. The 
last section is for summarizing the results obtained in the present paper. 


§ 2. The generalized Fokker-Planck equation for the electron beam 


When there occurs small amount of deviation of the electron distribution 
from a Maxwell distribution in the high temperature electron plasma, the space- 
time variation of the electron distribution can be described by the kinetic equa- 
tion, Eq. (71) of I. Here, let us consider the case in which an electron beam 
falls into the target electron plasma. We will assume that (i) the particle 
density of beam is so low that the excess charge effects can be ignored and 
(ii) the state of target electron plasma is specified by its equilibrium parameters 
and the reaction of the disturbance induced in the target electron plasma to 


the incident beam can be ignored as in the case of discussing the Brownian 


motion. Then, refering to the derivation of Eq. (71) of I, it is straightforward 
to write down the kinetic equation of the electron beam as follows, 
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where a, § stand for the suffices of x, y and z. For the electron plasma, we 
have AV (/) =47ze’/I?. The Fourier coefficient of static binary correlation func- 
tion, %(k), is determined to be equal to —n~'k;/(k’+k,’) for the homogeneous 
electron plasma. Here, 7 is the number density of electrons and k, is Debye’s 
wave number defined by k,?=4ze’n/(xT), where T is the temperature of electron 
plasma. 

Now, the factor 4(k—I,1l; w; v) defined by 


AEST a cae) ie) ioe (kel) voLv le fle! )de! (4). 


m 


represents the dynamical shielding factor which modifies the bare interaction 


AV(L) between the incident electron of the velocity » and the plasma electrons 
to the effective interaction AV(Z)/4(k—L,1;w;v). The vector I is the wave 
number exchanged between the incident electron and the plasma electrons. 
The k and w represent the wave number and frequency of the spectrum repre- 
sentation of the distribution function of the beam. The k-w dependence of the 
shielding factor 4(k—I,1;.;¥v) as well as that of the friction and diffusion 
coefficient, A*(k, v; wv), B*°(k, v; w), represents non-local space-time correlation 


effects in the plasma. 
It should be noticed that the absence of internal field term in the kinetic 


equation of the beam, Eq. (1), is due to the neglect of the reaction of the 


disturbance induced in the plasma. In order to investigate the non-local space- 
time correlation effects thoroughly, it is necessary to take the effects of induced 
disturbance of the plasma into account in the kinetic equation of the incident 
beam. It is expected to be true, however, that the non-local space-time cor- 
relation effects can be ignored in a region of close distance, because in the 
short-range region the motion of incident electrons will be determined by the 
local fluctuation of the plasma at the every moment. Therefore, the non-local 
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space-time correlation effects as well as the reactive effects of induced disturbance 
of the plasma upon the incident electrons are very essential to investigate the 
collective behaviour such as the bunching of beam and or the anomalously rapid 


energy exchange process taking place in the plasma. 


§ 3. The dynamical shielding factor 


For the analysis of the effects of dynamical shielding, let us calculate ex- 
plicitly the function 4(k—U,l;w; v). In I, we have shown that the function 
becomes 


Ane? 1 ) 
Gay oe Ope i.P| L. v’) dv! 
\ ra) m o— (k—l1)-v—l-v’ ap ) 


+i0(k—-L, 1; ; v) (9) 
with the abbreviation of 
d(k—U, L; wv) =(2/2)""[o— (kD) + 0/0, |(ha/D)* 
xX exp[— (m/2«T) {o— (k—D) -v/T}?]. (6) 


In order to calculate the second term of Eq. (5), we will consider the fol- 
lowing two cases, separately. 


Case (1): (w—(k—l) -v)?>(«T/m)P 


Then, we approximately calculate the second term of Eq. (5) as follows, 
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Therefore, under the condition (1), we have 
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Case (II): (w—(k—1)-v)?< (kT /m)P 
In the same way, we obtain 
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The above results show that the effective interaction in the plasma is quite 
different for the two situations, For case (II), the Fourier coefficient of the 
effective interaction can be approximated by 
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(9) 


which shows that the factor 4 screens off the long-range tail of the Coulomb 
potential and gives rise to the static Debye potential e exp(—kyr)-r7. 

On the contrary, for case (1), the factor 4 does not weaken the contribu- 
tions of long-range tail of the Coulomb potential, but rather enhances the effects 
of its long-range tail. The enhancement of the interaction is described by the 
condition that 


ke 40, (10) 


For a fixed value of |l|, this condition determines the angles between v and I 
along which the interaction effects reach the large distances. The amount of 
the enhancement is determined by the imaginary part of 4. The small cor- 
rection due to the thermal motion of plasma electrons being neglected, the 
condition (10) determines the angles to be 


Kon ee ered heel (11) 
and 
We @,—— ler to kel (12) 


Since the requirement cf |cos 6|<1 must be fulfilled, we get the possible lower 
limit of Z as follows, for the branch of angles determined by Eq. (11) 


l=>|o,—o+k-v|/v (135% 
and for the angles of Eq. (12) 

l>\o,+o—k-v|/v. (14) 
The upper limit of 7 is determined to be ka from the condition («T'/m)P <(o 
—(k—l)-v)?=w,", which is obtained by substituting the condition (10) into 
the condition (1). The enhancement of interaction effects along the specified 
angles suggests that such a phenomenon is due to emission of the plasma waves, 


or the plasmons. We will confirm this interpretation in the following sections 
by calculating the friction and diffusion coefficient of the kinetic equation of 


incident beam. 
Finally, let us remark that Tchen has obtained a static shielding factor 


(Eq. (23c) of reference 7)) which corresponds to ‘Sur result for case (II). He | 


has used the shielding factor throughout in his calculation for the both cases 
of v’>v72 and v?<v7’, where vr =KT/m. Apparently, he did not realize that 
the static theory of Debye shielding in a plasma is not applicable to the case 
of v?v,72. On the other hand, in the present section, we have obtained the 
condition (II) under which the ordinary Debye’s static shielding potential can 
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be used to describe the interaction between the electrons in the plasma. A\l- 
thougn the condition obtained in the present section appears to be complicated, 
if we consider the particular case of w=k-v, the condition (II) is reduced to 
v<v,2.. Thus, we can conclude that only if the velocity of the electron is 
slower than the thermal velocity of plasma electrons the long-range part of 
Coulomb interaction can be described by Debye’s shielded potential, and that 
when velocity of the electron exceeds the thermal velocity of plasma electrons 
the long-range part of the Coulomb interaction is modified by such a process 
that accompanies the emission of plasmons. Of course, the short-range part 
of the Coulomb interaction is not affected by the screening effects for the both 
cases of vv? and v'<v,’. In the following sections, we will calculate the 
friction and diffusion coefficient by using the above described properties of the 
dynamical shielding factors. 


§ 4. The frictional coefficient 


Now, let us proceed to calculate the friction coefficient A*(k, v;w). From 
Eqs. (2) and (4), the frictional coefficient becomes as follows, 


2 eo BAe (ois Re A 
A*(k, v; w) =~ jal “Aly dl 15 
SaegtY aos | Oe cat ona) Pe \Aj ee 


The first term of Eq. (15) is the proper friction coefficient which is responsible 
to the irreversible process occurring in the plasma. The second term, on the 


contrary, can be identified as an effective field acting on the beam. Here, we 


_ will first examine the proper friction coefficient and come back to the second 


term in the last part of this section. 

We assume that the beam falls along the z-axis, then, as it is clear from 
the expression of A*, there remains only z-component of the friction coefficient 
A’(k, v;w). According to the discussions of the preceding section, we have 


to divide the region of l into two domains corresponding to the cases (I) and 
(II). The real part of A* can be expressed as 


Re A’(k, v; wo) =A/f(k, v; w) + Af (k, v; 0), (16) 
Ar (hy v3 0) = Or | ae SST ae) 
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with the abbreviation given by Eq. (6). It is rather cumbersome to specify 


__ the domains of integration of A; and A/. Let us consider the two cases (i) 


v>vr and (ii) v<vz, and specify the domains of variables 7 and cos 0=(I vw) /lw 


- for the conditions (I) and (II). 
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Fig. 1. Domains of 7 and cos 6 in which the conditions (1) } 
and (II) are valid. (An example for the case (i) v>v7.) 


Firstly, when v>v7, see Fig. 1. The broken lines cut out the domain 


of the condition (II) from the 0-2 plane. The inside of the broken! lines is’ a. 


the domain of integration of A,*._ According to the discussion of the preceding _ 


section, the integrand of A,’ has a resonant character around the regions of — = 


variables determined by the condition 


: ea 
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ea (w—k-v+lv cos 8)? 


This condition determines the polar angles along which the resonance occurs 
for each values of J. These angles are given by Eqs. (11) and (12). The ee 
resonance corresponds to the emission of plasmons of wave number J into the 


direction of the specified angles. The lower limits of the wave numbers of 


plasmons are determined by Eqs. (13) and (14), corresponding to the angles. ie 


determined by Eqs. (11) and (12). The upper limit of the wave number of ae 


plasmons is f,. In Fig. 1, the full lines represent the lines along which the Pe, 


resonance condition is fulfilled.. At the resonarice, the imaginary part of Sis 


shielding factor is reduced to 


d= (2/2)! (ha/L)°expl—1/2(ka/Z)"] (20) 


which represents broadening width of the resonance due to the finite lifetime ee 


of plasmons described by the Landau damping factor 


bp (2/8)"?(Ra/ Ll)? exp [—1/2(ka/L)”]-wp- (21) 
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One can see from Fig. 1 if |o,to—k-v|>vka only the upper branch of 
resonances does occur. For the region of /> ka, it is not essential to distin- 
guish between the two types of the shielding factor, because at the short dis- 
tance the shielding effects due to other particles are not effective. 

Secondly, when v<vr, see Fig. 2. The broken line divides the 6-1 plane 
into the domains of the cases (1) and (II). It is one of the most interesting 
results of our investigation that Fig. 2 shows that even if v<vp there’ may 
occur the resonance emission of plasmons provided that vky>|\wv,—(o—k-v)|. 


|wp—wt+k:v| lw—k- vl 


=p 


cos 6 


l— <ko 


Fig. 2. Domains of 7 and 6 in which the conditions (1) 
and (II) are valid. (An example for the case (ii) vv7z.) 


Figs. 1 and 2 have been written for the case of w—k-v>0. It is straight- 
forward to draw figures for the opposite case of w—k-v<0. For this case, there 
occurs only the lower branch of resonance, provided that |w,—(w—k-v)|> qv 
for v>vr and |o,+(w—k-v)|<kyv for v<vr. 

Let us calculate A/ defined by Eq. (17). A/ can be divided into two 
parts corresponding to such values of J that 7<k, and 1>k,. The main contri- 
butions to the long-range part of A/(/<k,) come from the regions of the 
resonance emission of plasmons. Hence it can be calculated as follows, 


ky 4 : 
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where $=cos#. Putting ¢=cos6,,+2, this can be evaluated as follows, 
(§,,2=Ccos Pe) 
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It is quite instructive to notice that if we take w=k-v the expression (23) 
reduces to the long-range part of the friction coefficient derived by Bohm and. 
Pines and also by Klimontovich, 


~ 


Api (v) = “2 log(*). (24) 


Ur 


When w=k-v and vr>v, the friction coefficient due to the emission of plasmons 


Az, vanishes. Although we have calculated contributions of both resonance 
branches, in some case one of them does not contribute to the coefficient. 
Table I shows every case to be specified. 


Table I. Contributions of resonance emission of 
plasmons to Api*, Bpi! and Bprl. 


Cases Conditions Contributing terms 
in general both terms 
o—k-v>0 
; if kg<lopto—k-v|/v 1st term 
v 
ver in general both terms 
o—k-v<0 
if ky<|wp—o+k-v|/v - 2nd term 
in general no 
o—k-v>0 
if ky>|op—otk-v|/v Ist term 
vvp o=k-v no 
in general no 
o—k-vc0 fF 
if ky>|wpto—k-v|/v 2nd term 


Next, let us consider the second part of A/(Z> ku). This corresponds to 
the contributions of the short-range region, where the shielding effects are 
irrelevant. Therefore, we may put |a\?=1- in, the denominator of Eq. (17). 


Thus, we have 
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Before going into the calculation of this term, let us consider the contribution 
of Af given by Eq. (18). This term can also be divided into two parts of 
l>k,z and l<ky. To be consistent with the above evaluation of Aj,snorr, We 
take also |4|?=1 in the denominator of the short-range part of Aj. Then, we 


get 
a k 
AZ snort (k, a) eal : dl-1\ 
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—vyz/v 


vqz/v 


Combining Eqs. (25) and (26), we obtain the following expression as a short- 
range part of A’*(k, v; wv), 
k 
A’ snort (k, Dv; w) = (eye ka | °dl oe 
An” on k 


d 


2k 


x | a F(o—k-v+les)exp| me (o—k-v-+108/1) |. (27) 
-—1 


Now, the w-k dependence of Azo, can be ignored, because it represents the 
non-local space-time correlation effects which is not essential in the short-range 
region. Omitting the w-k dependence of Eq. (27), we get 
2 2 
A s(t) = — (1/2) £22. {8 erf 8} -log(**), (28) 
r dp k 


UV d 


with the abbreviation of §’=v’/(2vr7), and k, has been determined to be the 
Landau cutoff «T/e? in the general. theory developed by I. For collisions at 
closer distances than the Landau cutoff distance e*/xT, it is necessary to take 
account of effects of the secondary convection terms (the second term of the 
right-hand side of Eq. (22) and the last term of the right-hand side of Eq. (35) 
in I). It has been shown in I and also by Tchen, however, that the effects 
will be negligible for the high temperature plasma at low density. Therefore, 
the Landau cutoff has to be used as the unique cutoff at the close distance for 
the high temperature plasma. The result obtained as Eq. (28) is nothing but 
the expression obtained by Tchen (Eq. (36a) of reference 7)) and also by 
Rostoker and Rosenbluth (Eq. (33) of reference 8)). Although Rostoker and 
Rosenbluth have been confronted by the arbitrariness of the cutoff at the close 


distance, the above discussion together with Tchen’s analysis has shown the 


uniqueness of the Landau cutoff. 
Finally, there remains the long-range part of Aj, which is given by 


! k 
Absrong(K, © 5 0) = (a/2)19 22. ™ pal 4 Py eS aeds 
4n n C) (o—kev) /vp ( +k’)? 


x as €(w—h-0+1v8) exp] — 7 (oh: v-+108/1)*] (29) 
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where the domain of integration is the hatched part in Figs. 1 and 2, for ex- 
ample. Eq. (29) is reduced from Eq. (18) by omitting 0(k—I,1; ;) in the 
denominator. Let us estimate the contribution of A%1., by considering the 
special case of w=k-v. Eq. (29) takes the following form, 
Ck i 
Ar (0) (0/2) 8 ee fel die 
1 tong() = (7)/2)'P 7 — Re ‘ns OE 


+1 
x| dé € exp [- 0 #| 
ot 2«T 


Bed Sun a (3+ erf 3) 5 (log read ake eae (30) 


2 oO? 


a 


This is negligible in comparison with the contribution of the long-range region 
due to the resonance emission of plasmons, Eq. (24), for the case of v))ur 
and it is also negligible in comparison with the contribution’ of the short-range 
region obtained in the above, Eq. (28). We may expect that this term can be 
disregarded even in the general case of wix<k-v. 

At last, we have to examine the contribution of the imaginary part of 
A*(k,v;). First of all, if we ignore the non-local space-time correlation ef- 
fects, the imaginary part of A*(k, 0; w) vanishes identically. Consequently, 
there remains the contribution of the long-range region to the imaginary part 


of A*(k, v;w). It is clear, however, that the regions of the resonance emis- ~ 


sion of plasmons do not contribute to this term, because of the condition Red 
—0 in the resonance regions. Thus, there remains only the contribution from 
the long-range region of the domain (II). Therefore, we have 
A‘(k e( gy © (ase (31) 
Im A’ ,0;0)=<| alate, 
) ws Pk? 


where €=cos 0=(I-v)/lv. This does not vanish in general, because the domain } 
of integration of € is asymmetric when the non-local space-time correlation — 
effects are taken into account. (See Fig. 1, for example. The hatched region — 


is the domain of integration of Eq. (31).) Although it appears to be a quite 
interesting problem to examine the effects of the imaginary part of A’*(k, v; w), 
we will not discuss the problem in any details. 


$5. The diffusion coefficients in the velocity space 


The diffusion coefficients can be calculated by the same method as that 


used in the calculation of the friction coefficient. The real part of Eq. (3) is 


expressed as 
Re BY (k, 0; w) =Bi*(k, v; w) + Bi'*(k, 05 @) (32) 


Wp 
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O(k— i L; Oo; v) (33) 
Ses Pore 1) -v)}2+ {0(k—-L, 1; w; v)}?” 
B 1 2 
Ekg an ee Oy mM “| at del OW» ae S 
SEAM 82° on lt’ w—(k—l)-v ha 
O(k—-1, 1; w;.0) (34) 


XT + (be/D3*+ (8(R—L, Lp ws vy}? 


As a result of the axial symmetry of the present problem, there remain only 
the diagonal components, B’*=B” and B”. The B,** refers to the contribu- 
tion of the domain (I) and the B,** to the contribution of the domain (I). 

The long-range part of B* can be calculated in the same way as the 
calculation of Aj, The result is as follows, 


22 . ee. = 7% : eee 
Bpi? (k, 0 ; O)— KT \(y wot+k-v)’log ee 
kav 
a3 +w—k-v)’* lo ——*__t, oR 
(Wy (@) ) g lw, +o—k-o| 


Bp Us 0.) Brie Uk, 0s @) 


= S eT | (ba) (1/2) | (op —o+k-v)?+ (0, +o—k-v)'} 


i us No kav 2 kqv 

| (oy ot+k-v) id sumone rraptrn «! Sigek 29 mera 

(36) 
The criterions of the resonance contribution are listed in Table I. Here, “ the 
first term” and “the second term” refer to each of the two terms in curly 
brackets of Eqs. (35) and (36). If we take w=k-v, Eqs. (35) and (36) reduce 
to the diffusion coefficients derived by Klimontovich (Eq. (24) of reference 5)). 
Next, let us consider the short-range part of B;** and B,*%, in which we 
disregard the shielding factors in the denominator and the non-local space-time 

correlation effects. Then, we get the following expressions, 


1/2 2 2 Ck, 
K 0) m 2 
Bion (0) = ( : = al 


An? on ky 
=— (1/2) Peto? © (Bterf )-log( #2), (37) 
de hea 
Bynort (V) = Bort (V) 


ot \ 1/2 on m2, (Ko sa eae , 
= k “| #(1—#)exp| — 
ey 8x2 on ‘\, i _ Sort 2«T ve 
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= (1/2) eo,? ferf p+ > ae (8 ert 8) log (42). (38) 
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-These results confirm the expressions derived by Tchen. The long-range part 


of B,“® can be neglected in comparison with other terms presented by Eqs. 
(35) ~ (38). 

Finally, let us briefly discuss the contribution of imaginary part of 
B*°(k, v; w). "We obtain the following expressions, 

Im B**(k, v; w)=Im Bf’ (k, v3; wo) +1m B7**(k, v3 «) (39) 


1d ty ee a | Ws eg 8 ( l ) 
Pork? LT w—(k—1)-0v\ ka 


82° nn 
N coke {O(k—L 1; w; v)}? 
{1— (w,/o— (k—l) -p) 24 {O(k—-L, 1; w; v)}? 


rs Op. af ed MP ie Wp 
82° on. J P+ke £ : wo —(kal)-2 
x {Nas (w,/o—(k—V) - 0) (40) 
{1—(w,/w—(k—l) -v)*}?+ (o(k-L 1; 0; v)}? 
gees oe a@ 7B ; 
er ae ee ee (2*) (ee). Al 
7 2 8z° 12 | PP +k)? \lor lur foe 


Here, Im B; and Im B; represent the contributions of the domains (1) and (II), 
respectively. Furthermore, if the non-local space-time correlation effects are 


absent Eqs. (40) and (41) vanish identically, so the integrations over Z in 


Eqs. (40) and (41) covers only the long-range region 7<k,. It is very inter- 
esting to observe that the first term of Im BY’ represents non-vanishing contri- 
bution of the resonance emission of plasmons. In calculating Im Bf*, we can 
disregard the second term completely. According to the general pictures of 


the high temperature plasma, the interaction effects at the long-range region 
are properly described by the plasmons. Therefore, we may regard the first — 


term of ImB,“* as the essential contribution to the imaginary part OL Bes 
Then, comparing Im B;** with B,** given by Eq. (33), we can conclude that 
the imaginary part of B*’ are of negligible order of magnitude in comparison 


with the real part of ge 
$6. Effects of the non-local space-time correlation 


In the foregoing sections, we have explicitly calculated the friction and 
diffusion coefficient. It has been shown that the contributions of the resonance 
emission of plasmons to these coefficients are affected considerably by the non- 
local space-time correlation effects. In the present section, we. will briefly ex- 


amine the non-local effect and also the relation between the ordinary theory 


and the present theory. 
Let us consider the problem of solving the kinetic equation of the incident 


beam, Eq. (1). If we regard the right-hand side as a perturbational term, we 


Bera Ta tt ae icine Teel aaighr Mea rc oats 
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may expand the distribution function of the incident beam into 
f(x, 0; th=f (x, 0; t) +f (x, 0; Zt). (42) 


Corresponding to the expansion of Eq. (42), Eq. (1) can be expanded into the 
following set of equations, 


{2 40S} Ce, wiv. (43) 


0 ee (1) ‘ ps rte ie d. ak i(k-a—ot) 
iat? ats (4,0 >t)= 7! z| oO) e 


xt SP Lash, v; wf (k, v3; w) 43 B*(k, v; 0)? $k, 0: w)} : 
Ug 


a OVy Bm 
(44) 


Eq. (43) describes free propagation of the incident beam. We get a particular 
solution of the type 


FO (%, 05 t)= 


al ax elke (It) \do e-°0(w—k-w). (45) 
2m 

This solution shows that the beam moving with constant velocity v has the 
frequency spectrum of w=k-v. This relation has been used in the preceding 
sections to show that our results of the friction and diffusion coefficient are 


reduced to the coefficients obtained by Klimontovich in the special case. Sub- 


? — with — 


stituting Eq. (45) into Eq. (44), we obtain 


fe) fe) 140 
edge at Oe ort) = 
OL S Ox dhe 5'2) «mov 


{A“(v)f (x02) 


+3 Be) few), (46) 


B+ q 


where A*%(v) and B**(v) are reduced from the results of § 4 and §5 by taking 
as w=k-v.. For the convenience, let us write them down for the case in which 


the beam falls along the z-axis with the higher velocity than the thermal ve- 
locity vr. Eqs. (23) and (28) give, for U>U?r, 


At (v) = ard Ll Masten (v) i: Apitision’ ) ? (47) 
Avanos (o) =£22 log( 2, (48) 
v" Ur . ; 
i 2 2 kh 
Acotitsten 0) — e y log( i, ). (49) 


Eqs. (35) ~ (38) give, for v>vr, 


of the internal field term, the frequency spectrum of the incident beam changes at 
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B*(v) =a Stree a EIB, + Bénision(v) (53) 
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OF A BS 
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v Ur v 
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U ka UV 


As it has been mentioned in the preceding section, these coefficients agree with 
those obtained by Klimontovich and by Rostoker and Rosenbluth. 
In contrast with Eq. (1), Eq. (46) shows that the changes of state of the 
beam are described by the local interaction effect. Since the perturbational — 
expansion may be applicable only for a limited space-time interval, it is neces- © 
sary to avoid the use of the perturbational expansion so that we can take into 
account the non-local effect in discussing overall behaviour of the incident beam. 
Furthermore, there are other effects which have to be taken into account : 
to discuss the non-local effect. When the beam falls into a quiecent plasma, — | 
the beam will be slowed down and diffused by the plasmon emission process _ 
and the collision process, which induce disturbance in the plasma. Reaction 
effects of the disturbance to the incident beam are described by the internal | 
field term and the counterparts of the A-B terms of the kinetic equation (the 
last term of the right-hand side of Eq. (71) in I). The internal field term _ 
causes modulation of the velocity of the beam. Therefore, under the action 


from the free propagation spectrum of w=k-v to the modulated frequency spec- 
trum of wxk-v. This change of the frequency spectrum is nothing but the — 
result of the non-local space-time correlation effect. Such internal velocity 
modulation effect is expected to be essential to produce bunching of the incident — a 
beam and to bea cause of the rapid exchange of energy between the incident 
beam and the target plasma. In fact, Eq. (23) tells us that if the velocity 
modulation is such that satisfies 


o—k-v=0,—— ka €: constant of natural logarithms (56) 
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A’ ,(k, v; w) takes the maximum value of 


2 2 
Bee: =s Soe (=). (57) 
When v>vr, this is very large in comparison with the collisional friction coef- 
ficient. Therefore, the very short mean free path” observed may be explained 
by the mechanism of the velocity modulation, which is due to the internal field 
fluctuation of the high temperature plasma. The condition expressed by Eq. 
(56) is quite likely to be realized in the high temperature plasma, because the 
internal field fluctuates with frequency w,. Although the above discussion is 
rather qualitative, the effect appears to be essential to resolve the Langmuir 


paradox. 
§ 7. Concluding discussions 


In the present paper, the following results are obtained: 

1) The effective interaction in the high temperature plasma has been ana- 
lyzed in detail by investigating the dynamical shielding factor. It has been 
shown that the static theory of Debye shielding can be applied under the re- 
stricted condition. For a particle moving with constant velocity v, the condi- 
tion is reduced to the simple form that v’<v,;". When v’>v;,’, the interaction 
effects are not screened off but get enhancement along the specified angles. This 
enhancement effect is due to the emission of plasmons. Thus, our theory pro- 
vides a unified view point of the two characteristic aspects of the high temper- 
ature plasma, one of which is the static shielding phenomena discussed by 
Debye and the other is the dynamic plasma oscillations discussed by Bohm 
and many others. 

2) The present investigation has ‘shown that the imaginary part of the 
dynamical shielding factor plays an essential role in determining the dissipation 
coefficients. In the long-range region, which involves such wave numbers that 
0<k<k,, the imaginary part is related with the Landau damping factor of the 
plasma oscillations. In the short-range region, which involves such wave num- 
bers that ka<k<k, the imaginary part determines the amount of the dissipa- 
tion coefficients due to the binary collision with impact parameters between 
ka and ky’. In order to discuss the contribution of the extreme short-range 
region, which may cover the region of impact parameters between &,~! and the 
nearest approach distance {2e*/mv"}"”, it is necessary to take account. of the 
effects of the secondary convection terms which have been neglected in the 
general theory of I. It should be remembered that the Landau cutoff has been 
introduced to assure the omission of the secondary convection terms. Tchen 
has discussed the effects of the secondary convection terms and has shown the 
effects may be negligible for the low density plasma. 

3) It is shown that the non-local space-time correlation effects are very 


/ 
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important in the region of the plasmon emission. In § 6, a possible resolution 


of the Langmuir paradox has been suggested on the basis of the non-local cor- 
relation effects due to the internal field fluctuation. In order to give a complete - 
resolution of the Langmuir paradox, however, it is necessary to develop a con- 


sistent theory which takes account of the reaction of disturbance induced in 
the plasma. 


In conclusion, the authors wish to express their sincere thanks to Prof. 
N. Fukuda for his constant encouragement throughout our investigations. They 
are obliged to Dr. M. Sato and Mr. M. Watabe of the Plasma Physics La- 
boratory of our Department for their critical discussions concerning the present 
work. One of us (Y.S.) wishes to thank the members of the Department of 
Physics, Nihon University for their kind hospitality extended to him. 
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It is pointed out that K-N interaction rather than z-N interaction plays the important 
role in the phenomena within nucleon core. The processes of pion-nucleon scattering through 
s-wave pion-pion interaction are classified into two parts, that is, the processes in nucleon 
core and those in the neighborhood of pion cloud. The contributions from the former to 
pion-nucleon scattering are estimated and are compared with those from the processes through 
the mechanism via KKzrz-interaction which may be regarded as one of the phenomena in 
nucleon core. Moreover, some discussion about the anomalous magnetic moments of nucleons 
is made, 


$1. Introduction 


So far as the phenomena in the neighborhood of pion cloud or K meson cloud 
are concerned, the nucleon core may be treated as if it were a point. However, 
such a treatment will no longer be valid in describing the phenomena within 
the range of 1/M, because the effects due to the spread of nucleon core will 
turn out to be so remarkable that they cannot be neglected. In order to ex- 
amine the interactions in nucleon core we have previously studied both the 
problems of s-wave pion-nucleon scattering” and those of s-wave K meson- 
nucleon scattering,” and tried to express the effects due to the spread of nucleon 
core in terms of the change of the value of coupling constants. The main 

_ results obtained previously are as follows. 

(i) In the case of pion-nucleon scattering, the value of coupling constant 
averaged over the spread of nucleon core should be reduced in appearance to 
(v/2M)g=f in spite of the fact that its value in the neighborhocd of pion 
cloud is g, where # and M are the masses of pion and nucleon respectively, 
and g is the renormalized (unrationalized) pseudoscalar coupling constant. On 
the basis of the above result an attempt to eliminate the divergence included 
in the dispersion relation was made, and the experimental results for s-wave 

phase shifts were satisfactorily explained. 

(ii) In the case of K-N scattering ‘the situation is more complicated 
because in this process the nucleon core undergoes some remarkable change 
in the course of collision in the meaning of perturbation. If the masses of /- 
and 3-particles (1/, and Ms) were equal to M, the effective coupling constants 
in nucleon core should be reduced in appearance to (mx/2M)9,=f, and 


— 
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(mx/2M)9s=fs* as in the case of pion-nucleon interaction, where g, and Is 
are the renormalized (unrationalized) pseudoscalar coupling constants for KNA 
and KN interactions, and mx is the mass of K meson. In the practical case, 
however, the above conclusions are obliged to suffer a remarkable change owing 
to the relation (M?—M?—m;,2) >0 and (M’—M?—m,2) > 0, that is, the values 
of coupling constants averaged over the spread of nucleon core should be 
reduced in appearance to . 


jes es (M?— M*— mr’) aA RY (1) 
mx — {(M?—M?—m;)/2M}? ie 
Sao Si (M;'— M*—mzx’) free (1)! 


mr — {(Mx2— M?— m2) /2M}2— 


in spite of the fact that their values in the neighborhood of K meson cloud 
are g, and gs respectively.** (Of course Eqs. (1) and (1)! are reduced to 
Ti Scone fs sie saben. V= MM, =) 

Such results may give us an important clue to the true theory in nucleon 
core. If the expression based on the current field theory is employed, the above 


results may be understood in terms of the form factor for interaction in nucleon 


core. In treating the problem in which the divergence difficulty is inherent, 
it is necessary to know the shape of the form factor in nucleon core in order 


to get rid of the difficulty.**** But, when we try to perform the calculation for | 


the process in which the effects of virtual pions or K mesons can be estimated 
without any divergence difficulty, we have only to replace g’ and g,7(or gs) by 


f? and —f/7¢/7(or —fs’Fs*) respectively in the treatment of the phenomena in ° 
nucleon core. Restricting our study within such problems we should like to | 


examine how the prediction based on the current field theory should be modified 
in pion and K meson phenomena when the interactions in nucleon core have 
the character mentioned above. Since the effect due to the spread of nucleon 
core is expressed in terms of the change of coupling constant, our discussions 


will be developed by concentrating our attention to the problems of coupling 


. . . ue 
constants. In §2 we try to compare the properties of pion-nucleon interaction 


with those of K meson-nucleon interaction. And it is pointed out that K-N’ 


interaction rather than z-N interaction may play the important role in the phe- 


nomena within nucleon core. In §3 the processes of pion-nucleon scattering 


* In the practical case of M,4#Mand Ms4M, fy=mx 94l|(My+M) and fs=mx gy/(My+M). 

** On the basis of these results we suggested previously” that the introduction of indefinite 
metric may be necessary in some sense to describe the phenomena in nucleon core correctly. 

** An attempt to obtain the forward scattering amplitude for K-N scattering was made on the 


‘basis of the above results for the property of K-N interaction in nucleon core. And it was shown 


that the results are not inconsistent with the experimental ones. 
#4 As the second step of our approach to the true theory in nucleon core, the problems about 


the form factor will be studied in some other place. 
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which take place through the mechanism via 7-7 interaction or KKaz-interaction 
are discussed by taking into account the effects due to the apparent reduction 
of coupling constants in nucleon core. In § 4 the anomalous magnetic moments 
of nucleons are discussed as one of the problems for interactions in nucleon 


core. 


§ 2. On interactions in nucleon core 


As was emphasized previously” the determination of coupling constant in 
the current field theory must be performed on the basis of the phenomena in 
the neighborhood of pion cloud or K meson cloud. The remarkable result 
f?=0.08 (in other words g?=14.5)® was derived from the study for p-wave 
pion-nucleon interaction at low energy. Also the similar result? was obtained 
by applying the dispersion relation to the forward scattering amplitude for 7-p 
scattering D®(”) =1/2[D_(#) —D.(v)] in which the effects due to the internal 
structure of nucleon will be almost cancelled out as was stressed in our pre- 


- vious paper.” With regard to g,? and g;* we have not yet reliable values. We 


adopt tentatively the following values which have been obtained by Igi” from 
studies about K-N scattering, 


94 =(2.2~2,6), 9 (4.4~4.8). (2) 


These may be regarded as the values of coupling constants in the neighborhood 


of K meson cloud. Then their values in nucleon core can be estimated by 


making use of the relations (1) and (1)’, that is, 


y 2 
yak sits Garr! 9 ¢8,¢xz — (0.063~0.074), (3) 
4 A 14 
a fpé ia (te V9 28 2 (0.31~0.34 3)! 
sys MLM Gs Ss = 1 ~0,34). (3) 
oo 


_ Since the pion-nucleon interaction in nucleon core may be described in 
terms of the coupling constant /?(=0.08), we may conclude as follows. In 
nucleon core K meson-nucleon interaction may be stronger than pion-nucleon 
interaction, although the latter is of course much stronger than the former 


in the neighborhood of pion cloud or K meson cloud. In the phenomena within 


nucleon core, for example, in the collision between proton and antiproton cores, 
K&-pairs may be produced with comparatively large probability in nucleon 
core. But, as was mentioned in the previous paper,” the KK-pairs may not 
necessarily be observed directly owing to some kind of ‘strong KKzz-inter- 
action. 

As is seen from Eqs. (1) and (1)’ or Eqs. (3) and (3)’, the values both 
of g, and of 9; in nucleon core are reduced in appearance to negative ones. 
But this does not give rise to any difficulty in calculation for the process in 


Interactions in Nucleon Core 1009 


which the odd number of KNA or KNY interactions are contained. Asan example 
let us take the process x+N—+>K-+¥ into consideration. For simplicity we 
make an argument about the result based on perturbation theory. When the 
nucleon core is treated as if it were a point, we denote the matrix element for 
this process through interactions within the range 1/M as 9:9A(w), where w 
is pion energy. If the effects due to the spread of nucleon core are taken into 
account, its expression will be modified as gsgB(w). Then our conclusion 
means that there may be the following relation between A(w) and B(o). 


Blo) = +i( fs§s/G9s) (f/9) Alo). (4) 


Of course both A(w) and B(w) are generally complex quantities and it can be 
easily seen that there is no possibility of negative cross section. 

The so-called cutoff theory with cutoff energy Wmar=M may be regarded 
as the theory in which the coupling constant in nucleon core is assumed to 
be equal to zero. As will be shown later, the contributions from pion-nucleon 
interactions in nucleon core are much smaller than those in the neighborhood 


of pion cloud, and the cutoff theory may be regarded as one of the approximate — 


theories in pion physics. On the other hand the cutoff theory in K meson 
physics may not be so useful because K-N interaction in nucleon core plays 
the important role. 


§ 3. Contributions from z-z interaction and KK7v7-interaction 
to pion-nucleon scattering 


Many approaches to pion-pion interaction” have been made from various 


points of view. We also studied previously® the effects of this interaction on 
pion-nucleon scattering at low energy adopting the following type Hamiltonian, 


Ay g=471 (baba)’. ()* 


Now we should like to re-examine this problem as an approach to z-N inter-— 


action in nucleon core. 

First of all we make an argument about the result obtained by a straight- 
forward calculation based on the current field theory. The forward scattering 
amplitude at zero energy through the process via this pion-pion interaction is 
expressed as follows: 


a It must be noted that 4x4 in Eq. (5) corresponds to 4/16 in Eq. (11) in our previous paper.®) 


Unfortunately there is a misprint in reference 8), that is, f in Eq. (11) must be replaced by f/V/2_ 


because f refers to the coupling constant between charged pion and nucleon. (If the f is interpreted 
as the coupling constant between neutral pion and nucleon, all the values not only in Table I but 
also in Table II mentioned in reference 8) should be multiplied by factor 4.) And note that the 
values in Table I are independent of ‘4 and that the footnote “this value of 4 may suffer some 
change” was added since the value of A was regarded as an unsolved one. 

To our regret, S. Ishida was too hasty to catch the meaning mentioned in our paper® (cf. 


Prog. Theor. Phys. 24 (1960), 1262). 
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Dine eres} ° 
C jaz jar Syren es \del FC, t=«o)— F(z, t=0) | 
. 15193) (7) 
F(x, =| de 3f Me (Ee) = Mars ae eRe. Baba Se 
[24+ 1? 2?+e0— x)| M?27?4+—2) [(?+M?2?4+ Hd x)| 
+ (constant), (8) 


where the suffix (zz) in D,() stands for the contribution from the process 
via the z-z interaction to the scattering amplitude and ¢ represents the magni- 
tude of virtual pion momentum. Although it seems that the result of 71 has 
been obtained from the analysis” (based on perturbation calculation) of the 
experimental data for z-p collision at 1.4 Bev, this value cannot necessarily be 
regarded as an established one because of the following reasons. 

(i) In such an energy region it may be possible to expect some reso- 
nance phenomena in pion-pion system. If this is the case, probably we cannot 
explain the resonance phenomena by means of perturbation approach. Never- 
theless, if the value of 2 is chosen so that the perturbation result may reproduce 
the experimental result for cross section of z-2x process, its value will probably 
be overestimated because the small magnitude of matrix element in perturba- 
tion calculation must be compensated by the largeness of coupling constant. 

(ii) There may be some possibility of the existence of strong p-wave 
pion-pion interaction in this process in Bev region. Then, to determine the 
coupling constant 4 so that the experimental result for cross section may be 
explained in terms of s-wave pion-pion interaction will probably be nonsense. 

(iii) When the cross section for z*-z* (or 2--2~) scattering is estimated 
by adopting the 47/(¢.¢.)*-type interaction and by making use of the large 
value of 41, the magnitude of o(z*-z*) (or o(a7-27)) at very low energy 
turns out to be so large that we may not regard it as a reasonable one. 

At the present stage it will be natural for us to regard the value of / as 
an unsolved one. Since D.(/),, depends not only on the magnitude of 4 but 
also on the sign of 2, we may not now draw any definite conclusion with respect 
to the effects of the z-z interaction. On the other hand it may also be difficult 
to deny the following possibility. If the value of 4 is of the order of 0.3,* 


D*()=T[D. () +D. n=! a |=9/M=—D?() » (9) ** 


* Miyazawa ae Kawarabayashi! have tried = explain the experimental results for s-wave 
phase shifts by adopting the coupling constant |A4|= 


** DQ (p)» represents the value of D® eae ee iD. (4) + Dy(u)] which was estimated by the 
usual perturbation theory. 
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Then it may be said that s-wave phase shifts for pion-nucleon scattering may 
be explained by means of perturbation theory so long as the effects of pion-pion 
interaction are taken into account. But it may be difficult to understand this 
special situation without raising any question. 
Now let us take into account the effects due to the internal structure of 
nucleon core. For this purpose it is necessary to divide the D,(/),, in Eq. (6) 
into two parts, that is, the contributions from interactions in the neighborhood 


of pion cloud and those from interactions in nucleon core. We divide the 


integral on ¢ mentioned in Eq. (7) §finto Jf and J%, where K corresponds to 


the minimum value of virtual pion momentum in nucleon core. With regard 


to pion-nucleon interaction we have only to replace the coupling constant g by 


jf in the description of the phenomena in nucleon core. Moreover the coupling 


constant 4 also should be reduced in nucleon core to some small /’(|/’| <|A|) 


though we have not yet known the relation between 4’ and 7. Therefore 


D.(/),2 in Eq. (6) should be modified as follows: 


16 1\[ C/+C, 
Dairen it (+3) 18] 

+ (/) M+p ‘ig 4 On (10) 
C/=pi\dalF (a, Fe) Rae EON, Ear 
C/=f'i'\dal F(a, t= ©) ~F(#, t=K)), (12) 


where C,’ and C,’ represent the contributions from interactions in pion clouc ° 


and those from interactions in nucleon core respectively to the scattering ampl 


tude. 
In the estimation of K, the following two cases are taken into considera 


tion. 
(i) We assume K=M/2 because of the interaction due to exchange of 


two pions whose momenta are equal to each other in our case of pion-nucleon 


scattering at w=/. 
(ii) We assume K=M corresponding to the cutoff theory with cutoff 


momentum //. : 


When some kind of particle interacts with a nucleon through exchange of 


six pions or more at the same time, as M=6y this process may be regarded 
as one of the phenomena in nucleon core independently of the magnitude of 
virtual pion momenta, that is, even in the case in which each virtual pion has 
zero momentum. On the basis of this consideration we may think it natural 
to adopt the first standpoint. Then we obtain the following result: 


C,/=974[0.731], (13) 
C, =f2/'[0.462]. (14) 
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; Fo, ; si 
Since the magnitude of C,’ is negligibly small compared with that of C,’, we 
may conclude as follows. If the internal structure of nucleon core is taken 
into account, the contribution from the process through pion-pion interaction 


to pion-nucleon scattering amplitude is reduced to 


DM AO. B DE xe: (15) 
When we assume K= WM, 

 =9°[ 1.002], (13)’ 

Cy =f70.191]. (14)’ 


In either case C,/=C,/ because pion-nucleon interaction turns out to be very 
weak in nucleon core. Thus the cutoff theory may be regarded as one of the 
approximate theories in pion physics. 

Recently we have examined within the framework of current field theory 
the contributions from KKazz-interaction to the forward scattering amplitude of 
s-wave pion-nucleon scattering adopting the interaction Hamiltonian H,=4z/, 
-K,*K,2,;7; and have obtained the following results,” 


it A, SOAs 
Di) ke lo? + 92252], 16)* 
2 )x miata a Qa i 22 16) 
Ay 529" A s=0.559. (17) 


As was mentioned in the previous paper,” the process of pion-nucleon scat- 
pring through the mechanism via KK-z-interaction may be regarded as one 
f the phenomena in nucleon core. Therefore g, and 9g; in Eq. (16) should 
e replaced respectively by —f’¢,? and —fs’Fs° mentioned in Eqs. (1) and (1)’. 
‘he coupling constant 7,** also should be reduced to some small //(|A'| <|/]) 
ough we have not yet known the relation between 7, and 7,’.. Therefore 
D(f) x, in Eq. (16) should be modified as follows. 


apse prep8Ae] a8) 
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Although it will be difficult to derive somé definite conclusion because of the 
lack of knowledge about the values both of 7’ and of 4’, let us now try to 
compare tentatively the magnitude of this D'.(/)x, with that of D‘.(/),, due 
to C,’ in Eq. (14), under the crude assumption of |4/|~|/’|. Making use of 
the results mentioned in Eqs. (3), (3)’ and (17), 


; * Note that 9,2, gs? arid 4, in this paper correspond respectively to g42/4z, gs?/4a and 4,/4zx in 
the previous paper.® 

** Recently Igi® has studied K-N scattering by taking KKzz-interactions into consideration 

and estimated the value of 4, by means of cutoff theory with cutoff momentum of pion Rnect4u 


OF kmax=6. His value 4=—0,5 may correspond to the coupling constant in the neighborhood 
of pion cloud, 
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= 14 10.56 ~0.62 
ie Shae (18) 


D(a. 


Comparing this with the forward scattering amplitude D'i(/),. due to the 7-2 
interactions in nucleon core (cf. Eqs. (10) and (14)) 


16 a CX a) j! 
Die 1S (141)(S) 2 1 - : 
DSS aay ares AC el ara Lie) (19) 


we may say as follows. So far as the phenomena in nucleon core are con- 
cerned, the contribution from KKzz-interaction to pion-nucleon scattering ampli- 
tude at low energy is comparable to that from pion-pion interaction. 


§4. On anomalous magnetic moments of nucleons 


In § 3 we have examined the processes in which the effects of virtual pions 
or K mesons can be estimated without any divergence difficulty. It may be 
said that the same kind of processes as the above ones are treated in the per- 
turbation calculation for the anomalous magnetic moments of nucleons although 
some renormalization procedure is necessary to get rid of the divergence dif- 


ficulty irrelevant to the magnetic moments. 
As is well known the expressions for the anomalous magnetic moments of 


nucleons are given by the following forms :” 
dp, = (9?/z)|— (Jn/2) +Jy|= ae (Ry/2) + Ry, } 
Spy = (9?/2)[—In—Iul= —Ry—Ry, 


where Ry and Ry», stand for the contributions from nucleon current and meson 
current, respectively, to the anomalous magnetic moments of nucleons. 

First of all we pay attention to the pion-nucleon interaction. In order to 
take into account the effects due to the spread of nucleon core, it 1s necessary 
to divide the expressions both of Ry and of Ry, into two parts, 


Ry=Ryi+ Ry,» | 
Ru=RuitRu., 


where the suffices 1 and2 in Ry and Ry indicate the contributions from inter- 


(20)2> 


(21) 


actions in the outer region of nucleon core and those from interactions in the © 


inner region of nucleon core respectively. When we denote the magnitude of 


virtual pion momentum and its minimum value in nucleon core as ¢ and K 


respectively, the integral on ¢ from 0 to K and the integral on ¢ from K to © 
in the expression for Ry (or Rw) correspond respectively to the expression 


1 Ke 
® When we assume K=M, Di’ (W) ax= ee ae [0.31]. 


** Note that g is, the unrationalized coupling constant. 
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tor Ry1(or Ry.) and that for Ry.(or Rw,»2) apart from the trivial factors. As 
was mentioned above, the coupling constant g should be replaced by f/ in the 
description of the phenomena in nucleon core. From this it follows that 
Ry > Ry,», (22) 
Rui> Rup. 


Thus the values of Ry and Ry, are nearly equal to those of Ry; and Ry 
respectively which are predicted by the cutoff theory with cutoff momentum 
leit 

Next let us discuss the electromagnetic interaction. In our case, not only 
the process in which photon interacts with the virtual pion whose momentum 
has a value larger than K but also the process in which photon interacts with 
the nucleon core during the emission of virtual pions may be regarded as one 
of the phenomena in nucleon core. With respect to this electromagnetic inter- 
action also we may expect a certain reduction of the apparent value of coupling 
constant in nucleon core. Then not only the values of Ry». and Ry» but also 
the value of Ry, turns out to be very small. Thus it may be expected that 
the contributions from meson current to magnetic moment overwhelm those 
from nucleon current. This is of course a remarkable tendency to explain the 
experimental results for the anomalous magnetic moments of nucleons. 

Although the so-called gauge invariance may not necessarily hold in the 
inner region of nucleon core, it may be necessary to satisfy apparently the 
condition of gauge invariance in describing the property of interaction averaged 
over the spread of nucleon core. Our treatment does not contradict with this 
theoretical requirement, because in the gauge-invariant expressions obtained 
beforehand we take into account the apparent reduction of coupling constant 
in nucleon core.** ; 


In the Appendix we shall discuss the effects of strange particles to the 


anomalous magnetic moments of nucleons. 


Appendix 


As _ was given by Iso and Iwao,” the effects of strange particles to the 


anomalous magnetic moments of nucleons can be expressed by the following 
forms : 


* When we assume K=M, the values of anomalous ma 
_ with those predicted by Goto,.12 ' 
** Although it may be supposed that the apparent reduction of coupling constant makes it 
difficult to carry out the so-called renormalization procedure, we should like to emphasize that in 
the true theory there is no need to perform any renormalization procedure, But we are now obliged 
‘to adopt such a phenomenological treatment until the true theory in nucleon core is developed. 


gnetic moments of nucleons agree 
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4p, = (gs'/z)[—Js+ (Jx/2) |+ (91/2) (Jx//2), (A-1)* 
Apey' = (9s'/2)[Jst+Jxl, (Ay 2). 


where the suffices ¥ and K indicate the contributions from hyperon current 
and those from K meson current respectively. 

First, let us pay attention to the KNA and KN¥-interactions. We denote 
the minimum value of virtual K meson momentum in nucleon core as K and 
assume K=,/3 M/2 on the basis of the relation** / Ki+ m2 =M. Then the 
contributions from the interactions in the outer region of nucleon core are 
estimated and the results are shown in Table A. It is needless to say that 


‘LabletAs + 
a \ 
KN*S- or KN4-interaction | K | Js Jx J x’ 
| oo | 0.313 0.180 0.182 
pseudoscalar type = \ 
v3 M/2 0.088 0.070 0.077 
00 | —0.530 —0.494 —0.537 
scalar type = | 
V3 M/2 —0.168 0,213 —0.250 
a  —— 


K=co corresponds to the case in which the current field theory is applied. 
Comparing the values of Js, Jx and J,’ in the case K=co*** with those in the 
case K=,/3 M/2, we may say that the virtual K mesons with high momenta — 
play the more important role in Js than in Jx (or Jz’). eae is 
Second, the apparent reduction of coupling constant for the electromagnetic 
interactions in nucleon core is taken into consideration along the same line. ee 
with our study in §4. Then it may be expected that the contributions from 


\ Rea ait 
hyperon current to magnetic moments of nucleons turn out to be very small. cay 


' 


* gy and g, mean the unrationalized coupling constants for KNS- and KN4-interactions ee i 


respectively and the sign of Js is opposite to that in reference 13). eh 
** With regard to this assumption, there will be enough ground for controversy. Pe 
#5 Of course these values must agree with those given by Iso and Iwao!l® except for theta 


sign of Jy. | t Fy S; 
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Dispersion Relations for Virtual Pion-Nucleon Scattering* 
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In connection with a proposed calculation of single pion production in nucleon-nucleon 
collisions, the process of pion-nucleon scattering in which the incoming pion is virtual is 
investigated by means of the dispersion theoretic method developed by Chew, Goldberger, 
Low and Nambu. The static limit is studied in detail and the Chew-Low amplitude for vir- 
tual scattering is shown to result for small virtual pion masses. More generally, it is proposed 
that the Blankenbecler-Gartenhaus solution, which is recorded, may provide a useful approach 
in applications in which large virtual pion masses play an essential role. 


§ 1. Introduction 


In this paper, we shall study the process of pion-nucleon scattering, in 
which one of the pions is taken as virtual, by means of one-dimensional dis- 


persion relations in the total energy variable. 


Such an investigation is clearly 


of interest for application to selected inelastic pion-nucleon phenomena such as 
single pion-production in either pion-nucleon or nucleon-nucleon collisions. 
Detailed application of the results of this paper to the latter process will be 


described in a subsequent paper by the 
authors. The approach used in this paper 
is, of course, very similar to that applied 
by several authors” to the electro-pion pro- 
duction process. 

In these problems, the invariant ampli- 
tudes for which dispersion relations are 
written are functions of three parameters, 
since the variable mass of the virtual particle 
occurs in addition to the usual invariant mea- 
sures of energy and momentum transfer. 
We shall proceed without questioning the 
validity of our relations as a function of 
the additional variable. 


Ps P, Ps Py 


P, P, P, P, 


—(The exchange diagrams P,2 P,) 


Fig: 1. Diagrams for single-pion pro- 
duction in nucleon-nucleon collisions. 


* Supported in part by the U.S. Atomic Energy Commission. 
+ Present address: The Enrico Fermi Institute for Nuclear Studies, the University of Chicago, 


Chicago 37, Hlinois. 
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: Since the precise amplitude to be studied has been chosen with a definite 
i application in mind, namely, single pion-production in nucleon-nucleon collisions, 
i. let us consider briefly the manner in which it enters into a simple proposed 
‘ description of that process. We consider the matrix element corresponding to 
Fig. 1 as the most important contribution (peripheral interaction model). The 
matrix element in question can be written as follows: 


M! 1/2 
4 4 / fel wat 2.5 i es SRS ae le es os 
((—) pi pil Qe] PrP2( +) ) ~ (22) 0" (pi t+ pi +9 Phi p)( Dal Ba falta ban ) (1) » 
(1) 


f 1/2 : 
tia 24 Pe Pal bat Paks.) [< ps! | ja (0) | Pe) (Ar[ (p—p2)?) 


x de (pil — p2)"1{(—) pr! Go| fa(0) |P1) + (hr Lja(O) |>r) 
x (del (pi! —p1)"))? 4 "[ (bi — px)" (—) Pa! Go| ja(0) |P2 — exchange terms], 


where the #;, p;’ and q are the 4-momenta of the initial nucleons, of the final 
nucleons, and of the pion, respectively. |n(+))} is the outgoing (incoming) 
state with character m. @ and § denote the isospin indices. j,(0) is defined 
by the equation of the pion field ¢,(x), ice. 


(O—#')$a(x) =ja(z). (2) 


“In Eq. (1) ((—) pi'ge\ja(0)|p:> is the matrix element for the virtual-pion 
‘nucleon scattering (or we may describe this as pion-production in nucleon 
scattering by an external pion field). This will be studied in §1 and §2 by 
_ the method due to Chew, Goldberger, Low and Nambu,” together with the 

theorem found by F.N.W. In §4 we shall also record the Blankenbecler- 
Gartenhaus” solution for this process in connection with the single pion-pro- 
duction by nucleon-nucleon collision. 
The main result of this work is that for virtual pion masses small com- 
pared with M, the nucleon mass, the results of the Chew-Low theory for off 
_ the energy shell p-wave scattering are reproduced. It is suggested that when 
_ this parameter becomes large, as it does in the applications contemplated, the 
Blankenbecler-Gartenhaus solution may represent an improvement over both the 
Chew-Low theory as well as over another fashionable approximation which. 
ignores completely off the energy shell effects. 


§ 2. Dispersion relation and partial wave decompositions 


We shall study the following relativistically invariant amplitudes, 


Hoa=((—) P24 ja(0)| pr) (AMebmbe\" (KW), GB) 


i ele ied 
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where 
t=p~pr_t+q-hpi, 


and K(z#*) is the function introduced by Federbush, Goldberger and Treiman” 
which is related to the vertex function as follows: ; 


K(t)) = 47 (2) de C) (0). (4) 


Following F.N.W., we define the three invariant parameters : i 
a | : } E 
Sa ak OE (pit po) “qd, Cmeeve and e. (5) 7 


Then Eq. (3) has a form similar to the case of real pion-nucleon scattering : 
Hea=u(p»)—A, VB, a) +iy-qB(y, YB, t”) |u(p.), (6) 


where A and B are functions of », vg and # and are operators in isospin space. . 


The separation of isospin operators is done as usual by defining 


A=be,A% + [rp, 1AM, 
: (Ae 
B= 0p ,R + ; leekre |e ’ 


a 


The dispersion relations for A® and B™ have the form: 


dist 1 1 -. 
(+) eae “i (£) (yf 2 Bate 
A® (vy, v2, 2)=— \@ Im A‘ CHS ex peciiar +: reel oe 
2 1 1 . 4am 

BY ae 2) =. UL |- PRE ie | kt ie 
(Y, va, 2) 2M y—yz pty, ee 
iy ) (1) ()/ 2 [ 1 1 | 8). as i 

+ sa \@ Im B (, Yn, t) anne 7 ply ? (8) ‘ 7 

1 ay 
en fe” ’ ioe 


where g is the usual rationalized renormalized pseudo-scalar coupling constant. 

The above relations are meaningful only for suitably restrictive assump- 
tions concerning the high energy behavior” of Im A) and Im B’, but we 
shall suppose the above relation to be right. Our treatment will effectively = 
exclude the 2-7 interaction from direct consideration. In principle, however, = 
we could extend our considerations to include the effect, for example, following _ am “f 


the method of Cini and Fubini.” 2 
In terms of the total energy W 1 


n the C.MS. of the final state, we have 


ean 
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co 


A®(W, vp, 2) a dW" ImA®(W’, vp, 2) 


(1+ M)2 
it 1 | (9 
x | a = WW? W?—2M?+4Mp,; : 
Be era oe 
We Ve = Vie Vis 
eet, dW” ImB®(W’, v )| 3 + ; |. 
Sek » Ya, 0)! TA wine | W?4 W?—-2M?+4M0;z 
atm 


Next we formally define the virtual scattering and partial wave amplitudes 
as follows: 


M 


BOW. 0°) = — El ass 
te ( at) AnW B 
Sm ae u(p.)[—ACW, x, co) +i7-qB(W, x, Py lulows 
Anz W 
faa W, 2,0)= d) (214+-1) Pr[hi, PA? (a2) +hi_ PS (2)], (10) 
x=cos — 2M rp Foto 
gt 


where , g, tf) and ¢ are the energy and the momentum of the final pion and 


_of the virtual pion in the C.M.S. respectively. P‘(a) is an eigenfunction of 


the total angular momentum J=/+1/2, and Pr is the projection operator for 
isospin T. hj, denotes an amplitude with the total angular momentum J=/+41/2 
and the total isospin T. hi, is a function of # and W. From Eg. (10), we 
have 


fafito-qe-thr, 


fi= D> Prhiz Pi) — D4 Prhi_ Pia), (11) 
T,t=1 Tie2 


Sa= 2a Prlhi_—hi,) Pi (2). 
From Eqs. (10) and (11), we now find 


Pas [(A.+M) (£,+M)}? 
2W 


$3 = [(4.—M) (fk, —M) }? 
2W 


1 
7g lAt (WM) BI, 
(12) 


1 
i -A+(W+M)B], 


where E£; is the energy of the nucleon 7 in the C.MS. and is connected with 
W and 2?’ as follows: 


ue May ibe 
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W?4+M?-1 — We4MP4e 
E,= OW , = OW : (13) 
Finally we find the following relations by using Eqs. (11) and (12), 
AM = dal Wea. ft) Wet: Bl 
/ (i+ M) (EM) (EM) My” j 
BO = al ze wey, Geert) fee ef ce Lee 5 oy 
VY (E,.+M) (Fi+ awe V (E,—M) (R—My" (14) 
fi? = DAP Pla(a)— Yh PL(2), 
fi = 0) (RP —HMP)P!(2), 
where 
ni = [A + 2h), 
(15) 


- 1 3 9 
hi? iy [AL — hi”). 


To obtain the approximate value of the imaginary part of hi, we use the 
one-pion approximation. (This approximation is, of course, valid for energies 
below the pion production threshold.) Then, according to the theorem due to 
F.N.W., we have the relations | 


Imhi,=af if his, (16) 
where 
eo aa 
te 3 Sin O14 eis : (179 
q 7 


and 6%, is the pion-nucleon scattering phase shift with the total angular mo- 
mentum J=/+1/2, and isospin T. This relation will be exploited in the next 
section. 


§ 3. Integral equation for h/, 


In this section we shall obtain integral equations for the amplitudes hi in 


the low energy region. C.G.L.N. have shown one way to obtain such integral . 


equations for h7, from the dispersion relations. Blankenbecler and Gartenhaus 
have recently suggested another more powerful procedure. We shall first 
discuss our problem by the method of C.G.L.N. The assumptions we make 


are: 
i) One-pion approximation. 
inf 2M. 
iii) An expansion in power of M7 is permissible. 
iv) Only s and p waves are included. 
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Let us now introduce the parameter z for convenience. 


: 2Mvz=2z, gt—wto=2o- (18) 
i Then we have 

% von WO YBa EE) 

3 qt 

\, 

a“ Thus when x is equal to 2, cos0=1, namely, the scattering amplitude f(z») 
% corresponds to the forward case. Now we may write Eq. (14) as follows: 
ie ; 2 + z+toty \*_ (+) re: 

es fiP (2) HhsP —hVQy +3 Go e+ Wo } Ay +4 [15 oe ‘ 3 |S + , 


(19a) 
Si (2) =A Sj — ASBin + 3 e ae (hbe») — Abe) +. (19b) 
qt 
Rilif@eventiating Eq. (19a) with respect to z and setting z=, we have 
i= (25 ja = iin +O Bin bo 
(20) 
ie he Neen Sn + 
Thus from the above equations, we find 
hs? =fi® (zo) — gt fu®"\(z) + D waves +---, 
3 he (L(y (2)"(g,) (21) 
ae Bay =~” (Zo) —Qtfi” (%) + 
By similar manipulations for the amplitude fA, we find 
Aer) — Ain =f (20) — gt fo’ (20) +++, (22) 


etc, 


Our next task is to connect these equations with the dispersion relations, 
Eq. (9). Before going on to this work, we consider the contributions to the 
dispersion integral in Eq. (9). Because of the relation Eq. (16) in the one- 
pion approximation, we may infer that the (3/2, 3/2) amplitude is quite large 
compared with the other amplitudes. Therefore we can make the following 


approximations for Im A“ and Im B™ in the dispersion integral by consider- 
+ ing Eq: (14), ie 


+ ' W'+M 3(z+0't,’) 
Im A“ (W', 2,2 x dnl ERE 
V (E/ +M) (E+ M) dt 1m ASE» 
W'—M | 
V/V EY—M) GRY Ss Im (AS) — Aba] (23) 
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Im B(W’, z, ??) = An] ; 1 3(z+0' ty’) (+) 
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Im (AYE 2) Tres nse) | : 


Then ponest ceive Eq. (9), (21), (22) and (23), we reach the desired 
integral equations. As an example, we have for h$.)—Af#)» Mg 
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V (Ei +M)(Ei+M) gt 


The other amplitudes also have a structure quite similar to that of the above 8 


equation. These expressions in all are too complicated to analyze as they stand. 


We therefore study the static approximation to see whether or. not any dif-; 98 


ferences exist between this case and the real scattering one. 


Noting the relations 
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W=M+o, 
W'=M+o’, (25) 
1+27’ 


{=o —————_ © 0, 
: 2W 


a 


and neglecting terms of order M~ in Eq. (24), we find results quite similar 


to those of C.G.L.N. For example, we have 


Miata) 2 (2) 0-2) (+) 
Re Roe ia hie | = EAU; at Va + ANE 


é Ae Bee Tees ] 
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We do not record the corresponding equations for the s-wave, since we know 


that s-wave certainly cannot be represented accurately by this method. 


The solution of these equations is 


ihet 


Scan rt isle AS OY ag 


t +) 
A¥$e)o,1)2y = FBG]2,1/2)5 (28) 
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where $01) is the solution given by the corresponding equation for the 
real pion-nucleon scattering. To the extent that these coincide with the static 
Chew-Low equations” we have achieved a partial justification for the use of the 
latter in off-the-energy-shell applications. This will be justified for cases for 
which ¢? remains effectively small compared to M. Where this is not so, a 
more accurate approach which takes account of nucleon recoil must be used. 
Such a method, that of Blankenbecler and Gartenhaus, is considered in the next 
section. 


§ 4. On the Blankenbecler-Gartenhaus solution 


According to this method,” we have 
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and Q;(¢) denotes the Legendre function of the second kind. These solutions a 
are obtained on ey assumption that A® and B™ have, in good approxima- “ 
tion, the phase 03,(), after we subtract the small phase shifts. This assump- 


a hae oe 
Hm re 


a 
nes 


Biren 


be 


1026 J. Tizuka and A. Klein . 


tion may be correct for small values of ¢’. But even for large 7’, the above 
solutions will give us some clue as to how to treat the processes including 
large momentum transfers. The interesting feature of these solutions is that 
we may have some hope that h7.(W, 7’) defined in the preceding section shows 
a certain damping effect for large @, because Eq. (30) includes 7 in the de- 
nominator which cannot be canceled by the spinor normalization factor (see 
Eq. (12)). The detailed evaluation of these expressions will be left for a future 
publication. 

In this connection, we may note that current treatment of single pion- 
production in nucleon-nucleon collisions utilizes the following assumptions 
(see also §1). 

i) The one-pion exchange mechanism between nucleons is mainly respon- 
sible for the process. 

ii) Virtual-pion nucleon scattering is accurately represented by the energy 

shell approximation. 


According to this method, it has been found that the calculated cross sec- 
tion® (we are mainly interested in p+p—>p+n+2") is always larger than the 


observed one in the high energy region (beyond 1.4 Bev). But this general 


picture of the production mechanism is expected to be increasingly good for 
the high energy region, because (i) the interaction time is shorter, (ii) the 
final state interaction between nucleons becomes less important, (iii) the multi- 


pion exchange process likely contributes to multiple production processes. 
‘Therefore a major reason” for the excessively large theoretical cross section 


might be the inadequacy of the energy shell approximation. Thus it may be 


of interest to work out the virtual-pion nucleon scattering for the large 7 case 
-using the method of this section. 


§ 5. Summary 


In the preceding sections we first studied the virtual-pion scattering by the 
method of C.G.L.N. With the restriction <M, the integral equations for the 
partial wave amplitudes have almost the same form as in C.G.L.N. in the one- 
pion and static approximation and have as solutions the Chew-Low form of 
the virtual amplitudes. These results seem hardly surprising. The reasons are 


firstly because our dispersion relations are quite similar to those of the real 


scattering case and secondly because the restriction on 7, namely, “<M does 
not permit any qualitative differences for the dependence on the energy and 


momentum of the corresponding particles between our case and that of C.G.LN. 


These statements can be easily understood by observing the relationship 
between the energies of the initial and the final particles, ice. 
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Thus the appreciable effects of the virtual nature of the external source occur 
when 4,0, or >a few M. 

For the large # case, so far no promising theory has been proposed. As 
a possible approach we suggest the Blankenbecler-Gartenhaus solution, which 
is recorded here, but not studied in detail. 


3) 


5) 
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According to Dalitz and Tuan’s phenomenological analysis of K--p reactions the recently 
discovered z-A resonance may be interpreted as caused by the existence of a quasi-bound 
state of K-N which decays into z-4. Granting this interpretation and considering dispersion 
relations together with experimental information, it is conjectured that the K-A (K-2) parity 
relative to N is odd (even) and hence the 2-4 relative parity is odd.. Arguments for our 
conjecture are given concerning branching ratios of the decay of the quasi-bound state and 
also of the hyperon production in the AK~-p absorption near the threshold. 


§ 1. Introduction 


Recently a sharp resonance in the 2-4 system with a Q-value of about 
130 Mev was found by analysing the process K~+p— A+2*+27.” To our 
knowledge the parity and the angular momentum of the resonant system have 
not been determined as yet. This may be the P3,. resonance which has been 
anticipated on the analogy of the 3-3 resonance in the z-N scattering. How- 
ever, another interesting possibility has been suggested by Dalitz and Tuan 
through a phenomenological analysis of the low-energy K~-p reactions.” They 
obtained four sets of scattering amplitudes, (a+) and (6+), which are con- 
sistent with the present-data on the K~-p reactions. In the case of (a—) solu- 
tion there exists a quasi-bound state of J=1 which decays into 2-Y, Y being 
A or X. This may be identified with the observed resonance. Assuming the 
situation implied by DT’s (a—) solution to be correct, we wish to gain further 
insight into the mechanism of the strong interactions. 

In § 2, coordinating the dispersion theoretical analyses with experimental 
information from our viewpoint, we shall be led to the conjecture that Px,, the 


_K-A parity relative to N, is odd and Px: is even and hence P;, is odd.* Argu- 


ments for this combination of parities will be given in the subsequent sections. 

It will be inferred in §3 that the quasi-bound state decays much more 
frequently into z-/ than into 2-3. Experimental data seem to indicate such a 
tendency. § 4 will be concerned with the branching ratio of K-+pa+Y at 


* The same conjecture was once made by Barshay®) on the basis of perturbational estimates 
including certain higher order effects. His argument is insufficient in that relativistic effects such 


as those due to baryon pairs are disregarded, yet it contains significant inferences especially as 
to the role of a P-wave in the K-N scattering. 
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low energies. The infrequency of the /-production and the large phase dif- 
ference between J=0 and J=1 states of the z-¥ system is favorably interpreted 
in terms of final interactions. In §5 the main points of urgent experimental 
interest will be summarized and related problems will be discussed. 


§ 2. Conjecture 


DT reexamined the analyses by Matthews and Salam® and by Goebel,” 
using their four sets of solutions. Assuming P;, to be even, they showed 
(though not conclusively) that the (a—) solution* is compatible only with 
even Px, and even Pgs. On the other hand there is an evidence concerning 
the K--absorption in He* which strongly favors odd Px,.° Accepting this 
evidence, we may say that the (a—) solution and eventually DT’s interpreta- 
tion of the 2-4 resonance will not hold if Ps, is even. This interpretation will 
be restored by dropping the assumption of even Psy. 

In the case of odd Ps,, S-wave K-N absorption will produce one of z-A 
and z-S' system in an S-state and the other in a P-state. Then the values of 
parameters will be somewhat modified from those given in DT because of the 
asymmetry between the z-/ and z-S channels as to the energy dependence. It 
is our feeling, however, that the qualitative features of DT’s solutions still hold 
in the case of odd Ps, and the interpretation of the 2-4 resonance based on 
the (a—) type solution is possible.** In dispersion relations for the K*-p 
scatterings the bound state contributions of A and ¥ appear with different signs, 
if Ps, is odd. The sign of the bound state contribution as a whole need not 
be definite. It may therefore be expected that dispersion relations for the 


K*-p scatterings are compatible with odd Px, and even Pxs. We are now free 


to conjecture that Px, is odd and Pxs is even. 
As is well known, in dispersion relations for charge exchange scatterings 


the bound state contributions of A and S appear with signs in a combination | 


different from that for the K*-p scatterings. Combination of these two types 
of dispersion relations enables us to determine Pxs and Ps, respectively. Such 
an attempt was made by Sugano and Komatsuzawa” and is now being reex- 
amined from our viewpoint. Though a definite conclusion can hardly be reached 
because of yet poor experimental information and of the ambiguity concerning 
the unphysical region, a preliminary analysis seems to favor our conjecture. 
Using some dispersion relations, Galzenati and Vitale? and Amati” inferred 


that Px, and Px; are both likely to be odd. Their analyses are interesting in 


that no assumption is needed on the dispersive part of the elastic K”-p scat- 
tering amplitude. The result, however, seems to be somewhat dependent on 


the behavior of the K*-p cross section at low energies.” Igi’s dispersion rela- 


* In the following we shall consider only the (a—) solution unless otherwise mentioned. 
** However, see § 5 where a remark is given on DT’s analysis. 
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tion also suffers a similar ambiguity.” This point deserves more attention, 


especially of experimentalists. 


§ 3. Decay of quasi-bound state 


According to our picture the quasi-bound state, which will be denoted by 
Y*, has isospin 1, spin 1/2 and odd parity relative to A. -Y* decays into a-A 
of Sj. or into 2-3’ of Pj, provided that the parity is conserved. The Q-value 
is about 130 Mev for 2-4 and 60 Mev for z-¥. As is well known in the theory 
of nuclear reactions,” the decay probability of a compound system or the 
partial width /’ is written as 


[’'=(2kRv,) + (reduced width), (5-1) 


where & is the momentum of the emerging pion, R is the force range and y% 
is the penetrability of the centrifugal barrier which is given by 


v=1 and wm=(kR)?/(1+(kR)’). (3-2) 


The factor (2kRv,) in Eq. (3-1) depends on the conditions outside the com- 


pound system while the reduced width incorporates all the properties of the 
interior. The ¥-A branching ratio of the decay of Y* will be determined by 
the former. For the z-' system, k=0.894 and for the z-A system, k=1.484.* 
Tentatively assuming R~1/24, we have v,~0.17 and the branching ratio 
(2/A) 110%. If Ps, is even the z-3' system is emitted also in an Sj). state. 
Then the branching ratio is (3/A);:~60%. For example, we have 


YF D4 n= ~{ BY odd 
Y* 5 A+a+* 3 even. 


if Py, is | (3-3) 


Here the factor 1/2 which comes from the isospin of the z-¥ system has been 
taken into account. 


According to Alston et al.” the distribution of the observed events were 


as follows. 


No. of events 


Po ne 27 
Kes p> A wear ey 49 
(5° or A) +27 +27 92 


It was inferred that the overwhelming majority of the events in the third group 
were also reactions of the second type. They treated the 141 events of the 
second and the third groups as examples of the reaction of the second 


_ type but estimated that 10 to 15% were actually 3° events. Because a 


* k= (o?—p2)1/2, w=(W2—M?2+p2)/2W. yw, M and W are respectively the masses of z, 
and Y*, The unit c=#=1 is used. 
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nonresonant background is present, the substantial (¥//) ratio of the decay 
of Y* willbe much smaller than that literally given by the above distribution 
of events. Therefore the case of odd Ps, seems to be favorable. If a very 
precise measurement is carried out, it will turn out that the » events are 
mostly due to nonresonant processes. 


§ 4. Final interaction in K +Nor+Y 


According to Alvarez et al.” the branching ratio of K~+p—>2+Y at rest 
is 3~: 3+; 3°: A~45:21:27:7. The A-production is remarkably infrequent at 
rest, but it becomes more frequent as the energy is raised. It was inferred 
from the above branching ratio that the z-¥ scattering phase shift difference is 
07-9 — O71 © £62° at the energy (~100 Mev) corresponding to the K~-p thresh- 
old 

Previously we investigated the z-Y scattering in the case of odd Py,, in 
terms of the conventional Yukawa type interaction.” 
a-Y scattering is roughly described as the repetition of a Born term. The 


sign of the Born term indicates that the 2-4 force in Sip, 1s repulsive, the 7-¥ 


In such an approach the 


force in Py, is repulsive for J=1 and attractive for J=0. As was shown in. 


I, the P,, [=0 z-¥ scattering is strongly enhanced by higher order effect, and 
even a resonance analogous to the 3-3 resonance may occur. On the contrary, 


the Py, [=1 z-¥ scattering is suppressed. These features are all favorable to 
the experimental data. Namely, the z-/ production will be suppressed by the 


repulsive force in Si. Its energy dependence may be due to the admixture of 
a P-wave.” The z-S phase shift 0;-) will be positive and very large while 0,4 


will be negative. 
Effect of the existence of Y*, which was not considered in I, should be 


superposed upon the above final interaction. The former will certainly be pre- _ 


dominant at low energies around the level of Y*, but will be relatively unimpor- 


tant in the physical energy region of K>+po2+ Syren pase y 
Since the level of Y* is very sharp, Y* may be ap- As rf 
proximately regarded as an “elementary” particle. — y- a ee 

The effect will be estimated by means of such a = Me € 
diagram as shown in Fig. l(a). To the diagrams Y Yh 
(a) and (b) of Fig. 1, the spin and the isospin (a) (b) 


* Fig. L. 
factors are common and consequently the sign of 


the matrix elements is also common for energies above the level of Y*. The | 


inclusion of Y* does not alter but rather reinforce the conclusion of I. 


§ 5. Discussion 


Needless to say, the experimental determination of the orbital as well as 


total angular momentum of the relevant 2-Y system is vital. In view of the. 
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argument made in §3 special attention should be given to the 2-/ branching 
ratio of the decay of Y*. 

As is well known, DT’s (+) and (—) type solutions are discriminated 
by the Coulomb-nuclear interference in the elastic K’-p scattering. It is con- 
structive for the (+) type and destructive for the (—) type. Alvarez et ak 
reported that it was observed as constructive. If this should be unambiguously 
established, the (—) type solution and eventually our conjecture would be 
eliminated. We feel, however, that accumulation of further experimental veri- 
fication is needed. 

In the dispersion theoretical analysis, as was stressed in § 2, the energy 
dependence of the K*-p cross section at very low energies is important. Ex- 
periments on the charge exchange scatterings and also on the K~-m scattering 
should be urged. Information on the latter is especially desired since in its 
dispersion relations the bound state contribution comes only from 2. 

It may be added that, as was shown in I and the preceding section, P-wave 
resonances are likely to occur in the 2-Y scatterings with (J, J)=(0, 1/2), 
(1, 3/2) and (2, 3/2), provided that the 7YZ interaction is sufficiently strong. 
The first one, (0,1/2), is especially interesting since it is expected only for 
odd Ps,. The other two will not serve as a test of Ps, because they are ex- 
pected in both cases of even and odd Ps,. In DT’s analysis and consequently 
in making our conjecture, however, it has been implicitly granted that there 
is no resonance other than the z-A one in the low-energy K-N reactions. 
Strictly speaking, if the resonance, (0,1/2), and/or any other anomaly are 
found in the low-energy K-N reactions, DT’s analysis ought to be revised. 
Then the effective range approach may not be justified. In this sense our 
argument may turn out to be not selfcontained. 

Now let us speculate on the binding mechanism of Y*. In the Born ap- 
proximation of the Yukawa interaction theory the K-N force is repulsive both 
for scalar and pseudoscalar KYN couplings. The virtual pion effect may act 
as an attractive force, but presumably it will not be the main agency, as the 


width of the level of Y* is very small. Conversely speaking, Y* will not be 


mainly responsible for the large cross section for the inelastic process K~-+p—> 
z+Y2 It is quite conceivable that Y* would still exist if the z-Y channel 
were switched off. Some z-K interaction may induce a strong attractive force 
for the K-N system but it will then be a delicate problem whether the K-N 
force is reproduced as repulsive in conformity with the experimental evidence. 
This possibility should be subject to further investigation. However, the origin 
of Y* may be beyond the conventional theory. At the present stage, it may 
be appropriate to regard Y* as “elementary” and put in the same category 
with other elementary particles. 

Incidentally, we wish to remark on the A-N force. The long-range part of 
the A-N force will be given by the two pion exchange potential which can be 
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calculated by using the 2z-A scattering amplitude.” In the calculations of the 
A-N force so far made the 2-A scattering amplitude has been treated by the Born 
approximation but it is now clear that such an approximation is wrong and the 
effect of Y* must be taken into account. A rough estimation will be given 
by including the graph in Fig. 1(a).* 

If the z-A scattering occurs only in Sj), the two pion exchange A-N force 
will be spin-independent in the adiabatic approximation. On the other hand, 
phenomenological analyses of hypernuclei show that the A-N force has consid- 
erable spin-dependence.” This is, however, not directly confronted with our 
conjecture because it may well be that sufficiently strong spin-dependence comes 
out from the short-range part of the potential. It should be remembered here 
that the binding of the deuteron has not yet been explained in terms of the 
meson theoretical potential. 

Finally, we should like to note another interpretation of the z-/ resonance. 
Suppose that the S-hyperon is not “elementary” but a bound state of z-A. 
Then the z-/ scattering phase shift starts from 180° at the zero energy and 
drops down to zero, passing through 90°, as the energy increases. A similar 
possibility was once noted by Gell-Mann” as to the z-N scattering in the Pip, 
[=1/2 state. As was discussed by Ida” a resonance of this type has charac- 
ters different from the ordinary resonance where the phase shift goes up 
through 90°. For the width of the former a lower bound exists which comes 
from the requirement of causality. Therefore it is questionable whether such a 


sharp resonance as observed can be interpreted in this way. This possibility - 


will be discussed in a seperate article. 
In conclusion the author wishes to express his sincere thanks to Professor 
H. Yukawa, Dr. M. Ida, Dr. J. Iwadare and the members of the Yukawa Labo- 


ratory for enlightening discussions. 
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Note added in proof: Recently Nambu and Sakurai (Phys. Rev. Letters 6 (1961), 337) sum- 
_marized the recent experimental developments which are indicative of odd Psy. They inferred that, 
~ among other evidences, the nonexistence of the P-wave resonances with (J, J) = (1, 3/2) and (2, 3/2) 
might be taken as an argument against even Ps, As was noted in §§ 4 and 5 of the present paper, 
__however, these resonances are likely to occur in both cases of even and odd Py, if the zS¥ inter- 
bee action is sufficiently strong. The nonexistence of these resonances, if confirmed, may imply that 
ae Py, is odd and that the zY¥ interaction is fairly weak. 
; a As for the role of the final z-¥ interaction in the reaction K~+p->7+ J, see also Capps’ paper 
(Phys. Rey. Letters 6 (1961), 375). 
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A difficulty in literally applying the BCS-Bogoliubov formalism to the nuclear system 
with singular interaction is pointed out. A prescription to overcome this difficulty is proposed. 
According to this method, it is possible to consistently join the BCS-Bogoliuboy formalism 
with the “ reaction matrix” formalism in a unified manner. The results obtained verify the 
validity of the basic conjecture underlying Cooper-Mills-Sessler’s procedure. 


§ 1. Introduction 


After the appearance of the new theory of superconductivity, many at- — 
tempts” have been made to extend the Bardeen-Cooper-Schrieffer theory? or 


the -method of Bogoliubov” to the nuclear system. 


In the case of practical. application, they have been made by introducing — 


the appropriate “ effective interaction ” phenomenologically.” However, the liter- 


al application of the BCS-Bogoliubov formalism to the actual nuclear system — 


encounters a difficulty as will be discussed in § 2, because of the presence of 


a “hard core” in the nucleon-nucleon interaction. It has not yet been ae on 


tempted to relate the “effective interaction ” with the nucleon-nucleon interac- 


tion without ambiguities. | 
On the other hand, Brueckner” l.as shown by using the “reaction matrix” 


formalism that the strong two-body scattering correlation due to the singular 
nature of the rtuclear interaction is mainly responsible for the saturation phe- 
nomena. Although the concept of “reaction matrix” is very useful in treating 
the singular interaction, this theory is constructed on the assumption that the — 


ground state of nuclear matter is not drastically different from the Fermi- 


sphere. ty 
It is the main purpose of this paper to join the BCS-Bogoliubov formalism 


with the “reaction matrix” formalism consistently and to treat the pairing — 
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correlation and the scattering correlation in a unified manner. Our basic idea 

is as follows: i) We use the Bogoliubov transformation in order to treat the 

pairing correlation and to introduce the possibility of the modification of the 

Fermi distribution, ii) the reaction matrix formalism is extended to such a 

system in order to take the scattering correlation properly into account and | 
iii) with the assistance of the “ generalized reaction matrix” thus obtained, the 

coefficients of the Bogoliubov transformation and the energy gap are given. 

Thus we obtain a set of equations to be solved self-consistently. To formulate 

the above idea, the method of eigenmodes developed by Sawada” is used. 


§2. Approximate eigenmodes 


The Hamiltonian of the Fermion system here considered is 


A= R656, Cp ae, Ca APOIO rs perce (2-1) 
Pp vi 


pyrs 


where €,=(p’/2m)—A, 4 being the chemical potential, and c, and c,* are the 
annihilation and creation operators of a fermion with momentum # and satisfy 
the usual commutation relation of fermions.* <fgq|v|rs) is the antisymmetrized 
matrix element of the two-body interaction : 


bo 
Ww 


(pqlulrs) = (pal Virs)—<pq| Visr>)—CaplVirsp)+<ap|V\sr>), (2: 


where 


e 


(pq\V|rsy= \ ghy* (ax) bg* (a) V (a, 2!) b, (2) (2!) dxdz’, 


V(x, x’) being the two-body interaction and ¢,(x) being a plane wave with 
momentum / ina large box. V contains a hard sphere since we want to treat 
the nuclear system. 

In order to treat the pairing correlation and to take into account the pos- 
sibility to deform the Fermi sea, we introduce a new Fermi operator, 


Ap =UyCp— Ugl—p. (223) 


We expect that this operator becomes the approximate one-particle (quasi- 
particle) eigenmode. w, and v, are real numbers which satisfy the condition 
Ug Oy = 1, 
2-4 
Uy=U_p, Up=—Vig- oe 


From (2:1) and (2-3) we get an equation of the following type, 


(ae H\=>«,4¢, =0,¢, FY @. (2-5) 


y ; Meee: 
For the sake. of simlicity we shall neglect the spin- and r-spin dependence in the followin 
arguments. : 


— NT 
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If aw, was an exact eigenmode, @, and Y, should vanish. Bogoliubov’s method 
is as follows: i) The “interaction” Y, is expressed by the normal product 
with respect to a, ii) w, and v, are determined so that @, vanishes and iii) it 
is assumed that the ground state is given approximately by the vacuum |) 
with respect to a. Then the ground state energy <(|H|) and the excitation 
energy w, are obtained. 

How well the vacuum |) reproduces the ground state which is an eigenstate 
of the Hamiltonian depends on how well a@, reproduces an exact eigenmode. 
Therefore, whether @, is a “ good” approximate eigenmode or a “bad” one is 
essentially important for Bogoliubov’s formalism: 

The literal application of the Bogoliubov formalism to nuclear matter gives 
the “interaction” Y, which includes the original nuclear interaction V with a 
hard core. In this case Y, is singular and cannot be neglected, so that a,* 
is a “bad” approximate eigenmode. This is the essential difficulty pointed 
out in §1. It must be emphasized that the “interaction” Y, should be re- 
placed by a less singular one in order that a, becomes a “ good” approximate 
eigenmode. 

To overcome the above-mentioned difficulty and to treat the singular inter- 
action appropriately, we must take into account the scattering correlation 
which is very big because of the ,singular nature of the interaction. For 
this purpose it is convenient to set up the approximate two-particle scattering 


eigenmode in the following way : 
Ka eb, Oy Cin! Cal cn EB Oe PIP he (2-6)* 


where the symbol: : means the normal product with respect to the operator a. 


> 


(p,q) should be determined so that X,* becomes a “ good” approximate 


eigenmode satisfying the relation 


EX, ood |= WX, ZS (2:7) 


where “interaction” Z, contains only the small interaction which is less singu- 


lar than the original V. 


§ 3. Generalized Bethe-Goldstone equation 


In this section we examine the approximate two-particle scattering eigen- 
mode in the deformed Fermi sea and construct the “ generalized reaction 
matrix”. With the help of the “generalized reaction matrix ” thus obtained, 


the coefficients of the Bogoliubov transformation will be determined. 


Using (2-1) and (2-6), we have 


* In general, the definition a = Yn" (p, g)cp*tca* might be chosen as the two- particle scattering 


mode. It should be noted, however, ehitet Eq. (3-4) holds. Therefore, we choose the definition (2-6). 


vie inner product : 
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W*X,* +[Xn*, H]=—W* DP" (b, Pp) Up Pe 
ea At Cp ea Higa 0 9,4) LW, (E,+ Ey) }¥"(D, q) 
DI 
— i palvirs)(r, s)¥" (r, s)] 
pre (rite Chee Up gO lta) Uikie ep lade (Eg Eg} ™P; q) 
PY 
EL Any en EL" ( py a) dey Ci Col ql A (tigh O-agh a) <P QAAPTD + Ch Ges 
PY plq'r 
(3-1) 
where 
O(r, s) =u tue—ve—v-. (3-2) 


E, is the renormalized one-particle energy with momentum # and is determined 
later self-consistently (cf. Eq. (3-17)). 

Putting the first and the second term respectively in the right-hand side 
of Eq. (3-1) equal to zero, we obtain the following generalized Bethe-Goldstone 
equation : 


{W"—(E,+E,)}¥"(p, 2) = DiC palvlrs)o(r, s)¥"(r, 8), 33) 


W" 312" (p, —p)upv,=0. (3-4) 
Dp 


We can prove in § 4 that Eq. (3-4) is valid.* In the case of sharp Fermi 


2 = distribution, Eq. (3-3) is reduced to that obtained by Sawada (Eq. (12) 
tef. 6)), which consists of the Bethe-Goldstone equation” including the hole 


motion® and an equation for the “attached field”. ,From Eqs. (3-3) and (3-4) 
we obtain 


x {2p Vp y— (Up —V,z) 4p} FP” (p, —p) =0, (3-5) 


dy= —2 3) ua vaq—4\v|p —p): (3-6) 


_ The operator v@ is a self-adjoint operator with respect to the defnitien of 


Cad i pe P'* (pb, Dap, Ql" (p, D. (3-7) 


When a pair (Po, qo) satisfies the equation 4( po, go) =0,** the component 2" (fo, go) 


* Using Eq. (4-5) we immediately get Eq. (3-5). Thus we can prove, by the use of Eqs. 
@ 3), (8:5) and (3-6), that Eg. (3-4) holds. 


We are very much thankful to Prof. K. Sawada for poling out to us the importance of 
this equation. 


iy Hereafter the momentum pair with suffix 0, (po, go), means the one satisfying 0(po, 4) Lge! 


“ 


~ Sawada’s formalism.” 


we can find the expansion of: c,*c,*: (for 4(p, g) #0) into eigenmodes X,," : ee 
Dep" cg? = DE (p, 2) 9, @) (An® — Ba) : i a 
— Dy reps Cae 1 2 P"*(p, 9) OCD, g) En PC Po, 9). (3-15) 
Po do n 


Note on the Pairing Correlation in Nuclear Matter 1039 


does not contribute to the norm of ¥. If we construct the state ¥” of which 
(Po, go)-component is the only non-vanishing one, i.e. 


Meng es q) ated OF oe ) (0 ging O94, 04 Ones (3-8) 
this #"° satisfies Eq. (3-3) with the eigenvalue 


W™= Hy + Kays . (3-9) 


and represents the free two-particle motion. Thus this solution should not be 
interpreted as the scattering eigenmode in its proper sense. t 
The orthonormality relation is obtained from Eq. (3-3): 
R Os for) 72 == 7, 
(Pop) = En Onm en= Se 10) 
+1 for nm. 

Then we can define, as usual, the creation and destruction operator, A and 
B,, of two-particle scattering eigenmode: 


} 


An (stor. .€, 4-1 it 
X= ena Biba 
eT for €,=—l, | 
because of the relation ee 
CHG, Ae Senos, for az))=0. (3-12). 


The (fo, g)-component of non-trivial solution Y"(m2<m)) is expressed in terms. 
of the other components from (3-3): 


1 2 te ff ‘3 
x ; I(p, DP"(p, QD. (B18) 
es SAG has rete (E,, + Ex) xp golv|Pq)9(p, a) P"(p, 9) ) ok: 


In the case of sharp Fermi distribution, this becomes the “attached field” in 


Assuming the completeness relation :. 
al y Ny al es "i aes 

DED, D oP (2, 1) 90, 1) =~, npr aur va avr) (3-14) ae ~ 

for 0(p, g) #9, 


Now we examine the operator Z, in Eq. (2-7), the expression of which | 
is given by the right-hand side of Eq. (3-1). Using (3-3), (3-4) and (3- 15), 
we find after some calculations 5; 
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n af . 
Zn=A4 pa PP" (p, OL a 2 Tel Lia bi Cait ae Bam 2 Ri prt Cg” Cr By 
€ Pe) r oh r 


ee Rowe : 5 a Dae Cy Cr |-2 per: E"(p, q) a9 BiGg Gen 
Pd 


+2 09 G0 r 


Eos a tp, = qh) RPP tgs ap Cp Cq* > (3-16) 


PY Poo 
with the equation for E,: 


ES ='S p—4 D0, Dae ay Bae. (p, g) +40 Reprod, (3-17) 


En< q 


where the following generalized reaction matrices R and R are used: 


- Rig= LB (p, A) 9, A) p'd \vipg= (Rin) (3-18) 
RL =(pqlv|rsy— I R's &n B"(P, D 
0 for O(p, g)*<0 
~ (Xpglolrsy— is Soe for O(p, q)=0 
Soe (3-19) 


In the case of sharp Fermi distribution, Eq. (3-17) corresponds to Eq. (20’) 
in Sawada’s paper” which is analogous to that obtained by Brueckner and Gam- 
mel.” . 

Eq. (3-16) shows that Z, is expressed in terms of the reaction matrix and 
4 which are less singular than the original interaction. 


§4. Approximate one-particle (quasi-particle) eigenmodes 
and the pairing correlation 


We now come to the stage to examine the approximate one-particle (quasi- 
particle) eigenmode. 


A calculation similar to that in the Srateany section leads to 


[@,', H]=—a,@,*—G,a_, 

— Quy om Ye Ria An* Ca 2s Xe Rica Bu + pups Ret: o.* ca Cy] 
ee, Lud DN Rea hoes ae es ud Re Bat Gg aes RP CMCC e 1 
(4-1) 

where 

Wp== (Ue 0, ) yt Ju Uo Aa. (4-2) 
Op = 2p Vp Ey— (Uy —V,) dp, (4-3) 
dy= —2 Do avg 9 —Q\v|p — p?. | (4-4) 


“eT 


i 
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Eq. (4-1) shows that the “interaction” Y, is expressed only by the “reaction 
matrix” which is less singular than the original nuclear interaction. Thus, 
the difficulty discussed in §2 has been overcome, and a, becomes a “ good” 
approximate eigenmode under the condition 


Op = 2Uy Vp y— (Uy’— Vp) 4,=0, (4-5)* 
which is equivalent to Eq. (3-5). 
Using Eqs: (4-5) and (2:4), we obtain 


A : E, 


aS mE Up el Saas a rey ie 
p Dp 
1 | E 1 E 
ee L, ap a {1— a 6 
i Ppos- VE, +4, Eero VE, + 4,7)” ae 


Wp=V Ey + 4,’, 
which are analogous to those given by the BCS-Bogoliubov formalism. 


§ 5. Summary 


According to our basic idea mentioned in § 1, we have obtained a set of 
equations, (3-3), (3-17) and (4-6) to be solved self-consistently. This results 


verifies the validity of the basic conjecture underlying Cooper-Mills-Sessler’s | 


procedure.” Thus it has become possible to join the BCS-Bogoliubov formalism 
with the “reaction matrix” formalism consistently and to treat the pairing 
correlation and the scattering correlation in a unified manner. 
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i] (p, q) Y;°(p, q) Co Up Ug O_pq ? (A) 


we obtain from Eq. (4:5) | 
— (Ep+Eq) ¥p°(p, D = D1 <balvlrs) O(7, 8) Ya"(r, 5). (B) 
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On the Green Function of the 
Spin System. I 


Kyozi Kawasaki and Hazime Mori ° 


Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 


March 13, 1961 


The two-time Green function method 
was applied to the study of ferro- 
magnets by Bogolyubov and Tjablikov,” 
who derived an equation which de- 
termines the magnetization in the 


entire region of temperature. We used 


the same technique to calculate the 
spatial correlation of spins in a ferro- 
magnet in the lowest order approxi- 
mation. Suppose the direction of the 
spontaneous magnetization to be in the 
positive z-axis. The derivation of the 
correlation function of the 2-y com- 
ponents of spins is straightforward 
and we simply quote the results. De- 
noting the Fourier transforms of the 
correlations by ree etc. we have 


: erher (0,q) an 


eet, pea ae 
(1) 


eS Mg Sy ere} 


Phe ed EPS) 
2/1) +2I(0, 9) 


where J(0, g)=J(0)—J@, J(q) being 


satisfies the following equation in the 


the Fourier transform of the exchange 
energy, and o=(s,). 7 is the gyro- 
magnetic ratio and ¥ the susceptibility. 
This agrees with the results of van 
Hove” and de Gennes.” 

In order to calculate the correlation 
of fluctuations of the z-components of 
spins, we apply a weak magnetic field 
H in the g-direction to a particular 
spin, say, the one situated at the | 
origin. Then, the thermal average © 
o, of sf situated at the lattice point go 
is given by 


o,=0+7HO, 
where 0,=— ’ 
Driv be. 2S, fo )er (sy eae ‘ 
as fee Cares me 


CANES 
H, being the system Hamiltonian. %, — ee 7: 
is not quite the same as the correlation — 
function, but the difference is not im- — Fs 
portant near and above the Curie — 
point.” Thus the problem is reduced — 

to the calculation of o,, which can | é 
be done by employing nogclgnnaees 
and Tjablikov’s technique. The Green — a 
function Gpj(¢) = (su (t), So? being — 

introduced, the Fourier transform 
of this with respect to time, Gn(E), ite 


first approximation, 


m, 
a 
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| 


1 ay Cone can = Orig ae [7H no se om dwn SAGng 


vt 
— 226m > I mz Gyo (5) 
a 


where A is a parameter. For A=1, 
we have the full Hamiltonian, but for 
A=0, our system reduces to the Ising 
ferromagnet, in which case, Bogolyu- 
bov and Tjablikov’s first approximation 
is identical with the Weiss approxi- 
mation. Here we introduce the matrix 
notation, 


(@) mg = Ging (O°) mg =x Tm (J) mg = Ima; 
Vey ng = em Chas Cn==7 E10 m9 +2 2 hor 
(6) 
For spin (1/2 case, Eq. (5) can be 
solved to yield, with the application 
of the spectral theorem and the identi- 
ty, (s;s¢)=1/2—0,, the following 
equation which determines o,. 

Epes! 1 
oP) ee er ag : 7) 
Meet ef  FI—>0 
Eq. (7) reduces to the following, 


ath 2+ |—_* __] . @) 
2 @y toate J 99 


If one notices from this equation that 
the value of o,/e, is the same when 
a weak uniform field is applied to the 
system, we obtain an expression for 
?(q), the Fourier transform of 9,, 
which is identical with Eq. (3), as 
one would expect. For /=0 and near 
the Curie point,\%=77/4k,(T —T,). 

i) T<T,,H->0 

Substituting Eq. (4) in Eq. (7) and 
extracting the terms linear in H, we 
obtain the following expression for 
P(q) after some calculation, 


2ksT dF Ck, k—q) 


?(q)=- 2 = 
1 40° = k— 
ee Pk, k DIG k-@ 
(9) 
where 
tee [ mit 
F,(k, k eer k’) re, 


: =|: £10) 


BAT, 0,K) 1 
J, (k, k’)=ZJ (k)—2Jd (k’). 


For 2=0, and near the Curie point, 
@(q) becomes similar to Eq. (3) ex- 
cept that ¥ is replaced by 77/8k,(T.—T). 
This agrees with the results already 
known.” However, @(q) shows a 
quite different behavior for 4=1. For 
small g, the preliminary examination 
gives 
1 ee 


0 (Gy he ee ae 
a q+0 2J,a'q 


where 0 is a positive constant vanish- 
ing at the Curie point, and we put 
J(0,q)~J.aq¢. This peculiar be- 
havior is associated with the diver- 
gence of the parallel susceptibility in 
this approximation below the Curie 
point, which is given by 


sltigaior 
——— 


% : 
kzTo 


1 
rae i) G23 


However, this point needs further in- 
vestigation. We would like to express 
our deep appreciation of many helpful 
discussions with Prof. T. Matsubara 
on this subject. 


1) N. N. Bogolyuboy and S. V. Tjablikov, 
DAN. SSSR 126 (1959), 53. 
D. N. Zubarev, UFN. III (1960), 71. 

2) L. van Hove, Phys. Rev. 98 (1954), 1374, 
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3) P. G. de Gennes, Rapport CEA No. 925 
(1959): 
P. G. de Gennes et J. Villain, J. Phys. and 
Chem. Solids 13 (1960), 10. 

4) R. J. Elliott and W. Marshall, Rev. Mod. 
Phys. 30 (1958), 75. 


On the Green Function of the 
Spin System. II 


Kyozi Kawasaki and Hazime Mori 


Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 


March 13, 1961 


The Green function method of Bogo- 
lyubov and Tjablikov quoted in the 
foregoing article has been successful 
only for the case with the spin 1/2. 
We have extended their method to the 
cases with an arbitrary magnitude of 
spin. For simplicity, we describe 
here a case with spin 1 only. 

First, note that the following iden- 
tities for the spin operators at every 
lattice site are satisfied : 


(5."—1)s,,*(s5° + 1)=0 or sn" =5n', C1) 

Sha St = 2 — Sin? — Sms (2) 
From these we can deduce the follow- 
ing: 


(oe ley] Cat OE (3) 
For the Hamiltonian 


eae * 
bei 7H SsuD Is] SF 


+ Sin Spt Sin s'| ese) 


the equation of motion is 
t(d/dt)s,=rHst,—2) Jal sn sp 
7 
So Sy Sls (5) 


Introducing the two kinds of Green’s 
functions 


Gro t—t') =(sh OD sp {tea hO) 
Gag nll st!) = (Sn (2) 53 Ct) see GS 
(7) 


we have the following equations for 
them, 


i(d/ dt) Gaga 200),8(¢ =? Ay HG, 
sae 2 Jing] «Sue Sf s Sp 2 (SH Sie Sp Os 

(8) 

i( df dt) Gngn= (Sn Se5 sh 1) eee 
+ 27HGingn—2 ps J ig |X Sm SpiSde ome D 
= 555855 5h 01 23S rl <smso°SF i? 
— sins so, sud]. (9) 


The Green function appearing on 
the right-hand side of these equations 
can be approximated as follows: 


C Sin SF 5, eG;,; (10) 
<sin SF Sas ead ete (11) 


Thus we obtain two sets of equations 


for G,,, and Gro, x.- 


These equations are solved by in-_ 


troducing the Fourier transforms of 
the Green functions, 


Grae) = (1/N) 31 dG Ble Pema, 3 
(12) 


Gua.n(t)= 1/3 |dEGra( Bye" 
eq J—@ 
Sey le a) (13) 


Thus we obtain: 
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yH—2o0J(0, k)], 
(14) 


Gy (E) = (0/2) /[E- 


GigE) = (Pxq/2)/|E-2 
2903 (0, k)—20J(0, q)1, (15) 


Be: . where 
Alsnsas sk“) = A/N") 31 Fra 
SOP ae SA el 2D (16) 


Now, the spectral theorem is applied 
to G, and G,, to yield the following 


(18) 
These can be combined with Eqs. 
: (2) and (3) to eliminate ¢s,">. Thus 
~ we obtain 
ished. N “ee bl vH+20F(0,k)) _ 4 


ft Pr, q/ 40 


NZ ea ehi2rH + 207 (0, ki) +203 (0,q))__ 1 


(19) 

mt On the other hand, the ¢ 4 defined 

i ep by Eq. (16) satisfies 
es Dish sr sayle tne” 

: ree], (20) 

With the same approximation with 

Eq. (10), we have 

| kshsz sp) 20X sk s7 Y=osy sh) 

(mq). (21) 


feces For <5, sf) there is a relation simi- 
hat to Eq. (17) deduced by applying 
the spectral theorem to G,, which is 


relations : 
Sea 20 1 7 
Mee Ge) ee N pm QhlyH+20F(0,k))__ 7’ (1 ) 
iL YP), 
}. —2 +2\ __ Cele e 
(Sm Sm ane ehlrH: 20 (0, k) +205 0,q))__ J” 


> Saye 
(ssi) aes 20 eat, 1 3 et im—9, he) 
Sg Sm) = N aaa ehlrH 207 (0,k))__ t 
(22) 


Thus, combining Eqs. (19), (20), 
(21) and (22), we obtain the following 
equation which détermines o at any 


temperature. 
Pet oe 5: = 
oe ON 46 eblra+20F0,k)1_ J 


4o 1 
= E ee N ~ ALY H +20F(0,p) __ a 


cw aot 
N2 ka eres 2oJ7 (0, he) +207 (0, ois 1 
Tescln 1 
N? Fa efl1H+20F 0,k)I s] 


rl 


ehlvH+20F (0, ke) +20(0,q)1__ J] 


(23) 


For sufficiently low temperatures, 
(sn Sm 220, since this is proportional 
to the probability that the spin on the 
site m lies in the opposite direction 
from most of other spins. Thus the 
right-hand side of Eq. (23) drops out 
except the first term. This means that 
the spin wave picture holds at low 
temperatures. Near the Curie point, 
the spontaneous magnetization can be 
shown to be proportional to (T.—T)"”. 
Therefore, Eq. (23) can be looked 
upon as giving an interpolation be- 
tween high and low temperatures as 
it was in the spin 1/2 case. In parti- 
cular, if we replace J(0,k) by J(0) 
(which is equivalent to choosing 2=0 2 
in our previous article), Eq. (23) re- 
duces to the ordinary Weiss approxi- 
mation. 

The authors wish to express their 


— * a 
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thanks to professor T. Matsubara for and their antiparticles. He compared 
his enlightening discussions and en- the role of d-particle in his model 
couragement. : with that of neutron’s in the early 


stage of theory of nuclear structure 
and suggested a way based on the 
correspondence to unclear theory. 
In the early stage of the theory of 
nuclear structure, Heisenberg” and ; 
Weizsacker® investigated the regulari- 
ties of masses of nucleus and found 
the mass formula and analysed the 
stability of all possible nucleus based 
on the mass formula. Correspondingly, | ei 
the author® investigated the regulari- 
March 13, 1961 ties of masses of baryons and mesons 
and found the mass formula and ana- 
In 1956, Sakata” proposed the model lysed the stability of the baryons and 


Remarks on the Mass Formula 
in the Sakata Model 


Ken-ichi Matumoto 


Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 


in which all particles belonging to mesons which were experimentally un- 
baryon and meson families are inter- discovered but derived from the — 
preted as the entities constructed from Sakata model. The conclusions from 
proton p, neutron 2 and /-particle A this formula are the following :® 


Table.  Sakata’s Model. 


Partich Composition Mass of ground state it 
SEtLENe (lowest configuration) (with unit of a11,==137 me) 
N (N) 134) Fo ieee 
A (A) 16 e 
r (NN) 2 OCR Sle mie 
K (NA) 
= (NAN) 17 
ey (AAN) 1844~19 
F(O, *) (NNN) 171% 
gone momentum +3") (NNN) + (1—a?)1/2(NAA) i" 
B(O, 0) a’ (NN) + (1—a2)1/2(A4) annie: 
F(+1, 1 or 0) (NNA) ? Chen 
undiscovered B(—2, 1 or 0) (AANN) ; 
P38, 1 or 0) - (AAANN) 


* F(b, a), B(b, a) are the baryon and meson having I=a and S(strangeness) =6 respectively. ih 


** @, a/ are unknown except 0=<a?, al. 0 hae 
*k 7F(0, 84) is the well-known 84-85) resonance state at 190 Mev. laboratory pion kinetic energy 

. 4 . ‘ ‘bY “a 

in x-N scattering. We take the total energy in the center of mass system at resonance asthe’) 4 


iy 


mass of (0, 92). men ae 
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1) Unobserved particles derived 
from the Sakata model are almost un- 
stable against the strong interaction. 

2) Some “new” stable particles 
against the strong interaction can be 
predicted. 

3) Some lower levels in unstable 
particles exist and appear as resonance 
state in reaction processes. 

The detailed analyses” were given 
in connection with full symmetry 
theory” among p, 7 and A. 

In this note, we would like to make 
some further remarks on the mass 
formula. 

i) In the mass formula proposed 
there,” namely, 


no Cig t-te) +a4(4+n7z) 
— Vyxnynx— Vwy(tyn+nym) 
— Vwa (twa + 1m) — Va(twstnxa) 
Baap MV da Mast Maw) Gl) 


where my,°*'714, Nyy,***, N77 are the num- 
ber of N, :--, A, NN pair, --:, 11 pair in 
the composite particle (lowest configu- 
ration; see Table), we assumed, 


Vyw=— Vyy, 
Nys=— Va; 
Vus=Vanv—4V 

with 4V/Vyw~0.10, 
Vasa=Vns—AV' 


with 4V!/Vy40-14, (2) 
and 
Vyw=2my—m,(~2my). 


However, releasing the above restric- 
tions, we could determine all the co- 
efficients to fit with the observed mass 


values, and found that the newly 
determined coefficients have rather 
remarkable fits with the previous ones 
in very small errors. It shows that 
the assumed regularites may have 
some significient physical background. 
ii) It may also be suggestive that the 
mass formula can be expressed in the 
following from, 


Mrm(ng—nz)’? + 4m {2(m4+077) 
— (np—nz) (n4—77)} 
+small term, (3) 
where 
Ng=NytNy, 
m—~My, 
4m=~m 4— My. 


The main contribution of the mass 
formula comes from the first term, 
which depends only on the baryon 
number and is independent of the 
lowest configuration, while the second 
term brings the nucleon /-particle dif- 
ference and asymmetry for the sign 
of strangeness quantum number with 
fixed nzg—nz. A noticeable point is 
that the main part of the mass formu- 
la is due to the baryonic charge and 
involves a constant (m=my) only.* 
This suggests that the masses of the 
composite particles ( for instance, the 
vanishing pion mass) are due to the 
same origin of the mass of funda- 
mental baryon, which must be. con- 
sidered in future and seems to be 


* In the case of nucleus, the main part of the 
mass defect shows the saturation of the nuclear 
force which is the fundamental problem in the 
theory of nuclear structure. 


[7* we * 
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connected with the axial vector cur- 
rent conservation in the weak inter- 
action as pointed out by Nambu.” 
The mass formula has many defects, 
especially in the prediction of the 
intrinsic augular momentum of the 
particle. The situation is similar to 
the case of the mass formula for nu- 


cleus. In order to correct this defect, 


we must introduce some effect besides 
the Pauli principle into the formula, on 
an analogy of the introduction of 
pairing energy, spin dependence and 
spin-orbit coupling in nuclear theory. 
The work along this line will be report- 
ed in a later issue of this journal. 

The auther is greatly indebted to 
Prof. Y. Katayama for his kind in- 
terest and valuable discussions. He 
also expresses his gratitude to Prof. 
S. Sakata for his guidance and valua- 
ble suggestions. 
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Expansion of the Linear 
Boltzmann Operator 


Armand Siegel 


Boston. University, Boston, Mass. 


UMo.eA. 


March 14, 1961 


1. The “CD expansion”. Suppose 
the distribution function P(y, ¢) of 
the thermal fluctuations of a variable 
y to satisfy the partial differential BS 
equation ae 

OP/3t=B'P, (1) 


where B’ is a linear operator (line- 

arized Boltzmann or other) on the y 
variable. We take B’ to be given in By: 
the form of the Kramers expansion Ai 


Re ek CaN 
Bast (-2Yanly),  @) 
n= n } Oy 

which may usually be derived from 
integral-operator or other forms. It 
is known that the successive terms of 
this expansion cannot readily be in; 
terpreted as corresponding to succes- 
sive kinetic-theoretical corrections; for 
example, the Fokker-Planck equation 
cannot be obtained by simply taking 
the lowest term or terms of (2) intact, 
as they stand. The purpose of this 
paper is to present a rearrangement — 
of this expansion for which it 7s possi- 

ble to claim such an interpretation. 

Some discussion, and an application 

to the calculation of noise, spectra will 


/ 
Pig Ser aos am 
Sit. ie oe 


* This work was supported in part by the ihe 
U.S. Air force through the Air Force office ay 
of Scientific Research, Air Research and De- | / ag 
velopment Command. os 
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also be given. 

Let us assume the Bh A dis- 
tribution to have the Maxwell-Boltz- 
mann form (27)7!” exp(—y’/2), and 
for convenience transform according 
to the equations : 


Bee it Bie Vl ossett* P,. (3) 
by which Eq. (1) is transformed into 
| av/dt= Be. (4) 


Then the proposed expansion—we 
shall call it the “CD expansion ”—is 


B= 51 ¥) Ain (p= boy (5) 


mai, t= 
where C and D are the creation and 
destruction operators on Hermite 
functions of y, and the A,,, are con- 
stant coefficients : 
mm ii k 
(Fanti , (6) 


ey per eeeeatmnat 
os 24 (Gm —k-+1)! 


_ which can be shown to follow from 


the form (2). 

2. Use of the CD expansion in 
obtaining approximations to B. In 
the usual derivation of the Fokker- 
Planck equation from the Kramers 
expansion, using the random walk 


model, one takes for @, and a, their 


limiting values as y->0, these being 


proportional to y and a constant, re- 


spectively. 
to zero. 


All other a are put equal 
But the random walk model 
furnishes no guide for improving this 


approximation. The CD expansion 


will yield such a guide. One can see 
this by the following argument. 
Further terms will become impor- 


tant in addition to the Fokker-Planck 
terms as the distribution P deviates | 


increasingly from its equilibrium form. 


Thus one needs an _ appropriate 
measure for this deviation. The fol- 
lowing measure for this purpose has 


been proposed by the author :” 


Ye= (2a)? (p— (22) Pees 
p— (22) ew), (7) 


The expansion (5) gives an ex- 
pansion of the rate of decrease of Ti 
as follows: 


A 2, Bm S) Fi a(om)onee|, (8) 


dt m=1{_7r,s=0 


where 
CNS Ag CP ae 

which will be recognized as the sum- 
mand of the sum over m in Eq. (5); 
the a, are the expansion coefficients 
of ¢ in Hermite functions ; and (4,,);s 
is the matrix element of 0, between | 
the rth and sth normalized Hermite 
functions. 

Eq. (8) makes possible a clear dis- 
tinguishing of order of magnitude in 
the trend to equilibrium, since the 
physical parameters on which B de- 
pends affect the convergence of (8) 
entirely through the constants A;,, the 
matrix elements of C and D being 
dimensionless. A rapid decrease in 
the successive terms of the m-sum- 
mation of Eq. (8) is to be expected 
under conditions which are commonly 
satisfied in physical kinetic processes. 

In particular, the expansion of B 
becomes especially simple when the 
Aim are homogeneous expressions of 
mth order (or of order m plus a 
constant) in a small physical para- 
meter characteristic of the system 


under consideration. In such a case 


— a 


’ in lowest order. 
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the terms in the sum over m in the 
B expansion, and in the related de- 
viation from equilibrium (8), are just 
the successive terms of a power series 
in terms of this parameter. Two 
systems are in fact now known which 
have this property: (1) The Rayleigh 
model,” where the A;, are proportion- 
al to [¥(1+y)]"", where + is the 
(presumably very small) ratio of the 
mass of a molecule of the medium to 
that of the colloidal particle whose 
velocity distribution is being studied. 
(2) The diode (nonlinear ‘ohmic re- 
sistance plus capacitance) of Alke- 
made :” Here van Kampen” has found 
that the A,,, are proportional to €™*”” 
where €=e?/kTC, e being the elec- 
tronic charge and C the capacitance 
of the diode. / 

The fact that in both of these sys- 
tems, so different physically, the CD 
expansion takes the form of a power 
series, encourages the speculation that 
this expansion has fundamental validity 
as a power-series expansion of the 
linear Boltzmann operator. Further 
study, toward a more general under- 
standing, is obviously indicated. 

It is evident that the CD expansion 
does give the Fokker-Planck operator 
Taking only the 
leading term in Eq. (5), we have 


B=AuCD. (10) 


This is precisely the Fokker-Planck 


operator with linear friction and con- 
stant force spectrum, as can be in- 
verting the transformation (3). 

3 Corrections to the spectrum due 
to perturbation of the Fokker-Planck 
operator. The operater AnCD gives, 


of course, the well-known 1/(Aj, +0’) 
spectrum for the random variable y(t). 
Using the perturbation method of 
Davies,” the first order correction to 
this spectrum is 


Ch, Bil) 
(Ai) 


where B, is the perturbation B,= 
B—A,,CD. But the matrix element in 
(11) vanishes identically for all the 
higher terms of the CD expansion. 
We therefore find in general that cor- 
rections to the Fokker-Planck spectrum > 
are of second order in the perturbation. 

A more complete account of this 
work will be published in the Pro- . 
ceedings of the 2nd International Sym- 
posium of Rarefied Gas Dynamics, to 
appear in 1961. 


4(27)-"?Re 
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Vibrations of Spherical Nuclei 


Taro Tamura and Takeshi Udagawa. Cm sg 


Department of Physics 


Tokyo University of Education ‘6 GE 


Tokyo 
March 24, 1961 


Several authors” applied the Sawada 
method? in describing the collective 


vibrational states in spherical nuclei. 


Under the random phase approxi- | i 


mation, it has been shown that the. 
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energy of the collective eigenmode is 
obtained by solving a very simple 
dispersion relation. In all of these 
works, however, the dispersion re- 
lation is derived by treating nuclei 
to consist only of one kind of nucleons. 
Needless to say, actual nuclei consist 
of protons and neutrons, and, except 
for singly closed-shell nuclei” it 1s ex- 
pected that the polarization of protons 
induces that of neutrons and vise 
versa. Therefore it will be quite 
natural to assume that there exists a 
long-range correlation between pro- 
tons, and neutrons, of essentially the 
same type as is assumed among pro- 
tons and among neutrons. Then the 
dispersion relation would have to be 
modified accordingly and such a modi- 
fied dispersion relation is given ‘in 
the present note. 

The extended Q-Q interaction is 
defined as 


fg-9= = 2 (Vo Vilage ty) Tears 
Ve honk 0) Yo, 9).. (1) 
Then the relevant dispersion relation 
is given as 
1—G,(X,+ X,) + (G,’— G7?) X, X,=0, 
(2) 
where 
Gy=(Vo+ V,) and G,=(V.— V3), (3) 
while X, is given by 
Ka 22 ban Gao) (Eas ae nae (A) 
, 
Ew=E,+£,, where E, is the energy 
of a quasi-proton®”*) specified by a set 


a of quantum numbers. By using the 
energy gap d and the Fermi energy 


J, E, is written as Bae 18; Se 
€, being the energy of a free particle 
in the state a. E, is written similarly 
and so E,, is the energy of a quasi- 
proton pair. 

In (4) gq is the double-bar part of 
the matrix element of the operator 
r’Y, between the single-proton states 
a and &, and is explicitly given by 


Jas =al|r? Yo|lb> (ave + vats) 
x {5 (1+0.)}7™, (5) 


where wg, Va, etc., describe the fraction- 
al occupation of the relevant single 
X, of (2) is given in 
a similar way as X, is given by (4). 

It is interesting to consider in (2) 
the case with G,=0. As is seen from 
the definitions (3) and (1), it is easy 
to see that this corresponds to the 
case where there is no interaction be- 


proton state.” 


tween proton pairs and neutron pairs. 
(Because of the V, term in (1) there 
still remains interaction between pro- 
tons and neutrons, but it is easy to 
see that such terms have non-vanishing 
contributions only in odd-odd nuclei.) 
If G,=0 in (2), the latter is reduced 
to 

(1-—G,Xy)(1—-G,X,)=0, (6) 
which means that either (1—G,X,) =0 
or (1—G,X,) =0. Clearly, these are 
the dispersion relations obtained pre- 
viously for one kind of nucleons, and 
thus (6) means that there exist two 
independent collective states corre- 
sponding respectively to the excitation 
of proton pairs and neutron pairs. If 
G, is increased in (2), which means 
that a stronger proton-neutron corre- 
lation is considered, it is easy to see 


did eee 
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that the smallest eigenvalue of this 
equation gets smaller than any of the 
solutions of (6). This means that the 
above two independent collective 
states begin to be coupled and thus 
one of the eigenvalues is suppressed 
(while the other is pushed up and if 
G, is sufficiently large, it will merge 
into the continuum of the quasi-pair 
states). Thus it is seen that the new 
dispersion relation (2) is of a quite 
reasonable form. 

The eigenfunction of the collective 
state is given by 


al g + 
= =ate (oe Soe 
| u> N oe = ee a b 


ee Aas) Fs Ca ia ( Jas Age 


Ewtw (@8)\Kag—o 
pee Gar s. A )| i a 
Eica ap | os ( ) 


where the quantities with Roman suffices 
refer to protons and the Greek ones to 
neutrons. A,j is the creation operator 
of a quasi-proton pair with angular 
momentum of two units, while A, is 
the corresponding annihilation ope 
rator. Cr=V/G,Xn(1 — GoXn) and C,= 
i/G.X,(1—G)X,) are- constants and 
using them and X,/=dX,/do and Cy! 
=dX,,/dw, the normalization constant 
N is given as N=\/C2X;+Ci Xn - 
|Z) is the normalized wave function 
of the true ground state. 

Finally, the reduced matrix element 
of the E2 transition is given, by de- 
fining the effective charges” e, and én 
for protons and neutrons, as 


CF, | m(E2)|| Pou) 
=1/N- (€p,CpXn+enCn Xn). (8) 


A more detailed account of this note 
will be published elsewhere ‘together 
with the numerical solutions of (2). 
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Evolution of a Star with 
Intermediate Mass after 
Hydrogen Burning 


Chushiro Hayashi, Minoru Nishida and 
Daiichiro Sugimoto 
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Department of Nuclear Science 
Kyoto University, Kyoto 


March 28, 1961 


The evolution of a star of 4Mo, . 


after the formation of a dehydrogenized 
core and a hydrogen burning shell, is 
calculated up to the stage when helium 
has almost burnt out in its central 
region. The mass 4Mg is chosen to 
get a full interpretation of the whole 
E-R diagram together with the results 
which have been obtained for a massive 
star of 15.6M,”". and a less massive 
star of 1.2M.?” 
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The original chemical composition 
of the star is taken to be 


X,=0.61, Y,=0.37, Z.=0.02 
and: Xcuor 0.008, (1) 


where X, Y and Z denote concent- 
rations by weight of hydrogen, helium 
and metal respectively. According to 
the results by Henyey et al. on the 
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previous phase of hydrogen burning,” 
the distribution of the hydrogen con- 
tent after the formation of a helium 
core is approximately expressed as 


X(q) =3.81 (q—0.07), 
(0.23>9—0.07), (2) 


where g denotes the mass fraction 
M(r)/M. There will be some un- 


0.5 B-V (color) 1.0 Aes 


Evolutionary track in the H-R diagram. Solid lines with open circles and 


broken lines show the calculated and estimated results, respectively. Dots Cente: 
sent stars in NGC 458 observed by Arp. 


. Table. I. Structures in the phase of helium burning. 
ee ee a 
Stage A Ea aged fare 3 digtr | PAS ge ine 
Ne ¢ )» 2d0 0.7 0.5 0.3 0.1 ~0.0 0.3 
Nn 0.133 0.192 | 0.216 0.232 0.244 0.250 0.232 
x, 0.24 0.47 0.56 xX, Xi xy x 
log L/L 2.98 3.30 3.40 3.46 3.50 |. 3.52 3.08 
log R/Re 1.83 1.22 1.12 1.07 1.18 1.48 0.87 
log T. 3.59 3.98 4.05 4.09 4.08 3.90 4.10 
log T, 8.10 8.13 8.16 8.20 825 | 836 8.20 
log pe | 4.15 3.91 3.84 3.83 3.89 4.20 | 3.82 
log gq* —1.40 - S26 —1.22 —1,20 =i 19 —1.18 119 
Tee Ly 0.048 0.085 0.11 0.13 0.16 | 0.16 0.35 
ee 


* qq is the mass fraction of the conyective core. 
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certainty in the above form of X(q), 
especially in the mass fraction of the 
helium core, but the results are not 
sensitive to it except for the very 
early phase in which the isothermal 
core grows. Calculations of an evo- 
lutional sequence of stellar structures, 
which start with the above X(q), are 
made using the Kramers’ opacity and 
that by electron scattering along the 
general line of our previous works. 
In an early phase the helium core 
grows and contracts, but the release 
of the gravitational energy is so small 
that the core remains nearly _iso- 
thermal until the hydrogen burning 
shell moves up to q=0.120. The dif- 
ference between the central tempera- 
ture 7, and that of the hydrogen 
burning shell 7, is found to be 10 
percent at most. The time scale of 
this phase is 2.1X10° years, during 
which the star stays near the main 
sequence, as shown by # to c in Fig. 1. 
After g, exceeds 0.120, there ex- 
ists no solution with an isothermal 
core. The gravitational contraction of 
the core proceeds rapidly and Deplet 
increases until helium begins to burn 
in the central region. This phase is 
calculated in two cases, q,=0.120 and 
q=0.132, under the assumption that 
gq, the mass fraction of the core, is con- 
stant and that the release of the gravi- 
tational energy is uniform through- 
out the core. It is found that the 


envelope expands rapidly, and the star 


moves to the red giant region in a 
time as short as 1.110° years, as 


‘shown in Fig. 1 by c to d for g,=0:120 


and by c’ to d’ for m=0.132. The 


actual evolutional path les between 
these two curves. In this phase the 
degree of electron degeneracy at the 
center increases slowly, but its effect 
is not important since ¢/, reaches only 
to +0.6. 

In the helium burning phase, the 
core expands and the envelope shrinks 
slowly as Y,, the helium content in 
the central region, decreases due to 
the conversion of helium into carbon, 
oxygen and neon. As Y, becomes 
less than about 0.3, the envelope begins 
to expand again. The numerical re- | 
sults for the successive six stages are _ 
given in Table I and the track is 
shown by e to f in Fig. 1. The time 
scale of this phase is 2.110" years 


and the star spends half of this time 


as A-type giant. To know the depend- — ft . 


ence of the results on the original 


chemical composition, a calculation iste : 
made for the same values of q and Y,_ Ee 
as the stage 4 but for a different com- a 
position, X,=0.90, Y,=0.10,12,=0.008 ra 
and X,¢xo=0.001, which may corre- | 
spond to a population II star. Thea 
result, which is given in the last é cS 
column, 4’, of Table I and shown by & ae 
cross in Bi 1, shows that the effec. ‘ae 
{ive temperature of the turning point. Ses 
of the evolutional track is not much — a 


sensitive to the composition if both — 


the helium and metal contents are — 


reduced. 

The ratio of the abundances is 
weight of the final products GP Ore 
and Ne” after helium has been ex-— 


hausted is found to be 0:82 :.009 > 069i. am 
if the reaction rate of O(a, 7)Ne” s: 
is used — 


given by Hayakawa et als, 
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and to be 0.23:0.72:0.04 if a 100-th 
value for this rate is assumed to allow 
for its uncertainty. 

The calculated evolutional path is 
compared in Fig. 1 with the H-R 
diagram of NGC 458, the blue globular 
cluster in the Small Magellanic Cloud, 
observed by Arp.” The broken line 
a to b in Fig. 1 shows the path in 
the phase of hydrogen burning with 
a lifetime 5.810" years, which is 
estimated by using the homologous 
transformation from the results by 
Hoyle® for a star of 3.89M,. A sepa- 
rate group of A-type giants in NGC 
458, which lies about one magnitude 
above the main sequence, can be ex- 
plained as the stars in the phase of 
helium burning, since there is a close 
agreement between the ratio of the 
number of these stars to that of main 
sequence stars, 9:52, and the ratio of 
the calculated lifetimes, 12 10° years: 
58 X10° years. On the other hand, the 
yellow giants in NGC 458 will be inter- 
preted as in the later phases since the 
calculated lifetime in this region is too 
short to account for the number of 
these stars. The narrowness of the 
Hertzsprung gap in NGC 458 will be 
explained as due to its lower metal con- 
tent, which will increase the effective 
temperature of stars with surface 
convection zones, as seen in the 
difference between M3 and M67. 
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Note on the Integral Representation 
of Absorptive Part of 
Vertex Function 


Kunio Yamamoto 


Department of Physics 
Osaka University, Osaka 
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In the previous paper,” on the basis 
of the Lorentz invariance, local com- 
mutativity' and mass spectral con- 
ditions, it was proved that the absorp- 
tive part A(z, 2, 0°) of the vertex 
function F(z, 22, 23) has the integral 
representation in the form 


A(21, 22, 07) =) d* m¢(c, mi, m2, ms) 
X A? (21, Za 07 3 M1, M2, Ms) (1) 


where A” is that of the lowest order 
perturbation theory and mm; is the mass 
of the virtual particle. 

In § 2 of the previous paper,” it-was 
conjectured that Jost’s example? has 
not the integral representation (1). 
Furthermore, in B) of the notes added 
in proof, it was stated that this con- 
jecture was correct hence Jost’s ex- 
ample contradicts the local commuta- 
tivity. However, these are incorrect. 
The analyticity of F(2,, 2, 23) dis- 
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ees . / a ; (eae 
_. cussed by Kallén and Wightman” is Me 70 (r—o’)6(o") ae | 
o> .. sufficient to assure that the absorptive x rr (ote, +29) +(e e2) +21 e2 oe 
i “part of F(z, 22, 23) has the integral eee edie 2 a 
representation (1). Ser Sesame Hs, Le 4 
é From the discussion in §2 of the KA? (xi, za, 07 5, 0,0, 1789). eS 
~ . = . _ f 
ape OES Paper, it is supposed that Here f(z, r) is the function that ap-_ ce 
; the weight function ¢ for posts €X- peared in the integral representation _ 
eo ample is singular as a function of o. of Kallén and Toll” and hasnot the ~ 
it order Ue ce such Bae OD ROE simple connection with the result of. 

‘clearly, it is worthwhile to note that the perturbation theory. tie 
Zs the absorptive part of 
fale, 1) =[log 721) + og (r— 22) | Bi 
va 1) K. Yamamoto, Prog. Theor. Phys. 25 (1961) : 
Se +log(r—2s) —log(—21) 361. ‘Bao 
ag Lae see oh ee gaa ae Dae Reamiosty iitely. Phys. Acta 31 (1958), 263. 
ie c ; g( Xa) g( zs) | [7 r (21 - 3) G. Kallén and A. Wightman, ele Dan 


Zt : At G. Kallén and J. Toll, ph ge Acta 33 
is given by _ (1960), 753. 


bere r es, Ley 212s eet zatil™ (2) Mat.-fys. Skrifter 1 (1958), No. 6. pie 
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